Homework 1
MATH 361 (due September 2) August 2, 2022

Problem 1. Prove or disprove the following items:
(@) {1,-1} € Z

(b) 7e{n eN||n*>-n-3| <5}

(c) 27 € {n>-n-3|neN}

(d) -3€{n?-3|neN,}.

(e) {1,-1} e{X CZ|2€eX}.

() {reR|FgeQr+qeQ}=Q.

(g) {-1,0,1} € {x € N | x2 = |x|}. (Here |x| is the absolute valure of the

real number x)
(h) {xeR|{x,x+1} C[0,2)} C[0,1].
i) QS {x eR|[{x,x+V2} nQl =1}
Solution. (a) Prove! 1 € Z and —1 € Z therefore {1,-1} C Z.

(b) Disprove! |72—7-3 = 39| = 39 > 5 so by the comprehension principle

7 is not in the set.

(c) Prove! By the replacement principle, we need to prove that there if

n € Nsuchthat27 =n?-n-3. Letn =6, then6*—6-3 =36—-9 = 27.

(d) Disprove. Suppose toward a contradiction that -3 € {n?-3 | n € N, },
then by the replacment principle there is n € N, such that -3 =
n? — 3. Hence n? = 0 which implies that n = 0. However n € N,

contradiction.
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(e) Disprove! 2 ¢ {1,-1} and therefore by the comprehension principle
{1, -1} is not in the set.

(f) Prove! by double inclusion:

C: Letx € {r e R| 39 € Q, r+q € Q}. There by the comprehension
principle, there is p € Q such that r + p € Q. It follows that
r = (r + p) — p is the difference of two rational numbers and

therefore r € Q.

D: Letr € Q then 0 € Qis such that r + 0 = r € Q. It follows
that there is 4 € Q such that r + ¢ € Q. By the comprehension
principle,r € {r e R|3g € Q, r + q € Q}.

(g) Disprove! —1 € {1,0,—1} but —1 ¢ N hence by the comprehension
principle -1 ¢ {x € N | x2 = |x|}. It follows that {1,0, -1} ¢ {x € N |

x* = |x[}.

(h) Prove! Letr € {x e R| {x,x+1} € [0,2)} thenr,r +1 € [0,2) and
therefore 0 < rand r +1 < 2. It follows that r < 1 and therefore

rel0,1).
(i) Per demand.
Problem 2. Prove that if A, B, C are sets then
AUBNC)=(AUB)N(AUCQC).
Solution. We prove a double inclusion:

C: Letx € AU (BN C). The by the definition of union either x € A or

x € BN C. We split into cases:



Homework 1
MATH 361 (due September 2) August 2, 2022

(@) If x € Athenx € AUB and x € AUC by the definition of union.
By definition of intersection x € (A U B) N (AC).

(b) If x € BN C, then by definition on intersection x € B and x € C.
Hence x € AU B and x € A U C by the definition of union and

again by definition of intersection x € (AU B) N (AN C).
Inany case x € (AUB)N(AUC).

2: Letx € (AUB)N(AUC). Then by definition of intersection x € AUB

and x € A U C. LEt us split into cases:

(a) If x € A, then by definition of unionx € AU (BN C).

(b) If x ¢ A, sincex € AU B and x € AU C, then by definition of
union x € B and x € C. By definition of intersection x € BN C.

By definition of union x € AU (B N C).
Problem 3. Let 8 be a nonempty set of sets and let A be any set. Show that
(@ AnUB=U{ANB|Be 8B}

(b) AANNB=U{A\B|B¢c B}.

Solution. We will prove item (1) as an example: By double inclusion:

C: Letx € AN 8. By definition of intersection x € A and x € (J 8. By
definition of generalized union, there is By € 8B such that x € By. It
follows that x € AN By. Since AN By € {ANB | B € B}, and by the

definition of generalized union, x € | J{ANB | B € B}.
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2: Letx € U{ANB | B € 8}. Then by the definition of generalized
union, thereis B € B such that x € ANB. By definition of intersection
x € A and x € B. It follows the x € (8 and by definition on

intersection x € AN B.

Problem 4. Let A, B be sets. prove that foranya € Aand b € B, {(a,b) €
P(P(A U B)). Conclude formally from the axioms that there is a unique
set D which equals A X B. Namely, that for every x, x € D if and only if

x ={a,b) forsomea € Aand b € B.

Problem 5. Prove that for every sets A, B, C,
AX(BNC)=(AXB)N(AxC).

Solution. Let A, B, C be any sets. We want to prove that A X (BN C) =
(A x B) N (A x C). We will prove this by double inclusion.

1. We will first show that AX (BN C) € (AXB)N(AxC). Let(x,y) €
AX(BNC). We will show that (x, y) € (AXB)N(AXC). By definition,
x€Aand y € (BNC). Thus, y € B, and so (x,y) € A X B. Similarly,
y € C and thus (x,y) € A x C. Therefore, (x,y) € (A X B)N (A x C).

2. We will now show that (AXB)N(AXC) CAX(BNC). Let (x,y) €
(AXB)N(AXC). Then(x,y) € AxBand (x,y) € AXC. By definition,
x € Aand y € B. Similarly, x € A and y € C. It follows that x € A
and y € BN C. Then by definition, (x,y) € AX (BN C).

