
DIAMOND PRINCIPLES AND TUKEY-TOP

ULTRAFILTERS ON A COUNTABLE SET

TOM BENHAMOU AND FANXIN WU

Abstract. We provide two types of guessing principles for ultrafilter
(♢−

λ (U), ♢p
λ(U)) on ω which form subclasses of Tukey-top ultrafilters,

and construct such ultrafilters in ZFC. These constructions are essen-
tially different from Isbell’s construction [26] of Tukey-top ultrafilters.
We prove using the Borel-Cantelli Lemma that full guessing is not pos-
sible and rule out several stronger guessing principles e.g. we prove that
no Dodd-sound ultrafilters exist on ω. We then apply these guessing
principles to force a q-point which is Tukey-top (answering a question
from [4]), and prove that the class of ultrafilters which satisfy ¬♢−

λ is

closed under Fubini sum. Finally, we show that ♢−
λ and ♢p

λ can be
separated.

0. introduction

The classical diamond principle ♢, introduced by Jensen [27], says there
is a sequence ⟨Aα | α < ω1⟩ such that Aα ⊆ α and for every set X ⊆ ω1,
{α < ω1 | Aα = X ∩ α} is stationary. Intuitively, any subset of ω1 is
“guessed” by the sequence Aα on a large set. It is well-known that ♢ holds
in L, and that it implies CH. The diamond principle is extremely useful in
inductive constructions of length ω1, where one ensures certain properties
of the resulting mathematical object by using the sequence Aα to anticipate
the obstruction. The classic example is the construction of a Suslin tree.
Other examples include topological spaces, groups, Banach spaces, etc.

Jensen also formulated the analogous principle ♢(κ) for any uncountable
regular cardinal κ. For more on diamond-like principles, see the survey [34].
One might be tempted to try and formulate it for ω also. Unfortunately, the
notions of club and stationarity only make sense on ordinals of uncountable
cofinality, so a naive generalization to κ = ω doesn’t work. The second try
is to change the notion of “largeness” from “stationary” to “positive” with
respect to some filter F on ω, that is, to require that the set of n’s at which
the sequence guesses correctly is positive with respect to F . However, an
easy diagonalization argument rules this out: for suppose that ⟨An | n < ω⟩
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is a sequence of sets such that An ⊆ {0, ..., n − 1}, we define A = {n − 1 |
n− 1 /∈ An}, then {n < ω | A ∩ {0, ..., n− 1} = An} = ∅.

Another plausible attempt is to generalize the weak diamond principle
♢− (also due to Jensen) instead of ♢. Recall that ♢−(κ) for κ regular
uncountable replaces the diamond sequence by a sequence ⟨Aα | α < κ⟩
such that Aα ⊆ P (α) and |Aα| ≤ α; The requirement |Aα| ≤ α is (more or
less) equivalent to |Aα| < κ if κ = τ+ is a successor cardinal, but not for
κ inaccessible, since if we let Aα = P (α) then trivially every set is guessed
everywhere. This suggests that a generalization of ♢− to ω should also
involve a sequence ⟨An | n < ω⟩ where we impose some restriction on the
growth rate of n 7→ |An|, e.g., |An| ≤ n.

This still does not work: there is no hope of finding a non-principal filter F
for which there is a ♢− guessing sequence ⟨An | n < ω⟩, to see this we apply
the Borel-Cantelli Lemma [13, 14] from probability theory; see Proposition
1.4 below. However, if instead of requiring the sequence to guess all subsets
of ω, we only ask it to guess continuum many subsets, then this turns out
to be a meaningful definition.

In this paper, we would like to propose two diamond-like principles for
(ultra)filters on ω, which we call diamond minus ♢−

c (Definition 1.10) and
perfect diamond ♢p

c (Definition 2.9), and prove that in ZFC we can con-
struct (ultra)filters witnessing these principles (Theorem 2.5). The motiva-
tion for these principles is not so much trying to generalize diamond to ω, as
trying to generalize the following result that comes from a recent work of the
first author with G. Goldberg [11], where similar principles on σ-complete
ultrafilters over uncountable cardinals were formulated.

Theorem 0.1 (Benhamou-Goldberg). In all the known ZFC canonical in-
ner models 1, the following are equivalent for every σ-complete ultrafilter U
over a regular uncountable cardinal:

(1) U is Tukey-top i.e. there are 2κ-many sets ⟨Ai | i < 2κ⟩ ⊆ U such
that for every I ∈ [2κ]κ,

⋂
i∈I Ai /∈ U .

(2) ♢−
2κ(U).

(3) U is not isomorphic to an n-fold sum of p-points 2

The context of this result, is the renewed interest in the Tukey-top class
of ultrafilters at the level of measurable cardinals, also known as the class
of non-Galvin ultrafilters [1, 22, 6, 9, 8, 5]. The relation between certain
prediction principles to the class of non-Galvin filters (mostly the club filter)
on uncountable cardinals has been explored in several papers [20, 19, 7, 21].

1That is, inner models of the form L[E], where E is a sequence of extenders indexed
by the Mitchell-Steel indexing system. More generally, the result holds in models of the
ultrapower axiom where every irreducible ultrafilter is Dodd-sound (see [24]).

2W is an n-fold sum of p-points if W =
∑

U

∑
Uα1

∑
...

∑
Uα1,...,αn

Uα1,...,αn+1 , where

each Uα1,...,αk , and U are p-points
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The aforementioned application of the Borell-Cantelli Lemma implies
that, in particular, there are no Dodd-sound3 ultrafilters on ω (Corollary
1.9).

This theorem hints at the possibility that the version of ♢− for ultrafilters
on ω may also have implications for their Tukey-order4 types, a topic that
has been studied extensively in recent years. In this paper we confirm that
this is indeed the case, that is, our diamond-like principles imply being
Tukey-top in the usual sense on ω (Theorem 1.13). We omit the definition
and background for the Tukey order as it will not be used directly. Instead,
we only use the purely combinatorial characterization (condition (3) below)
for Tukey-top ultrafilters, which are those ultrafilters, maximal in the Tukey
order.

Theorem 0.2 (Isbell). Let U be an ultrafilter on ω. Then the following are
equivalent:

(1) U is Tukey-top i.e. for every ultrafilter W over ω, W ≤T U .
(2) U ≥T [c]<ω.
(3) There is a sequence ⟨Ai | i < c⟩ ⊆ U such that for any infinite

I ∈ [c]ω, ∩i∈IAi /∈ U .

Hence the ♢− construction presented in this paper provides an alternative
construction of Tukey-top ultrafilters in ZFC. The first such construction
is due to Isbell [26], and there are several other constructions floating in the
literature; Kunen’s c-OK [28] for proven to be Tukey top by Milovich in [31],
and also Dow and Zhou [17] constructed Noetherian ultrafilters which are
also Tukey-top. However, our construction is somehow different than the
previous constructions in that it does not involve independent families and
the basic ingredient needed to guarantee the ♢− is a bit more immune to
forcing extensions (Lemma 1.21). The second advantage of our construction
is that it has a clean characterization in terms of the ultrapower (Proposition
1.12), and that it is ≤RK-invariant (Proposition 4.1).

Isbell posed a long-standing open problem regarding the Tukey-top class:

Question 0.3 (Isbell). Is it consistent that every ultrafilter is Tukey-top?
or is there a ZFC construction for a non-Tukey-top ultrafilter?

It is therefore the connection to Tukey-top ultrafilters, and to Isbell’s
question (rather than the generalization of ♢ to ω) that motivates our in-
vestigation of this type of ♢-principles.

In the second part of the paper, we prove that♢− and♢p can be separated
(Theorem 3.6), namely, one can force an ultrafilter U such that ♢−(U) holds

3It was pointed out to us by G. Goldberg that it is possible to prove the non-existence
of Dodd-sound ultrafilters on ω by ultrapower considerations, however, the proof here is
different and relies on the Borel-Cantelli Lemma.

4In this paper we do not use the Tukey order. However, for completeness reasons, we
define the Tukey order for two ultrafilters U,W that U ≤T W if and only if there is a
function f : W → U such that for every generating set B ⊆ W , f ′′B generates U .
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but ♢p(U) fails. We do not know whether ♢− can be separated from Tukey-
top.

Finally, we show two applications of this class, the first is the construction
of a Tukey-top q-point (Theorem 5.2), this is the first such construction (
asked in [4, p.13 l.-4]). The second, corresponds to another open problem
regarding the Tukey-top class: is the (either Fubini or Cartesian) product
of two non-Tukey-top ultrafilters necessarily not Tukey-top? What we show
in this paper is that the product of two ultrafilters failing to satisfy ♢−

necessarily fails to satisfy ♢− (Proposition 4.9). In particular, if the Tukey-
top class coincides with the ♢−-class, then the non-Tukey-top class is closed
under product.

This paper is organized as follows:

• In section §1 we introduce a general principle ♢−(F, π, f, T ) and
discuss the limits of those parameters. To strengthen that to the
principle ♢− we also need the notion of skies. We show that ♢−

implies Tukey-topness, as well as other properties that will be useful
later.

• In section §2 we show the existence of ♢− in two ways: first using
forcing, and then using a construction in ZFC that naturally leads
to the principle ♢p.

• In section §3 we show that ♢p is strictly stronger than ♢−.
• In section §4 we investigate the preservation of ♢− under Fubini
product (or more generally Fubini sum).

• In section §5 we show the consistency of Tukey-top q-points using
the principle ♢−.

• In section §6 we list some open questions.

Notations & global assumptions. Our notations are standard for the
most part. A filter F on an infinite set X is a nonempty collection of
subsets of X that is closed under intersection and superset, and does not
contain ∅. We shall mostly consider filters on ω, but occasionally allow X to
be other countable sets or even arbitrary sets. F is principal if it contains
a finite set, and non-principal otherwise. F ∗ = {X \A | A ∈ F} is the dual
ideal, and F+ = P(X)\F ∗ is the collection of F -positive sets. An ultrafilter
U is a filter such that for any A ⊆ X, either A ∈ U or Ac ∈ U . If F is a filter
on X and f : X → Y is a map, then f∗(F ) = {B ⊆ Y | f−1(B) ∈ X} is also
a filter, called the image filter or the pushforward filter. Many properties of
F are inherited by f∗(F ); for example, if F is an ultrafilter then so is f∗(F ).

For two ultrafilters U, V on X,Y respectively, we say U is Rudin-Keisler
reducible to V , denoted U ≤RK V , if there is a map f : Y → X such that
U = f∗(V ). We call U and V Rudin-Keisler equivalent, denoted U ≡RK V ,
if there is a bijection f : X → Y such that U = f∗(V ). It is a standard fact
that U ≤RK V and V ≤RK U imply U ≡RK V .

