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ABSTRACT

We continue the work done in [3], [1]. We prove that for every set A
in a Magidor-Radin generic extension using a coherent sequence such
that oﬁ(n) < kK, there is a subset C’ of the Magidor club such that
V[A] = V[C']. Also we classify all intermediate ZFC' transitive models
V CMCVIG].

1. Introduction

In this paper we consider the version of Magidor-Radin forcing for ol (k) <&,
but prove results for oV (k) < k. Section 2, will also be relevant to the forcing
in Part II.

Denote by Cg, the generic Magidor—Radin club derived from a generic fil-
ter G. In [1], the authors proved the following;:

THEOREM 1.1: Let U be a coherent sequence and G C M[U'] be a V-generic
filter such that oV (8) < &y := min{a | 0 < oY(a)} for every B € Cg U {k}.
Then for every set A € V|G|, there is C C C¢ such that V[A] = VI[C].

In this paper we would like to generalize this result to the case where oY(k) < k.
Formally, we prove this generalization by induction s, namely, the inductive
hypothesis is that for every § < k, any coherent sequence W with maximal
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measurable §, and any set A in a generic extension V[H], where H C M[W],
there is C C Cp such that V[A] = V[C]. Here we do not restrict the order
of 0’s below k. To be precise, the proof given in this paper is the inductive step

for the case oY (k) < k:

THEOREM 1.2: Let U be a coherent sequence with maximal measurable x such
that oY (k) < k. Assume the inductive hypothesis that for every § < k, any
coherent sequence W with maximal measurable 0, and any set A in a generic

-,

extension V[H| for H C M[W], there is C C Cy such that V[A] = V[C]. Then

for every V-generic filter G C M[U]| and any set A € V[G], there is C C Cg
such that V[A] = VI[C].

As a corollary of this, we obtain the main result of this paper:

THEOREM 1.3: Let U be a coherent sequence such that o¥ (k) < k. Then for
every V-generic filter G C MIU], such that Va € Cg.o% (a) < « and every
A € V|G|, there is C C Cg such that V[A] = V[C].

The first problem which rises when we let ol (k) > d¢ is that we might lose
completness for some of the pairs in a condition p. For example, if

p= <<50’ A0>’ <"ia A1>>’

we will be unable to take into account all the measures on &, since there are dg

—

many of them and only dp-completness. The idea is to split M[U] to the part

below oV (k) and above it. The cardinality of the lower part is lower than the the
degree of <*-closure of the upper part. The upper part is an instance of M[(j],
where the order of every measurable is below the order of x which is similar to
the framework of Theorem 1.1, then some but not all of the arguments of [1]
generalize.

Note that the classification we had in [1] for models of the form V[C’] does

not extend, even if o¥ (k) = do.

Example 1.4: Consider Cg such that Cq(w) = dp and oﬁ(n) = 0p. Then in V[G]
we have the following sequence C' = (C(Ca(n)) | n < w) of points of the
generic C which is determined by the first Prikry sequence at dg.

Then I(C",Cg) = (Ca(n) | n < w) ¢ V, where I(X,Y) is the indices
of X CY in the increasing enumeration of Y.

—

The forcing My [U] which was defined in [1] is no longer defined in V since I ¢ V.
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In this case, we will add points to C’, which are simply (Cg(n) | n < w),
then the forcing will be a two-step iteration. The first will be to add the
Prikry sequence (Cg(n) | n < w), then the second will be a Diagonal Prikry
forcing adding points from the measures (U(k, Cg(n)) | n < w), which is of the
form M;[U].

Generally, we will define forcing M;[0/], which are not subforcing of M[U],
but are a natural diagonal generalization of M[(j] and a bit closer to Magidor’s
original formulation in [5].

The classification of models is given by the following theorem:

THEOREM 1.5: Assume that for every a < r, oY(a) < a. Then for ev-
ery V-generic filter G C M[ﬁ | and every transitive ZFC' intermediate model
V C M C V|G|, there is a closed subset Cg,, C Cq such that:

(1) M =V[Can].

(2) There is a finite iteration My, [U]+«My, [U]*- - -xMy, [U], and a V -generic

— —

H* filter for My, [U] % M, [U] * - - - « My, [U] such that

VIH) = V[Cha] = M.

2. Basic definitions and preliminaries

We will follow the description of Magidor forcing as presented in [2].
Let U = (U(,8) | @ < k,8 < oY(a)) be a coherent sequence. For
every a < k, denote
N (o) = m U(a,i).
i<oU (a)

—

Definition 2.1: M[U] consists of elements p of the form p = (¢t1,...,,, (k, B)).
For every 1 < i < n, t; is either an ordinal k; if Oﬁ(ﬁi) = 0 or a pair (k;, B;)
if oU (ki) > 0.
(1) B € NU(k), min(B) > k.
(2) For every 1 <i<n,
(a) (K1,...,kn) € [K]<¥ (increasing finite sequence below ),
(b) B; € NU(k;),
(C) min(Bi) > Ki—1 (’L > 1).
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Definition 2.2: For p = (t1,ta, ... tn, (5, B)), ¢ = (s1,...,8m, (k, C)) € M[U],
define p < ¢ (¢ extends p) iff:
(1) n<m.
(2) B2 C.
(3) 31 <y < -+ <'ip < m such that for every 1 < j < m:
(a) If 31 <r<nsuch that i, =j then k(t,) =£(s;,) and C(s;.) C B(t,).
(b) Otherwise 31 <r <mn+ 1 such that i,_1 < j <4, then
(i) w(s;) € Blt,),
(ii) B(s;) € B(tr) N k(s)),
(iii) 0¥ (s;) < oY (t,).
We also use “p directly extends ¢”, p <* ¢ if:
1) p<gq
(2) n=m.

Let us add some notation: for a pair ¢t = (a, X') we denote x(t) = a, B(t) = X.
If ¢ = a is an ordinal then x(¢) = a and B(t) = 0.

—

For a condition p = (t1,...,t,, (k, B)) € M[U] we denote n = l(p), p; = ti,
Bi(p) = B(t;) and x;(p) = r(t;) for any 1 < i < I(p), typy+1 = (K, B), to = 0.
Also denote

k(p) = {ri(p) | i <l(p)} and Bp)= |J Bip).

i<l(p)+1
Remark 2.3: Condition 3.b.iii is not essential, since the set
{p € M[T] | Vi < U(p) + 1.¥a € Bi(p)-0” (a) < o (ri(p))}

—

is a dense subset of M[U] and the order between any two elements of this dense
subset automatically satisfies 3.b.iii.

Definition 2.4: Let pe M[U]. For every i <I(p)+1, and o€ B;(p) with oV (a)>0,
define

p (@) = (p1,...,pi—1, (@, Bi(p) N ), (ki(p), Bi(p) \ (@ + 1)), pi1,- -\ Di(p)+1)-
If oﬁ(oz) =0, define

pA<Oé> = <p13 -y Pi-1, @ <K;l(p)a Bl(p) \ (Oé + 1)>’ s )pl(p)+1>-
For (a1,...,an) € [k]<% define recursively,

p {1, ) = (p {1, an—1)) " {an).
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PROPOSITION 2.5: Let p € M[U]. If p~&@ € M[U], then it is the minimal
extension of p with stem

r(p)U{dr, ..., d\a}

—

Moreover, p~a € M[U] iff for every i < |&| there is j < l(p) such that:

(1) 0736 (ﬁj(P)LﬁjH(P))-
(2) o¥(a;) < oU(nj+12.
(3) Bjti(p) Nd; € NU(d;).

Note that if we add a pair of the form (a, B N «), then in B N « there might
be many ordinals which are irrelevant to the forcing, namely, ordinals 8 € BNa
with oY (8) > oV («); such ordinals cannot be added to the sequence.

Definition 2.6: Let p € M[U]. Define for every i < [(p)

plri(p) = P1,...,p;) and p [ (ki(P),K) = Pit1s- - Dip)+1)-

Also, for A with 0(7()\) > 0 define

— —

M[U][A={p | A|pe M[U] and X appears in p},

— —

MUl T (A k) ={p | (A, k) | p € M[U] and A appears in p}.

— —

Note that M[U] | A is just Magidor forcing on A and M[U] | (), ) is a subset

of M[U]. The following decomposition is straightforward.

—

PROPOSITION 2.7: Let p € M[U] and (), B) be a pair in p. Then

MIT]/p =~ M[T] T N)/(p T A) x (MT] T (A 8)/(p T (A 8)).

Remark 2.8: When considering U in some model V C N C V[Ceq N A, since we
added generic sequences, not all of the measures in U remain measures in N.
However, each measure U(€,7) for A < { <k and i < oV (€) generates a normal
measure W (¢, 1) over £ such that

W = (W(&d) | A< &<k, i<ol(€))

is a coherent sequence. Since M[U] | (A, ) is a dense subset of M[W], forcing

—

over N with M[U] | (A, k) is the same as forcing with M[W].
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PROPOSITION 2.9: Let p € M[U] and (X, B) be a pair in p. Then the order <*
in the forcing (M[U] | (\, &))/(p | (A, k)) is 6-directed where

§ = min{v > )| oﬁ(z/) > 0},
meaning that for every X C M[U] | (A, k) such that |X| < & and for every
qg € X, p<*q, there is an <*-upper bound for X.

LEMMA 2.10: M[U] satisfies x*-c.c.

The following is known as the Prikry condition:
LEMMA 2.11: M[U] satisfies the Prikry condition, i.e., for any statement in the

forcing language o and any p € M|U] there is p <* p* such that p*||o, i.e.,
either p* I+ o or p IF —o.

The next lemma can be found in [5]:

—

LEMMA 2.12: Let G C MJU] be generic and suppose that A € VI[G] is
such that A C V,,. Let p € G and (\,B) be a pair in p such that o < .
Then A € V[G | ).

Proof. Consider the decomposition 2.7 p = (g,7), where ¢ € M[U] | A
and r € M[U] | (A, ). Work in V[G | A]. Let Abea MI[U] | (A, %)-name for A.
For every = € V,, use the Prikry condition 2.11, to find r <* r, such that r,
decides the statement r € A. By definition of A and Proposition 2.15, the forcing
MI[U] | (A, k) is |Va|T-directed with the <* order. Hence there is  <* r* such
that p, <* p* for every x € V,. By density, we can find such r* € G | (A, k). It
follows that A= {x € V,, | r* IF z € A} is definable in V|G | A].

—

COROLLARY 2.13: M[U] preserves all cardinals.

Definition 2.14: Let G C M[ﬁ] be generic. Define the Magidor club

Co={v|3IpeGIi<lp) st v=rip)}

We will abuse notation by sometimes considering C as the canonical enu-
meration of the set Cg. The set Cg is closed and unbounded in &, therefore, the
order type of C¢ determines the cofinality of x in V[G]. The next propositions
can be found in [2].
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PROPOSITION 2.15: Let G C M[U] be generic. Then G can be reconstructed

from Cq as follows:
G = {peM[U] | (s(p) C Ca) A (Ca \ k(p) C B(p))}.
In particular V|G| = V[C¢].

PROPOSITION 2.16: Let G C M[U] be generic.

(1) Cg is a club at k.

(2) For every § € Cg, oV (5) > 0 iff § € Lim(Cg).

(3) For every 6 € Lim(Cg), and every A € NU(6), there is € < § such that
Can(§0) C A

(4) If(0; |i< 0) is an increasing sequence of elements of Cg, let §*=sup; 4 6;.
Then oY (§*) > limsup, 4 oY (6;) + 1.1

(5) Let § € Lim(Cg) and let A be a positive set, A € (NU(5))*, ie.,
5\ A ¢ NU(6).2 Then sup(ANCg) = 0.

(6) If A C V,, then A € V[Cg N A, where A = max(Lim(Cg) N + 1).

