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Abstract

A topological graph is a graph drawn in the plane with vertices represented by points and edges
as arcs connecting its vertices. A k-grid in a topological graph is a pair of edge subsets, each of size
k, such that every edge in one subset crosses every edge in the other subset. It is known that for
a fixed constant k, every n-vertex topological graph with no k-grid has O(n) edges. We conjecture
that this remains true even when: (1) considering grids with distinct vertices; or (2) all edges are
straight-line segments and the edges within each subset of the grid are required to be pairwise
disjoint. These conjectures are shown to be true apart from log* n and log® n factors, respectively.
We also settle the conjectures for some special cases, including the second conjecture for convex
geometric graphs. This result follows from a stronger statement that generalizes the celebrated
Marcus-Tardos Theorem on excluded patterns in 0-1 matrices.

1 Introduction

The intersection graph of a set C of geometric objects has the members of C as its vertex set and an
edge between every pair of objects with a nonempty intersection. The problems of finding maximum
independent set and maximum clique in the intersection graph of geometric objects have received a
considerable amount of attention in the literature due to their applications in VLSI design [HMS85],
map labeling [AKS98], frequency assignment in cellular networks [M97], and elsewhere. Here we study
the intersection graph of the edge set of graphs that are drawn in the plane. It is known that if this
intersection graph does not contain a large complete bipartite subgraph, then the number of edges in
the original graph is small. We show that this remains true even under some very restrictive conditions.

A topological graph is a graph drawn in the plane with points as vertices and edges as arcs connecting
its vertices. The arcs are allowed to cross, but they may not pass through vertices except for their
endpoints. We only consider graphs without parallel edges or self-loops. A topological graph is simple
if every pair of its edges intersect at most once. If the edges are drawn as straight-line segments, then
the graph is geometric. A geometric graph is convez if its vertices are in convex position, that is, they
are the vertices of a convex polygon.

Given a topological graph G, the intersection graph of F(G) has the edge set of G as its vertex set,
and an edge between every pair of crossing edges. Note that we consider the edges of G as open curves,
therefore, edges that intersect only at a common vertex are not adjacent in the intersection graph. A
complete bipartite subgraph in the intersection graph of E(G) corresponds to a grid structure in G.
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Figure 1: a “natural” grid

Definition 1.1 A (k,1)-grid in a topological graph is a pair of edge subsets Ey, Ey such that |Ey| = k,
|Eo| =1, and every edge in Ey crosses every edge in Ey. A k-grid is an abbreviation for a (k,k)-grid.

Theorem 1.2 ([PPSTO05]) Given fized constants k,l > 1 there exists another constant cy;, such
that any topological graph on n vertices with no (k,l)-grid has at most ci n edges.

The proof of Theorem 1.2 in [PPST05] actually guarantees a grid in which all the edges of one
of the subsets are adjacent to a common vertex. For two recent and different proofs of Theorem 1.2
see [FPTO08] and [FP0O8b]. Tardos and T6th [TTO7] extended the result in [PPSTO05] by showing that
there is a constant ¢ such that a topological graph on n vertices and at least cyn edges must contain
three subsets of k edges each, such that every pair of edges from different subsets cross, and for two
of the subsets all the edges within the subset are adjacent to a common vertex.

Note that according to Definition 1.1 the edges within each subset of the grid are allowed to cross
or share a common vertex, as is indeed required in the proofs of [PPSTO05] and [TT07]. However, a
drawing similar to Figure 1 usually comes to mind when one thinks of a “grid”. That is, we would
like every pair of edges within each subset of the grid to be disjoint, i.e., neither to share a common
vertex nor to cross. We say that a (k,[)-grid formed by edge subsets Fy and Fs is natural if the edges
within F4 are pairwise disjoint, and the edges within E5 are pairwise disjoint.

Conjecture 1.3 Given fived constants k,1 > 1 there ewists another constant cy g, such that any simple
topological graph G on n vertices with no natural (k,l)-grid has at most ¢, n edges.

Note that it is already not trivial to show that an n-vertex geometric graph with no k pairwise
disjoint edges has O(n) edges (see [PT94] and [T00]). Moreover, it is an open question whether a
simple topological graph on n vertices and no k disjoint edges has O(n) edges (the best upper bound,
due to Pach and Téth [PT05], is O(nlog**~¥n)). Therefore, a proof of Conjecture 1.3 is probably
hard to obtain. Here we prove the following bounds for geometric and simple topological graphs with
no natural k-grids.

Theorem 1.4
(i) An n-vertex geometric graph with no natural k-grid has O(k*nlog®n) edges.

=61) edges.

(i) An n-vertex simple topological graph with no natural k-grid has O(nlog
We also settle Conjecture 1.3 for two special cases.
Theorem 1.5 An n-vertex simple topological graph with no natural (2,1)-grid has O(n) edges.

Theorem 1.6 Given a fized constant k > 1 there exists another constant cy, such that any convex
geometric graph on n vertices with no natural k-grid has at most cyn edges.



Note that Theorem 1.5 is the first nontrivial case since an n-vertex topological graph with no
(1,1)-grid is planar and hence has at most 3n — 6 edges, for n > 2. Instead of Theorem 1.6 we
actually prove a stronger statement that generalizes the Marcus-Tardos Theorem. This theorem,
conjectured by Fiiredi and Hajnal [FH92] and later proved by Marcus and Trados [MT04], settled the
famous Stanley-Wilf Conjecture. See Section 4 for more details on the Marcus-Tardos Theorem and
its connection to convex geometric graphs.