Let F be a filter on X, and f, g : X → κ. We denote by f ≤F g if
{x ∈ X | f(x) ≤ g(x)} ∈ F and we say that f is bounded by g mod
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F ; variations on this notation such as f =F g or f <F g should be self-
explanatory. Note that if f <F g and F ′ is a filter extending F then f <F ′ g.
A function f is bounded mod F if there is α ∈ κ such that f ≤F cα where
cα is the constant function α. We say that f is unbounded mod F if f is
not bounded mod F . Finally, our forcing convention is that p ≤ q means p
is stronger than q.

1. Diamond-like principle for ultrafilters on ω

Let us start with a general notion of diamond, which we are quickly going
to restrict. Recall that given a filter F , F ∗ is the dual ideal and F+ is the
collection of F -positive sets.

Definition 1.1. Let F be a filter over a cardinal κ ≥ ω, π, f : κ → κ
be functions and T ⊆ P (κ). We say that ♢−(F, π, f, T ) holds if there is a
sequence ⟨Aα | α < κ⟩ such that:

(1) Aα ⊆ P (f(α)).
(2) |Aα| ≤ π(α).
(3) For every X ∈ T , {α < κ | X ∩ f(α) ∈ Aα} is F -positive.

We say that ♢∗(F, π, f, T ) holds if (1), (2) above hold and (3) is replaced by

(3∗) For every X ∈ T , {α < κ | X ∩ f(α) ∈ Aα} ∈ F .

The parameter f will often just be the identity map id, but it seems
necessary to allow general f for the proof of, e.g., Proposition 4.1.

Example 1.2. (1) ♢−(Cubκ, 1, id, P (κ)) is just the regular ♢(κ).
(2) ♢−(Cubκ, id, id, P (κ)) is ♢−(κ).
(3) As we noted in the introduction, if f is increasing on a set X ∈ F ,

then ω, ♢−(F, 1, f, P (ω)) must fail.
(4) ♢∗(Cubκ, id, id, P (κ)) is the usual ♢∗(κ).
(5) If we extend the filter F ⊆ F ′ and the set T ⊆ T ′, decrease the

function π ≥F π′, then ♢−(F ′, π′, f, T ′) ⇒ ♢−(F, π, f, T ).
(6) If U is an ultrafilter, then ♢−(U, π, f, T ) ⇔ ♢∗(U, π, f, T ).

Lemma 1.3. If there is f : κ → κ such that ♢−(F, π, f, T ) holds, then for
every g ≤F f , ♢−(F, π, g, T ).

Proof. Let ⟨Aα | α < κ⟩ witness that ♢−(F, π, f, T ) holds. Define

A′
α = {X ∩ g(α) | X ∈ Aα}

Note that if f(α) ≤ g(α), then A′
α = Aα. Then we have that for every

α < κ:

(1) A′
α ⊆ P (g(α)).

(2) |A′
α| ≤ |Aα| ≤ π(α).

To see (3), let X ∈ T be any set, then B = {α < κ | X ∩ f(α) ∈ Aα} is F -
positive. By our assumption, g ≤F f , then C = {α < κ | g(α) ≤ f(α)} ∈ F .
Hence B ∩ C is F -positive. Let α ∈ B ∩ C, then X ∩ f(α) ∈ Aα and since
g(α) ≤ f(α), X ∩ g(α) = (X ∩ f(α)) ∩ g(α) ∈ A′

α. □
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So the strongest kind of statements we can get is obtained by taking F
to be maximal (i.e. an ultrafilter), T being maximal (i.e. P (κ)) π being as
small as possible, and f being as large as possible.

The next propositions provide several restrictions on the values of π, f ,
and T for which we may expect for the diamond principle to hold. The
restriction is derived from the Borel-Cantelli Lemma: Let (X,Ω,P) be a
probability space and ⟨En | n < ω⟩ be a sequence of events. If

∑∞
n=0 P(En) <

∞ then P(lim supEn) = 0, where lim supEn =
⋂

n<ω(
⋃

m≥nEn).

We write ∀∗n, p(n) is for all but finitely many n ∈ N, p(n) holds.

Proposition 1.4. Let ⟨An | n < ω⟩ be a sequence of sets such that An ⊆
P (f(n)) and |An| ≤ π(n). Assume that

∑∞
n=0

π(n)

2f(n) < ∞. Then

P({X ∈ P (ω) | ∀∗n, X ∩ f(n) /∈ An}) = 1

where P is the standard Borel probability measure on 2ω.

Proof. Let En be the event that X ∩ f(n) ∈ An. This is the disjoint union

of open sets in P (ω) and therefore measurable with P(En) =
|An|
2f(n) . By the

Borel-Cantelli Lemma, if
∑∞

n=0 P(En) < ∞, then P(lim supEn) = 0, where
lim supEn =

⋂
m<ω(

⋃
n≥mEn). It follows that P(P (ω)\

⋂
m<ω(∪n≥mEn)) =

1. It remains to note that X /∈
⋂

m<ω(
⋃

n≥mEn) if and only if there is m

such that for all n ≥ m, X /∈ En. □

Corollary 1.5. Suppose that F is a filter extending the Fréchet filter (i.e.
contains all co-finite sets), π, f : ω → ω, and T ⊆ P (ω) are such that
♢−(F, π, f, T ), then:

(1) Either
∑∞

n=0
π(n)

2f(n) = ∞, or

(2) P(T ) = 0, where P is the standard Borel probability measure on P (ω).

Proof. If (1) fails, then by the previous proposition,

P({X ∈ P (ω) | ∀∗n, X ∩ f(n) /∈ An}) = 1

and since F contains the Fréchet filter, every X ∈ T is guessed on an infinite
set, and therefore belongs to the complement of the probability one set
above. Hence P(T ) = 0 □

Case (1) is quite trivial since we can take for example5 π(n) = 2f(n), and
then An can be taken to be P (f(n)) and T = P (ω). It is not hard to check

that even in case π(n) = 2f(n) − 1 we can still take T = P (ω). Hence it is
case (2) which we would like to play with and simply assume that (1) does
not happen. If we assume (1) fails, we cannot hope to guess all the subsets
of ω (not even a positive probability subset of p(ω)). One more constraint
is that if f is not small, than also π cannot be too small.

5Other examples can be constructed for sets of size 2f(n) − 2
f(n)

2 , but we do not know
if there is a threshold (see Question 6.13).
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Proposition 1.6. Suppose that U is an ultrafilter over ω and f : ω → ω is
unbounded mod U . For any n < ω, if |T | ≥ n and ♢−(U, π, f, T ) then π is
not bounded mod U by n.

Proof. Otherwise, A = {m < ω | π(m) < n} ∈ U , fix n-many distinct sets
X1, ..., Xn in T , there is n′ < ω such that for every i ̸= j, Xi ∩ n′ ̸= Xj ∩ n′.
By ♢−(U, π, f, T ), for each 1 ≤ i ≤ n, Bi = {m < ω | X ∩ f(m) ∈ Am} ∈ U .
Hence A∗ = A ∩ (

⋂n
i=1Bi) ∈ U . Since f in unbounded mod U , there is

m ∈ A∗, such that f(m) > n′, but X1 ∩ f(m), ..., Xn ∩ f(m) are distinct
elements of Am, and since m ∈ B, π(m) < n, contradiction. □

The idea above will show up again in Theorem 1.13.
Let us impose limitations on the relation between π and f which are

borrowed from Puritz [33] terminology of skies and constellations. Recall
that sky([π]U ) < sky([f ]U ) means h ◦ π <U f for any h : ω → ω. This is
much stronger than the failure of (1), since this, in particular, implies that

π(n) < 2π(n) < f(n) on a large set, but much more than that. We will need
a generalization of that definition to filters instead of ultrafilters.

Definition 1.7 (Puritz). Now suppose F is a filter on ω and f, g : ω → ω
Define sky([g]F ]) < sky([f ]F ]) to mean ∀h : ω → ω, h ◦ g <F f , and
sky([g]F ]) ≥ sky([f ]F ]) to mean ∃h : ω → ω, h ◦ g ≥F f .

These are both transitive relations, the preorder ≤ induces an equivalence
relation, and an equivalence class is called a sky. There is a greatest element
(the “top sky”) represented by the identity function id, and a least element
represented by any constant function. If F is an ultrafilter, then it is a
p-point if and only if it has only the above two skies. For f = id we have
the following convenient reformulation:

• sky([g]F ) ̸= sky([id]F ) iff ∀X ∈ F∃Y ∈ [X]ω g↾Y is constant.
• sky([g]F ) < sky([id]F ) iff ∀X ∈ F+∃Y ∈ [X]ω g↾Y is constant.

Of course, these coincide when F is an ultrafilter. We also refer to
sky([g]F ) ̸= sky([id]F ) as g is “not almost one-to-one mod F” or “does
not tend to infinity mod F”. In general, we have:

• sky([π]F ) ≱ sky([f ]F ) iff ∀X ∈ F∃Y ∈ [X]ω g↾Y is constant and
f(Y ) is infinite.

• sky([π]F ) < sky([f ]F ) iff ∀X ∈ F+∃Y ∈ [X]ω g↾Y is constant and
f(Y ) is infinite.

In [11], a connection between ♢− and Dodd-sound ultrafilters was estab-
lished. Let us show that this connection, along with the restrictions obtained
by the Borel-Cantelli lemma implies there are no Dodd-sound ultrafilters on
ω. These ultrafilters were introduced by Goldberg [24] which are simplifica-
tions of a property due to Steel [35] of general elementary embeddings, and
have several applications in inner model theory:
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Definition 1.8. A κ-complete ultrafilter U over κ ≥ ω is called Dodd-
sound if there is a sequence ⟨Aα | α < κ⟩ such that for every sequence of
sets ⟨Xα | α < κ⟩, the following are equivalent:

(1) ⟨Xα | α < κ⟩ is U -threadable (that is, there is X ⊆ κ such that
{α < κ | X ∩ α = Xα} ∈ U).

(2) {α < κ | Xα ∈ Aα} ∈ U .

For example, on measurable cardinals, normal ultrafilters are Dodd-sound.
Clearly, if U is Dodd-sound then ♢−(U, π, id, P (κ)), where π(α) = |Aα|.

Corollary 1.9. There are no Dodd-sound ultrafilters on ω.