Therefore, AX(BNC)=(AXxB)N(AxC).
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Additional problems:

Problem 6. Prove implications (3) = (4) and (4) = (1) of Proposition 2.9.
Problem 7. Let X and Y be sets.
(i) ProvethatY \ (Y \ X) =X nNY.
(ii) Prove that X C Yifandonlyif XUY =Y.
(iif) Deduce that X C Yifandonlyif Y \ (Y \ X) = X.

Solution. (i) Let X and Y be sets. We want to prove that Y\(Y\X) =
X NY. We will prove this by double inclusion.

(1) We will first prove that Y\(Y\X) € X NY. Let x € Y\(Y\X).
We want to prove x € X NY. By the separation principle,
x € YAx ¢ (Y\X). Using the definition of Y — X and the

separation principle, we have:

-(xeYAx¢X)
=-(xeY)V(x ¢ X)

=x¢YVvxeX

As x € Y, we must have x € X. Thus, x € Y A x € X, and

thereforex e X NY.

(2) We will now show that X N Y C Y - (Y — X). Letx € X NY.
Then x € X A x € Y. We want to show thatx € Y — (Y — X). As
x € Y is given, we must show that x ¢ Y — X. By the previous

result, this is equivalent to x ¢ Y V x € X. By our assumption,

5
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x € Y, so we must have x € X. Therefore, x ¢ Y — X. Thus, by

definition, x € Y —= (Y —= X),andso X NY C Y — (Y — X).
Therefore, by double inclusion, Y\(Y\X) = X NY.

(ii) Let X,Y be sets. We want to provethat X CY &= XUY =Y. We

will prove this via double implication.

(1) We will first show that X €Y = X UY =Y. Assume that
X CY. We want to prove that X UY =Y. We will prove this by

double inclusion.

i. Clearly, Y C X UY.

ii. So, we will now show that X UY C Y. Letx € X UY. Then
x € XVxeY. Ifx €Y, weare done. If x € X, then by our

assumption, x € Y. Thus, X UY C Y.

Thus, by double inclusion, X UY =Y, andso X C Y =
XuYy =Y.

(2) We will now show that X UY =Y = X C Y. Assume that
XUY =Y, and x € X. We want to show that x € Y. Clearly,

x € X UY. By our assumption, we know X UY =Y. Then by
definition, x € Y. Thus, X UY =Y — X CY.

Therefore, by double implication, X CY &= XUY =Y.

(iii) It follows from these resultsthat X C Y < Y - (Y — X) = X. We

will show this by double implication:
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(1) We will first show that X CY — Y — (Y — X) = X. Assume
that X € Y. By (i), we know that Y — (Y — X) = X NnY. By (ii)
and our assumption, we know X UY = Y. Thus, substitution

and transitivity gives us
XY =2Y-(Y-X)=X)=(XUuY=Y = XNnY=X)

This implication was proven previously, so we have X C Y —

Y — (Y - X) = X.

(2) We will now show that Y — (Y - X) =X = X C Y. Assume
that Y — (Y — X) = X. Similarly to (1), we know from (i) that
Y — (Y - X) = X NnY. Then by substitution, X N'Y = X, which is
knowntoimply X CY. ThusY - (Y -X)=X = X CY.

Therefore, by double implication, X CY < Y - (Y - X) = X.

Problem 8. Compute the following sets. No proof required.

1. {a +b:ae{0,5),be {2,4}} \ {7,10}.

2. (1,3)U[2,4)

3. ZNJ0, )

4. Neyen ANy
Solution. 1) {2,4,9}

2) (1,4)

3) N
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4) {0} U Ny
Problem 9. Prove that for every two sets A, B the following are equivalent:
* ACB.
e P(AUB) = P(B).
* P(A) C P(B).

[Remember: You are allowed to use the propositions and statements which

appear in the class notes.]
Solution. We will show these equivalences via a chain of implications..

1. We will first show that A C B = P(A U B) = P(B). Let A, B be sets
such that A € B. We want to prove P(A U B) = P(B). We will prove

this by double inclusion.

(a) We will first show that P(AUB) C P(B). Let X € P(AU B). Then
X € AUB. So, let x € X. By definition, x € AV x € X. Then we

have the following cases:

i. Suppose x € B. Then X C B, and thus X € P(B).

ii. Suppose x € A. Then by our assumption, x € B and so we

know X € P(B).

(b) We will now show that P(B) C P(AUB). Let X € P(B)and x € X.
Then X C B and so x € B. We want to show that X € P(A U B).
We know x € B, so clearly x € AU B. Thus, X € AU B and so
X € P(AUB).
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Therefore, AC B =— P(A U B) = P(B).

2. We will now show that P(A U B) = P(B) = P(A) C P(B). Assume
P(AUB) = P(B), and let X € P(A) and x € X. Then x € A, and so
clearly x € AU B. Thus, X € AU B and X € P(A U B). Therefore, by

our assumption, we have X € P(B).

3. We will finally show that P(A) € P(B) = A C B. So, assume
P(A) € P(B) and let a € A. Then there exists some X C A such that
a € X. Then X € P(A), so by our assumption X € P(B). Therefore,
X C Band thusa € B.

Therefore, these statements are equivalent.