(7) For every V-regular cardinal «, if cfVI%(a) < a then a € Lim(Cg).

Proof. (1), (2), (3) can be found in [2].

To see (4), use closure of Cg, and find g € G such that 6* appears in ¢. Since
there are only finitely many ordinals in ¢, there is some i < 6 such that for
every j > 4, 0; does not appear in gq. By 2.2, s1nce every such ¢; appears in
some ¢; € G which is compatible with ¢, o (5 ) < (6*) Hence

limsupoﬁ(éj) +1< sup oﬁ(5j) +1< 00(5*).
j<8 i<j<0

For (5), let p < §. Each condition p, such that 6 = k;(p) for some i < [(p) + 1,
must satisfy that sup(A N B;(p)) = 6. Hence we can extend p using an ele-
ment of AN B;(p) above p. By density, sup(A N Cg) > p. Since p is general,
sup(ANCg) = 6.

(6) is a direct corollary of 2.12. As for (7), assume that cfVI%(a) < a,
and let X C a be a club such that otp(X) = ¢f"[%(a). Then X € V[G]\ V.
Let A = max(Lim(Cg) N« + 1), then A < a. By (6), X € V[Cg N A]. To-
ward a contradiction, assume that A < a, then the forcing M[ﬁ] [ Ais a-c.c.,
but cfVI€eM(q) < a, contradiction.

1 For a sequence of ordinals (pj i< 7) limsup; .., pj = min{sup, ;. p; | i <7}
2 Equivalently, if there is some i < o (6) such that A € U(4,1).
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The Mathias-like criteria for Magidor forcing is due to Mitchell [6]:

THEOREM 2.17: Let U be a coherent sequence and assume that ¢ : « — Kk is

—

an increasing function. Then c is M[U]-generic iff:

(1) ¢ is continuous.

—

(2) ¢ | B is M|U | 8]-generic for every § € Lim(a).
(3) X e nU(x) iff 38 < k,Im(c) \ B C X.
An equivalent formulation of the Mathias criteria is to require that for every

8 € Lim(w), and for every X € NU (c(B)), there is € < B such that ¢’(¢, 8) C X.
For an additional proof of 2.17, we refer the reader to the last section, where

— —

we define a forcing notion M [U], which generalizes M[U], and prove in 5.14 a
Mathias-like criteria for it.

—

PROPOSITION 2.18: Let G C MJ[U]| be a V-generic filter and C¢ the corre-
sponding Magidor sequence. Let p € G, then for every i < l(p) + 1:

(1) If o” (ki(p)) < ks(p), then
otp([Ki-1(p). wi(p)) N Cs) = w’ (1P,
(2) If o” (ki(p)) > ki(p), then
otp([ki—1(p), ki(p)) N Cq) = Ki(p).
Proof. We prove (1) by induction on r;(p). If #;(p) = 0, then
Cc N ki-1(p), ki(p)) = {Ki-1(p)}-
Hence
otp(C N [ri-1(p), ki(p))) = 1 = w0 = o (<@,

Assume the lemma holds for any § < k;(p). If oﬁ(ni (p) = a+1 < kKi(p),
then

X = {8 < rip) | o”(8) = a} € U(ki(p), ),
hence by Proposition 2.16
sup(X N Cq N [ki—1(p), ki(p))) = Ki(p).

We claim that otp(X N Cq N [ki—1(p), Ki(p)) = w. Otherwise, let p < K;(p) be
such that p is a limit point of XNCeN[ki—1(p), £:(p)). Again by Proposition 2.16

07 (p) = limsup(o” (€) | € € X N Ca M ki1 (p), ki(p)) = + 1,
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contradicting Definition 2.2. Let (4, | n < w) be the increasing enumeration
of X N Cg N [ki—1(p), ki(p)). By induction hypothesis, for every n < w,

otp(Ca N [0, Ont1)) = w®.
Hence

otp(Ca N [ri—1(p), ki(p)) = W,

For limit oY (x;(p)), use Proposition 2.16(5) to see that the sequence

(B | @ < 0" (i(p)))
where
8 = min{p € Ca N [xim1 (p). mi(p) | o (p) = )
is well defined; # = sup(da | @ < 0) < k;(p) is an element of C¢ and, by Propo-
sition 2.16(4), oY (z) > oY (ki(p)), hence x = k;(p). For every a < oV (k;(p)),
otp(Ca N [Ki(p), 0a)) = w*,
since p~(d4) € G and by induction hypothesis. It follows that

otp(Ce N [ki-1(p), ki(p)) =  sup  (otp(Ce N [Ki-1(p), da))
a<ol(ki(p))

— sup w® =@ (i),
a<o? (ki(p))

For (2), use (1) and the limit stage to conclude that if OU(Hi(p)) = ki(p),
then

otp(Ca N [ki—1(p), ki(p)) = Ki(p).

It OU(Hi(p)) > k;i(p), then {a < ki(p)) | oﬁ(a) = a} € U(ki(p), ki(p)), hence by
Proposition 2.16 there are unboundedly many a € Cg N [ki—1(p), ki(p)) = Y
such that oY (a) = a. Hence

ki(p) =sup(Y) = sup(otp(Cq N [ki—1(p), @) | « € Y) < ki(p),
so equality holds.

Proposition 2.18 suggests a connection between the index in C¢g of ordinals
appearing in p and the Cantor normal form.
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Definition 2.19: Let p € G. For each i < I(p) define
i
vi(p) = Zwo (r;(P))
j=1

Also for an ordinal «, denote oy, () = 7, where v = Y | w7 -m; is the Cantor
normal form and v > v2 > -+ > .

COROLLARY 2.20: Let G C MIU] be V-generic and Cg the corresponding
Magidor sequence.

(1) If p € G, then for every 1 < i <lI(p),
plF Ca(vi(p)) = ki(p).

(2) For every a < otp(Cg),

oY (Ce(a)) = or(a).

Proof. This is directly from 2.18.

For more details and basic properties of Magidor forcing see [5], [2] or [1].
We are going to handle subsequences of the generic club; the following simple
definition will turn out to be useful.

Definition 2.21: Let X, X’ be sets of ordinals such that X’ € X C On.
Let a = otp(X, €) be the order type of X and ¢ : @« — X be the order iso-
morphism witnessing it. The indices of X’ in X are

IX' X)=¢"V"X' ={f<a|¢B) e X'}

In the last part of the proof we will need the definition of quotient forcing.

—

Definition 2.22: Let C’ be a M[U]-name for a subset of Cg, and let C" C Cq
such that O, = C”. Define P¢r, the complete subalgebra of (ROMIU)),<p )3
generated by the conditions X = {|la € C'|| | @ < &}.

By [4, 15.42], V[C'] = V[H] for some V-generic filter H of Pc.. In fact,
C'={a<kl|l|lael e XNnH}.
3 RO(M[U]) is the set of all regular open cuts of M[U](see for example [4, Thm. 14.10]), as

usual we identify M[U] as a dense subset of RO(M[U]). The order <g is in the standard
position of Boolean algebras orders i.e., p <p q means pl-q € G.
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—

Definition 2.23: Define the function 7 : M[U] — P¢s by
m(p) = inf(b € Pcr | p <p b).

It not hard to check that 7 is a projection, i.e.,

1) m is order preserving,
p g

—

(2) Vp e M[U].Vg <p 7(p).3p’ > p.7(p') <p q,
(3) Im(m) is dense in Pc.

Definition 2.24: Let w : P — Q be any projection, let H C Q be V-generic, and
define
P/H=n""' H.

We abuse notation by defining M[U]/C" = M[U]/H, where H is some generic
for Por such that V[H] = V[C’]. It is known that if G is V[C']-generic
for M[U]/C", then G is V-generic for M[U] and 7”/G = H , hence V[G]=V[C"][G].

3. Magidor forcing with Oﬁ(li) <k

Assume that Oﬁ(li) < k. Let G C M[U] be a V-generic filter, and let p € G.
);

By Proposition 2.18, otp(Cg N (ki) (p), &) = w’ (%), Hence,
(3.1) ef 1) = ef V19 (")
COROLLARY 3.1: (1) If oﬁ(m) < K, then & is singular in V[G].

(2) If oY (k) = K, then cfVI (k) = w.
Proof. (1) follows directly from equation (3.1). For (2), the set
E={a<k| oﬁ(oz) <a} enU(k).

Hence, by proposition 2.16 find p < k such that Cq \ p C E. In V[G] con-
sider the sequence: ¢ = min(Cgq \ p), then ay+1 = Cg(ay). This is a
well defined sequence of ordinals below k since otp(Cg) = k. Also, since
{o < K | w™ = a} € NU(k), there is n < w such that for every m > n,

oU(oszrl) = .
To see that o* := sup,, ., &, = K, assume otherwise, then by closure of Cg,
a* € Cg. Also o > p, hence oV (a*) < a*. By proposition 2.16(4),

OU(a*) > limsupoﬁ(an) +1=supay, = o,
n<w nw

a contradiction.
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If ¥ (k) < k we can decompose every set A € ﬂ[j(ﬁ) in a very canonical way:

PROPOSITION 3.2: Assume that oﬁ(m) < k. Let A € NU (k).
(1) For every i < k define A; = {v € A | oﬁ(u) =i}. Then A =4, A
and A; € U(k,1).
(2) There exists A* C A such that:
(a) A* € NU (k).
(b) For every 0 < j <oV(k) and a € A}, A*Na e NU ().

Proof. (1) Note that
X, ={v<k] oﬁ(u) =i} € U(k,1)

and
A, =X, NAE€e U(Ii,i).

Moreover, every a < k, oV (a) < k, since there are at most 22° < x measures
over .
(2) For any i < oY (k),

ULL(V, U (k, 5)) | A = jueg(A) Nk € [ U(k,i).

i<j
Coherency of the sequence implies that
A ={a<k|Anaenl(a)} €Uk, j);

this is for every j < oV (k).

Define inductively A© = A, A(+D) = 4'(") By definition, Vo € A;"H),
A N e nlU(a). Define A* = MNhew A e NU(k); this set has the required
property.

3.1. EXTENSION TYPES. By convention, for a set of ordinals B, [B]<% is the
set of increasing sequences of length less than o of ordinals in B, [B]l<?l is
the set of not necessarily increasing sequences of length less than « of ordinals
in B. For sets of ordinals B; for 1 < i < n, let H?Zl B; be the set of in-
creasing sequence {(aj, ..., ay) such that a; € B;. For double indexed sets B; ;
for1 <i<mn, 1<j<m,theset [, H?Zl B, ; is viewed as a product of sin-

gle indexed sets using the left lexicographical order.
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Definition 3.3: Let p € M[U]. Define the following:
(1) For every i <l(p) +1, let

Bi,a(p) = Bz(p) N Xou

where X, := {8 < k| OU(B) = «a} are the sets defined in Proposi-
tion 3.2.
(2) Ex(p) =TI o7 (s(p))] 1<
(3) If X € Ex(p), then X is of the form (X;,...,X,11). Denote x; ;, the
j-th element of X, for 1 < j < |X;| and me(X) is the last element of X
and 1(X) = S0 X
(4) Let X € Ex(p); then
U(p)+11X;|
={ay,.. al(p)+1 € H H Bi J = X(p).
i=1 j=1
Call X an extension-type of p and & is of type X; note that & is an
increasing sequence of ordinals.

The idea of extension-types is simply to classify extensions of p according to
the measures from which the ordinals added to the stem of p are chosen. Note
that if o¥ (k) = A < k, then there is a bound on the number of extension-types,

|Ex(p)| < min{v > A | 00(1/) > 0}.

By Proposition 3.2 any p € M[ﬁ] can be extended to p <* p* such that for
every X € Ex(p) and any @ € X (p), p~a € M[U]. Let us move to this dense
subset of M[U].