Proof. Suppose otherwise that U is Dodd-sound, then ♢−(U, π, id, P (ω))

holds. By Corollary 1.5, we have
∑∞

n=0
π(n)
2n = ∞. We claim that B =

{n < ω | π(n) > 2
n
2 · n} ∈ U , just otherwise, as U is an ultrafilter, {n <

ω | π(n) ≤ 2
n
2 · n} ∈ U , and changing the valued of π on a U -null set

does not impact the ♢−, so we may assume that for all n, π(n) ≤ 2
n
2 · n.

But then
∑∞

n=0
π(n)
2n ≤

∑∞
n=0

n

2
n
2

< ∞, contradicting Corollary 1.5. Now

let us construct a sequence of sets Xn ∈ An which cannot be U -threadable,
contradicting U being Dodd-sound.

Suppose that we have constructed Xi ∈ Ai for i < n. If n /∈ B, choose
Xn ∈ An randomly. Otherwise, if n ∈ B, we note that there are at most
2

n
2 · n-many sets Y ∈ p(n) such that Y ∩ n

2 = Xi ∩ n
2 for some i < n. Since

π(n) > 2
n
2 · n, there is a set Xn ∈ An, such that for every i < n, Xn ∩ n

2 ̸=
Xi ∩ n

2 . Finally, to see that the sequence ⟨Xn | n < ω⟩ is not U -threadable,
suppose otherwise, and let X ⊆ ω such that C = {n < ω | X∩n = Xn} ∈ U .
Pick any c1 < c2 ∈ C ∩B. Then X ∩ c1 = Xc1 and X ∩ c2 = Xc2 . However,
Xc2 ∩ c1

2 ̸= Xc1 ∩ c1
2 , this is a contradiction. □

Definition 1.10. For an ultrafilter U over ω and λ ≤ c, we say that ♢−
λ (U)

holds if there are sequence f ,π,T such that:

(1) sky([π]U ) < sky([f ]U ).
(2) |T | = λ.
(3) ♢−(U, π, f, T ).

We denote by ♢−(U) = ♢−
c (U)

Note that T, π are not essential in the definition as we can look at the
maximal possible set T which is the set of all x ∈ p(ω) such that {n < ω |
x ∩ f(n) ∈ An} ∈ U , and take π(n) = |An|. However, we shall keep using
π, T for clarity reasons.

Corollary 1.11. If U is an ultrafilter for which there are T, ⟨An | n < ω⟩
as in definition 1.10 with respect to π = id, and n 7→ |An| is not one-to-one
mod U but still unbounded, then ♢−

|T |(U) holds.

Given an ultrafilter U over ω we denote by MU = V ω/U , the class of
all equivalence class of functions f : ω → V with the relation E being
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[f ]UE[g]U iff {n < ω | f(n) ∈ g(n)} ∈ U . (MU , E) is a (usually not well-
founded) model of ZFC and jU : V → MU defined by jU (x) = [cx]U where
cx is the constant function with value x is an elementary embedding of the
universe V into the ultrapower MU . Recall that Loś Theorem says that for
any first-order formula ϕ(x1, ..., xn) in the language of set theory and any
f1, ..., fn : ω → V

MU |= ϕ([f1]U , ..., [fn]U ) iff {m < ω | ϕ(f1(m), ..., fn(m))} ∈ U.

In terms of the ultrapower by U we can characterize ♢−(U) as follows:

Proposition 1.12. Let U be an ultrafilter over ω, then ♢−(U) holds iff
there is A ∈ M and [f ]UEjU (ω) such that:

(1) sky(|A|MU ) < sky([f ]U ).
(2) the set {x ∈ P (ω) | MU |= jU (x) ∩ [f ]UEA} has size continuum. Of

course, “ ∩ ” should be interpreted in MU using E.

Proof. The translation goes through the ultrapower representation of A =
[n 7→ An]U , [π]U = |A|MU and T = {x ∈ P (ω) | MU |= jU (x) ∩ [f ]UEA.
Note that by Loś Theorem, x ∈ T iff {n < ω | x ∩ f(n) ∈ An} ∈ U . Hence
♢−(U) is equivalent to the ultrapower formulation in the proposition. □

Theorem 1.13. ♢−
λ (U) implies the existence of ⟨Aα | α < λ⟩ ⊆ U such

that for every I ∈ [λ]ω,
⋂

i∈I Ai /∈ U . In particular, [λ]<ω ≤T U .

Proof. For the second part, see for example [26] or [15]. For each X ∈ T ,
let BX = {n < ω | X ∩ f(n) ∈ An}. We claim that ⟨BX | X ∈ T ⟩ is the
desired sequence. Suppose not, then there are distinct sets Xn ∈ T such
that X =

⋂
n<ω BXn ∈ U .

Since sky([π]U ) < sky([f ]U ), there is an infinite subset Y of X on which
π is constant, say with value N , and such that f [Y ] is infinite. Choose
n ∈ Y for which f(n) is large enough, so that X1 ∩ f(n), . . . , XN+1 ∩ f(n)
are all distinct. Since n ∈ X ⊆ BXi we have Xi ∩ f(n) ∈ An, which implies
|An| > N = π(n), a contradiction. □

Corollary 1.14. If ♢−(U) holds then U is Tukey-top.

In the next section, we shall construct such ultrafilters, and our approach
will be similar to the one taken by Isbell; we construct filters with certain
properties, guaranteeing that ultrafilters extending these filters are Tukey-
top. To emphasize the difference of our filters with Isbell’s filters, let us recall
how Isbell used independent families to construct Tukey-top ultrafilters [26].

Definition 1.15. An independent family is a sequence ⟨Aα | α < λ⟩ such
that Aα ⊆ ω and for every I, J ∈ [λ]<ω if I ∩ J = ∅ then⋂

i∈I
Aα ∩

⋂
j∈J

Ac
j ̸= ∅
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Let ⟨Ai | i < c⟩ be an independent family. Such families always exist as
proven by Fichtenholz-Kantorevich and Hausdorff [18, 25]. Define F∗ to be
the filter generated by the sets

{
⋂
i∈I

Ai \
⋂
j∈J

Aj | I ∈ [c]<ω, J ∈ [c]ω}

Let us call what arises this way from an independent family an Isbell filter.
Isbell proved the following:

Lemma 1.16. Any extension of F∗ to an ultrafilter U is Tukey top as
witnessed by the sequence ⟨Ai | i < c⟩.

Being an Isbell filter is quite fragile. In particular, any forcing which
adds reals (or any ω-sequence in c), will introduce new ω-sequences of the
independent family and therefore the filter might cease being Isbell in the
extension.

The filters which we introduce, and give rise to diamond ultrafilters are
more robust in this sense.

Definition 1.17. A filter F over ω is good if there are, T ∈ [P (ω)]c, f, π :
ω → ω such that:

(1) ♢∗(F, π, f, T )
(2) For every g : ω → ω, {n ∈ N | g(π(n)) ≥ f(n)} ∈ F+; this is the

same as sky([π]F ) ≱ sky([f ]F ).

F is called excellent, if condition (2) is strengthen to:

(2)∗ For every g : ω → ω, {n < ω | g(π(n)) < f(n)} ∈ F ; this is the same
as sky([π]F ) < sky([f ]F ).

Condition (2)∗ ensures that for any F ⊆ F ′, sky([π]F ′) < sky([f ]F ′). Note
that in ♢−, in (2), we only require that the sets are guessed on a positive set,
while here we have the stronger ♢∗ which requires that the guesses occur
on a measure-one set in F . This guarantees that in any extension of F the
sets in T are still guessed. Since excellent filters already determine all the
information needed in the definition of ♢−, they have a similar property to
Isbell filters:

Proposition 1.18. Suppose that F is an excellent filter, then every ultra-
filter U which extends F satisfies ♢−(U), and in particular it is Tukey-top.

Although goodness need not be preserved under extension, the next lemma
shows that this condition is preserved in some situations, which implies that
any good filter can be extended to an excellent filter:

Lemma 1.19. Suppose that F is a good filter as witnessed by f, π : ω → ω.
Suppose that g : ω → ω is any function, then F [B] is good, where B = {n <
ω | g(π(n)) < f(n)}.

Proof. Since F is good, the set {n < ω | g(π(n)) < f(n)} is F -positive (by
(3)), hence F [B] is a legitimate filter. To see that F [B] is still goof, let h :
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ω → ω be any function, we need to prove that C = {n < ω | h(π(n)) < f(n)}
is F [B]-positive. Equivalently, that for every A ∈ F , C ∩ A ∩ B ̸= ∅. Note
that C ∩ B = {n < ω | g∗(π(n)) < f(n)}, where g∗(k) = max(g(k), h(k)).
By (3), this set is F -positive and therefore intersect A. □

Since being good is clearly preserved at increasing unions, we get that:

Corollary 1.20. Every good filter can be extended to an excellent filter and
in particular to an ultrafilter U such that ♢−(U) holds.

When passing from a ZFC model to a generic extension, there are two
things that might break down and prevent a good/excellent filter from gen-
erating one in the generic extension: the value of c might change, and we
might add new functions g : ω → ω. The next easy lemma emphasizes how
good and excellent filters are less fragile than Isbell filters:

Lemma 1.21. Suppose that P is ωω-bounding i.e. every function f : ω →
ω ∈ V P is dominated by a ground model function. Also, suppose that the
value of c is unchanged by P. Then every good/excellent filter F in V gen-
erates a good/excellent filter in V P.

Proof. To see condition (2)/(2)∗ hold for the generated filter, let g : ω → ω ∈
V [G], then there is h : ω → ω ∈ V such that for every n < ω, g(n) < h(n).
Hence {n < ω | h(π(n)) < f(n)} ⊆ {n < ω | g(π(n)) < f(n)} □

Of course, goodness and excellence are preserved even if we require a bit
less: that the generic extension is ωω-bounding mod F .

In general, let us record the following simple lemma which will be used
later:

Lemma 1.22. Let F be a good (excellent) filter witnessed by f, π, and P be
a forcing notion which preserves the value of c. Let G ⊆ P be any generic
filter and F ⊆ F ′ ∈ V [G] be any filter, such that sky([π]F ′) ̸≥ sky([f ]F ′)
(sky([π]F ′) < sky([f ]F ′)), then F ′ is good (excellent).

2. On the existence of ♢−-ultrafilters

So far we have not proven the existence of an ultrafilter satisfying ♢−(U).
By the results of the previous section, it suffices to prove the existence of a
good filter (which can be extended to an excellent filter, whose extension to
any ultrafilter must satisfy ♢−).