Conjecture 1.3 is clearly false for (not necessarily simple) topological graphs: the complete graph
can be drawn as a topological graph in which every pair of edges intersect (at most twice [PT05]).
Therefore, for topological graphs we have to settle for only one of the components of “disjointness”.

Conjecture 1.7 Given fized constants k,l > 1 there exists another constant cy;, such that any topo-
logical graph on n vertices with no (k,1)-grid with distinct vertices has at most ci n edges.

This conjecture is shown to be true for [ = 1.
Theorem 1.8 An n-vertex topological graph with no (k,1)-grid with distinct vertices has O(n) edges.

For the general case we provide a slightly superlinear upper bound.

Theorem 1.9 Fvery n-vertex topological graph with no k-grid with distinct vertices has at most
cxnlog* n vertices, where ¢, = kOUg18K) and log* is the iterated logarithm function.

Note that ¢ is just barely superpolynomial in k.

Organization. The rest of this paper is organized as follows. We discuss topological graphs with no
grids with distinct vertices in Section 2. In Section 3 we prove the bounds for the number of edges in
simple topological graphs with no natural grids. Convex geometric graphs are considered in Section 4,
where we prove Theorem 1.6 as well as some tighter bounds for some special cases. We systematically
omit floor and ceiling signs whenever they are not crucial for the sake of clarity of presentation. We
also do not make any serious attempt to optimize absolute constants in our statements and proofs.
All logarithms in this paper are base 2. Due to space limitations, some of the proofs are omitted and
some appear in the appendix.

2 Grids on distinct vertices

In this section we prove Theorems 1.9 and 1.8.

2.1 Topological graphs with no k-grid with distinct vertices

Here we prove Theorem 1.9. We use the following three results from three different papers.

Lemma 2.1 ([FPO08]) Every string graph with m vertices and em? edges contains the complete bi-

partite graph K;; as a subgraph with t > € logm, where c1 is an absolute constant.

The pair-crossing number pair-cr(G) of a graph G is the minimum possible number of unordered
pairs of crossing edges in a drawing of G. The bisection width, denoted by b(G), is defined for every
simple graph G with at least two vertices. It is the smallest nonnegative integer such that there is a
partition of the vertex set V = V4 UV, with & -|V| < V; < 2. |V|for i = 1,2, and |E(V;, V)| = b(G).
We will use the following result of Kolman and Matousek [KMO04] which relates the pair-crossing
number and the bisection width of a graph.



Lemma 2.2 ([KMO04]) There is an absolute constant ca such that if G is a graph with n vertices of
degrees di,...,d,, then

b(G) < cologn pair-cr(G) +

We use the following upper bound on the number of edges of a topological graph with no h pairwise
crossing edges.

Lemma 2.3 ([FPO08a]) If a topological graph with n vertices has no h pairwise crossing edges, then
it has at most n(logn)®31°8" edges.

Let h(k) be the minimum h such that if a collection C of h pairwise intersecting curves is such that
each of the curves is partitioned into one or two subcurves, then there are k£ subcurves intersecting k
other subcurves, and these 2k subcurves come from distinct curves in C. Note that h(1) = 2.

Lemma 2.4 For k > 2, we have h(k) < cyklogk for some absolute constant cy.

Proof. Let h = cyklogk, where ¢4 = 16°1+1 where ¢; is the absolute constant in Lemma 2.1. For
each curve v € C, randomly pick one of the at most two subcurves to keep. For each pair v, € C,
there is a probability at least 1/4 that the subcurve of v we pick intersects the subcurve of " we
pick. So the expected number of intersecting pairs of curves is at least %(g) So there is a collection
C' consisting of one subcurve of the at most two subcurves for each curve such that the number of
intersecting pairs of curves in C’ is at least i(g) Since C’ has cardinality h and at least i(g) > %6h2
intersecting subcurves, then by Lemma 2.1, the intersection graph of C’ contains a complete bipartite

graph with parts of size

since we picked ¢4 sufficiently large. O

Let fr(n) denote the maximum number of edges of a topological graph with n vertices and no
k-grid with distinct vertices. In Theorem 1.9, we prove the upper bound fx(n) < ¢gnlog®n. It will
be helpful to consider a related function. Let fx(n,A) denote the maximum number of edges of a
topological graph with n vertices, maximum degree at most A, and no k-grid with distinct vertices.

We collect several useful lemmas before proving Theorem 1.9. For a graph G and vertex sets A
and B, let eq(A) denote the number of edges with both vertices in A and eg(A, B) denote the number
of pairs (a,b) € A x B that are edges of G.

Lemma 2.5 There is an absolute constant ¢ such that if A = (logn)closkgeloslogk ypep

fe(n) < fi(n, A) + keloelo8kn,

Proof. See Appendix A. O

Let di(n) = max, <, fr(n')/n’ and di(n,A) = max, <, fr(n’,A)/n’. Lemma 2.5 demonstrates
that
dp(n) < dy(n, A) + keloslosk (1)



where A = kc¢loglosk(Jog p)elogk  Note that a triangulated planar graph with n vertices has 3n — 6
edges, so di(n) =3 — & for n > 3, so dy(n) > 1 for n > 3. By Lemma 2.3, we have

dy(n) < (logn)= 182k (2)

since 2k pairwise crossing edges in a topological graph has a k-grid with distinct vertices. We will
improve this bound significantly.