PROPOSITION 3.4: Let p € M[U] be any condition and p < q € M[U]. Then
there exists unique X € Ex(p) and @ € X (p) such that p—& <* q. Moreover,
for every X € Ex(p) the set {p~d | & € X(p)} forms a maximal antichain
above p.

Proof. The first part is trivial. We will prove that {p~d | & € X(p)} forms an
antichain above p, by induction on {(X). For I[(X) = 1, we merely have some
X (p) = Bie(p) € U(ki(p),&). To see it is an antichain, let 8; < B2 be in X (p).
Toward a contradiction, assume that p~51,p" B2 < ¢q. Then [, appears in a
pair in ¢ and is added between k;_1(p) and f2, so by Definition 2.2 it must be
that £ = o (51) <o (ﬂg) = &, a contradiction.
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To see it is maximal, fix ¢ > p and let & be such that p™a& <* ¢q. Consider
the type of &,

Y € Ex(p);

then & € Y(p). In Y; let j be the minimal such that y;; > & If y;; = &
then ¢ > p™{a; ;) € X(p) and we are done. Otherwise, y; ; > &, in which case
one of the pairs in ¢ is of the form («; ;, B) where B € ﬂﬁ(am—) and B C B;(p).
Any o € BN B; ¢(p) will satisfy that p~(a) € X(p) and p~(a), ¢ < ¢~ ().

Assume that the claim holds for {(X) = n, and let X € Ex(p) be such
that [(X) = n+1. Let @, § € X (p) be distinct. If for some z; ; # me(X) we have
o, ; # Bij, apply the induction to X \ me(X) to see that p“&\a*,p“g\ﬁ* are
incompatible, hence p“d’,p“ﬁ are incompatible. If @\ a* = g\ﬁ*, then o # g*
and by the case n = 1 we are done. To see it is maximal, let ¢ > p apply
the induction to X’ which is the extension-type obtained from X by removing
me(X) to find & € X'(p) such that p~ & is compatible with ¢ and let ¢’ be a
common extension. Again by the case n = 1, there is (@) € mc(X)(p™ &) such
that p~a ™ () and ¢’ are compatible.

Definition 3.5: Let Uy, ...,U, be ultrafilters on x; < --- < K, respectively,
and define recursively the ultrafilter [] , U; over [[\_, ks, as follows: for
B C Il ki

BEﬁUiH{OZ1<K1|Ba1€ﬁUi}EU1

i=1 i=2
where B, = BN ({a} x [Ty ki)-

PROPOSITION 3.6: IfUy,...,U, are normal ultrafilters, then [[}_, U; is gener-
ated by sets of the form A; X --- X A, such that A; € Uj.

Proof. By induction of n, for n = 1 there is nothing to prove. Assume
that the proposition holds for n — 1, and let B € H?:l U;. By definition,
A1 = {a1 < K1 | Bay € [[i.yUs} € Uy, and by the induction hypoth-
esis each B,, contains a set of the form A, X --- X A, ,. By normality,
A; = Anea, Aio € Ui. Consider (a1, ..., an) € A1 x---x Ay, by convention, for
each 2 < i < n, a1 < «, and by definition of diagonal intersection, a; € A; q,,
hence (ag,...,apn) € Ag g, X -+ X Apay € Bq,. It follows by the definition
of B,, that (a1,...,a,) € B, hence 47 x --- x A, C B.



Vol. TBD, 2022 MODELS OF MAGIDOR-RADIN FORCING. I 15

Every X € Ex(p) defines an ultrafilter

n+1 | Xq|
(j(XaP) = H H U(ki(p), i j)-
i=1 j=1
Note that X (p) € U (X, p) by the definition of the product. Fix an extension-
type X of p; every extension of p of type X corresponds to some element in the
set X (p) which is just a product of large sets.
Let us state here some combinatorial properties; the proof can be found in [1].

LEMMA 3.7: Let k1 < kg < -+ < K, be a non-descending finite sequence

4 over them

of measurable cardinals and let Uy,...,U, be normal measures
respectively. Assume F' : H?:l A; — v where v < k1 and A; € U;. Then
there exists H; C A;, H; € U; such that H?:l H,; is homogeneous for F, i.e.,

| Tm(F | [Ti=y Hi) = 1.

Let F: [, A; — X be a function, and I C {1,...,n}. Let

i=1 I i=1

For & € ([];—, Ai)r, define F;(&') = F(&) where @ | I = a’. With no further
assumption, F7 is not a well defined function.

LEMMA 3.8: Let k1 < ke < --- < K, be a non descending finite sequence
of measurable cardinals and let Uy, ...,U, be normal measures over them, re-
spectively. Assume F : [, A; — B where B is any set, and A; € U,.
Then there exist H; C A;, H; € U; and set a I C {1,...,n} such that
Fr 1 (IT Hi)r = (1, Hi)1 — B is well defined and injective.

Definition 3.9: Let F : [[;_, A; — X be a function. An important coordi-
nate is an index r € {1,...,n}, such that for every @, E e[l A,
(@) = F(B) — al(r) = B(r).

Lemma 3.8 ensures the existence of a set I of important coordinates, such
that I is ideal in the sense of removing any coordinate defect definition of Fj
as a function, and any coordinate outside of I is redundant.

We will need here another property that does not appear in [1].

4 A measure over a measurable cardinal \ is a A-complete nonprincipal ultrafilter over .
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LEMMA 3.10: Let k1 < Ko < -+ < Ky, and 61 < 0 < --- < 6, be non-
descending finite sequences of measurable cardinals with corresponding normal
measures Uy, ..., Uy, Wi,...,Wp,. Let

F:][4—-X, G:[[B—X
i=1 j=1
be functions such that X is any set, A; € U; and B; € W;. Assume that
IC{l,...,n} and J C {1,...,m} are sets of important coordinates for F,G
respectively obtained by lemma 3.8. Then there exist A; € U; and B} € W;
such that one of the following holds:

(1) Im(F [ J[;Z, A) nIm(G [ T[}L, BY) = 0.
(2) (Il A))r = (1%, BY) s and Fr | (ITi2, A))r = Gy T (T2, B

Proof. Fix F,G. Let us first deal with some trivial cases: If [ = J =0, i.e., F,G
are constantly dp,dg, respectively, either di # do and (1) holds, or di = da
and (2) holds. If I = () and jo € J # 0, then F is constantly dp. If dp ¢ Im(G)
then (1) holds, otherwise, there is  such that G(g) = dp; remove Ejo from B,
then . If 5 € By x --- X Bj, \ {Bjy} X - -+ X B, then G(f') # dp, otherwise,
B 1J=F1Jandin particular Ejo = _’30, a contradiction. Similarly, if J = ()
and I # () then we can ensure (1). We assume that I,J # (; also, without
loss of generality, assume that x; < 6;. If k1 < 60;, shrink the sets so that
min(B;) > k1. We proceed by induction on (n,m) € N2 with respect to the
lexicographical order.

CASE 1: ASSUME THAT n = m = 1. Assume that I, J # ). Define
Hy: A XBl—>{0,1}, Hl(a,ﬁ)zléF(Q):G(ﬁ).

By Lemma 3.7, shrink Ay, By to A}, B} so that H; is constant with colors ¢;.
If ¢y = 1, by fixing a we see that G is constant on Bj with some value 7.
It follows that J = 0, a contradiction. Assume that ¢; = 0; then for every
a € A1,B € By if a < 8 we have Hi(«, 8) = 0, which implies F(a) # G(5).
This suffices for the case k1 < 61. If k1 = 61, then it is possible that 8 < «, so
define

Hs: By x A — {0,1} HQ(/B,OC) =1& F(Oé) = G(ﬁ)

Again shrink the sets so that Hs is constantly c2 € {0,1}. In case c3 = 1
we reach a similar contradiction to ¢; = 1. Assume that c; = 0, together
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with ¢; = 0; it follows that if 5 # « then F(«) # G(B). If Uy # Wi, then we
can avoid the situation where a = 8 by separating A}, Bj and conclude that

Im(F | A)) NnIm(G | BY) = 0.
If U; = W7 then define
Hs: A\n By —{0,1}, Hsi(a)=1<% F(a) =G(a).

Again by 3.7 we can assume that Hs is constant on A*. If that constant is 1
then we have

FlA =G| A"
(in particular, I = J = {1} and F; | (A*); = Gy | (A*)s), otherwise
Im(F | A*)NIm(G | A*) = 0.

CASE 2A: ASSUME n = 1 AND m > 1. By the assumption that I,J # 0,
I ={1}. Define

Hy: Ay x [[Bj = {01}, Hi(a,f) =1 F(a)=G(f).
j=1
Shrink the sets so that H; is constantly c¢;. As before, if ¢; = 1 then F,G
are constant which is a contradiction. Assume that ¢; = 0, which means that

-,

whenever o < 1, then F(a) # G(B). As before, if k1 < 61 then we are done.
If k1 = 61, for each 8 € By, consider the function

G [I B\ (B+1) = X, Ga(B) = G(57).
j=2
Apply induction to F' and Gg, {1}, J \ {1} to find
Alety, Blew,; for2<j<m

such that one of the following holds:
(1) Af = (IT%, Bf)J\{l}, and F | AY = (Gg)nqay | (IT7~, Bf)J\{u-
(2) Tn(F | AY) N Tm(Gp | [T, BY) = 0.
Denote by jg € {1,2} the relevant case. There is B C By, B} € Wy, and
j* € {1,2} such that for every 8 € Bf, jg = j*. Let
A/l = AﬁEB{Ava B;‘ = AﬁeB;Bf

(since 61 = k1 we can take the diagonal intersection).
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Ifj* =1, then since A? = (I B )\{1}, it follows that J = {jo} and AP =
thus Ay = B} . Also for 1, 31, and some f1, 8] < Ba2,...,Bm in the product,

G((B1, .-, Bm)) = (mbnGp, )j, (Bjo)
= F(Bj,) = (Gg;)jo (Bjo)
=G((BL,---Bn))-
Hence 1 ¢ J, A} = B = (H;n:l Bj)yand Fy [ A} = Gj, | B
If j* =2, for every (B1,..., Bm) € [[]2, B]

m

G((Br, ..., Bm)) € Im <Gﬁ1 r HBf)-

Now if 81 < a € A} then by definition of diagonal intersection « € A? ' and
therefore F'(a) € Im(F | A”f ') and we are done. Together with the assumption
that ¢; = 0, we conclude that if o # B; then F(a) # G(3). As before, we
can avoid this situation if U; # Wj. Assume that U; = Wi, and assume
that A} = B]. Let

Ty : Ay x [[ B} = {0.1}, Ti(a,f) =14 F(a) = G(a, §).

j=2
We shrink A} and B; so that T is constantly di. If d; = 0 then we have
eliminated the possibility of a = 3, and again we conclude that

Im (F rHA;) NIm (G ) HB;) -
i=1 j=1
If d; = 1 then G only depends on Bf, i.e., J = {1}, hence
(HB;> =A) and F A} =Gpy A
j=1 {1}
CASE 2B: ASSUME n > 1 AND m = 1. Then by the assumption that I,.J # ()

it follows that J = {1}. For a € Ay define the functions

Fo:JJAi\(@+1) = X, Fu(@) = F(a,d).
i=2
By the induction hypothesis applied to F,,, G and I\ {1}, {1}, we obtain

A eU; for2<i<n, BfeW; forl1<j<m
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such that one of the following holds:

(1) (ITiz2 AP)r\quy = BY and (Fa)nquy [ (ITi=2 AY)nuy = G 1 BY-

@) (P, [ T[y A2) N (G | B) = 0.
Denote by i, € {1,2} the relevant case. There is A} C A;, A} € Uy, and
i* € {1,2} such that for every a € A}, i, =i*. Let

A; = AOtEA1Azq’ Bi = ACVEArB(lX
(since 61 > K1 we can take the diagonal intersection).