Theorem 2.1. Adding one Cohen function adds a good filter F

Proof. Fix any function π : ω → ω such that for every n < ω, π−1[{n}] is
infinite. Let us consider the following variation of the Cohen forcing. All
finite functions f : ω → [[ω]<ω]<ω. Namely, each f(n) is a finite collection
of finite sets. Let ⟨An | n < ω⟩ be V -generic. In the generic extension, we
define three kinds of sets:

(1) X0 = {n < ω | An ⊆ [P (n)]≤π(n)}.
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(2) Yn = π−1[ω \ {n}].
(3) For each X ∈ P V (ω), let BX = {n < ω | X ∩ n ∈ An}

It is not hard to see that the collection {X0} ∪ {Yn} ∪ {BX | X ∈ P V (ω)}
generate a filter F , and that π is not almost one-to-one mod F .

□

Let us now describe how to construct such ultrafilters in ZFC. A sequence
⟨An | n < ω⟩ such that An ⊇ P (n) can be identified with a subset S of the
complete binary tree 2<ω (note that S is usually not a subtree). To ensure
that continuum many sets are guessed, it suffices that all “branches” of
S are guessed, as long as S has no “leaves”. This motivates the perfect
diamond principle ♢p(U) defined below. First, let us fix some tree-related
terminology:

A pseudo-tree is any subset S ⊆ 2<ω; note that S with the partial order
induced from 2<ω is a tree, though not a subtree (as it is not closed under
restriction). More generally, for f : ω → ω, we say that S is an f -tree if S is
a pseudo-tree and there is an identification of every x ∈ Ln(S) (where Ln(S)

is the nth level of S) with a function tx ∈ 2f(n) such that x < y if and only
if tx, ty are compatible as functions. Note that if f = id, and S is a pseudo
tree, then we can take x = tx to see that S is an id-tree. For a f -tree S and
s ∈ S, we say s branches in S if there are incompatible s1, s2 ∈ S that both
extend s. Note that in this case it must be that ts ⊆ ts1 , ts2 and ts1 , ts2 are
incomparable as functions.

Definition 2.2. Let π, f : ω → ω be any function. A perfect-(π, f)-splitting
tree is an f -tree such that:

(1) every s ∈ S branches in S.
(2) |Lk(S)| = π(k).

When f = id, we omit S and say it is perfect-π-splitting.

A branch through S is any r ∈ 2ω such that

|{n < ω | tx = r ↾ f(n) for some x ∈ Ln(S)}| = ℵ0.

We denote by Br(S) = {r ∈ 2ω | r is a branch through S} the set of
branches through S.

Remark 2.3. If S is a perfect-(π, f)-splitting tree, then |Br(S)| = c.

Lemma 2.4. Let π, f : ω → ω be functions and suppose that S is a perfect-
(π, f)-splitting tree such that:

(∗)For any finite F ⊆ Br(S),
∣∣∣{f(m)

∣∣∣ Lm(S) = {x | ∃t ∈ F (t ↾ f(m) = tx)}
}∣∣∣ = ℵ0.

Then there is a good filter F which guesses Br(S).
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Proof. Let An = {χtx | x ∈ Ln(S)}. Then by definition, A ⊆ P (f(n)) and
|An| = |Ln(S)| = π(n). For each r ∈ Br(S) let Br = {n < ω | r ∩ f(n) ∈
An}. We claim that the family

{Br | r ∈ Br(S)}
has the finite intersection property. To do this, let us take any distinct

r1, . . . , rd ∈ Br(S), we shall find n ∈
⋂d

i=1Bri . By (∗) applied to F =
{r1, ..., rd}, there is at least one m such that ri ↾ f(m) = tx for some x ∈
Lm(S) for all 1 ≤ i ≤ d. Hence m ∈

⋂d
i=1Bri . Let F be the filter generated

by the sets {Br | r ∈ Br(S)}. It remains to show that sky([π]F ) ̸≥ sky([f ]F ).
Suppose otherwise, that for some g : ω → ω and some r1, ..., rk such that

for any n ∈
⋂k

i=1Bri , g(π(n)) ≥ f(n). Apply (∗) to {r1, ..., rk}, then the set{
f(m)

∣∣∣ Lm(S) = {x | ∃t ∈ F (t ↾ f(m) = tx)}
}

and therefore also the set{
f(m)

∣∣∣ Lm(S) = {x | ∃t ∈ F (t ↾ f(m) = tx)}
}
\ g(k)

is infinite. Take any f(m) > g(k) in that set such that also r1 ↾ f(m), ..., rk ↾
f(m) are all distinct elements of Lm(S). Then π(m) = L(S) = k and also

m ∈
⋂k

i=1Bri . By the choice of g, it follows that

g(k) = g(π(m)) ≥ f(m) > g(k)

contradiction.
□

Theorem 2.5. Let π : ω → ω be any function such that {n | π−1(n) is infinite}
is infinite. Then there is a perfect-π-splitting pseudo tree S satisfying (∗).
Proof. We shall construct inductively two sequence ⟨Sn | n < ω⟩ and ⟨mn |
n < ω⟩ such that:

(i) Sn ⊆ 2≤mn .
(ii) if n ≤ m, then Sn = Sm ∩ 2≤mn (so mn is also increasing)
(iii) for each k < mn, Sn has at most π(k) nodes at level k;
(iv) any node in t ∈ Sn+1 \Sn is above some maximal node of Sn (a node

in Sn is maximal if it has no proper extension in Sn);
(v) if n is even then every maximal node of Sn branches in Sn+1;
(vi) if n is odd then none of the maximal nodes of Sn branches in Sn+1

(so the part of Sn+1 above that node is a chain), and moreover, for
any finite subset F of the set of maximal nodes in Sn, there is a level
mn ≤ k < mn+1 such that |F | ≤ π(k) and every node in F has an
extension in Sn+1 at level k.

Once Sn are constructed we let S =
⋃

n<ω Sn. Note that S under the
induced order is a perfect tree, and Sn is roughly the part of S up to level
n/2. Moreover, by condition (iv), if x ∈ Br(S), then for any n, x is above
a unique maximal node in Sn. Before turning to the construction of the
sequence Sn, let us prove that S is as desired:
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Claim 2.6. S is a perfect-π-splitting pseudo tree satisfying (∗).

Proof of claim. Condition (1) of Definition 2.2 holds since any s ∈ S can
extended (if necessary) using (vi) to a maximal node in some Sn for some
even n, then by condition (v) s branches in Sn+1 and therefore in S. For
condition (2), we note that if mn−1 ≤ k < mn (where m−1 = 0), then
condition (ii) ensures that Lk(S) = Lk(Sn) and condition (iii) ensures that
|Lk(Sn)| ≤ π(k). To see (∗), pick any x1, . . . , xm ∈ B, we claim that they are
simultaneously guessed at infinitely many levels k with π(k) = m. Indeed,
let n be any odd number large enough so that x1, ..., xm have distinct (finite)
initial segments in Sn. If for i ≤ m we let si ∈ Sn be the unique maximal
node in Sn below xi, then by (vi) there exists ti ∈ Sn+1 above si such that
ti, i ≤ m are at the same level k with π(k) ≥ m. Let ui ∈ Sn+1 be the
unique maximal node above si, so ti ⊏ ui. We must have ui ⊏ xi because
if we let u ⊏ xi be any maximal node in Sn+1, then u must be ui, just
otherwise, u must also be above si, and since u, ui are both maximal, they
must be incomparable. However, by condition (vi) si does not branch in
Sn+1. Hence ti ⊏ ui ⊏ xi, so the xi’s are simultaneously guessed at level k.

□

Let us turn to the construction of Sn and mn. At an even step, for each
maximal node s ∈ Sn, find an empty level k ≥ mn above it with π(k) ≥ 2 and
add two nodes at level k that extend s; let Sn+1 be Sn together with all these
added nodes. Define mn+1 to be any number such that Sn+1 ⊆ 2mn+1 . At
odd steps, enumerate maximal nodes of Sn as s1, . . . , sd. We find mn+1 large

enough so that π(mn+1) ≥ d, and for every 1 ≤ i ≤ d there are
(
d
i

)
-many

k ∈ [mn,mn+1) such that π(k) ≥ i. This is possible since π is infinite-to-
one. Then we choose arbitrary y1, . . . , yd ∈ 2mn+1 such that si ⊏ yi. Now
for every F ⊆ {1, . . . , d}, we can allocate a level kF ∈ [mn,mn+1) such that
π(kF ) = |F | and if F1 ̸= F2, then kF1 ̸= kF2 . Define the LkF (Sn+1) =
{yi ↾ kF | i ∈ F}. Then clearly |Lk(Sn+1)| ≤ π(k), every extension of si in
Sn+1 must be a restriction of yi (this is since si, sj , being maximal in Sn,
cannot end extend each other), hence no maximal branch of Sn branches
in Sn+1, and we made sure that for each set F of maximal branches in Sn,
there is a level mn ≤ k < mn+1 such that π(k) ≥ |F | and the nodes in F
simultaneously extend to the level k.

□

Corollary 2.7. There is an ultrafilter U over ω such that ♢−(U) holds.

Remark 2.8. Theorem 2.5 can be amended to pairs π, f such that there are
infinitely many n’s such that {f(m) | m ∈ π−1[{n}]} is infinite. There is a
trivial way to do this: there is a set on which f is injective and π is infinite-to-
one, and then we can build a perfect-(π, f)-splitting tree that is essentially
just a perfect-π-splitting tree. To make this interesting at least we want
sky(f) < sky(id). But it is unclear whether we can get such an ultrafilter
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with sky(f) < sky(id). The problem is to maintain both sky(f) < sky(id)
and sky(π) < sky(f) when extending F to U .

This construction suggests a different type of diamond:

Definition 2.9. An ultrafilter U satisfies the perfect diamond, denoted by
♢p(U), if there are π infinite-to-one and a perfect-(f, π)-splitting pseudo tree
S such that ♢−(U, π, f,Br(S)).

We remark that such an S can be identified with a sequence ⟨An | n < ω⟩
satisfying An ⊆ P(f(n)), |An| = π(n), and whenever X ∈ 2ω is such that
|{f(n) | X ∩ f(n) ∈ An}| = ℵ0, we have {n | X ∩ f(n) ∈ An} ∈ U .

3. Separating ♢− from ♢p

This section is devoted to the investigation of the relation between the
following classes of ultrafilter:

• Utop = {U ∈ βω | [c]<ω ≤T U}.
• U♢−

= {U ∈ βω | ♢−(U)}.
• U♢p

= {U ∈ βω | ♢p(U)}
First note that U♢p ⊆ U♢− ⊆ Utop. The main result of this section is to
show that consistently, U♢p ⊊ U♢−

, and therefore also U♢p ⊊ Utop.