Lemma 2.6 There are absolute constants cg and c1g > 0 such that for each k, n and A with A > k
and n > A%, there is ny < 2n/3 such that

dk(nl, A) > dk(n, A) (1 — nfclo) .

Proof. Let G be a topological graph with at most n vertices, maximum degree at most A, and no

k-grid with distinct vertices which has maximum possible average degree among all such topological

graphs. Without loss of generality, we may suppose that the number of vertices of G is actually n, and

let m = fr(n,A). Since each vertex has degree at most A, then G does not contain a kA-grid. Let the

number of crossing pairs of edges of G be em?, so the underlying graph of G has pair-crossing number
m

at most em?. By Lemma 2.1, G has an /-grid with ¢ > € oo Therefore, we have the inequality
gm

_ 2
Cl% < kA, and we get € < m 31, where we use kA < mt/6 and logm < mt/6, By Lemma 2.2,

there is an absolute constant co such that if dy,...,d, is the degree sequence of GG, then

€

b(G)

IN

cylogn pair-cr(G) +

zn:d? < cologn (el/Qm + Aﬁ)

=1

1
< cologn (mlfﬁ + A\/ﬁ) < ml—ew

for some constant c1g > 0.

Therefore, there is a partition V(G) = V4 U V3 such that V4], [Va| < 3n and eq(V4, V) < m!—cwo,
Since G has m edges in total, there is ¢ € {1,2} such that eq(V;) > % (m — m!=¢10). Therefore,
the subgraph of G induced by V; has average degree at least a fraction 1 — m™¢0 > 1 — n =0 of the
average degree of G. Letting ny = |V;|, we have n; < |V;| and the subgraph of G induced by V; also
has maximum degree at most A and does not contain a k-grid with distinct vertices, completing the
proof. O

Repeatedly applying Lemma 2.6, we obtain the following lemma.

Lemma 2.7 Let A = (logn)cloerkclosloer o5 in Lemma 2.5. There is a constant ¢ such that
dp(AY) > (1 — %)dk(n, A) > di(n,A) — 1.

Proof. Let ny = n. After one application of Lemma 2.6, we get di(n1, A) > di(n,A) (1 —n~c19) for

some ny < 2n/3. After j applications of Lemma 2.6, we get dy(nj, A) > dig(n,A)[[/_; (1 —n; 5°)
for some n; < (2/3)7n. Let i be the first value such that n;,, < A%, where ¢ is a sufficiently large



constant. We have

10
de(AY) > dp(AYA) > di(nig, A) > di(n, A) ] (1= n29°) = di(n, A) < Z 010>
=1

[o¢]
> di(n,A) (1 — nzocl Z 2/3) Clm) > di(n,A) (1 - n;)CIQ 1_ 2/3 c1o>

1=0
1 1
W) > dg(n, A)(1 — Z)

By (2), we have dj,(n) < (logn)®1°82*_ Since ¢ was chosen sufficiently large in Lemma 2.5, we have
dr(n,A) < dg(n) < A. Summarizing,

> dy(n,A) <1 — (A¢)er0

Ly d(n, A) = dy(n, A) - 1.

dp(A) > (1 — A

|

The last inequality in Lemma 2.7 follows from (2) and the fact that the constant ¢ is chosen
sufficiently large.

Combining Lemma 2.5, which gives us inequality (1), and Lemma 2.7 we therefore get that there
is an absolute constant C such that

di((logn)“ 18 ")
dk(k}CIOg log k)

> dy(n) — kClegloek if k< logn, and (3)
> dy(n) — kCleeloek otherwise. (4)
Iterating (3) until n < logk, applying (4) if k¢losloer < p < 2% and finally applying the trivial
inequality dy(n) < n/2 if n < kC108198k we get that di(n) = O(k“1°81°8k 1og* n), and hence

Je(n) = O(KC =5k log™ ),

completing the proof of Theorem 1.9. O

2.2 Topological graphs with no (k, 1)-grid with distinct vertices

Let G = (V, E) be a topological graph. For every edge e € F define X(e) = {f € E | e crosses f}.
Given a set of edges E' C E, the vertex cover number of E' is the minimum size of a set of vertices
V! C V such that every edge in E’ has at least one of its endpoints in V’. Theorem 1.8 will follow
from the next lemma, whose proof is due to Rom Pinchasi [P].

Lemma 2.8 Let k be a fized integer and let G = (V, E) be a topological graph on n vertices, such that
for every e € E the vertex cover number of X (e) is at most k. Then there is a constant ¢, such that
G has at most cyn edges.

Proof. We use a standard sampling argument. Let m be the number of edges in G, and let 0 < ¢ < 1
be a constant. Let G’ be the graph obtained from G by taking every vertex of G independently with
probability ¢g. Call an edge in G’ good if it is not crossed by any other edge in G’. Denote by n*
and m* the expected number of vertices and good edges in G’, respectively. Clearly, n* = gn. The
probability that an edge e is good is at least ¢%(1 — ¢)*, thus m* > ¢?(1 — ¢)*m. Since the good edges

form a planar graph we have ¢%(1 — ¢)*m < m* < 3n* = 3¢n. Thus, m < T O



Now let G be an n-vertex topological graph with no (k, 1)-grid with distinct vertices. We claim
that for every e € E(G) the vertex cover number of X (e) is at most 2k. Assume not. Then there is an
edge e € F(G) such that the vertex cover number of X (e) is at least 2k + 1. Pick an edge (u,v) € X (e)
and remove all the other edges in X (e) that are covered by v or u. This can be repeated k times, for
otherwise X (e) can be covered by at most 2k vertices. The edges we picked along with the edge e
form a (k,1)-grid with distinct vertices. This proves Theorem 1.8.