If i* = 1, then ([, A®)p\ 13 = BY, hence I = {io}. Note that Ag = Bf and

in turn it follows that A} = B € Uy, N W1.
Let a, o’ € A}, and a1,0a] < ag < -+ < ay in the product. Then

Flar - an)) = (Fay )i} (o) = Glaig) = (Fay)qioy (2g) = F({a) -+ - am)).

From this it follows that 1 ¢ I, Bf = A} = ([[;—, Aj)r and F; [ A} =G | B
Assume ¢* = 2, which means that for every (a1,...,a,) € [\, A}, by defini-
tion of diagonal intersection, (o, ..., an) € [[i_y A7 hence

F(la, ..., an) = Fay (0, .. an)) elm( » HAal)

If 8 € Bj, we cannot conclude automatically that § € B{', since it is pos-
sible that 51 < ;. If k1 < 61, then 81 < aq is impossible, thus, 8 € B
and G(B1) € Im(G | B{'!). Since iy, = ¢* = 2, it follows that

F(<041, v ,Otn>) 7£ G(ﬂl)

which implies

m (F rHA;.) NIm(G | B}) = 0.
i=1

If 61 = k1, then we define

Hy: By x [[Ai = {0,1}, Ha(3,@) =14 F(@) = G(3).
i=1
Shrink the sets so that Hs is constantly c;. As before, if ¢; = 1 then F,G are
constant which is a contradiction. Assume that ¢; = 0, which means that when-
ever 5 < aq, then F(&) # G(B). So we are left with the case oy = 8. If Uy # W1
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then we can eliminate such an example, and if Uy = W7 consider A7 = A} N B:
n
Ty: A} x [[ 4 = {0,1}, Ta(a,d) =1 G(a) = F(a,d).
i=2

We shrink A7 and A} so that T is constantly di. If di = 0 then we have
eliminated the possibility of a = 3, and again we conclude that

m (F rHA;.) NIm(G | A%) = 0.
i=1
If d; = 1 then F only depends on A%, i.e., I = {1}, hence
(A’{ xHA;) =A7 and G| A} =G | A]
i=2 {1}

CASE 3: ASSUME n,m > 1. For a € Ay define the functions

F, : ﬁAi\(Oé+1) — X, F,(d) =F(a,d).

i=2
By the induction hypothesis applied to F,,,G and I\ {1}, J, we obtain
Al eU; for2<i<n, BfeW; forl1<j<m

such that one of the following holds:
(1) (ITi=2 A9y = (L, BS)J, and
W)\ {1} (HA ) :GJ[<HB§“) :
i=2 {1} j=1 J

(2) Im(F, | Ty A) NIm(G | HT:1 Bf) = 0.
Denote by i, € {1,2} the relevant case. There is A} C A;, A} € Uy, and
i* € {1,2} such that for every a € A}, i, = i*. Let

AL = Doea, A, B = Dgea, BY

(Since 61 > k1 we can take the diagonal intersection).

(ﬁA?>1\{1} - ( f[lBJa)J

1= 1=

If i* =1, then
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Denote I\ {1} = {i1,... i}, J = {Jj1,-..,Jr}- Note that for every 1 < r < k,
A¢ =B thus A = B €U; NW;,. It follows that

nA;.) :(mB’-) |
<;l:[1 {1} ]1;[1 ')

Let a,a’ € A}, @ € [[;_, A, with min(&) > o, /. Then
Fo(d) = (Fa)ny(@ 1 1) =Gy(@ 1) = (Fo)ny(@ [ 1) = For (Q).

From this it follows that 1 ¢ I and F; = Fpgy = Gy. Assume i* = 2,
which means that for every (o, ...,a,) € [[;; A}, by definition of diagonal
intersection, (s, ..., a,) € [y A5, hence

F({an,...,an)) = Fa, ({02, ..., ) € Im (Fm r ﬁA?l).

=2

If 5 e [1;2, B}, we cannot conclude automatically that Be [1;~, By, since it
is possible that 51 < a1. If k1 < 61, then 81 < «y is impossible, thus,

Fe[[ B and G((i.....B.) € m(@ | [[ B:).

Jj=1 i1
Since i, = ¢* = 2, it follows that F((a1,...,an)) # G({(f1,...,Bn)), which
implies

Im (F rHA;) NIm (G I HB;.) — 0.
i=1 j=1

If 0, = K1, we repeat the same process. We use Gg and fix F', denoting jg
the relevant case, and shrink the sets so that j* is constant. In case j* =1 the
proof is the same as i* = 1. So we assume that i* = j* = 2, meaning that for
every (a)”d €[]I, A, and every (8)"F € [[~, B;

a# B — Fla,d) # G(B, ).
We are left with the case a = .

CASE 3A: ASSUME THAT U; # Wj. Then we can just shrink the sets A}, B}
so that A} N B} = 0. Together with the construction of case 3, conclude that

Im(FrﬁA;)mIm(GrﬁBQ) = 0.
i=1 j=1
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CASE 3B: ASSUME THAT U; = Wi. Then we shrink the sets so that A} = Bj.
For every a € A} we apply the induction hypothesis to the functions F,,, G,
this time denoting the cases by r*. If r* = 2, then we have eliminated the

-

possibility of F(«a,d) = G(q, 8); together with ¢* = 2,j* = 2 we are done.
Finally, assume r* = 1, namely that for

=1\ {1}C{2,....,n}, J=J\{1}C{2,....m}

we have

<-;A;)1*(f[239>y and  (Fy)r- | (i_ﬁzA;)I*(GQ)J* I (ﬁB})J*.

j=2
Since A} = Bj it follows that

(1), = (11#)
i—1 I*u{1} i—1 eJ*u{1}

2 1=

(x) and

(Fa)r-uqiy | (HA;) = (Ga)- | (HBé')
5 I* —9 J*Uu{1}

jf
Since if (a)"@ € ([Ti—; A1,
Fruay(a,d) = (Fo)r- (@) = (Ga) s (@) = Greupy (o, @),

we claim that 1 € I if and only if 1 € J. By symmetry, it suffices to prove one
implication. For example, if 1 € I, then I = I* U {1}, take @ | I,

&le <HA;)
i=1 I

which differs only at the first coordinate, therefore F'(&) # F(&'). By (), there
are 3,3 € [1;%, B} such that

Brru{i)y=all and §|(JU{l})=a |1

It follows from (x) that G(3) = F(&@) # F(&@) = G(f), therefore 1 € J.
In any case, Fr | ([T, A))r = G [ (I1iZ1 Bi) s
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4. The main result

Let us turn to prove the main result (Theorem 1.3) for Magidor forcing
with oV (k) < k. The proof presented here is based on what was done in [1] and
before that in [3]; it is a proof by induction of .

4.1. SHORT SEQUENCES. In this section we prove the theorem for sets A of
small cardinality.

ProPoOSITION 4.1: Let p € M[ﬁ] be any condition, X an extension-type of p.

— =

For every @ € X(p) let pg >* p—d&. Then there exists p <* p* such that for
every Be X(p*), every p*“ﬁ < q is compatible with p; .

Proof. By induction of {(X). If [(X) =1, X = (€), then U(X,p) = U(ri(p), €)
and X (p) = B;¢(p). For each 8 € B; ¢(p)

ps = ((F1(p), A7), - (kim1 (D), A7), (B, Ba), (ka(0), A7), - (1, Ap)).
For j>ilet Aj=Nscp, () Af. For j <i we can find A} and shrink B; ¢(p) to E¢

so that for every 8 € E¢ and j <1 Af = Aj. For i, first let £ = AaeBiyg(p)Af.
By ineffability of x;(p) we can find A7 C E¢ and a set B* C k;(p) such that for
every € AZ, B* N = Bg. We claim that B* € U(k;(p), ) for every v < &,

ULt(V,U(i(p),€)) E B* = ju(xi(p).j)(B") N ki(p),

and since

{8<r|B*NBenUB)} e U(kp),8),
it follows that B* € ju (s, (p),e) (U 7)(k:(p)). By coherency

B* € () Uk
v<§

Define

A} = B* WAL W (Ugi ) € mj(ﬁi(P))-
Let ¢ > p* @ and suppose that ¢ >* (p*~f)"4. Then every v € ¥ such
that v > B belongs to some A} \ B for j > i, and by the definition of these
sets v € Af. If v < Ki—1, then also v € A for some j < i. Since 3 € E¢ it
follows that Aﬁ A* S0 vy € Af. For v € (ki—1, ), by definition of the order
we have o (7) <o (6) = ¢ and therefore v € A7, N 3 for some 1 <&, but

A7, NBC BN =Bg;
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-,

it follows that ¢,ps are compatible. For general X, fix min(8) = 6. Apply
the induction hypothesis to p™f and ps to find pj >* p—f. Next apply the
case n = 1 to pj and p, find p* > p. Let ¢ > p* 8 and denote = min(j3)
then ¢ is compatible with pj thus let ¢' > ¢,pjs. Since ¢’ > pj and ¢’ > p*~f8
it follows that ¢’ > p™ 3. Therefore there is ¢ > ¢/, ps-

— —

LEMMA 4.2: Let A < k, p € M[U] | (\,k), ¢ € M[U] | A and X € Ex(p). Also.

—

let & be an ordinal M[U]-name. There is p <* p* such that:

If3d € X(p*) I >*p*"a (¢,p)]| z,
then V& € X (p*)(q,p* ™ d@)||z.

Proof. Fix p, \,q, X as in the lemma. Consider the set

Bo={feX(p)| I >p F st {g,0)||z}

One and only one of By and X (p) \ By is in U(X, P). Denote this set by A’.
By Proposition 3.6, we can find Aj ; € U(a;,2;,;) such that

I(p)+1]X|

IT IT4i,ca.

i=1 j=1
Let p <* p’ be the condition obtained by shrinking B; ;(p) to Aj; so that
n+1 X;
X() = I TIE 47 1
B eXP) I =P B (¢ 0"l 2,

then 3 € By N A’ and therefore By = A’. We conclude that
V3 € X(p') Ipz =B (0,p7)ll 2.

By Proposition 4.1 we can amalgamate all these pg to find p’ <* p*, such that
for every E € X(p*), p*“ﬁ decides g; then p* is as wanted.

LEMMA 4.3: Consider the decomposition of 2.7 at some A > oV (k) and let g

— —

be a M[U]-name for an ordinal. Then for every p € M[U] | (A, k), there exists

—

p <* p* such that for every X € Ex(p) and q € M[U] | A the following holds:
If3@ € X(p*) Ip' >*p*~ad (¢, p)|| 2.
then Va € X (p*) (¢,p"" @)l|z-
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Proof. Fix ¢ € M[U] | A and X € Ex(p). Use Lemma 4.2 to find p <* p, x
such that

If 36 € X(pg,x) 30’ >"(pg.x)"a s.t. {q,p)]| z,
then VO_Z S X(pq7X) <qa (pq,X)A&>||$

By the definition of A, the forcing M[U] | (A, ) is <*-max(] Ex(p)|*, [M[U] | A|7)-
directed. Hence we can find p <* p* so that for every X, q, pg,x <* p*.

LEMMA 4.4: Let A € V[G] be a set of ordinals such that |A| < k. Then there
exists C' C Cq such that V][A] = V[C'].

—

Proof. Assume that |A] = M < k and let § = max(\,otp(C¢q)) < k. Split M[U]
as in Proposition 2.7. Find p € G such that some A > ¢ appears in p. The
generic G also splits to G = G1 x Gy where GG is the generic for Magidor
forcing below A and, by Remark 2.8, G2 is V[G1]-generic for the upper part of
the forcing. Let (a; | i < X') be a M[U]-name for A in V and p € M[U] | (A, &).

