
MATH 300
Homework 8

(due April 5) March 29, 2024

Problem 1. Prove that if 𝑓 : 𝐴 → 𝐵, 𝑔 : 𝐵 → 𝐶 are surjections then 𝑔 ◦ 𝑓 is

a surjection.

Solution. Suppose that 𝑓 , 𝑔 are surjective WTP 𝑔 ◦ 𝑓 is subjective. Let

𝑐 ∈ 𝐶, since 𝑔 is subjective there is 𝑏 ∈ 𝐵 such that 𝑔(𝑏) = 𝑐 and since 𝑓 is

subjective there is 𝑎 ∈ 𝐴 such that 𝑓 (𝑎) = 𝑏. Hence 𝑐 = 𝑔(𝑏) = 𝑔( 𝑓 (𝑎)) =
𝑔 ◦ 𝑓 (𝑎).
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Problem 2. Prove or disprove the following items:

1. If 𝑓 : 𝐴 → 𝐵 is injective, then for every 𝑋 ⊆ 𝐴, 𝑓 ↾ 𝑋 is injective.

2. If 𝑓 : 𝐴 → 𝐵 is surjective, then for every 𝑋 ⊆ 𝐴, 𝑓 ↾ 𝑋 is surjective.

Solution.

1. The statement is true. Proof: Let 𝑓 : 𝐴 → 𝐵 be an injective function,

and 𝑋 ⊆ 𝐴. We want to prove that 𝑓 ↾ 𝑋 is injective. So, let

𝑥1, 𝑥2 ∈ 𝑋 such that ( 𝑓 ↾ 𝑋)(𝑥1) = ( 𝑓 ↾ 𝑋)(𝑥2) WTP 𝑥1 = 𝑥2. As

∀𝑥 ∈ 𝑋, ( 𝑓 ↾ 𝑋)(𝑥) = 𝑓 (𝑥), it follows that 𝑓 (𝑥1) = 𝑓 (𝑥2). By our

assumption, 𝑓 is injective, so 𝑓 (𝑥1) = 𝑓 (𝑥2), implies that 𝑥1 = 𝑥2.

Therefore, ( 𝑓 ↾ 𝑋) is injective.

2. The statement is false. Proof: Let 𝐴 = {1, 2} 𝐵 = {1, 2} 𝑓 = 𝑖𝑑{1,2}

now let 𝑋 = {1}, then 𝑓 ↾ {1} is not onto 𝐵 since 2 is not the image of

1.
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Problem 3. Prove that if 𝑓 : 𝐴 → 𝐵 is a function such that for some 𝑋 ⊊ 𝐴,

𝑓 ↾ 𝑋 : 𝑋 → 𝐵 is onto 𝐵, then 𝑓 is not injective.

Solution. Let 𝑓 : 𝐴 → 𝐵 be a function and 𝑋 ⊊ 𝐴 such that 𝑓 ↾ 𝑋 :

𝑋 → 𝐵 is surjective. We want to prove that 𝑓 is not injective. Towards

a contradiction, suppose 𝑓 is injective. Because 𝑋 is a proper subset of

𝐴, there exists some element 𝑎0 ∈ 𝐴 such that 𝑎0 ∉ 𝑋. Let 𝑏0 = 𝑓 (𝑎0).
As 𝑓 ↾ 𝑋 is surjective, then for all 𝑏 ∈ 𝐵, there exists some 𝑥 ∈ 𝑋 such

that 𝑥 = ( 𝑓 ↾ 𝑋)(𝑏). So let 𝑥0 ∈ 𝑋 such that 𝑏0 = ( 𝑓 ↾ 𝑋)(𝑥0). Then

𝑏0 = 𝑓 (𝑥0) = 𝑓 (𝑎0). Because 𝑓 is injective, 𝑥0 = 𝑎0, and thus 𝑎0 ∈ 𝑋, which

is a contradiction. Therefore, 𝑓 is not injective.
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Problem 4. For each of the following functions, determine if it is injective/

surjective and prove your answer.

1. 𝑓1 : R→ R, defined by 𝑓1(𝑥) = 5𝑥 − 𝑥2.

2. 𝑓2 : R→ 𝑃(R), defined by 𝑓2(𝑥) = {𝑥2}.

3. 𝑓3 : 𝑃(R) → 𝑃(N), defined by 𝑓3(𝑥) = 𝑥 ∩N.

4. 𝑓4 : 𝑃(N) → N, defined by 𝑓4(𝑥) =


min(𝑥) 4 ∈ 𝑥

0 𝑒𝑙𝑠𝑒

.

5. 𝑓5 : 𝑃(R) → 𝑃(N) × 𝑃(Z) × 𝑃(Q), defined by

𝑓5(𝑋) = ⟨𝑋 ∩N, 𝑋 ∩ Z, 𝑋 ∩Q⟩

6. 𝑓6 : N × Z→ 𝑃(N), defined by 𝑓6(⟨𝑛, 𝑚⟩) = {𝑥 ∈ N | 𝑛 < 𝑥 < 𝑚}.