3 Natural grids in geometric and simple topological graphs

In this section we consider natural grids in geometric and simple topological graphs and prove Theo-
rems 1.4 and 1.5.

3.1 Proof of Theorem 1.4

In this section we prove Theorem 1.4, which gives an upper bound on the number of edges of a
geometric graph or a simple topological graph without a natural k-grid.

We use the following three results from three different papers. Pach et al. [PSS96] proved the
following relationship between the crossing number and the bisection width of a graph.

Lemma 3.1 ([PSS96]) If G is a graph with n vertices of degrees dy,...,dy, then
b(G) < Ter(G)'V2 42, d2.
i=1

Let m be the number of edges in G. Since > 1 ; d; = 2m and d; < n for every i, we have

b(G) < Ter(G)Y? + 3y/mn. (5)
The following lemma is tight apart from the constant factor.

Lemma 3.2 ([FP08b]) For each p there is a constant ¢, such that if H is a graph with n vertices,
at least cytn edges, and is an intersection graph of curves in the plane in which each pair of curves
intersect in at most p points, then H contains the complete bipartite graph K; as a subgraph.

We will only need to use the case p = 1. The last tool we use is an upper bound on the number of
edges of a geometric graph with no k pairwise disjoint edges.

Lemma 3.3 ([T00]) Any geometric graph with n vertices and no k pairwise disjoint edges has at
most 2°(k — 1)?n edges.

We now prove Theorem 1.4(i). As the proofs of (i) and (ii) are so similar, we only give the details
for (i) and discuss how to modify the proof to obtain (ii).

Proof of Theorem 1.4(i): Let gi(n) be the maximum number of edges of a geometric graph with
n vertices and no natural k-grid. Let G be a geometric graph on n vertices and m = gi(n) edges with
no natural k-grid. Let ¢ = max(2?°c;,144), where c; is the constant with p = 1 from Lemma 3.2. We
prove by induction on n that g(n) < ck’nlog®n. Suppose for contradiction that gi(n) > ck*nlog®n.
Let € = 10731log 2 n. The proof splits into two cases, depending on whether or not the number of

pairs of crossing edges of G is less than em?.



Case 1: The number of pairs of crossing edges is less than em?. Then the crossing number of G is
less than em?. By (5), there is a partition V(G) = V4 U V4 with |Vi], |Va| < 2n/3 and the number of
edges with one vertex in V; and one vertex in V5 is at most

b(@) < Ter(G)V? + 3y/mn < 7€V ?m + 3y/mn = (7€' + 3v/n/m)m.
Let ny = |Vi| and ny = |Va|, so n = ny + na. Then we have
gr(n) < gr(IVA]) + ge(|Va]) + b(G) < g(n1) + gr(n2) + (Te/* + 3y/n/m)m

ck®nylogny + ck®nglogng + (7€V/2 + 3v/n/m)m < ck*nlog 2n/3 + (7€' + 3v/n/m)m
ck®nlogn — ck®nlog3/2 + (7€'/% + 3y/n/m)m.

m

<
<

This implies

1 — (log 3/2)(logn)~!
1— (log™'n)/4 —3c1/2k=tlog ' n

logn —log 3/2
1—7e/2 - 3\/n/m

where we use 3¢ 12kt < 1 /4. This completes the proof in this case.

Case 2: The number of pairs of crossing edges is at least em?. Consider the intersection graph of
the edges where two edges are adjacent if they cross. Since this intersection graph has m vertices and
at least em? edges and each pair of edges intersect at most once, Lemma 3.2 implies it contains a
complete bipartite graph with parts of size

gr(n) =m < ck’n < ck®nlogn < ck*nlogn,

em _ log~2nm c
t>—2 >
c1 1000¢q 1000¢q

k*n > 2%k%n,

where ¢ is the constant with p = 1 from Lemma 3.2. Therefore, G contains edge subsets E7, Fo

with |E| = |Es| = t and every edge in E; crosses every edge of Es, i.e., G contains a t-grid. Since
t > 29k?n, Lemma 3.3 implies that F; contains k disjoint edges for i = 1,2. These two subsets of k
disjoint edges cross each other and hence form a natural k-grid, completing the proof. O

To prove Theorem 1.4(ii), essentially the same proof work as above, except replacing the bound
O(k?n) of Téth [T00] on the number of edges of a geometric graph with no k disjoint edges by the
bound O(nlog®*~8n) of Pach and Téth [PT05] on the number of edges of a simple topological graph
with no k disjoint edges.

3.2 Natural (2, 1)-grids: proof of Theorem 1.5

Let G = (V, E) be a simple topological graph on n vertices without a natural (2,1)-grid. For every
e € E assign e the color red if X (e) has vertex cover number at most 3, otherwise assign e the color
blue. Tt follows from Lemma 2.8 that G has at most 29n red edges (by picking ¢ = 1/4).

The proof of the next lemma is omitted due to space limitations. For F' C E denote by V(F) the
set of vertices induced by F'.

Lemma 3.4 Let e = (u,v) be a blue edge, and let fi € X(e). Then if there is an edge ¢ = (u,w)
such that w ¢ V(X (e)) and €' crosses fi, then €' crosses every edge f € X(e).

