
MATH 361
Homework 11
(due December 15) December 9, 2023

We define multiplication of ordinal 𝛼 · 𝛽 by transfinite induction on 𝛽:

• 𝛼 · 0 = 0.

• 𝛼 · (𝛾 + 1) = (𝛼 · 𝛾) + 𝛾.

• For limit 𝛿, 𝛼 · 𝛿 = sup𝛾<𝛿 𝛼 · 𝛾.

Note that we use the transfinite definition of ′+′.

Problem 1. Prove that 2 · 𝜔 = 𝜔 and that 𝜔 · 2 = 𝜔 + 𝜔 > 𝜔.

Problem 2. Prove by transfinite induction that:

1. 𝛼 · (𝛽 + 𝛾) = 𝛼 · 𝛽 + 𝛼 · 𝛾.

2. 𝛼 · (𝛽 · 𝛾) = (𝛼 · 𝛽) · 𝛾

Problem 3. Suppose that ⟨𝐴, <𝐴⟩, ⟨𝐵, <𝐵⟩ are well ordered sets such that

𝐴 ∩ 𝐵 = ∅. Recall that the definition of <+ on 𝐴 ⊎ 𝐵 is 𝑥 <+ 𝑦 if:

• 𝑥, 𝑦 ∈ 𝐴 and 𝑥 <𝐴 𝑦. or

• 𝑥, 𝑦 ∈ 𝐵 and 𝑥 <𝐵 𝑦. or

• 𝑥 ∈ 𝐴 and 𝑦 ∈ 𝐵.

By HW9, this is a well ordering. Prove that if 𝑜𝑡𝑝(𝐴, <𝐴) = 𝛼, 𝑜𝑡𝑝(𝐵, <𝐵

) = 𝛽, then 𝑜𝑡𝑝(𝐴 ⊎ 𝐵, <+) = 𝛼 + 𝛽. [Hint: by transfinite induction on 𝛽]

Problem 4. Suppose that ⟨𝐴, <𝐴⟩, ⟨𝐵, <𝐵⟩ are well orders. Recall that the

lexicographic order on 𝐴 × 𝐵 is defined as follows:

⟨𝑎, 𝑏⟩ <𝐿𝑒𝑥 ⟨𝑎′, 𝑏′⟩ iff 𝑎 <𝐴 𝑎′ ∨ (𝑎 = 𝑎′ ∧ 𝑏 <𝐵 𝑏′)
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By HW9, this is a well ordering. Suppose that 𝑜𝑡𝑝(𝐴, <𝐴) = 𝛼, 𝑜𝑡𝑝(𝐵, <𝐵

) = 𝛽. Prove that 𝑜𝑡𝑝(𝐴× 𝐵, <𝐿𝑒𝑥) = 𝛽 · 𝛼 [Hint: by transfinite induction on

𝛼. Use the previous problem.]
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