For every i < X\ find p <* p; as in Lemma 4.3, such that for every ¢ € M[U] | A
and X € Ex(p) we have

If 36 € X(p;) 3p;a <*p' {q,9) || @i

*
() then V& € X (p;i) (¢,p; @) || ai.

Since in M[U] I (A, k) we have AT-closure for <* we can find a single p; <* p,.

—

Next, for every @ < N, fix a maximal antichain Z; C M[U] | A such that for
every q € Z; there is an extension-type X, ; for which
va € pi Xq,i (¢, 07 A) || ais

these antichains can be found using (*) and Zorn’s lemma. Recall that the
sets Xg,i(p«) are a product of large sets. Define F,; : Xgi(p+) = On by

Fpad)=~ & (¢prd)la=7%
By Lemma 3.8 we can assume that there are important coordinates

I, C{1,...,Dom(X,:(p.))}.

Fix ¢ < X. For every ¢,¢' € Z; we apply Lemma 3.10 to the functions F ;, F, ;s
and find p, <* py 4 for which one of the following holds:

(1) Im(Fyi [ A(Xqi,Pq,q') NIm(Fyr i [ A(Xgr i, g,q0)) = 0

(2) (FQ7i)Iq,i r (A(X(Li’pq#],))lq,i = (Fq’,i)lq/,i [ (A(Xq’,iapq,q’))fqr,i-
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Finally find p* such that for every ¢,¢, pqy <* p*. By density, there is
such p* € G2. We use Fy ; to translate information from Cg to A and vice versa,
distinguishing from [1] that this translation is made in V[G;] rather than V:
For every ¢ < X, Gi1 N Z; = {¢;}. Use Lemma 3.4 to find D, € X, ;(p*) such
that p* ™ D; € G», define C; = D; | I, ; and let

¢ =
i<
Define, as in Definition 2.21, I(C;,C") € [otp(Cg)]|<¥, since
otp(C") < otp(Cq) < A,

and by Proposition 2.16(6), G2 does not add A-sequences of ordinals below A
to V[G1]. We conclude that (I(C;,C") | i < X') € V[G1]. Tt follows that

(VIGDIA] = (VIGDCi | i < X)) = (VIG]IC]-
In fact let us prove that (C; | i < X) € V[A]. Indeed, define in V[A] the sets
Mi={¢€Z;|a; € Im(Fy;)}.
Then, for any ¢,¢' € M; a; € Im(F,,) N Im(F, ;) # 0. Hence 2 must hold for
Foi, Fy i, ie.,
(Fo,i)rg: T (Xg i) 1,e = Fy i), , T (Xg (@)1, ,-

q°

This means that no matter how we pick ¢, € M;, we will end up with the
same function (Fy i)r, , I (Xq:(p*))1, ,- In V[A], choose any ¢; € M; and
let D € Fq_é,li(ai), Ci — D | 1y Sin(I:e ¢i,q; € M; we have C; = CJ, hence
(Cyi | i< XN) e V[A]. We still have to determine what information A uses in the
part of G1, namely, {q¢} | ¢ < X'}, {I(C;,C") | i < X') € V[A]. This set can be

coded as a subset of ordinals below (2*)F, therefore
{ai i < N} (I(Ci,C") i < X) € V[G].
By the induction hypothesis applied to G, we can find C" C Cg, such that
VI{di |1 <X} I(C,C) [P < X)] = VI[C"].

Since all the information needed to restore A is coded in C' & C”, it is clear
that V[A] = V[C" w C'].
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4.2. GENERAL SUBSETS OF k. Assume that A € V|[G] such that A C k. For
some A’s the proof, similar to the one in [1], works. This proof relies on the
following lemma:

LEMMA 4.5: Assume that oﬁ(n) < k and let A € V|G|, sup(A) = k. Assume
that 3C* C C¢ such that

(1) C* e V[A] andVa < k ANa € V[C*].
(2) cfV(k) < .
Then 3C" C C¢ such that V[A] = V[C'].

Proof. Let {(«; | i < A) € V[A] be cofinal in . Since |C*| < &, by Lemma 4.4
we can find C” C Cg such that

VI[C"]=VI[C {os | i < N)] S V[A]

In V[C"], choose for every ¢ a bijection
m 2% — PV ().
Since A Na; € V[C"] there is §; such that 7;(6;) = AN ;. Finally let C' C Cq
such that
VIC'=VIC", (6 | i < N)].
We claim that V[A] = V[C’]. Obviously, C’ € V[A], for the other direction
(ANa; | i< X) = (m(8) i< \) e VIC'].

Thus A € V[C'].
Definition 4.6: We say that A N « stabilizes if

Jo* < k. Va<k. ANacV[ANa".

First we deal with A’s such that A N« does not stabilize.

LEMMA 4.7: Assume oY (k) < k, A C k unbounded in x such that AN« does
not stabilizes. Then there is C' C C¢g such that V[C'] = V[A].

Proof. Work in V[A]. Define the sequence (a¢ | £ < 6):
ap =min{a | V[ANa] 2 V}.

Assume that (a¢ | € < A) has been defined and for every &, ag < k. A =¢6+1
then set

ay =min{a | V[ANa] 2 VAN a¢]}.
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To see that a) is a well defined ordinal below x, note that by the assumption
that A does not stabilize, there is a < k such that AN a ¢ V][AN o], hence

VIANag C V[ANa].

If A is limit, define
ax = sup(ag [ § < A);

if wyx = Kk define # = A and stop. The sequence (ag | £ < 0) € V[A] is a
continuous, increasing unbounded sequence in x. Therefore,

cf VI (k) = eI ().

Let us argue that § < x. Work in V[G], for every £ < 6 pick C¢ C Cg such
that V[AN ag¢] = V[C¢]. The map & — C¢ is injective from 6 to P(Cg), by the
definition of ag’s. Since oY (k) < &, |Cg| < &, and k stays strong limit in the

generic extension. Therefore
0 < |P(Cg)| = 2!%! < .

Hence k changes cofinality in V[A], according to Lemma 4.5; it remains to
find C*. Denote A = |Cg| and work in V[A], for every £ < 6, C¢ € V[4]
(although the sequence (C¢ | £ < 0) may not be in V[A]). C¢ witnesses that

Edg C k. |d§| <X and V[A N Otg] = V[dg]

Fix d = (d¢|€ < 6) € V[A]. It follows that d can be coded as a subset of &
of cardinality < A -6 < k. Finally, by Lemma 4.4, there exists C* C Cg such
that V[C*] = V[d] C V[A4], so

Va < k. ANa € Vidg CV[CT].

Next we assume that A N « stabilizes on some o* < k. By Lemma 4.4,
there exists C* C Cg such that V[A N a*] = VI[C*], if A € V[C*] then we
are done. Assume that A ¢ V[C*]. To apply Lemma 4.5, it remains to
prove that cfV4l (k) < k. The subsequence C* must be bounded; denote
k1 =sup (C*) < k and k* = max(k1,0tp(Cg)). Find p € G that decides the
value of k* and assume that £* appears in p (otherwise take some ordinal above
it). As in Lemma 2.7 we split

M[U]/p =~ M[T] | &%)/(p I %) x (M[U] I (5%, 5))/(p | (K", ))
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There is a complete subalgebra P of RO((M[U] | *)/(p | &*)) such that
V[C*] = V[H] for some V-generic filter H C P. Let

Q= [(M[T] | &%)/(p | *)]/C*

be the quotient forcing completing P to (M[U] | #*)/(p | &*). Finally note
that G is generic over V[C*] for

S=Qx (M[U] I (5, 5)/(p | (5, K)).
LemMaA 4.8: cfVI4(k) < k.

Proof. Let G = G1 x G2 be the decomposition such that G; is generic for Q

above V[C*] and Gg is M[U] | (k*, k)-generic over V[C*][G1]. Let A be an
S-name for A in V[C*], and (g0, po) € G such that

(qo,po) IF VYa<k ANaisold” (ie., in V[C*]).

—

Proceed by a density argument in M[U] | (k*,k))/p | (k*,%); let po < p. As in
Lemma 4.4 find p <* p* such that for all ¢o < ¢ € Q and X € Ex(p*):

30 (o) € X(p*)3p' > p*mad (o)
(. P")[ANa = Va~(a) € X(p*). (¢, p""d (a)) || ANa.

Denote the consequent result by (%) x 4. Since AN« is forced to be old, we will
find many ¢, X for which (*)4 x holds. For such ¢, X, for every @~ (o) € X (p*)
define the value forced for A Na by a(g, &, ). Fix g, X such that (x)4 x holds.
Assume that the maximal measure which appears in X is U(k;(p), me(X))
and fix @ € (X \ {mc(X)})(p*). For every a € B pc(x)(p) \ max(d) the set
a(g, @, ) C a is defined. By ineffability, we can shrink B; ,,,.(x)(p) to Ag,ﬁic(x)
and find a set A(q, @) C k;(p) such that for every o € A

q,a
i,me(X)?

A(g,d) Na = a(q, @, a).
Define
/ _ . q,0
Ai,mc(X) - Aaqui,mc(X)'
Let p* <* p’ be the condition obtained by shrinking to those sets. Then p’ has
the property that whenever (%), x holds for some ¢ € Q and X € Ex(p’), there
exist sets A(q, @) for @ € (X \ {mec(X)})(p’) such that for every @~ (a) € X(p),

A(g,d) Na = aq, @, a).

By density there is such p’ € Ga.
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Work in V[A]. For every & and g, if A(q, @) is defined, let
1(g; @) = min(AAA(g, &),

otherwise n(q,@) = 0. Now n(g,d) is well defined since A ¢ VI[C*] and
A(q, @) € V[C*]. Also let

n(a) =sup(n(q,a@) | ¢ € Q).

If n(&) = k then we are done (since |Q| < k). Define a sequence in V[A]: ag =rK*
Fix € < otp(C¢) and assume that (o; |7 < &) is defined. At limit stages take

o = sup(as i <€) + 1.
Assume that £ = A + 1 and let
ag = sup(n(d) + 1] d € [an]=*).

If at some point we reach x we are done. If not, let us prove by induction on &
that Cg(€) < ag, which will indicate that the sequence ¢, is unbounded in k.
At limit £ we have Cg(€) = sup(Cq(B) | B < &) since the Magidor sequence
is a club. By the definition of the sequence ¢ and the induction hypothesis,
ag > Cq(§). If £ = A+ 1, use Corollary 2.20 to find & («a) and ¢ € Q such that

(.0~ a" () Ik & = Ca(8).
Fix any ¢’ € Q above g, and split the forcing at o so that

<q/,p/,\07,\<04>> = <q/a 1, T2>7

where 1 e M[U] [ (k*, @) and o e M[U] [ (o, k). Let Hy be some generic up to «
with {¢’,r1) € Hy and work in V[C*][H;]. The name A has a natural interpreta-
tion in V[C*][H}] as a M[U] | (v, k)-name, (A) g, . Use the fact that M[U] | (o, %)
is <*-closed and the Prikry condition to find ro <* r4 € M[U] | (o, 5) and A
such that

Té |FM[[7][(0¢,:1) (‘A)Hl Na = Ap.

Since it is forced that A is old,
Ay € V[CT]
and therefore we can find (¢”,7]) € Q x M[U] | (x*, ) such that
(¢",r) = (d',m)
and

(q", ) IF “rh IF AN a = Ay” therefore (¢",r],m5) IF ANa = Ap.
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Since 7o <* r§ and 7, € M[U] | (k*, ), then there is some § € [2]<% such
that
(ri,m5)" =P B a).
Let X be the extension-type of g“(a>; by definition of p/, (%) x holds. Use

density to find a condition ¢* in the generic of QQ such that for some extension-
type X that decides the £th element of Cg, (*)x ¢+ holds. The set

{77 € X))}

is a maximal antichain according to Proposition 3.4, so let é“Cg(f) be the
extension of p’ of type X in Cg. By the construction of ¢* and p’ we have that

(a", 0~ CCa(€)) Ik ANCa(€) = A(g",C) N C(§).