Next we remove all the red edges and process the blue edges in some arbitrary order. Let B be
the set of the currently unmarked and undeleted blue edges. Initially all the blue edges are in B.
Let e = (u,v) be the next edge in B. Delete all the edges that have one endpoint in V(X (e) N B)
and the other endpoint in {u,v}. Let E, be the edges (u,x) € B such that z ¢ V(X (e) N B) and
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(a) Constructing G’ (b) G’ might contain parallel
edges

Figure 2: The graph G’

there is an edge ¢/ € X(e) N B that crosses (u,z). Similarly, let E, be the edges (v,z) € B such
that = ¢ V(X (e) N B) and there is an edge €' € X(e) N B that crosses (v,z). Assume, w.l.o.g., that
|Ey| > |Ey| and remove the edges E,. Recall that according to Lemma 3.4, if there is an edge (u,x)
such that = ¢ V(X (e)), and (u,x) crosses some edge in X(e), then (u,x) crosses every edge in X(e).

A thrackle is a simple topological graph in which every pair of edges meet exactly once, either
at a vertex or at a crossing point. It is known that a thrackle on n vertices has at most 3(n — 1)/2
edges [CN00] and it is a famous open problem (known as Conway’s Thrackle Conjecture) to show that
the tight bound is n. Set

thrackle(e) = BN ({e} U X (e) U{(u,z) | 3¢’ € X(e) that crosses(u,v)})

Mark all the blue edges in thrackle(e), and continue to create thrackles as long as there are unmarked
blue edges. We omit the proofs of the next lemmas due to space limitations.

Lemma 3.5 thrackle(e) is a thrackle.
Lemma 3.6 If e; € thrackle(e) and ea ¢ thrackle(e) then ey and ez do not cross.

Since any newly created thrackle contains no edges of a previous thrackle, we obtain a partition
of the edges that were not deleted into thrackles t1,ts,...,t;. Let t; = thrackle ((u;,v;)) and denote
by V; the vertex set of ¢;. Recall that when ¢; was created at most 2|V;| edges of the form (z;,v;) |
x; € {uj,vi} Nyp € V(X ((ug,v;))) and at most |V;| edges of the form (x;,y;) | z; € {us,vi} ANy; ¢
V(X ((us,v;))) were deleted. The number of edges in t; is at most 3|V;|/2, thus, it remains to show
that Y7_, |Vi| = O(n).

To this end we draw a new graph G’ with the same vertex set V. For every thrackle t; =
thrackle ((x;,y;)) we draw a crossing-free tree T; with |V;| — 1 edges as follows. First, draw the
edge from z; from y;. Next, for every vertex v € V; \ T; pick one edge e € t; that has v as one of
its endpoints. Follow e from v until it either hits a vertex (necessarily x; or y;) or crosses an already
drawn edge €’. In the first case draw an edge identical to e. In the second case draw the segment of e
from v almost until the crossing point, then continue the edge very close to €’ (in one of the directions)
until a vertex is reached. See Figure 2(a) for an example.

It follows from Lemma 3.6 and the construction of G’ that G’ is planar. Note that it is possible
for G’ to contain parallel edges (see Figure 2(b) for an example). However, it can be shown that they
can be eliminated by removing at most half of the edges in G’. We omit the details here. Therefore,
G’ has at most 6n edges, and thus the number of edges in all the thrackles is at most 9n and the total
number of blue edges is at most 36n. We conclude that the original graph G has at most 65n edges.



4 Natural grids in convex geometric graphs

In this section we first prove that an n-vertex convex geometric graph with no natural k-grid has O(n)
edges. Then, for convex geometric graphs avoiding natural (2,1)-, (2,2)-, or (k, 1)-grids we provide
tighter bounds in terms of the constant hiding in the big-O notation.

4.1 Proof of Theorem 1.6

We prove a stronger statement than Theorem 1.6, for which we need the following definition.

Definition 4.1 ([BKV03]) Given a convex geometric graph G, the cyclic chromatic number of G, is
the minimum number of colors needed for a proper coloring of G such that the vertices of every color
class form a consecutive interval. G is cyclic-bipartite if its cyclic chromatic number is at most 2.

Theorem 4.2 Let k be a constant integer and let D be a cyclic-bipartite convexr geometric matching
with k edges. Then there is a constant ci such that any conver geometric graph on n vertices that
avoids D has at most cyn edges.

Clearly a natural k-grid is a cyclic-bipartite convex geometric graph, hence, Theorem 4.2 implies
Theorem 1.6. Moreover, Theorem 4.2 can be seen as a generalization of the Fiiredi-Hajnal Conjec-
ture [FH92], that was settled by Marcus and Tardos [MT04].

Theorem 4.3 (Marcus-Tardos) Let k be a constant. Then the number of 1-entries in any n X n
0-1 matriz that avoids a given k x k permutation matriz' is O(n).

Indeed, a convex geometric graph is in fact a purely combinatorial object, since two edges cross if
and only if their endpoints alternate in the cyclic order of the vertices. Thus, a 0-1 matrix can be seen
as the adjacency matrix of a cyclic-bipartite convex geometric graph; and the Marcus-Tardos Theorem
is equivalent to saying that every cyclic-bipartite convex geometric graph on n vertices that avoids a
cyclic-bipartite convex geometric matching of constant size has O(n) edges. Therefore, Theorem 4.2
implies the Marcus-Tardos Theorem. We prove Theorem 4.2 by slightly modifying the proof of Marcus
and Tardos. For details, see Appendix B.