Let U ∈ U♢−
be an ultrafilter. Suppose this is witnessed by ⟨An | n < ω⟩,

π,f . We define a tree TU as follows: Let

B = {X ∈ P (ω) | {n < ω | X ∩ f(n) ∈ An} ∈ U}

be the set of all reals which are guessed (Then |B| = c). We define the nth

level of TU to be

Ln(TU ) = {⟨n, χb⟩ | ∃X ∈ B∃n < ω, b = X ∩ f(n) ∈ An}

where χX is the characteristic function for X. The order on TU is defined as
follows, ⟨n, g⟩ < ⟨m, f⟩ if n < m and f, g are compatible as functions. The
following list of some of the properties of TU :

(1) |Ln(TU )| ≤ π(n).
(2) Every b ∈ TU has extensions to unboundedly many levels.

Replacing π(n) with |An| ≤ π(n), we still obtain a witness for ♢−(U), so let
us assume that for each n, |Ln(TU )| = π(n). By removing countably many
branches from B, and shrinking the An’s accordingly, we may also assume
that:

(2)∗ Every node b ∈ TU branches in TU .

Let us prove the following:

Claim 3.1. There is T ∗ ⊆ TU such that T ∗ is branching, and apart from
countably many X ∈ B, {n < ω | χX ↾ f(n) ∈ Ln(T

∗)} ∈ U .
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Proof. For each x = ⟨nx, bx⟩ ∈ T let

Bx = {X ∈ B | bx ⊑ χX}

Let S be the set of all x ∈ TU such that Bx is countable. Then B′ =
⋃

x∈S Bx

is also countable. Let T ∗ = TU \S. Note that for every X ∈ B \B′, and for
any n such that ⟨n, χX ↾ f(n)⟩ ∈ Ln(TU ), we must have ⟨n, χX ↾ f(n)⟩ ∈ T ∗.
It follows that for each such X,

{n < ω | ⟨n, χX ↾ f(n)⟩ ∈ Ln(T
∗)} = {n < ω | ⟨n, χX ↾ f(n)⟩ ∈ Ln(TU )} ∈ U.

Let us prove that T ∗ is branching. Suppose that x ∈ Lm(T ∗), then Bx\B′

is uncountable. Take any distinct X1, X2 ∈ Bx\B′. Since X1, X2 ∈ B, there
is n > m high enough so that χX1 ↾ f(n) ̸= χX2 ↾ f(n) and χX1 ↾ f(n), χX2 ↾
f(n) ∈ Ln(TU ). Then, again, since X1, X2 /∈ B′, ⟨n, χX1 ↾ f(n)⟩, ⟨n, χX2 ↾
f(n)⟩ ∈ Ln(T

∗) are incomparable extensions of x in T ∗. □

Note that (2)∗ implies (2). So (1), (2)∗ are just saying that TU is perfect-
(π, f)-splitting tree. This observation leads to an equivalence condition for
♢−(U) in terms of trees, which we formulate in proposition 3.3.

Definition 3.2. Let U be an ultrafilter over ω and T a perfect-(π, f)-
splitting tree. A U -branch through T is any r : ω → {0, 1} such that
{n < ω | r ↾ f(n) ∈ Ln(T )} ∈ U . T is called U -Kurepa if the set

BU (T ) = {r ∈ 2ω | r is a U -branch in T}

has cardinality continuum.

Proposition 3.3. Let U be an ultrafilter over ω, then U ∈ U♢−
iff there

there are functions π, f such that sky([π]U ) < sky([f ]U ) and a perfect-(π, f)-
U -Kurepa tree.

Proof. We already proved that if ♢−(U) holds then the tree TU is a perfect-
(π, f)-U -Kurepa tree. In the other direction, given a perfect-(π, f)-U -Kurepa
tree T , we define An = Ln(T ), then by definition, An ⊆ P (f(n)) and
|An| ≤ π(n). Since the tree is U -Kurepa, there are c-many U -branches
which is to say that there are c-many reals which are guessed by An. □

The major difference between U♢−
and U♢p

, is that the U -branches might
not include all the branches of the tree TU i.e. there might be functions
r ∈ 2ω, such that A = {n < ω | ⟨n, r ↾ f(n)⟩ ∈ Ln(TU )} is infinite but
Ac ∈ U .

Note that if T is U -Kurepa, then T has the extra property for some set
B ⊆ Br(T ) of cardinality continuum:

(†)For any finite F ⊆ B,
∣∣∣{f(m)

∣∣∣ Lm(T ) = {x | ∃t ∈ F (t ↾ f(m) = tx)}
}∣∣∣ = ℵ0.

This property classifies the perfect-(π, f)-splitting trees which give rise to
♢−(U) (or equivalently to a U such that T is U -Kurepa)
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Proposition 3.4. Suppose that T is a perfect-(π, f)-splitting tree T with a
set of branches B ⊆ Br(T ) of cardinality c with satisfies (†).Then the filter
F generated by{

{n < ω | b ↾ f(n) ∈ Ln(T )} | b ∈ B
}
∪ {π−1[ω \ {n}] | n < ω}

is good and guesses B.

Proof. Compare this with Lemma 2.4. The proof is completely analogous.
□

To formally establish the distinction of U♢−
and U♢p

, let us prove that

consistently, there exists U ∈ U♢− \ U♢p
. The idea is to add new branches

to any possible tree and this way ensure that a certain ultrafilter fails to
guess all the branches of a tree. Given a perfect-(π, f)-splitting tree T , let
PT be the forcing whose underlying set is T ordered by end extension. The
following are clear:

(1) PT is a non-atomic, separable, c.c.c forcing.
(2) PT adds a new branch through T

Lemma 3.5. Suppose that T is a perfect-(τ, f)-splitting tree, π : ω → ω and
F is a filter such that sky([τ ]F ) ̸≥ sky([f ]F ) and π is not almost one-to-one
modulo F . Suppose that π, τ are comparable modulo F , i.e.

(1) {n < ω | τ(n) ≤ π(n)} ∈ F or
(2) {n < ω | π(n) < τ(n)} ∈ F .

Let b be a generic branch for PT then B = {n < ω | b ↾ f(n) /∈ Ln(T )}
is F̄ -positive, where F̄ is the filter generated by F in the generic extension
V [b], and π is not almost one-to-one modulo F̄ [B].

Proof. Let p ∈ T be any node and X ∈ F be any set. By our assumption
there is n such that {f(m) | m ∈ τ−1[{n}] ∩X} is infinite and in particular
τ−1[{n}] ∩ X must be infinite. Find any n + 1 distinct extensions p ≥
p1, ..., pn+1 ∈ T and find m ∈ X ∩ τ−1[{n}] such that f(m) above all the
levels of these pi. Since the mth level of T has only τ(m) = n-many nodes,
there must be 1 ≤ i ≤ n+ 1 such that pi has no extension to m. Hence

p ≥ pi ⊩ m ∈ X ∧ b∼ ↾ f(m) /∈ T.

Now the proposition follows by a density argument. Let us prove that π is
not almost one-to-one modulo F̄ [B]. Otherwise, there is p ∈ T and X ∈ F
such that p ⊩ π ↾ X ∩B∼ is almost one-to-one. Let us split into cases:

Case 1: If C = {n < ω | τ(n) ≤ π(n)} ∈ F , then X ∩ C ∈ F , and since π is
not almost one-to-one mod F , there is n such that π−1[{n}]∩X∩C is
infinite. Letm < ω, and let us perform a density argument as before,
let p ≥ q, find n+ 1-many incomparable extensions q1, ..., qn+1 of q,
find m′ ∈ X∩C, above m and above all the levels of q1, ..., qn+1 such
that π(m′) = n. Since m′ ∈ C, n = π(m′) ≥ τ(m′), and since T is
τ -splitting, at level m′ there are going to be only n-many nodes. in
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particular, there is i such that qi had no extension to the m′-level. So
qi ⊩ m′ ∈ X ∩B∼ and π(m′) = n. Since m was arbitrary, we reached
a contradiction. Before moving to the second case, note that from
the assumption that sky([π]F ) ̸≥ sky([f ]F ), we conclude6 that τ is
not almost one-to-one mod F , which by the argument we just gave
replacing π with τ shows that τ is also not almost one-to-one with
respect to F̄ [B].

Case 2: Suppose D = {n < ω | π(n) < τ(n)} ∈ F . Since τ is not almost
one-to-one modulo F̄ [B], for every X ∈ F̄ [B], there is n < ω such
that τ−1[{n}] ∩ X ∩ D is infinite. For each l ∈ τ−1[{n}] ∩ X ∩ D,
π(l) < τ(l) = n, thus τ−1[{n}] ∩ X ∩ D ⊆

⋃
l<nX ∩ D ∩ π−1[{l}].

So there must be l < n such that X ∩ π−1[{l}] is infinite. Hence π
is not almost one-to-one modulo F̄ [B].

□

The idea now is to start with CH and a good filter F which in some
forcing extension extends to a good filter, but not perfectly diamond.

Theorem 3.6. Assume CH and that F is a good filter in V . Then there is
a fine support iteration of c.c.c-forcings of length ω1 in which F extends to
an ultrafilter U which satisfy ♢−(U) but not ♢p(U).

Proof. First, let us define the bookkeeping function: Consider all triples
(π∼, f

∼
, T∼) of names for functions π, f : ω → ω and T a perfect-(π, f)-splitting

tree in some finite support of countable length iteration of forcings of the
form PṠ . Since any such iteration is essentially countable, and any triple
(π, f, T ) can be coded as a subset of ω (with a fixed function in V ), there
are only ω1 many such names. Let h : ω1 → Vω1 be a function such that
triple name appears cofinaly many times in ω1 in the enumeration of h.

Let us now define the iteration ⟨Pα, Q∼β | α ≤ ω1, β < ω1⟩ be a finite
support iteration. At stage α of the iteration, we consider the pair h(α) =
(π∼α, f∼α, T∼α). If it is not a Pβ-name for some β ≤ α, then we do nothing
(namely Q

∼α is trivial). Otherwise, we let Q
∼α be PT∼α .

Let F0 ∈ V be a good filter, witnessed by some A, π∗, id, B. Where π∗

just not almost one-to-one modulo F0. For each α < ω1, we extend F0 to
Fα ∈ V Pα such that:

(1) If α < β, then Fα ⊆ Fβ.
(2) Fα is continuous for limit α.
(3) π∗ is not almost one-to-one modulo Fα.
(4) If at stage α of he iteration, either Q

∼α is trivial, or sky([πα]Fα) ≥
sky([fα]Fα), then Fα = Fα+1.