Solution

1. 𝑓1 is not injective nor surjective. Proof:

(a) 𝑓1(0) = 0 = 𝑓1(5). Clearly 0 ≠ 5, so 𝑓1 is not injective.

(b) There exists 𝑦 ∈ R such that ∀𝑥 ∈ R, 𝑓 (𝑥) ≠ 𝑦. In particular,

let 𝑦 = 8. The equation 8 = 5𝑥 − 𝑥2 has no real solution. So,

∀𝑥 ∈ R, 𝑓 (𝑥) ≠ 8. Therefore, 𝑓1 is not surjective.

2. 𝑓2 is not injective or surjective. Proof:

(a) 𝑓2(1) = {1} = 𝑓2(−1). Clearly 1 ≠ −1, so 𝑓2 is not injective.

(b) Consider the set {1, 2} ⊆ 𝑃(R. Note that for all 𝑥, | 𝑓2(𝑥)| = 1, but

|{1, 2}| = 2. So∀𝑥 ∈ R, 𝑓 𝑥2 ≠ {1, 2}, and thus 𝑓2 is not surjective.
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3. 𝑓3 is surjective but not injective. Proof:

(a) 𝑓3({1.5}) = ∅ = 𝑓3({1.1}), but {1.5} ≠ {1.1}. Therefore, 𝑓3 is not

injective.

(b) Let 𝑌 ∈ 𝑃(N), and 𝑋 = 𝑌. Then 𝑋 ⊆ 𝑃(R), and 𝑓3(𝑋) = 𝑋 ∩N =

𝑋. Therefore, 𝑓3 is surjective.

4. 𝑓4 is not injective or surjective. Proof:

(a) 𝑓4({1}) = 0 = 𝑓4({2}), but {1} ≠ {2}. Therefore, 𝑓4 is not injective.

(b) Let 𝑦 be a natural number greater than 4, and let 𝑋 ⊆ N. Cases:

i. 4 ∈ 𝑋. Then min(𝑋) ≤ 4, and so 𝑓4(𝑋) < 𝑦.

ii. 4 ∉ 𝑋. Then 𝑓4(𝑋) = 0 ≠ 𝑦.

Therefore, 𝑓4 is not surjective.

5. 𝑓5 is not injective or surjective. Proof:

(a) 𝑓5({𝜋}) =< ∅, ∅, ∅ >= 𝑓5({
√

2}), but {𝜋} ≠ {
√

2}. Therefore, 𝑓5 is

not injective.

(b) Let 𝑌 =< {1}, {−1}, { 1
2} >. Towards a contradiction, suppose 𝑓5

is surjective. Then there exists some 𝑋 ∈ 𝑃(R) such that 𝑓5(𝑋) =
𝑌. By the definition of 𝑓 , for some 𝑁 ⊆ N, 𝑋 ∩ N = {1}. Thus,

1 ∈ 𝑋. However, for some 𝑍 ⊆ Z, 𝑋 ∩ Z = {−1}. Thus, 1 ∉ Z,

which is a contradiction. Therefore, for all 𝑋 ∈ 𝑃(R), 𝑓5(𝑋) ≠ 𝑌,

so 𝑓5 is not surjective.

6. 𝑓6 is not injective or surjective. Proof:
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(a) 𝑓6(< 1,−1 >) = ∅ = 𝑓6(< 1,−2 >), but < 1,−1 >≠< 1,−2 >.

Therefore, 𝑓6 is not injective.

(b) Let 𝑌 = {0} and 𝑋 ∈ N × Z. Towards a contradiction, suppose

𝑓6(𝑋) = {0}. Then by the separation principle, 𝑛 < 0 < 𝑚,

where 𝑛 ∈ N, 𝑚 ∈ Z. Then 𝑛 is a natural number < 0, which is a

contradiction. Thus, ∀𝑋 ∈ N × Z, 𝑓6(𝑋) ≠ 𝑌. Therefore, 𝑓6 is not

surjective.
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Problem 5. In the following items, no proof required (just a formal defini-

tion of the functions):

1. Find an injective function 𝑓 : N→ 𝑃(N).

Solution. 𝑓 (𝑛) = {𝑛}

2. Find a surjective function 𝑓 : Z2 → Q.

Solution. 𝑓 (⟨𝑧1, 𝑧2⟩) =


0 𝑧2 = 0
𝑧1
𝑧2

𝑜.𝑤

.

3. (*Optional) Find an injective function 𝑓 : R → 𝑃(Q) [Hint: Use the

density of the rationals inside the reals].

Solution. 𝑓 (𝑟) = {𝑞 ∈ Q | 𝑞 < 𝑟}.

4. Find a surjective function 𝑓 : N→ Z.

Solution. 𝑓 (𝑛) = (−1)𝑛 ⌊ 𝑛2 ⌋
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