Since (A)g = A4, A(¢*,C)YNCx (&) = ANCg(§) (otherwise we would have found
compatible conditions forcing contradictory information). This implies that
n(a",C) = Ca(©).
By the induction hypothesis ay > C(\) and C C Ca()), thus C € [aa]<* so
ag > sup(n(@) | @ € [an]™) = 0(C) = n(q", C) > Ca(é).
This proves that
(g | € <otp(Cq) < k) € V[A]

is cofinal in  indicating cfV4l(k) < k.

Thus we have proven the result for any subset of .
COROLLARY 4.9: Let A € V[G] be a set of ordinals such that |A| = k. Then
there is C! C Cg such that V[A] = V[C'].

Proof. By k't-c.c. of M[U], there is B € V, |B| = & such that A C B. Fix in V
é : k — B a bijection and let B’ = ¢~ A. Then B’ C k. By the theorem for
subsets of x there is C’ C Cg such that

VIO = V[B] = V]A]

4.3. GENERAL SETS OF ORDINALS. In [1], we gave an explicit formulation of
subforcings of M[ﬁ] using the indices of subsequences of Cg. In the larger
framework of this paper, these indices might not be in V. By Example 1.4,

subforcing of the Magidor forcing can be an iteration of Magidor type forcing.
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LEMMA 4.10: Let A € V[G] be such that A C k*. Then there is C* C Cg
such that:

(1) Ja* < Kk such that C* € V[AN o*] C V[A].

(2) Va <kt Ana e V[C*].

Proof. Work in V[G]. For every a < x™ find subsequences C,, C C¢ such that
VI[C.] =V][ANq]

using Corollary 4.9. The function o — C, has range P(Cg) and domain s
which is regular in V[G], and since oV (k) < k then |Cg| < &, and since & is
strong limit (even in V[G]) |P(Cg)| < k < k+. Therefore there exist £ C kT
unbounded in kT and o* < k% such that for every o € E, Cp = Cpr. Set

C* = C,~. Note that for every a < k there is 8 € E such that § > «, therefore
Ana=(ANnB)NacV[ANS =V[C"].

LEMMA 4.11: Let C* be as in the last lemma. If there is @ < k such that
A € V[Cg Na|[C*]. Then V[A] = V[C*].
Proof. Consider the quotient forcing M[U]/C* C M[U] completing V[C*] to
V[C*]|G]. Then the forcing
Q= (M[0)/C") | a

completes V[C*] to V[C*][Ce N «a] and |Q] < k. By the assumption,
A e V[C*|[CaNal, and for every 8 < kT, ANB € V[C*]. Let A € V[C*]
be a Q-name for A and ¢ € G [ a be any condition such that

qIFVB < kT, ANB e V[CH].

In V[C*], for every 8 < kT find gg > ¢ such that gg||gA N B. There is ¢* > ¢
and F C kT of cardinality ™ such that for every 8 € E, ¢3 = ¢*. By density,
find such ¢* € G | « in the generic. In V[C*], consider the set

B={XCr'|38q¢ FX=ANB}.

Let us argue that UB = A. Let X € B; then there is § < s* such that
¢*F X =ANpBthen X = ANB C Athus,|JB C A. Let vy € A. Thereis 5 € E
such that v < (3, by the definition of E' there is X C 8 such that ¢* IF ANS = X;
it must be that X = AN otherwise we would have found compatible conditions
forcing contradictory information. But then v € AN = X C UB. We conclude
that A =UB € V[C*].
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Eventually we will prove that there is @ < & such that A € V[Cg N o][C*]
and by the last lemma we will be done.
We would like to change C* so that it is closed. We can do that above

ag := otp(Cg):

LEMMA 4.12: V[Cq N a][C1(C*)] = V[Ca N ap][C*].5

Proof. Consider I(C*,CI(C*)) C otp(Cg). By Proposition 2.16(5),
I(C*,CIC*)) € V[Cq N ag].

Thus V[Ce N ao][C*] = V[Ca N ] [CUC)].

Work in N := V[Cg N agp]. Since C* Ny € V[Cas N ap], we can assume
min(C*) > agp. Since I = I(C*,Cq \ ag) C otp(Cg), it follows that T € N.
In N, consider the coherent sequence

-,

W = 0" | (00, 5] = (U*(8,6) | 6 < 07 (B), 0 < 6 < &)

where U*(5,0) is the ultrafilter generated by U(8,d) in N. Also denote
G* = G | (ap, k). The following proposition is to be compared with Remark 2.8.

-,

PROPOSITION 4.13: N[G*] is a M[W]-generic extension of N.

Proof. Let us argue that the Mathias criteria holds. Let X € NW(§) where
§ €Lim(Cg-). By definition of W, for every i < oW (0), there is X; €U(9,14) such
that X; C X. The choice of X;’s is done in N and the sequence (X; | i < 00(6)>
might not be in V. Fortunately, M[U] | aq is ag-c.c. and af < 4, s0 in V we
can find sets

Ei = {Xi,j | j S Oéo} Q U((S,’L)
such that X; € E;. By d-completness of U(d,%), the set X} := NE; € U(,1)
and X C X; C X. Note that
xX:= |J X;enU@)
i<oU (8)
and therefore by genericity of G there is £ < ¢ such that
Cen(§d) CX CX.
Hence Cg+ N (max(ayg, §),0) C X.

5 For a set of ordinals X, Cl(X)=XULm(X)={¢{| € X Vvsup(X N¢) =&}
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Note that OVT/(IQ) < min{v | OW(V) = 1} and I(C*,Cg) € N. In [1], this
is the situation dealt with, a forcing denoted by M;[W] € N[C*] was defined
where I = I(C*,C¢) and used to conclude the theorem. We only state here
the main results and definitions and refer the reader to [1] for the full definition
and proofs.

-,

PROPOSITION 4.14: Let G* C M[W] be an N-generic filter and C C Cg~
be closed. Assume that I = I(C,Cg+) € N. Then there is a forcing notion

M;[W] € N and a projection 7 : M[W] — M;[W] such that N[G;] = N[C],

-,

where G = 1/ G* C M;[W] is the N-generic filter obtained by projecting G*.

LEMMA 4.15: Let G*CM[W] be an N-generic filter. Then the forcing M[W]/G;
satisfies kT -c.c. in N[G*].

The referee pointed out a simpler argument than the one given in [1] for the
continuation of the proof. First we conclude the following (see for example [4,
Thm. 16.4]:

COROLLARY 4.16: The forcing M[W]/G; x M[W]/G satisfies k*-c.c.

The next theorem is needed in order to apply Lemma 4.11 and to conclude
the case for A C xt.

THEOREM 4.17: A € N[C*].

Proof. Let I = I(CI(C*),Cg~). Then

-

I,M[[W],ﬂ'[ € N.

Let G be the generic induced for M;[W] from G. It follows that M[W]/G7 is
defined in N. Toward a contradiction, assume that A ¢ N[C*]. By Lemma 4.12,
N[C*] = N[CI(C*)], hence A ¢ N[CI(C*)]. Let A be a name for A in M[U]/G;.
Work in N[Gj]. By corollary 4.14, N[G;] = N[CI(C*)]. We define a tree
T € N[Gy] of height k*. For every a < x* define the ath level of the tree by

Leva(T) ={B C a | [|ANa = B[| # 0},

where the truth value is taken in RO(M[W]/G)—the complete Boolean algebra
of regular open sets for M[W] /Gr. The order of the tree T' is simply end-
extension. Different B’s in Lev (7)) yield incompatible conditions of M[W]/G;
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and we have xkT-c.c. by Lemma 4.15, thus
Va < k1 |Leva(T)| < k.
Work in N[G*]; denote A, = AN a. Recall that
Va < kT A, € N[CI(C*)] = N[Gy],

thus A, € Lev,(T) which makes A a branch through 7. At this point, the
referee pointed out an argument by Unger [7] showing that a forcing P such
that Px P satisfies x-c.c. has the kT-approximation property and, in particular,
cannot add new branches to k™ trees in the ground model (see Definition 2.2,
the discussion succeeding it, and Lemma 2.4 in [7]). By Corollary 4.16, the
product of M[W]/G; in k*-c.c. in N[G;] and therefore M[W]/G does not add
new branches to T which implies that A € N[G/].

For self-inclusion reasons and for the convenience of the reader, let us give
another argument. For every B € Lev,(T) define

b(B) = [[ANa = Bl

Assume that B’ € Levg(T) and a < 3; then B = B'Na € Lev,(T). More-
over, b(B’") <p b(B) (we switch to Boolean algebra notation: p <p ¢ means p
extends ¢). Note that for such B, B’, if b(B’) <p b(B) then there is

0<p<p ((B)\bB')) <p b(B).
Therefore
pNb(B') <p (b(B)\b(B))NbB')=0

meaning pLb(B’). As before, in N[G*] we denote A, = ANa € Levy(T).
Consider the <p-non-increasing sequence (b(A,) | @ < x*). If there exists
some 7v* < kT on which the sequence stabilizes, define

A = J{B C & |3a b(A,) IF ANa = B} € N[CI(C™)].
We claim that A’ = A. Notice that if B, B’, a, o’ are such,
b(Ay)F ANa=B, b(A.)IFANd =B

Without loss of generality a@ < o’; then we must have B’Na = B, otherwise the
non zero condition b(A,«) would force contradictory information. Consequently,
for every € < kT there exists £ < v < xT such that

b(Ay-) IF ANy = AN,
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hence A’ N~y = AN~. This is a contradiction to A ¢ N[CI(C*)]. We conclude
that the sequence (b(A,) | @ < k™) does not stabilize. By regularity of s,
there exists a subsequence

(b(Ai,) [ a < kT)

o

which is strictly decreasing. Use the observation we made to find p, <p b(4;,)
such that po Lb(A;,,,). Since b(A
thus poLpg. This shows that (p, | @ < £T) € N[G*] is an antichain of size kT

) are decreasing, for any 8 > a poLb(A;,)

iOt

which contradicts Lemma 4.15.

SETS OF ORDINALS ABOVE xT: By induction on sup(4) = XA > x*. It suffices
to assume that \ is a cardinal.

Case 1: cfVICl()\) > k, the arguments for £+ works.

Case 2: cfVIGl(\) < k and since & is singular in V[G] then cfVICI()\) < .
Since M[U] satisfies x1-c.c. we must have that v := ¢f¥ (\) < . Fix

(ili<v)yeV
cofinal in A\. Work in V[A4], for every ¢ < v find d; C  such that
Vidi] = VAN ).

By induction, there exists C* C C¢ such that V[{d; | i < v)] = V[C*], therefore:

(1) Vi<v An~; e VICH].
(2) C* e V]A].

Work in V[C*]. For i < v fix
(Xis |6 <27) = P(v).

Then we can code AN~; by some §; such that X; 5, = AN~;. By Corollary 4.9,
we can find C” C Cg such that

VIC" = V(s | i < v)].

Finally we can find C’ C Cg such that V[C'] = V[C*,C"]; it follows that
V[A] = V[Cl] Theorem 1.3
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5. Classification of intermediate models

Let G C M[U] be a V-generic filter. Assume that for every a < &,

oY (a) < a.

Let M be a transitive ZFC model such that V C M C V[G]. We would like to
prove it is a generic extension of a “Magidor-like” forcing which will be defined
shortly.