4.2 Tighter bounds for some special cases

For specific values of k or [ we are able to provide tighter bounds in terms of the constant ¢ ; for the
number of edges in convex geometric graphs avoiding natural (k,[)-grids, than the ones guaranteed by
Theorems 1.5 and 1.6. For the proofs, see Appendix C.

Theorem 4.4 An n-vertex convex geometric graph with no natural (2,1)-grid has less than 5n edges.
Theorem 4.5 An n-vertex convex geometric graph with no natural (2,2)-grid has less than 8n edges.

Theorem 4.6 A convex geometric graph with n > 3k vertices and no natural (k,1)-grid has at most
6kn — 12k? edges.

Acknowledgments. We thank Rom Pinchasi for helpful discussions and for his permission to in-
clude his proof for Lemma 2.8 in this paper. The first author would also like to thank Baldzs Keszegh
for suggesting to consider 0-1 matrices for the proof of Theorem 1.6.

YA k x k 0-1 matrix is a permutation matrix if it contains exactly one l-entry in each row and column. A 0-1 matrix
A contains a 0-1 matrix B if one can delete some of its rows and columns and obtain a matrix of the same dimensions
as B that has a l-entry in every place B has a l-entry. Otherwise, A avoids B.
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(b)

(a)

Figure 3: In (a) we have a vertex v adjacent to two vertices
a1, a2 which are not adjacent. In (b) we replace the edges
(a1,v) and (v,a2) by one edge (a1,a2) and split vertex v
into two vertices v1 and va.

A  Proof of Lemma 2.5

Proof. Let G = (V,E) be a topological graph with n
vertices, fr(n) edges, and no k-grid with distinct vertices.
Partition V' = AUB, where A consists of those vertices with
degree more than A. We construct a sequence of topological
graphs GG; and a sequence of vertex sets B; such that the
vertex set of G; is AU B;. Let Bo = B and Go = G. In
graph G, if there is a vertex v € B; adjacent to two vertices
a1,a2 € A which are not adjacent, then we replace the path
of length two with edges (a1,v) and (v,a2) by an edge from
a1 to az, split the vertex v € B; into two vertices v1,va,
set Bi+1 = {1)17 1)2} U B; \ {U} and let Gi+1 be the resulting
topological graph. See Figure 3 to see how v is split into two
vertices v1 and v2. We eventually stop at some step j and
we have a topological graph G; with vertex set AU B;. For
each vertex v € Bj, the set A, of vertices in A adjacent to v
form a clique in G, otherwise v is adjacent to two vertices
ai,az € A that are not adjacent in G;, which contradicts
that we stopped at step j. Since |B;11| = |B;| + 1 for all ¢,
we have |B;j| = |B| 4 j. The number of edges of G; is j less
than the number of edges of G since G,y is formed from
G by replacing a path of length two by an edge. Note that
also the subgraph of G, induced by A has j more edges
than the subgraph of G induced by A.

We first provide an upper bound on the number of
edges of GGj. Each edge in G; corresponds to either an
edge or a path of length two in G. By construction, each
pair of edges in G; that intersect come from two paths in
G (each path consisting of one or two edges) with distinct
vertices. So if there are h(k) pairwise intersecting edges in
the subgraph of G; induced by A, then G contains a k-grid
with distinct vertices, a contradiction. By Lemmas 2.3 and
2.4, we have

cc, (4) < |A|(log |A[) o= "E)
|A|(10g7’b)c3 log(cqklog k) < |A|(logn)66 log k

ec(A)+j =

IN

for some absolute constant cg.
|Al(log n)e 5%,

As discussed above, for each vertex v € Bj, the set
A, of vertices form a clique in G;. This clique can not

In particular, j <

12

have h(k) pairwise intersecting edges, otherwise it contains
a k-grid with distinct vertices. By Lemma 2.3, we have

A’U cg lo
(' 2 ') < |Au] (g | 4,))%2 =",

so dividing both sides by |A,| we get
|Ay| < 2(log | Ay )8 5" 41

and finally
|A'u| < h(k)C7 log log h(k)

for some absolute constant c7. Also using Lemma 2.4, we
have
|Av| < kc8 loglog k

for some absolute constant cg. So the number of edges
ec; (A, Bj) with one vertex in A and the other vertex in B;
is
Z |Av| S |Bj|k6810g10gk.
vEDB;
Since each vertex in A has degree at least A in G, the

number eq(A) +eq (A, B) of edges in G containing at least
one vertex in A is at least [A]A/2. So

[AlA/2 < eq(A) +ea(A,B) =eqg,;(A)+ec, (A, B)+j
< |A|(10gn)66 log k + |Bj|kcg log log k +]
= |A|(logn)66 log k + (|B| +j)kcs log log k +]
< 2 (IAI(log n)ce ok 4 n) o8 loslog k

If n < |A|(logn)e gk then we get

A S 8(log n)CG log k)kcg log log k’

which contradicts A = (logn)°'°8* k816 % with ¢ a suf-

ficiently large constant. So n > |A|(logn)°'°#* and the
number of edges in GG containing a vertex in A is at most
qfesloglogky < peloglosky, Note that every vertex in B in
G has degree at most A, so eq(B) < fi(|B],A) < fi(n,A),
where the last inequality follows by adding isolated vertices
to B to get a set of n vertices. Therefore, the number fj(n)
of edges of G is at most fi,(n, A) + k°losloeky, |

B Proof of Theorem 4.2

Proof. We slightly modify the Marcus-Tardos
proof [MT04] of the Fiiredi-Hajnal conjecture.

