
Math 481 Sample Questions - Exam 2

1. Consider the vibrating membrane problem

utt = c2∇2u, 0 < x < π, 0 < y < 1,

u(x, y, 0) = 0, ut(x, y, 0) = sin πy

u(0, y, t) = u(π, y, t) = u(x, 0, t) = u(x, 1, t) = 0

(a) Use separation of variables in time and state the Helmholtz equation BVP for the prob-

lem.

(b) Find the eigenvalues and eigenfunctions of the problem in (a).

(c) Constructu(x, y, t) completely.

2. Solve the heat conduction problem

ut = ∇2u, 0 < x < π, 0 < y < 1,

u(x, y, 0) = sin πy

u(0, y, t) = u(π, y, t) = u(x, 0, t) = u(x, 1, t) = 0

3. Determine the eigenvalues and their corresponding eigenfunctions for the Helmholtz BVP:

∇2φ + λφ = 0 in R

φ = 0 onC

where the regionR consisting of thex-axis from -1 to 1 and the portion of the circlex2+y2 =

1 in the upper half-plane. The boundary ofR is C. How does this problem differ from a

Sturm-Lioville problem?

4. Formulate carefully and solve the heat conduction problem

ut = ∇2u, in the unit circle

u(r, θ, 0) = f(r)

u(1, θ, t) = 0.

5. AssumeG(x, y; x0, y0) is the Green’s function associated with∇2u = g(x, y) in the unit

square subject to the boundary conditions:

u(0, y) = 0, u(1, y) = f(y), u(x, 0) = 0, u(x, 1) = 0.

(a) State the problem forG. How would you constructG? Do not solve.

(b) Express the solutionu in terms ofG.
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6. Consider

u′′(x) = f(x) with u(0) = 0 andu′(1) = 0.

(a) Formulate the problem for the Green’s functionG using the delta function.

(b) ConstructG two ways - using a jump condition and eigenfunction expansion.

(c) Write the solutionu(x) of the above equation in terms ofG. If f(x) = x2, give the

explicit form foru usingG and compare it with a direct integration.

(d) If the boundary condition atx = 1 is replaced byu′(1) = A, write the solution in terms

of G.

7. Consider the heat conduction problem

ut = uxx + e−t sin 3x, 0 < x < π, t > 0,

u(x, 0) = 0

u(0, t) = 0, u(π, t) = 1

(a) Solve by converting the nonhomogeneous bc’s into homogeneous bc’s.

(b) Solve without converting the boundary conditions into homogeneous bc’s.

(c) Compare the two results.

8. The free-space Green’s function for Laplace’s equation in two dimensions isG(x, y; x0, y0) =
1
4π

ln[(x−x0)
2+(y−y0)

2] . Determine the Green’s function fory > 0,∇2G = δ(x−x0)δ(y−
y0) subject to∂G/∂y = 0 on y = 0. Use the result to solve∇2u = 0 with ∂u/∂y = h(x) on

y = 0.

9. Consider the linear operatorL[ψ] ≡ ψ′′ + ψ, 0 < x < π, with the homogeneous boundary

conditionsψ(0) = 0, ψ(π) = 0.

(a) Find the eigenvalues and eigenfunctions ofL[ψ] + λψ = 0 with the associated boundary

conditions.

(b) Does the problemL[u] = f(x) with u(0) = 0, u(π) = 0 have a unique solution?

Explain.

(c) For what values ofβ doesL[u] = x − β with u(0) = 0, u(π) = 0 have a solution,

construct it.

10. Consider

ut = kuxx − ux, −∞ < x < ∞, u(x, 0) = f(x).

(a) Find the Fourier transformU(ω, t) of the solution.

(b) Try to invertU .
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