—

By Example 1.4, the class of forcings M;[U] does not capture all the inter-

—

mediate models of a generic extension by M[U]. The reason is that if
oY () > min{a | 0¥ (@) = 1},

there are subsets C C C¢ such that I(C, Cg) does not necessarily exist in the

—

ground model, which was crucial in the definition of M;[U]. Here we generalize

—

this class to a class of forcings denoted by M;[U]. We will prove that every
intermediate model is a generic extension for a finite iteration of forcings of the

— — —

form M [U]. The major difference between M [U] and M [U] is the existence of
a concrete projection of M[U] onto M;[U] which keeps only the ordinals which
will sit at index i € I in the generic club. As for the generic set produced

—

by M¢[U], we cannot determine in advance how this set sits inside C¢. For ex-
ample if M [ﬁ | turns out to be the standard Prikry forcing, then the projection
tells us what indices the Prikry sequence fill in C¢, and the forcing made sure to
leave “room” for the missing elements of C'¢. On the other hand, if My [U] pro-
duces a Prikry sequence, there will be many ways to place this Prikry sequence
inside Cg. One might claim that this is only a technicality, but if we aim to
describe a forcing which produces a generic extension for an intermediate model
of the form V[C], where C' C C¢, then Example 5.1 below describes a situation
that I(C, C¢) ¢ V[C], and in particular there is no model V'C N C V[C] such

that V[C] is a generic extension of N by M;[U]. Instead of using I(C, Cg), the
forcing Mi;[U] uses the sequence (o () | a € C) which is definable in V[C].

Example 5.1: Consider x such that Oﬁ(li) = 6o := min{« | oﬁ(a) =1}. Let
p= <<505A>7 <’ivB>> € M[UL

then pI- Cg(w) = do. Let G C MI[U] be such that p € @, and consider the first

Prikry sequence for Cg(w) = dp, namely {Cg(n) | n < w}, and let

C={Cq(Cq(n)+1)|n<w}.
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Since for each n < w, Cg(Cg(n) + 1) is successor in Cg,
o’ (C(Ca(n) + 1)) =0
and therefore C is a Prikry sequence for U(k,0). Note that
I(C,Cq) ={Ce(n)+1|n<w}

and I(C,C¢) ¢ VIC]. Otherwise {Cg(n) | n < w} € V[C], which is a contra-
diction since Prikry extensions do not add bounded subsets to «.

ProposiTioN 5.2: Let C, D C Cg. There exists E such that
CUDCECCsgnNnsup(CUD) and VI[C,D]=VI]E].

Proof. By induction on sup(C'UD). If sup(CUD) < Cg(w) then |C|, |D| < No.
We can take E = C'U D, clearly

I(C,CuD),I(D,CUD)Cuw,

thus these sets belong to V. In the general case, consider I(C,C U D) and
I(D,C U D). Since
oY (sup(C' U D)) < sup(C U D)
it follows that
otp(C' U D) < otp(Ce Nsup(C U D)) < sup(C U D).

Denote A = otp(Cg Nsup(C U D)). By Theorem 1.3, there is FF C Cg N A such
that

V[I(C,CUD),I(D,CUD)|=V[F].
Apply the induction hypothesis to F, (C U D) N A and find E, C X such that
V[E.] = VI[F,(CUD)N A

Let E=E,U(DUC)\ A; then E € V[C, D] as both E,, DUC are in V|[C, D].
In V[E] we can find

E.=EnXA and (DUC)\A=E\A\
Thus F, (C'UD) N\ e V[E] and therefore also
buc, I(C,cuUD), I(D,CuUD)eVI[E]

It follows that C, D € V[E].
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COROLLARY 5.3: For every C' C Cg there is C* C Cg Nsup(C’) such that C*
is closed and V[C'] = V[C*].

Proof. Again we proceed by induction on sup(C’). If sup(C’) = Cg(w)
then C* = (' is already closed. For general C’, consider C' C CI(C"); then
I(C',Cl(C")) is bounded by some v < sup(C”). So there is D C Cg Nv such
that V[D] = V[I(C’,CI(C"))]. By Proposition 5.2, we can find E such that

DucCli(ChYnNnvCECCgnNv

and
VIE] = V[D,Cl(C"))].

By the induction hypothesis there is a closed F, such that E C E* C Cg Nv
and V[E]| = V[E,]. Finally, let

C* = E, U {sup(E,)} uCI(C") \ v.

Then C* € V[C'], and also CI(C") and I(C',CI(C")) can be constructed in
V[C*] so C" € V[C*]. Obviously, C* is closed, hence C* is as desired.

Definition 5.4: Let A < k be ordinal. A function f : A — k is suitable if, for
all § € Lim(A),

limsup f(a) +1 < f(9).
a<d

—

We would like to define M;[U] for a suitable f to be the forcing which con-
structs a continuous sequence such that the order of the elements of the sequence
is prescribed by f. However, we must require some connection to U. In Exam-
ple 5.5 below, we provide a suitable function which cannot describe the orders
of any generic subsequence.

Example 5.5: Assume that oﬁ(n) = wj and Vo < n.oﬁ(a) <wi. Let frw+1—k
be defined by f(0) = f(w) = w; and f(n+ 1) = 0. There is no C C Cg U {x}
with otp(C) = w + 1 such that oﬁ(C’(i)) = f(i). There are two reasons for
that: The first, is that there is no @ < k that can be C(0), since by assumption
oﬁ(a) < wy = f(0). The second reason is that cfVI%l(k) = w;, hence there is
no unbounded w-sequence of ordinals of order 0 below k.

Let us restrict our attention to a more specific family of suitable functions.
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Definition 5.6: Let G C MI[U] be V-generic and ¢ C Cg be closed,
A+ 1 = otp(C U {sup(C)}), and (C(i) | i < A) be the increasing continuous
enumeration of C'. The suitable function derived from C, denoted by f¢, is
the function fo: A+1 — &, defined by fc (i) = oﬁ(C’(i)). A suitable function is
called a derived suitable function if it is derived from some closed C' C Cg.

PRrROPOSITION 5.7: If C C Cg is a closed subset, then fo is suitable.

Proof. Let § € Lim(A + 1). Then C(§) € Lim(Cq U {x}) and therefore there is
& < C(8) such that for every z € Cq N (&, C(5)), oY (z) < oV (C(d)). Let p < §
be such that for every p < i < ¢, £ < C(i) < C(6). Then

s o7 (C (i) +1 < o7 (C(8))

and also

min{( sup o’ (C(i)) +1) | o < 5} < o7 (C(6)).

a<i<d

Definition 5.8: Let f : A+ 1 — &k be a derived suitable function. Define the
forcing M;[[/]. The conditions are functions F such that:

(1) F is afinite partial function, with Dom(F)CA+1. such that A€ Dom(F).
(2) For every i € Dom(F) N Lim(A + 1):
(a) F(i) = (si", A7),
(b) o7 (5t")) = £(i).
(c) A e nt (™).
(d) Let 5 = max(Dom(F) Ni) or j = —1 if 4 = min(Dom(F')). Then
for every j < k <1, f(k) < f(i).
(3) For every i € Dom(F) \ Lim(X)
(a) F(i) = r".
(b) o7 (5{7) = £(0).
(c) i —1 € Dom(F).
(4) The map i — nz(-F) is increasing.
Definition 5.9: The order of M f[ﬁ] is defined as follows; F' < G iff:
(1) Dom(F') C Dom(G).
(2) For every i € Dom(G), let j = min(Dom(F) \ ).
(a) If i € Dom(F), then HEF) = H(G) and A(G) C A (F),
(b) If ¢ ¢ Dom(F), then IiEG € A(F , and A ) ¢ A(F
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PROPOSITION 5.10: Let f be a suitable derived function. Then M[U] is a
forcing notion.

Proof. It is not hard to check that < is a partial order on My [0]. To
see M ¢ [ﬁ] # 0, let C be such that f = fo. We define a finite sequence ag = \,if
oy is successor, a1 = ap— 1. Otherwise, if there is no 8 such that f(8) > f(ao);
then we halt the definition. If there is such S, let

o = max{f < ag | f(B) > f(ao)}.

By the suitability requirement, this maximum is defined and a; < «ap. In a
similar fashion if oy is successor, let s = a7 — 1, if there is no 8 such that
f(B) > f(a1), then we halt the definition, otherwise,

az = max{f < a1 | f(B) > f(a1)}

and as < a1 < ap. After finitely many steps we reach ay such that for every
B < ag, f(B) < f(ax). The function F defined by Dom(F) = {a,...,a1} and

Fla;) = (Cai), Clag) \ Claip1) + 1)
satisfies Definition 5.8.

Example 5.11: Assume that f :w+ 1 — k, defined by f(n) =0 and f(w) = 1.
Then Mf[(j] first picks some measurable % of order 1, then adds a Prikry
sequence to the measure U (k% 0).

If we only change f at w, f(w) = 2, then we still force a Prikry sequence for
the measure U (k% 0), but the first part chooses a measurable of order 2.

Example 5.12: Let f : w? +w + 1 — & defined by

fw-nd+m)=n, fw)=w fW+m+l)=1 Fuw?+w) =2

Clearly, f is suitable. Now M [[j | first picks a measurable mffglw

F .
(2) of order w, since
w

F(w?) > f(w? + w). Then in the interval (x5, k%) ) the forcing generates

w? P Vw4w

of order 1.

By condition (2)(d) of Definition 5.8, we must also pick &

a Prikry sequence for U (fig;zrw, 1) and below Iig;) the forcing generates a di-
agonal Prikry sequence {HEJ};) | n < w} for the measures <U(n£f)1, n) | n < w).
(F)

For each n < w, the forcing generates a Prikry sequence {x, .| | m < w}

for U(“Ef()nﬂ)’ n) in the interval [ﬁ&F,)“ ﬁif()nﬂ)). So in all M;[U] generates a

sequence of order type w? + w + 1.
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Let f : w ) 11 k, defined by f(a) = or(a) (see Definition 2.19).
By Proposition 2.20, for every V-generic filter G C M[U] with pg : ((k, %)) € G,
f = fce. Hence above po, M[U] is isomorphic to M;[0/]. Note that forcing
with M[U] above po is in the framework of this section since Yo € Cg U {x}.
oﬁ(a) < a.

Similar to M[U], we decompose sets AEF) = trj&oﬁ(ﬁm)/lg?. Also, if j
is as in condition (2)(d) of Definition 5.8 and j < i1 < < < i, then for
every & € Hle Agf(z.)r), G := F~d is such that Dom(G) = Dom(F)U{iy, ..., ik}
and G(x) = F(z) unless x = 4,, in which case G(z) = a(r).

PROPOSITION 5.13: Let f: A+ 1 — k € V be a derived suitable function and
H C My[U] be a V-generic filter. Let

cyy = {x\") | i € Dom(F),F € H}.

Then,

(1) otp(Cy) =A+1 and C}; is continuous.

2) For every i < A, o (C* (@) = f(@).

) VIC;] = VIH] ]

4) For every § € Lim(A + 1), and every A € NU(J), there is & < § such
that C* N (£,0) C A.

(5) For every successor p < A\, H | p:={F | p| F € H} is V-generic for
Mfrp[ﬁ]-

Proof. To see (1), let us argue by induction on ¢ < A that the set
E; = {F € M;[U] | i € Dom(F)}
is dense. Let F' € Mf[ﬁ]; if i € Dom(F') we are done. Otherwise, let
Jar = min(Dom(F) \ i) > i > max(Dom(F) Ni) =: jp,.