Denote by f(n, D) the maximum number of edges in a
convex geometric graph that avoids D. Assume first that n
is divisible by k2, and partition V(G) into n/k* consecutive
intervals, I1, Io, ..., I, /2, each of size k*. Denote by E; ;
the set of edges between I; and I;, and by I;(E; ;) the set
of vertices in I; that are endpoints of some edge in Ej ;.
For ¢ # j, we say that I; is dense with respect to I; if
[1i(Ei )| = k.

Lemma B.1 [; is dense with respect to less than k(kkz)
intervals.
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Figure 4: An illustration for the proof of Lemma B.1:
realizing a natural (2, 2)-grid

Proof.

least k(k: ) intervals. Then, by the pigeonhole princi-
ple, there is a set of k of those intervals, I, I;,,...,1;,,
and a set of k vertices {vi,,vi,y,...,v;, } C I;, such that
{vis, vig, - vi ) C Li(Ei gy )N 1Li(Ei gy )0 - -0 1i(Ei ). The
set of edges E; j, UE; j, U---UE; j, , reduced to the vertices
Viy, Vig, - - -, Vi), can be used to realize any cyclic-bipartite
convex geometric matching with &k edges (see Figure 4 for
an example). |

Assume that I, is dense with respect to at

Construct a new convex geometric graph G’, by con-
tracting every interval I; of G into a single vertex w;, and
drawing an edge between w; and wu; if and only if there
are vertices v; € I; and v; € I; such that (vs,v;) € E(G).
Observe that G’ avoids D, for otherwise GG must contain D.

We can now upper-bound f(n, D) by the expression:

i i#] Gl
I; dense w.r.t. I I; not dense w.r.t. I;
I; not dense w.r.t. I;
B2\ n 4 E\ n 2 n
< LIRS Do k—1)2. (—, D)
_(2)k2+k k(kz k2—|—(k ) - f 2

n

< 2k? (lj:>n+ (k—1)%.f (E’D)

Using this recursive bound, Theorem 4.2 easily follows

2
by induction on n for k > 2 with ¢, = 2k* (kk) (see [MTO04,
Theorem 8]). O

C Proofs of Theorems 4.4, 4.5,
and 4.6

We mention first some basic notions and facts before mov-
ing to the proofs. Let G be a convex geometric graph.
We denote by dg(v) the degree of a vertex v in G, and by
0(G) the minimum degree in G. For u,v € V(G), we say
that v and u are consecutive vertices if they appear next
to each other on the convex hull of the vertices of G. For
u,v € V(G) we denote by R(u,v) C V(G) the set of ver-
tices from u to v in clockwise order, not including v and v.
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A convex geometric graph G’ is a geometric minor of G if
G’ can be obtained from G by performing a finite number
of the following two operations:

1. Vertex deletion.

2. Consecutive vertex contraction, i.e., only consecutive
vertices can contract. Recall that the contraction of
two vertices x and y, replaces x and y in G with a
vertex v, such that v is adjacent to all the neighbors
of z and y.

Notice that if two edges e1 and e cross in G, then they
cross in G. Likewise, if e; and e2 are disjoint in G, then
they are disjoint in G. Assume that G is a convex geometric
graph with n vertices and at least cn edges. Let G’ be a
minimal geometric-minor of G such that |[E(G")|/|V(G")| >
c. Then we can conclude that:

1. §(G’) > c (otherwise vertex deletion can be applied);
and

every consecutive pair of vertices v and v must have
at least ¢ — 1 common neighbors (otherwise consec-
utive vertex contraction can by applied).

Proof of Theorem 4.4: Suppose that |E(G)| > 5n.
Let G’ be a minimal geometric-minor of G such that
[E(G")|/|V(G")| > 5. Note that |[V(G")| > 11. For a vertex
u € V(G") denote by u1,usz, ... the neighbors of u in clock-
wise order. Note that u1 immediately follows u in clockwise
order, since a straight-line segment connecting two consec-
utive vertices in G cannot be crossed by any edge of G and
hence we can assume w.l.o.g. that it is an edge of G. Let
v € V(G') be the vertex such that:
min

R(vs,v)| =
|[B(vs,v)| = min

|R(us,u)|

Since §(G’') > 5, us exists for every u. Since vi and
v are consecutive vertices they share at least 4 common
neighbors. Hence v; and v are both adjacent to a vertex
a € V(G"), such that a ¢ {ve,vk_1, v}, where k = de (v).
By minimality of |R(vs,v)|, vx has at least three neighbors
in R(vg, vs).Thus vy has a neighbor b € R(vg, v3) other than
v and v1. Hence we have a natural (2,1)-grid with edges
(v,vg-1), (v1,a), and (vk,b) in G’, and hence in G. O

Proof of Theorem 4.5: Assume that |E(G)| >
8n. Let G’ be a minimal geometric-minor of G with
[E(G")|/IV(G")| > 8. Note that |V(G")| > 17, §(G") > 8,
and every pair of consecutive vertices in G’ share at least
7 common neighbors. Let (z,z") and (y,y’) be a pair of
disjoint edges such that:

1. x and y are consecutive vertices with = following y
in clockwise order;

2. [R(z,2")], |R(y,y)| = 2; and
3. |R(y’,y)| is maximized subject to (1) and (2) above.