6Otherwise, there is a set X such that π ↾ X is almost one-to-one and then we can
define g(n) = max(f [π−1[n + 1] ∩ X]) which is a well-defined function g : ω → ω. Now
by the assumption that π ↾ X is almost one-to-one. If follows that for every n ∈ X, n ∈
π−1[π(n)+1]∩X and therefore g(π(n)) ≥ f(n), This implies that sky([π]F ) ≥ sky)[f ]F ),
contradiction.
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(5) If at stage α of the iteration sky([πα]Fα) ̸≥ sky([fα]Fα), and we
forced with PTα , then

{n < ω | bα ↾ n /∈ T} ∈ Fα+1

where bα is the V Pα-generic branch.

The construction of Fα for a limit α or stages α + 1 such that either
sky([πα]Fα) ≥ sky([f ]Fα) or Q

∼α is trivial, is dictated to us by the require-
ments (2), (4). Note that (1) − (5) follows for those stages from the induc-
tive assumption for the previous stages (since π∗ will remain not almost
one-to-one at union). If sky([πα]Fα) ̸≥ sky([f ]Fα), Q∼α is PTα , and assume
inductively that (1)−(5) hold up to and including α. Define Fα+1 as follows
consider the set Bα = {n < ω | π∗(n) < πα(n)}. Then π∗ is not almost one-
to-one modulo Fα[Bα] or modulo Fα[ω \ Bα]. Let F ′

α be the one for which
π∗ is not almost one-to-one modulo F ′

α, and either Bα or ω \ Bα ∈ F ′
α. By

the previous Lemma, we can extend F ′
α to Fα+1 so that the (5) holds at

α + 1 and π∗ is still not almost one-to-one modulo Fα+1. Hence (1) − (5)
still hold.

Let F ∗ =
⋃

α<ω1
F . Then by Lemma 1.22 F ∗ ∈ V [G] is good and by

Lemma 1.19 in V [G] we can extend7 F ∗ to an ultrafilter U such that ♢−(U).
To see that ¬♢p(U), suppose that T ∈ V [G] is a perfect-(π, f)-splitting
tree such that sky([π]U ) < sky([f ]U ). Then since F ∗ ⊆ U , sky([π]F ∗) ̸≥
sky([f ]F ∗). By c.c.c of Pω1 , (π, f, T ) is added at some stage α < ω1. There-
fore it has a Pα-name that has been enumerated by h at some β > α. It fol-
lows that at the βth stage of the iteration, we will have that Q

∼β is interpreted
to be PT , and since Fβ ⊆ F ∗, we will also have sky([π]Fβ

) ̸≥ sky([f ]Fβ
).

Hence {m < ω | bβ ↾ f(m) /∈ Lm(T )} ∈ Fβ+1 where bβ is the generic branch
added through T . This ensures that {m < ω | bβ ↾ f(m) /∈ Lm(T )} ∈ U , as
Fβ+1 ⊆ U . We conclude that ¬♢p(U).

□

4. On sums and products of diamond ultrafilters

Let U be an ultrafilter over a set X and for each x ∈ X, Vx is an ultrafilter
over Yx. Recall that the Fubini sum, denoted by

∑
U Vx is the ultrafilter on⋃

x∈X{x} × Yx consisting of all A such that {x ∈ X | Ax ∈ Vx} ∈ U , where
Ax = {y ∈ Y : (x, y) ∈ A}. In a more suggestive way,

A ∈
∑
U

Vx iff ∀Ux ∈ X∀Vxy ∈ Yx (x, y) ∈ A.

If Vx = V (and Yx = Y ) for every every x ∈ X, we define the product of
U and V , denoted by U · V as the ultrafilter

∑
U V over X × Y .

The Tukey type of Fubini products of ultrafilters on ω was studied first by
Dobrinen and Todorcevic in [16] and Milovich [32] who proved that for every

7Alternatively, we could have made sure that F ∗ is an ultrafilter along the construction
of the Fα.
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two ultrafilters8 U ·V ≡T U ·V ω. Lately, this investigation was proceeded by
Benhamou and Dobrinen [3], and Benhamou [2] where the commutativity
of cofinal types of Fubini products has been established, and the cofinal
type of Fubini sums is analyzed. In this section, we shall prove several
closure properties of the ultrafilter classes of interest in this paper, to sums
and products. A slight issue is that the Fubini sum of ultrafilters on ω for
example, is an ultrafilter on ω×ω, and we did not define what ♢−

λ means in
this case. For a filter F on a set I of cardinality κ, we say that ♢−(F, π, f, T )
holds if π, f are functions from I to κ, and there is a map i 7→ Ai, i ∈ I
such that Ai ⊆ P (f(i)) and |Ai| ≤ π(i); moreover T ⊆ P (κ) is such that for
every X ∈ T we have {i ∈ I | X ∩ f(i) ∈ Ai} is F -positive. An ultrafilter U
satisfies ♢−

λ (U) if there are f, π, T witnessing ♢−(U, π, f, T ), and moreover
sky([π]U ) < sky([f ]U ) and |T | = λ. Any ultrafilter on an infinite set I has a
Rudin-Keisler isomorphic copy on some cardinal κ ≥ ω. Hence the following
proposition justifies why all of our results in previous sections hold in this
more general set-up, and why, for most purposes, it suffices to work with
ultrafilter on cardinals.

Proposition 4.1. If U is an ultrafilter on I, V is an ultrafilter on J and
V ≤RK U , then ♢−

λ (V ) ⇒ ♢−
λ (U). Thus ♢−

λ is an ≤RK-variant.

Proof. Let p : I → J be such that p∗(U) = V . If f , π, ⟨Xα | α < λ⟩
and ⟨Aj | j ∈ J⟩ witness ♢−

λ (p∗(U)), then f ◦ p, π ◦ p, ⟨Xα | α < λ⟩ and

⟨Ap(i) | i ∈ I⟩ witness ♢−
λ (U). □

It follows for example, that if ♢−(U), then ♢−(
∑

U Uα) (as U ≤RK∑
U Uα).

Remark 4.2. Note that ♢p is also ≤RK-invariant. In the notations of the
previous propositions, recall that ♢p(V ) is the same as ♢−(V ), except the
existence of the set T is changed to the following: whenever X ∈ 2ω is such
that |{f(n) | X ∩ f(n) ∈ An}| = ℵ0, we have {n | X ∩ f(n) ∈ An} ∈ V . It
is clear that if {f ◦ p(n) | X ∩ f ◦ p(n) ∈ Ap(n)} is infinite then so must be
{f(n) | X ∩ f(n) ∈ An}, so {n | X ∩ f(n) ∈ An} ∈ V = p∗(U), which by the
definition of Rudin-Keisler reduction means {n | X ∩ f ◦ p(n) ∈ Ap(n)} ∈ U .

The next proposition provides a sufficient condition (which will also turn
out to be necessary later) for

∑
U Un to be Tukey-top.

Proposition 4.3. Suppose that U,Uα are ultrafilters on κ ≥ ω and W =∑
U Uα. Assume that B = {α < κ | ♢−(Uα)} ∈ U and for each α ∈ B

♢−(Uα) is witnessed by (πα, fα, Tα,Aα). Then there are π, f : κ × κ → κ,
and A such that:

(1) sky([π]W ) < sky([f ]W ).
(2) Ai,j ⊆ p(f(i, j)) and |Ai,j | ≤ π(i, j).

8The order on V ω is taken pointwise.
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(3) for every Y ⊆ κ which is simultaneously guessed by the Uα’s i.e.
{α < κ | Y ∈ Tα} ∈ U , we have

{(i, j) ∈ κ× κ | Y ∩ f(i, j) ∈ Ai,j} ∈ W

.

In particular, if there are 2κ-many Y ’s which are simultaneously guessed by
the Tα’s, then ♢−(W ).

Proof. Define π, f : I × J → ω by

π(i, j) = πi(j) and f(i, j) = fi(j).

Also A is defined by Ai,j = (Ai)j . Note that sky([π]W ) < sky([f ]W ) since
for any h : κ → κ, h ◦ π(i,−) = h ◦ πi <Ui fi, so h ◦ π <W f hence
(1) holds. Also (2) is clear from the definition of π, f,A. Now let Y ⊆ κ
which is simultaneously guessed by the Tα’s. If Y ∈ Ti, then {j < κ |
Y ∩ fi(j) ∈ (Ai)j} ∈ Ui. Therefore, since Y is simultaneously guessed,
{i < κ | {j < κ | Y ∩ f(i, j) ∈ Ai,j} ∈ Ui} ∈ U . This means that

{(i, j) ∈ κ× κ | Y ∩ f(i, j) ∈ Ai,j} ∈ W,

as desired. □

Corollary 4.4. ♢−(U),♢−(V ) implies ♢−(U · V ).

To conclude the two results above, if either ♢−(U) or {α < κ | ♢−(Uα)} ∈
U and there are 2κ-many sets which are simultaneously guessed, then♢−(

∑
U Uα)

holds. Our next goal is to prove that the converse is also true. Let us start
with κ-complete ultrafilters over measurable cardinals. We will provide two
proofs, one uses well-founded ultrapowers and therefore applies only to mea-
surable cardinals κ > ω, and the other is purely combinatoric and therefore
applies to ω as well.

Theorem 4.5. Suppose that U,Uα are κ-complete ultrafilters over κ. If
♢−(

∑
U Uα) holds then either ♢−(U) holds, or {α < κ | ♢−(Uα)} holds.

Proof. Let W =
∑

U Uα satisfy Diamond. This is equivalent to the existence
of a set A ∈ MW , and κ ≤ λ < jW (κ) such that

(1) MW |= A ⊆ P (λ).
(2) sky(|A|MW ) < sky(λ), namely jW (g)(|A|MW ) < λ for any g : κ → κ

in V .
(3) |K| = 2κ where K = {X ⊆ κ | jW (X) ∩ λ ∈ A}.

Let V ∗ = [α 7→ Uα] ∈ MU , then MW = (MV ∗)MU and jW = jV ∗ ◦ jU . Let
us split into cases:

(1) Case 1: Suppose that κ ≤ λ < jU (κ), then since the critical point
of jV ∗ is jU (κ), jV ∗(A) = A, and for every X ⊆ κ, jW (X) ∩ λ =
jU (X) ∩ λ. We conclude that A, λ witnesses that ♢−(U).

