Homework 11
MATH 361 (due December 15) December 9, 2023

We define multiplication of ordinal « - g by transfinite induction on f:
e a-0=0.
ca-(y+l)=(a-y)+y.
* Forlimit o, -6 = sup, sa-y.

Note that we use the transfinite definition of ’+’.

Problem 1. Prove that2-w =wandthatw -2 = w + @ > w.

Problem 2. Prove by transfinite induction that:
l.a-B+y)=a-B+a-y.
2.a-B-y)=(a-p)-y

Problem 3. Suppose that (A, <4), (B, <g) are well ordered sets such that
AN B = 0. Recall that the definition of <, on AW Bis x <, y if:

e x,y€Aand x <q y. or
* x,y € Band x <p y. or
e x€cAandy € B.

By HW9, this is a well ordering. Prove that if otp(A, <a) = a, otp(B, <p
) = B, then otp(A W B, <;) = a + B. [Hint: by transfinite induction on f]

Problem 4. Suppose that (A, <a), (B, <p) are well orders. Recall that the

lexicographic order on A X B is defined as follows:

(a,b) <pex a’,b"yiffa<sa’V(a=a"Ab<gl)
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By HW?9, this is a well ordering. Suppose that otp(A, <a) = a, otp(B, <p
) = B. Prove that otp(A X B, <r¢x) = p - a [Hint: by transfinite induction on

a. Use the previous problem.]