This is possible since consecutive vertices share at least
7 common neighbors. Now let u, v be the next two vertices
after x in clockwise order. Since uw and v are consecutive,
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(b) The second case in
the proof of Proposi-
tion C.1

(a) ¢ipj < qirpy

Figure 5: Nlustrations for the proof of Theorem 4.6

we know that they share at least 7 common neighbors. Now
u and v can have at most 3 common neighbors in R(v,y") U
{y'}, since otherwise we would contradict the maximality of
|R(y',y)|- Hence v and v must have two common neighbors
a,b € R(y',y). Hence (z,2),(y,y"), (u,a), (v,b) forms a
natural (2,2)-grid in G’, and hence in G. O

Proof of Theorem 4.6: Our proof uses the technique
from [CP92]. Let k > 1 be fixed. We will prove the theorem
by induction on the number of vertices n. For n = 3k we
need to show that |F(G)| < 6k?, however, there are at most

(32k) < % edges. Assume now that the claim is true when
the number of vertices is smaller than n and let G be an n-
vertex convex geometric graph with no natural (k, 1)-grid.

If there is no edge whose endpoints are separated by
at least 2k vertices along (both arcs of) the boundary of
the n-gon, then |E(G)| < 2kn < 6kn — 12k? since n > 3k.
So we may assume that there exists such an edge e = ab.
Assume w.l.o.g. that e is vertical. Let p,,,...,p1 denote the
vertices on the right-hand side of (a,b) and let g1, ..., Gn,
denote the vertices on its left-hand side, both in clockwise
order. Define a partial order < on the set of edges that
cross (a,b) as follows: ¢ip; < qirpjs < i <1 and j < j' (see
Figure 5(a)). We denote by rank(g;p;) the largest integer
r such that there is a sequence of edges i, pj, < GiyDjo <
c = Gi.Dj,. = ¢iDj-

Since G has no natural (k,1)-grid, every edge that
crosses ab has rank at most £ — 1. Next we define
a convex geometric graph Gi with no + k + 1 vertices
{a,pr_1s---,P1,b,q1,.-.,Gno} (in clockwise order). Let
G1 be the same as G when restricted to the vertices
{a,b,q1,...,qn,}. Then let ¢;p; be in E(G1) if and only if
there is an edge ¢;p; € E(G) whose rank is r. First we will
show that if there are ¢ pairwise disjoint edges in G1 with
their left endpoints inside an interval (g;, q;), then there are
t pairwise disjoint edges in G with their left endpoints inside
the interval (g, q;).

Proposition C.1 Let qi,py,,...,q.pr, bet pairwise dis-
joint edges in G1 that cross ab. Then there are t pairwise
disjoint edges qu,Puv,, - - -, QuiPv, Such that

1. ut:ii.
2. Uy > iy forx=1,...,t—1.
3. rank(qu,pvy) = T, forx =1,...,t.

Proof. By reverse induction on z. In G we can pick the
edge qi,pv, that has rank r.. We know one exists since
¢i,pr, exists in G1. Assume that we have already found
the edges qu,pv, for x = t,;t —1,...,s > 1 that satisfy
the above. Let gup, be an edge of rank rs;_; such that
QuPv < Qu.Pv.. If u > is_1, then we can pick ¢,p, as the
next edge. Otherwise, let ¢’ be an edge of rank rs_1 with
gi,_, as an endpoint. Since ¢’ and g,p, have the same rank,
they must cross, which implies that € < gu.pv». and so we
can pick ¢’ as the next edge. See Figure 5(b). |

Proposition C.2 G does not contain a natural (k,1)-
grid.

Proof. Assume that G contains a natural (k,1)-grid.
Then by considering the possible edges involved in such a
grid and using Proposition C.1 above, one concludes that
there is a natural (k,1)-grid in G, which is a contradiction.
O

We also define a convex geometric graph G2 with ny +
k + 1 vertices {a,pnys-..,01,0,¢7,...,q5_1} (in clockwise
order). Let G2 be the same as G when restricted to the
vertices {a, pn,,...,p1,b}. Then let (¢, p;) be in E(G2) if
and only if there is an edge (¢i,p;) € E(G) whose rank is
r. By the same arguments G2 does not contain a natural
(k,1)-grid. Let E, denote the edges in G with rank r, 1 <
r<k-—1.

Proposition C.3 |E,| <dg,(p;) +da,(qr) — 1.

Proof. The edges in E, cannot form a cycle. Indeed,
consider a path g, pj, , @i, Dj; , ¢isDjs s - - - and assume w.l.o.g.
that i1 < i2. Then j» < 71 for otherwise g;,pj, and i, pj,
are disjoint. Similarly, we have i; > 4,1 and j; < j;—1, for
any [ > 1, therefore the path can not form a cycle. Since
there are dg, (pr) + da, () vertices that are endpoints of
edges in E,, the claim follows. O

Denote by Ej the edges in G1 that do not cross ab
and by Fj the edges in G2 that do not cross ab (note that
ab € Ej,i=1,2). Recall that ab has at least 2k vertices on
each of its sides, therefore, |V (G1)l, |V (G2)| > 3k. Then:

k—1
E@) = |Ei|+|E -1+ |E
r=1
k—1
= B+ 1B - 1+ (de () + doa (7)) 1)
r=1
= |[E(G1)|+ |E(G2)| — k
ind hyp 2
< (6k(n1 +k+1) —12k7)
+(6k(ns +k+1) — 12k%) — k
= 6kn—12k> — k < 6kn — 12k°
This completes the proof of Theorem 4.6. O
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