(2) Case 2: Suppose that jU (κ) ≤ λ. In MU , consider the set B = {Y ⊆
jU (κ) | jV ∗(Y )∩ [id]V ∗ ∈ A}. Then since A, V ∗ ∈ MU , B is definable
in MU . Note that:
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(a) j′′UK ⊆ B.
(b) {jV ∗(Y ) ∩ [id]V ∗ | Y ∈ B} ⊆ A
Let us claim that MU |= |B| = 2jU (κ).

Claim 4.6. It suffices to prove that for every regular κ < β ≤ 2κ,
MU |= |B| ≥ jU (β).

Proof of claim. If 2κ is regular, then the above is clearly sufficient.
Otherwise, if 2κ is singular, it is a limit of regular cardinals below
it. Since cf(2κ) > κ, 2κ is a continuity point of jU and therefore

2jU (κ) = sup{jU (β) | β ∈ 2κ ∩ Reg}. □

Let κ < β ≤ 2κ be regular. Take any β-many sets K ′ = {ki | i <
β} ⊆ K and a bijection ϕ : K ′ → β. By elementarity,

MU |= jU (ϕ) : jU (K
′) → j(β) is a bijection.

For every X ∈ K ′, jU (ϕ)(jU (X)) = jU (ϕ(X)). Hence {jU (ϕ(X)) |
X ∈ K} ⊆ jU (ϕ)

′′[B ∩ jU (K
′)]. Since also β > κ is regular, it is a

continuity point of jU , and therefore jU (ϕ)
′′[B∩jU (K ′) is unbounded

in jU (β). Since β is regular, jU (β) is regular in MU and it follows
that MU |= |B| ≥ |B ∩ jU (K

′)| = jU (β).
It remains to show that MU |= skyV

∗
(|A|MV ∗ ) < skyV

∗
(λ). Note

that we only know that skyW (|A|MV ∗ ) < skyW (λ). Suppose to-
wards a contradiction that there is f : jU (κ) → jU (κ) ∈ MU such
that jV ∗(f)(|A|MV ∗ ) ≥ λ. Then f = jU (g)([id]U ) for some func-
tion g : κ → κκ. Note that since λ ≥ jU (κ), any two distinct sets
Y, Y ′ ∈ B will satisfy that jV ∗(Y ) ∩ λ ̸= jV ∗(Y ) ∩ λ and there-

fore |A|MV ∗ ≥ (2jU (κ))MU > jU (κ) > [id]U . Define h : κ → κ by
h(α) = supβ<α(g(β)(α)) < κ. Then

jW (h)(|A|MV ∗ ) ≥ jV ∗(jU (g)([id]U ))(|A|MV ∗ ) = jV ∗(f)(|A|MV ∗ ) ≥ λ.

Contradicting the assumption that skyW (|A|MV ∗ ) < skyW (λ).
It follows that MU |= ♢−(V ∗) which by Loś Theorem implies

{α < κ | ♢−(Uα)} ∈ U .

□

The proof of the previous theorem provides a bit more information:

Corollary 4.7. Suppose that U,Uα are κ-complete ultrafilter over κ > ω.
If ♢−(

∑
U Uα) and λ is the witnessing ordinal then:

(1) If λ < jU (κ) then ♢−(U) holds.
(2) If jU (κ) ≤ λ then {α < κ | ♢−(Uα)} ∈ U holds.

The following example shows that we cannot assume in general in the
definition of ♢− that f = id.

Corollary 4.8. There is an ultrafilter W such that ♢−(W ) holds, but [id]W
does not witness this.



DIAMOND ON OMEGA 23

Proof. Take any U such that ♢−(U) and any p-point ultrafilter V (then in
particular ♢−(V ) fails) Let W = U · V , then ♢−(W ) holds as U ≤RK W .
Suppose towards a contradiction that λ = [id]W witness that, note that
[id]W = [idjU (κ)]jU (V ) = jU (κ) (as jU (V ) is normal over jU (κ)) and therefore

by the previous corollary, we must have that ♢−(V ) holds, contradiction.
□

The argument below works for every measurable cardinal κ ≥ ω and κ-
complete ultrafilters U,Uα, but the proof is given only for κ = ω as the other
cases were taken care of in the previous theorem.

Proposition 4.9. Suppose that ♢−(
∑

U Un) and T is the set of reals which
are guessed, then either ♢−(U) or {n < ω | ♢−(Un)} ∈ U , and every
r ∈ T is simultaneously guessed by the Un’s, namely, there are sequence

⟨A(n)
m | m < ω⟩ and fn such that {n < ω | {m < ω | r ∩ fn(m)} ∈ Un} ∈ U .

Proof. Suppose that ♢−(
∑

U Un) holds. Then there is

⟨A⟨n,m⟩ | ⟨n,m⟩ ∈ ω × ω⟩ and π, f : ω × ω → ω, and T ⊆ P (ω)

witnessing this. Let us split into cases:

(1) Suppose that there is Z ∈
∑

U Un such that for every (i, j), (i, j′) ∈
Z, Ai,j = Ai,j′ =: Ai, then also π(i, j) depends only on i when
restricted to Z (as the cardinality of Ai,j). We claim that on a
measure on set Z ′ ∈

∑
U Un, f(i, j) depends only on i. Suppose

otherwise, Z0 = {i < ω | fi is not constant mod Ui} ∈ U . Let
X ∈ T , then

ZX = {i < ω | {j < ω | X ∩ f(i, j) ∈ Ai} ∈ Ui} ∈ U.

Pick any i ∈ Z0 ∩ ZX , then {j < ω | X ∩ f(i, j) ∈ Ai} ∈ Ui,
and fi is non-constant mod Ui, it follows that for for unboundedly
many f(i, j)’s X ∩ f(i, j) ∈ Ai, which implies that X is a finite set,
contradicting the cardinality assumption on T . Hence on a measure
one set in

∑
U Un, f(i, j) depends only on i. It follows that ♢−(U)

must hold.
(2) If for U -most n the map m 7→ A⟨n,m⟩ is non-constant mod Un, then

by a similar argument as in (1), the map m 7→ |A⟨n,m⟩| is non-
constant either. For each n < ω define An

m = A⟨n,m⟩, fn(m) =
f(⟨n,m⟩), πn(m) = π(⟨n,m⟩) and

Tn = {r ∈ T | {m < ω | r ∩ fn(m) ∈ An
m} ∈ Un}.

Then for each n, πn and fn are unbounded mod Un. We claim
that the set of all n < ω such that |Tn| = c is in U . Otherwise,
X = {n < ω | |Tn| < c} ∈ U . In particular S =

⋃
n∈X Tn has size

less than c since cf(c) > ω. Pick any r ∈ T \ S, by definition of T ,

Y = {n < ω | {m < ω | r ∩ fn(m) ∈ An
m} ∈ Un} ∈ U.
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Take any n∗ ∈ Y ∩X. It follows that

{m < ω | r ∩ fn∗(m) ∈ An∗
m } ∈ Un∗ ,

namely r ∈ Tn∗ , contradicting the choice of r /∈
⋃

n∈X Tn. So for any
n ∈ X and for each r ∈ Tn, {m < ω | r ∩ fn(m) ∈ An

m} ∈ Un. It
remains to see that X ′ = {n < ω | sky([πn]Un) < sky([fn]Un)} ∈ U ,
and then for any n ∈ X ∩X ′, ♢−(Un) holds. Otherwise, ω \X ′ ∈ U ,
and for each n ∈ ω \X ′, there is gn : ω → ω such that

{m < ω | gn(πn(m)) ≥ fn(m)} ∈ Un.

Find g such that gn ≤∗ g for each n ∈ ω \ X ′. Then for each
n ∈ ω \ X ′, let kn be such that for all k ≥ kn, gn(k) ≤ g(k). We
claim that {n < ω | πn is not bounded mod Un} ∈ U . Otherwise
π depends on n on a measure one set, this is impossible by the
argument of proposition 1.6. So there X ′′ ⊆ ω\X ′ such that X ′′ ∈ U
and for each n ∈ X ′′, Yn = {m < ω | πn(m) ≥ kn} ∈ Un and for
each m ∈ Yn such that gn(πn(m)) ≥ f(n), g(πn(m)) ≥ f(n). Hence
{m < ω | g(πn(m)) ≥ fn(m)} ∈ Un. We conclude that

{⟨n,m⟩ | g(π(n,m)) ≥ f(⟨n,m⟩)} ∈
∑
U

Un,

contradicting the assumption that sky([π]U ) < sky(f ]U ). It follows
that {n < ω | ♢−(Un)} ∈ U as wanted.

□

Again, from the proof we can extract a more precise criterion.

Corollary 4.10. Suppose that U,Un are ultrafilters on ω, then if ♢−(
∑

U Un)
with a witnessing sequence ⟨Ai,j | i, j < ω⟩, then:

(1) if for U -almost all i, j 7→ Ai,j is constant mod Ui, then ♢−(U) holds.
Moreover, for U -almost all i, j 7→ f(i, j) is constant mod Ui.

(2) if for U -almost all i, j 7→ Ai,j is non-constant mod Ui, then {n <
ω | ♢−(Un)} ∈ U .

Now as before, taking an ultrafilter W on ω such that ♢−(W ) and U
which does not (for example U can be taken to be a p-point), ♢−(W · U)
cannot be witnessed by taking f = id, since this is never constant modulo
Ui.

Also we can use these corollaries to try and separate Utop from U♢−

Corollary 4.11. if Utop = U♢−
then βω \ Utop and U♢−

are closed under
sums.

5. Tukey-top q-points

Let us apply the diamond construction to obtain a Tukey-top ultrafilter
which is also a q-point. Such an ultrafilter was constructed on a measurable
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cardinal by Gitik and Benhamou in [10], but the construction uses well-
founded ultrapowers and therefore is not adaptable to ultrafilters on ω.
This answers a question from [4]. Recall that a U is called a q-point if every
almost one-to-one function f mod U is one-to-one mod U . Equivalently, for
any partition ⟨In | n < ω⟩ of ω into finite pieces, there is X ∈ U such that
for every n, |X ∩ In| ≤ 1, such an X is called a selector. One might be
tempted to construct such an ultrafilter using Fubini products and sums:

Example 5.1. Note that for rapid ultrafilter (sometimes called Semi-q-
points), there is a simple construction, just take a Tukey-top ultrafilter U ,
and take a rapid ultrafilter V , then by Miller [30, Thm. 4], U ·V is a Tukey-
top rapid ultrafilter. This idea fails for q-point as a Fubini product of two
ultrafilters on ω is never a q-point as witnessed by the projection to the right
coordinate. Sums of the form

∑
U Vn can be q-points if for example U is

selective (see for example [12, Cor. 11]), however, selective ultrafilters are
in some sense the opposite of what we would like. One might still try and
use sums of different ultrafilters over a Tukey-top ultrafilter, but to say the
least, there is no obvious way of doing that.

