Mathematical Reasoning
2nd Midterm Perparation-Solutions

March 22, 2024

Instruction

The midterm consists of 3 problems, each worth 34 points (The maximal
grade is 100). For this you will have 1 hour during class. The solutions to
the problems should be written in the designated areas.

Examples for problems

Problem 1. Prove that (A\ B)\C=(A\C)\ (B\C).

Proof. We need to prove a set equality. We will prove that by a double
inclusion:

e (A\B)\CCS(A\C)\(B\C):Leta € (A\ B) \ C, we want to prove
thata € (A\ C) \ (B \ C). By definition of difference we know that
a € A\Band a ¢ C and therefore a € Aand a ¢ B. Sincea € A
and a ¢ C, it follows that a € A\ C and since a ¢ B it follows that
a¢B\C. Thusae (A\C)\(B\C).

e (A\C)\(B\C)C(A\B)\C:Leta € (A\C)\ (B\ C) we want to
prove thata € (A \ B) \ C. By definitiona € A\ Canda ¢ B\ C. By
definition,a € Aanda ¢ C. Also, sincea ¢ B\C,thena ¢ Bora € C.
Since a ¢ C, it follows thata ¢ B. Sincea € Aanda ¢ B,a € A\ B.
Since a ¢ C, it follows thata € (A \ B) \ C.
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Problem 2. Proveby induction that forevery n € N, 1+3+...+(2n—1) = n2.
Proof. e Base: For n = 1, we want to prove that 1 = 12 which is clear.

* Induction hypothesis: Suppose that

1+3+5+...+2n—-1)=n?

for some general 7.

* Induction step: We want to prove that

1+345..+Q2u-1D)+Qn+1)-1) = +1)y>
Indeed, by the induction hypothesis

[1+3+.+2n-D]+Cn+1)=[n*]+@n+1)=mn+1)>

Problem 3. Prove that for every integer n > 0, n, n + 1 are coprime.

Proof. Let n > 0 be any integer. We want to prove that n, n +1 are coprime.
Note that
1-n+1)+(-1)-n=n+1-n=1

Thus 1 is a linear combination of n + 1 and n. By the BeZout Identity, this
implies that n,n + 1 are coprime. |

Problem 4. Prove that for all n € N, 9" — 5" is divisible by 4.
Proof. By induction on 7,

* Base: For n = 0 we have that 9° — 5% = 1 — 1 = 0 which is divisible by
4 (since 0 =4-0).

* Induction hypothesis: Suppose that for some general n, 9" — 5" is
divisible by 4.




¢ Induction step: We want to prove that 9"*! — 5"+ is divisible by 4.
Indeed,

g+l _5ntl —9.9" _5.5"=9.9" _9.5" 4 4.5" =9(9" —5") +4.5"

By the induction hypothesis 9" — 5" is divisible by 4 and therefore the
term 9(9" — 5") divisible by 4. Clearly, the 4 - 5" is divisible by 4 and
therefore 9"*! — 5"*1 is divisible by 4.
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Problem 5. Express the following sets using the list principle. No proof
required.

1. (-5,5)NZ={-4,-3,-2,-1,0,1,2,3,4}.

2. {0,1} x{n e N||P({O,...,n})| <4} ={0,1} x {0} = {(0,0),(1,0)}.
Explanation: Note that {n € N | |P({0,...,n})| <4 ={n e N | 2" <
4} = {0}
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3. {(x,y) € B2 | x2+y? = 130 {Gx,x) | x € R} = ((-&, L) (L, Dy,
Explanation: a pair in the intersection is a pair of the form (x, x) such
that x2 + x2 = 1, namely 2x2 = 1 and therefore x> = 1. It follows

that there exactly two such x’s x = %, —%. Note that this is the

intersection of the unit circle or radius 1 around the origin with the
line y = x.

Problem 6. Compute the following

1. Compute Az, where A, is defined recursively by Ag = 0 and A,41 =
A, U{A,}.
Solution: Ag =0
A1 =AU {Ao}t =0U {0} = {0}
Az = A1 U{A1} = {0}V {{0}} = {0, {0}}
Az =AU {A2} ={0,{0}} U {{0,{0}}} = {0, {0}, {0, {0}}}

2. a4 where a, is defined recursively by ap = 0 and a,41 = 2%
Solution: a9 =0
ap=2"=22=1
ap=2m=2=2
a3 =22 =22=4
a,=2%=24=16