By condition (3)(c) of Definition 5.8 and minimality of jas, jar € Lim(\ + 1).
Split into two cases. First, if ¢ is successor, then we can find F < G such
that i —1 € Dom(G) by induction hypothesis. By conditions (2)(d) and (2)(b),
f(i) <o ( (F )) By condition (2)(c), we can find a € Agf;) such that o > &5,
ﬁ(a) f()andAF)ﬁaeﬁU( ). Then

0 M

G =GU{(i, (o, AT na))t

M
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is as wanted. If 7 is limit, since f is suitable, there is i/ < ¢ such that for
every i’ < k < 4, f(k) < f(i). Again by induction, find F < G such that
i’ € Dom(G). Then the desired G’ is constructed as in the successor step.

Denote by Fp, the function with domain A + 1, and let Fy(i) = v be the
(F)

unique v such that for some F' € H, i € Dom(F') and x; ' = . Then it is clear

that Fy is order preserving and 1 — 1 from A to C'};. By the same argument as
for M[U], we conclude also that Fp is continuous.

For (2), note that C3 (i) = Fy(i), thus there is a condition F € H such
that F(i) = C3; (7). Hence oV (Cx (%)) = f(4) by the definition of the condition
in Mf[(j]

For (3), as usual we note that H can be defined in terms of C}; as the

—

filter Hc, of all the conditions F' € M[U] such that for every i < \:

(1) If i € Dom(F), then x{™) = C3,(i).
(2) 1f i ¢ Dom(F), then C; (1) € Usepom(r A -

(4) is the standard density argument given for M[U].
As for (5), note that the restriction function ¢ : Mf[(j] — My “,[Ij] is a projec-
tion of forcings from the dense subset {F € M;[U] | p € Dom(F)} onto M,[U],

which suffices to conclude (5).
The following theorem is a Mathias criteria for M ¢[U].

THEOREM 5.14: Let f: A+ 1 — k € V be a derived suitable function, and let
C C k be such that:

(1) otp(C) = A+ 1 and C is continuous.

(2) For every i < A, OU(C(i)) = f(i).

(3) For every 6 € Lim(A + 1), and A € NU(C(¥)), there is ¢ < & such
that C'N (€,6) C A.

Then there is a V-generic filter H C M;[U] such that Cj; = C.

—

Proof. Define He to consist of all the conditions F' € M¢[U] such that for
every ¢ € Dom(F):

(1) F(i) = C().

2) C\{x" | € Dom(F)} € Usepom(r) 45"
We prove by induction on A that He is V-generic. Assume for every p < A and
any suitable function g : p+ 1 — &, every C’ satisfying (1) — (3), the definition

—

of Hev is generic for My[U]. Let f,C be as in the theorem. For every § < A, by
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definition, Hc [ 6 +1 = Hcs4+1. Hence by the induction hypothesis Ho [ § +1
is generic for My 541 [U ] Also, it is a straightforward verification that H¢ is a
filter. Let D be a dense open subset of Mf[U].

CLAIM 1: For every F € M[U], there is F < G such that:
(1) € :=max(Dom(F)N )) = max(Dom(Gr) N A).
(2) There are § < i1 < --- < i < A+ 1 such that every & € H
GraeD.

AP
)‘f(zj)’

Proof. For every i; < --- < i < A+ 1 and every F' < G such that
max(Dom(F) N A) = max(Dom(G)NA) and G(\) = F(A),

consider the set
k

G ~o
B{ e [1A), |3RGa < RED}.
Jj=1
Then

k
Be[Ju!, f \/HA(F) \BeHU (7, £iy)).
s e
Denote the set which is in H UK (F), f(i;)) by B’. By normality, there are
By, € Uk, f(i)) such that TT5_, By, C B’ Let AL, ., € mﬁ( (")) be the

set obtained by shrinking only the sets A)\ FGis) to Bj;. Slnce 0 ( (F)) < H&F)

the possibilities for G (note that G(\) must be F(\)) and 41,...,4; are at

most A. So by fi(AF)-completness

A* = ﬂ AG ik € ﬂﬁ(ng\F)).
G,i1,

Let FF <* F* be the condition obtained by shrinking A&F) to A*. By density,
there is G > F such that G € D. So there is @ € [A*]<% such that

(G | max(Dom(F) N A)) U{(\ (s, A" ~a <* G.
Let i; € Dom(G) be such that nz( ) = a(j); then oﬁ(ozj) = f(i;) and
ae H§:1 A;F;()ij). Hence for every f§ € H§:1 A;F;()ij), there is G 7 such that
(G I max(Dom(F) N X)) U{(\, (s, A")}F <* G € D.

Note that § € [A*]<“, hence we are in the same situation as in Proposition 4.1,
so we can find a single F' < Gy as wanted.
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For every possible lower part Fy) below C()) i.e., Fo=F | X for some F € M ;[U]
with £ = C()), use the claim to find Fo U {(\, (C(A), C(A)))} < Grp. Let

A* = AR, Ag,
= {a < C(\) | VFy.Fy(max(Dom(Fp))) < o — a € A, } € NU(C(N)).

There is £ < C'(A) such that C' N (&, C(\)) C A*. Pick any £’ € C N [§,C(N))
and let § < A be such that C(4) = «’. By the claim, the set

k
E = {F € Myp51a[U] 36 <in < -+ <ip. VA € [[ A3,y Gra € D}
j=1
is dense. Since H¢ | 0 + 1 is generic, there is G* € (Ho | €+ 1)NE. By

condition (2) of the assumption of the theorem, f(i;) = oY(C(i;)) and since
¢ <in < <ix, {C(0r),Clin), .., C(ix)) € [[j_y Al - Thus

(G* U {(\, (k, AN (C(ir), Clia), ..., Clir)) € He N D,

which concludes the proof that He is generic. Obviously condition (1) of the
definition of H¢ ensures that Cp; = C.

—

THEOREM 5.15: Let G C M[U] be V-generic and let C C Cg be any closed
subset. Let fo be the suitable function derived from C. If fo € V', then there
is a V-generic H C My, [U] such that C}; = C.

Proof. Let us certify that C satisfies the assumptions of Theorem 5.14 with
respect to fo. (1), (2) are immediate from the definition of fc and by closure
of C. To see condition (3), let § € Lim(A + 1) and A € NU(C(F)). Since
C(9) € Lim(C), and C C Cg, C(9) € Lim(Cg). By Proposition 2.16(3), there
is € < 0 such that Cg N (£,0) C A and also C'N (§,6) C A.

Example 5.16: Consider the Prikry forcing with U(k,0), take C = Cg [even-
Then

otp(CU{K}) =w+1 fo(n) =07 (Ca(2n)) =0, fo(w) = 0" (x) >0.

The forcing My, [[7] is simply the Prikry forcing with U(k,0). Distinguishing

from the forcing M;[U], where we must leave “room” for the missing elements

—

of the full generic Cg, it is possible that My, [U] did not leave ordinals between
successive points of the Prikry sequence.
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THEOREM 5.17: Assume that Va < ﬁ.oﬁ(a) < a. Let G C M[U] be a V-
generic filter and let V. C M C V|G| be an intermediate ZFC model. Then
there is a closed subset Cf. C Cgq such that M = V[C{ | and V[C{ ] is a
generic extension of a finite iteration of the form

My, [0] * My, [0] = - - - = My, [U].
Proof. By [4, Thm. 15.43], there is A € V[G] such that V[A] = M. By Theo-
rem 1.3, there is C' C Cg such that M = V[A] = V[C']. Apply Corollary 5.3 to
find a closed C* C Cg U {k} such that V[C'] = V[C*]. Let A¢ = &, recursively
define A;y1 = otp(Cq N A;). By the assumption Vo < n.oﬁ(oz) < « and Propo-
sition 2.18, otp(Cq N A;) < A;. Hence after finitely many steps, A, < Cg(w),
denote k; = Ap—;. Let C := C* and consider the derived suitable function

In = folﬂ(nnfl,kan] otp(Cp N (Fn—1,Kn]) = K

Since for each € C* N (Kp—1, kn),

oﬁ(x) <otp(Ce Nky) and otp(C* N (Kp—1,kn)) < Kn—1,
by Proposition 2.16(6), f, € V[C:] N V[Cg N kp—1]. By Proposition 1.3 there
is D C CgNkp—1 such that V[f,] = V[D]; apply Proposition 5.2 to D, C}:Nkp—1
to find E C ky,_1 such that VD, C} Nky,—1] = V[E]. Next, apply Corollary 5.3
to E in order to find a closed subset C¥_; C Cg N kp—1 U {k} such that
V|Ck_4] = V]E]. Now consider the derived suitable function

n—1
fno1:= fC:,lﬂ(nnfz,nnfl] 2otp(Cr_1 N (Kp—2, kn — 1]) = K.

By the same arguments as before, f,—1 € V[C!_;] N V[Cs N kp—2] and there
is a closed subset C?'_, C Cg N kp—o U {knp—2} such that C;_, € V[C;_,] and
VIC:_ 5] = VI[Cy_1 Nkp—2, fn—1]. In a similar fashion we define Cg,C},...,Cx
such that:

(1) For every 0 <i <n, C} C CgNk; U{k;} is closed.

(2) VIGslc ViG] e ViG] c--- CVICi] = M.

(3) Forevery 0<i<n, V[C/|=V[C;, Nki, fit1], where fl-H:fC:Hﬂ(mmH].

(4) foeV.
Item (4) follows from Cg§ C {Ca(n) | n < w},

Cin=CiW(CT\ ko) W(C5\ k1) W---W(Ch\ kp—1)-
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CLamv 2: (1) Cg, is closed.
(2) For every 0 <i <n, V[C{ Nk;] = V[C}] and, in particular,
VICi,] =VI[C*] = M.

(3) Forevery 0 <i<mn, fi = fc:

fin

N(Ki-1,ki] € V[Ogn N Ki*l]-

Proof. Cf, is closed as the union of finitely many closed sets. We prove (2) by
induction, for ¢ = 0, Cf, Nko = C§. Assume that V[CE, N k;] = V[C}]. Then

VICin N Kiga] = VICs, N ki, Cip O (Kis k1)) = VICT, Gy \ Kl
To see that V[C}, C;, 1 \ki]=V[C}, ], we use the third property of the sequence
C%, namely that V[C}] = V[C} | N ki, fir1] to see that CF; € V[CF, CF \ ki

and therefore Cf, | € V[C},Cf,, \ ki]. As for the other direction, by the sec-
ond property, Cf € V[C{,,] and also C},, \ x; € V[C}, ], so we conclude
that V[Cg, N ki) = VIO,

As for (3), note that Cf, N (ki—1, ki] = CF N (Ki—1, ki, and by property (3)

of the sequence C7, f; € V[C}_,]. By (2) of the claim it follows that

fC ﬁ(fii71,f€i] = ijﬂ(m,l,m] = f’L S V[ :—1] = V[an N K”L‘*l]'

fin

Therefore for every i < n, My, [U] is defined in V[CE, N k;_1]; denote this
model by N;. Recall Remark 2.8: the club Cg N (ki—1, ki) is V[Cq N Ki—1]-
generic for the forcing M[U] | (ri_1, ;)¢ and therefore it is N;-generic as

N; C V[CG n mi_l].

Hence we can apply Theorem 5.15 to C% N (ki—1, ki] € Ce N (k; + 1) and find
a Nj-generic filter H C My, [U/] such that

Ni[H] = Ni[C§, N (Ki1, ki) = V[CE, N Ria][CF, N (Ki1, 5] = VICE, 0 k).

In particular, V[Cg, N ko) is a generic extension of V' by My, [0].

Let fi be a (My, [U] * My, [U] % - x Mfifl[ﬁ])—name for f;. Then there is
a V-generic filter H* for the iteration My, [U] « My, [U] % -+ « My, [U] such
that V[H*] = V[C, ] = M (see, for example, [4, Thm. 16.2]). N

6 Alternatively, it is V[Cq N k;—1]-generic for M[W] I (ki—1, ki), where W is the coherent
sequence generated by U in VI[Ce Nki—1].
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