Note that by Miller [30], it is consistent that there are no q-points, hence
there is no hope of just constructing such ultrafilter in ZFC. Let us give
two constructions of such ultrafilters, one uses a simple Cohen forcing for
adding c-many Cohen sets (regardless of the initial value of c- as long as it
is regular). The second is just an absoluteness result which uses the forcing
construction and CH.

Theorem 5.2. (i) If c = κ is regular, then after adding κ many Cohen reals
there is a Tukey-top q-point.

(ii) CH implies there is a Tukey-top q-point.

Proof. (i) We need to ensure that for every partition ⟨An | n < ω⟩ of ω into
infinitely many finite pieces, there is a selector X ∈ U , namely |X ∩An| ≤ 1
for all n. Start with a model V where c = κ and there is an ultrafilter F
satisfying ♢p, as witnessed by a perfect-π-splitting tree S. We add κ many
Cohen reals to get V [G] = V [⟨fα | α < κ⟩], where fα is the αth-Cohen real.
Working in V [G], we inductively extend F to Fα for α ≤ κ, adding one set
Bα at each step, in such a way that Fκ contains a selector for any finite
partition of ω, and also π is not almost one-to-one mod Fκ. In other words,
Fκ is a good filter, and extends to a Tukey-top q-point.

In V [G], enumerate ⟨A⃗α | α < κ⟩ all the partitions of ω into finite pieces.
At limit steps we take union. At the successor step, suppose that Fα =
F [⟨Bγ | γ < α⟩] (remember that we only add one set at each step). We find

β < κ high enough such that ⟨Bγ | γ < α⟩, A⃗α, τα ∈ V [⟨fi | i < β⟩] (which
exists by c.c.c and regularity of κ). Let us identify fβ with its characteristic
set, and let

X =
⋃

{A⃗α(n) ∩ fβ | |A⃗α(n) ∩ fβ| ≤ 1, n < ω}
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Then clearly, |X ∩ A⃗α(n)| ≤ 1 for every n. Let us prove that X ∈ F+
α and

that π is still not almost one-to-one mod Fα[X]. Let A ∈ Fα, we proceed
with a density argument. Let p ∈ Add(ω, 1), we can find n large enough

such that for every m ≥ n A⃗α(m)∩ dom(p) = ∅. Since
⋃

k<n A⃗α(k) is finite,

and ⟨A⃗α(k) | k < ω⟩ is a partition, there must be some a ∈ A ∩ A⃗α(m) for
some m ≥ n. Extend p to a condition p′ such that p′(a) = 1 and for every

x ∈ Am \ {a}, p′(x) = 0. Then p′ ⊩ a ∈ Ẋ ∩ A. Hence X is positive with
respect to Fα. to see that π is still not almost one-to-one with respect to
Fα[X], suppose otherwise, there is A ∈ Fα such that π ↾ A ∩ X is finite
to one. Let p be a condition that forces that (and A now is in the ground
V [⟨fi | i < β⟩]). Fix any n such that π−1[{n}] ∩ A is infinite. Then we can
prove that generically, X intersects this set infinitely many times. This is a
contradiction similar to the argument before.

(ii) Let S be the perfect-π-splitting tree we constructed previously in
Theorem 2.5, and F be the filter generated by sets BX where X ∈ 2ω is
guessed by S and BX = {k ∈ ω | X↾k ∈ S}. It suffices to show the
following:

For any filter F ′ generated over F by countably many sets such that π is

not almost one-to-one w.r.t. F ′, and any partition A⃗ of ω into finite sets, A⃗
has a selector B such that the filter F ′[B] is proper, and π is still not almost
one-to-one w.r.t. F ′[B].

We show this using forcing and absoluteness. Suppose F ′ is generated

over F by {Bn | n < ω}, and A⃗ = {An | n < ω} is a partition of ω into finite
sets. Let G ⊆ ω be Cohen generic over V . Then by the previous argument
B :=

⋃
{An∩G | n < ω|An∩G| ≤ 1} is as desired, except it is in V [G]. But

consider the statement:
there exists B s.t. B is a selector for A⃗, and for any X1, . . . , Xd guessed

by S and any n1, . . . , nk, the intersection of BX1 , . . . , BXd
, Bn1 , . . . , Bnk

, B
is infinite, and π is constant on an infinite subset of this set.

This is a Σ1
2 statement with parameters A, S, {Bn | n < ω} and π (coded

suitably as reals); note that “X is guessed by S” and “π is constant on an
infinite subset of B” are all expressible with just quantification over natural
numbers. Since this statement is true in V [G], by Shoenfield Absoluteness
it is true in V . □

6. Open problems

Question 6.1. Is Utop = U♢−
provable in ZFC?

We conjecture a negative answer, but we also conjecture a positive answer
for the following:

Question 6.2. Is it consistent that Utop = U♢−
?

For measurable cardinals, a positive answer was given in [11].

Question 6.3. It is consistent to have a model similar to the one in [11] for
ultrafilters on ω? Namely a model where the following are equivalent:
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(1) U is non-Tukey-top.
(2) ¬♢−(U).
(3) U is Rudin-Keisler equivalent to an n-fold sum of p-points.

The above is not true in general as Blass, Dobrinen and Raghavan proved
[12] that it is consistent to have a non-Tukey-top ultrafilter which is not an
n-fold sum of p-points (not even basically generated- see [16] for the def-
inition of basically generated ultrafilters). On measurable cardinals, Gitik
constructed a similar example [23] (but with a completely different machin-
ery).

Question 6.4. Are non-Tukey-top ultrafilters closed under Fubini sums?
how about Fubini product?

In Proposition 4.3, we showed that for a sequence of ultrafilters ⟨Uα | α <
κ⟩, such that ♢−(Uα) holds for each α and there are c-many reals which are
simultaneously guessed by the Uα’s, then the sum satisfies ♢−.

Question 6.5. Suppose that ⟨Uα | α < κ⟩ is a sequence of κ-complete
ultrafilters over κ, for κ ≥ ω, and that for every α < κ, ♢−(Uα). Does it
follow that there are continuum many r’s which are simultaneously guessed
by the Uα?

Question 6.6. Can we characterize ♢p in terms of the ultrapower, similar
to ♢−?

Question 6.7. Is ♢p(U) (♢−(U)) implies that there is an ultrafilterW ≤RK

U such that ♢p(W ) (♢−(W )) is witnessed by f = id?

While on measurable cardinals, it is possible that there is an ultrafilter
which guesses every set, the results of this paper 1.5, show that full guessing
is not possible on ω. Indeed, our principle ♢− only requires that continuum
many reals are guessed. John Steel asked the following question:

Question 6.8. What sort of ”size” restriction on the set of reals which are
guessed by an ultrafilter is consistent? Alternatively, what sort of topological
properties are consistent to hold on a set of reals which are guessed by an
ultrafilter?

In [29], Kunen constructed c-OK ultrafilters from an independent family
of functions. The class of non p-point c-ok ultrafilters is a subclass of the
Tukey-top class as proven in [31]. Also, it is not hard to see that such
ultrafilters must by weak p-point (i.e. minimal in the Rudin-Fólik order)
and as a consequence, the sum of ultrafilters is never a c-OK ultrafilter. In
particular, there is a non-c-OK ultrafilter U such that ♢−(U). But the other
direction is not clear:

Question 6.9. What is the relation between non p-point c-OK ultrafilters
and the ♢− principle?
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Note that if U is not a p-point, then for any countable set X ⊆ P (ω)
and any non-almost one-to-one mod U function π, there is a tree perfect-π-
splitting tree T with X ⊆ Br(T ) is a set of U -branches. Hence a possible
strategy to tackle the previous question is to somehow spread out X sets
using the c-OK family to get ♢−(U).

The Tukey-type of ultrafilters ordered by ⊇∗, rather than ⊇ was studied
by Milovich [31], who proves that Isbell’s question can be reformulated using
⊇∗, i.e., he proved that if for every ultrafilter U on omega is Tukey-top under
⊇, then also every ultrafilter is Tukey-top under ⊇∗ (the other direction is
trivial). Let us note that Theorem 1.13 given a bit more:

Theorem 6.10. ♢−
λ (U) implies the existence of ⟨Aα | α < λ⟩ ⊆ U such

that for every I ∈ [λ]ω, ⟨Ai | i ∈ I⟩ has no pseudo intersection in U . In
particular, [λ]<ω ≤T (U,⊇∗).

Proof. For the second part, see [31]. For each X ∈ T , let BX = {n < ω |
X ∩ f(n) ∈ An}. We claim that ⟨BX | X ∈ T ⟩ is the desired sequence.
Suppose not, then there are distinct sets Xn ∈ T such that for some X ∈ U ,
X ⊆∗ BXn for all n, namely there is kn such that X \ kn ⊆ BXn .

Find Y ⊆ X on which π is constant, say with value N , and such that f [Y ]
is infinite. Choose n ∈ Y above k1, ...kN+1 for which f(n) is large enough, so
that X1 ∩ f(n), . . . , XN+1 ∩ f(n) are all distinct. Since n ∈ X \ ki ⊆ BXi we
have Xi ∩ f(n) ∈ An, which implies |An| > N = π(n), a contradiction. □

Also note that if U is a p-point, then (U,⊇∗) <T (U,⊇), since in the
former every countable set is bounded.

Question 6.11. Can there be a non p-point U such that (U,⊇∗) <T (U,⊇)?
Is it possible that (U,⊇) is Tukey-top while (U,⊇∗) is not?

Milovich also noted that the property of being Tukey-top is invariant un-
der homeomorphisms of topological spaces and in particular any automor-
phism of βω \ω will move a Tukey-top ultrafilter to a Tukey-top ultrafilter.

In attempt to compare U♢−
with Utop, it is natural to ask the following:

Question 6.12. Is the class U♢−
closed under automorphisms of βω \ ω?

We conclude this paper with a question regarding the existence of a
threshold for guessing:

Question 6.13. Can we use the second Borell-Cantelli lemma, or some

variation of it to say that if
∑

n<ω
π(n)

2f(n) = ∞, then for example the Frechet

filter will satisfy ♢(F, π, f, T ) for some probability one set T?
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