MATH 361 Homework 2 2023

Problem 1. Prove or disprove the following items:
1. If f : A — Bisinjective, then for every X C A, f ' X is injective.
2. If f : A — B is surjective, then for every X C A, f | X is surjective.

Solution. 1. The statement is true. Proof: Let f : A — B be an injective
function, and X C A. We want to prove that f | X is injective. So,
let x1,x2 € X such that (f | X)(x1) = (f | X)(x2). AsVx € X,(f |
X)(x) = f(x), this is equivalent to proving that f(x1) = f(x2). By our

assumption, f is injective, so x1 = xo. Therefore, (f | X) is injective.

2. The statement is false. For example consider the identity function idy py

and X = {1}. Then f | {1} is not onto {1,2}.

Problem 2. Prove thatif f : A — B is a function such that for some X ¢ A,

f I X: X — Bisonto B, then f is not injective.

Solution. Since X C A, thereisa € A\ X. Letb = f(a) € B. Since f | X
is surjective, there is x € X such that f(x) = b. Note that a # x as x € X and
a ¢ X,andalso f(a) =b = f(x). It follows that f is not injective.

surjective and prove your answer for two of the items which are not the

first once.
1. fi : R > R, defined by fi(x) = 5x — x2.
2. f»: R — P(R), defined by fo(x) = {x?}.

3. f3: P(R) — P(N), defined by f3(x) = x N N.
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min(x) 4 €x
4. fy: P(N) = N, defined by f4(x) = :

0 else
5. f5 : P(R) = P(N) x P(Z) x P(Q), defined by

f5(X)=(XNN,XNZ,XNQ)

6. fo : PN) — P(Neyen) X P(Ny44) defined by fo(X) = ({2n | n €
X} {2n+1|n € X}).

Solution. 1. f; is nor injective nor surjective. Proof:

(a) f1(0)=0= f1(5). Clearly O # 5, so f1 is not injective.

(b) There exists y € R such that Vx € R, f(x) # y. In particular,
let y = 8. The equation 8 = 5x — x* has no real solution. So,

Vx € R, f(x) # 8. Therefore, f1 is not surjective.
2. f» is nor injective nor surjective. Proof:

(a) f2(1) = {1} = fo(=1). Clearly 1 # -1, so f, is not injective.

(b) Consider the set {1,2} € P(R). Note that for all x, f>(x) has only one
element, but {1,2} has two elements. SoVx € R, fx? # {1,2}, and

thus f, is not surjective.
3. f3 is surjective but not injective. Proof:
(a) f3({1.5}) = 0 = f3({1.1}), but {1.5} # {1.1}. Therefore, f3 is not
injective.
(b) LetY € P(N),and X =Y. Then X € P(R), and f3(X) = XNN = X.

Therefore, f3 is surjective.
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4. f4 is not injective or surjective. Proof:

(a) fa({1}) = 0= fa({2}), but {1} # {2}. Therefore, f4 is not injective.
(b) Let y be a natural number greater than 4, and let X C N. Cases:

i. 4 € X. Then min(X) < 4, and so f4(X) < y.

ii. 4¢ X. Then f4(X) =0+ y.

Therefore, f4 is not surjective.
5. fs is nor injective nor surjective. Proof:

@) fs({m}) =< 0,0,0 >= fs({V2}), but {n} # {V2}. Therefore, fs is

not injective.

(b) Let Y =< {1},{-1}, {%} >. Towards a contradiction, suppose fs is
surjective. Then there exists some X € P(R) such that f5(X) =Y.
By the definition of f, for some N C N, X "N = {1}. Thus, 1 € X.
However, for some Z € Z,X NZ = {-1}. Thus, 1 ¢ Z, which is a
contradiction. Therefore, for all X € P(R), f5(X) # Y, so f5 is not

surjective.
6. f is injective and not surjective. Proof:

(a) Let X1,X2 € P(N). Suppose that X1 # Xo and let us prove that
f(X1) # f(X2). By our assumption, there is x € X1 \ Xy or there is
x € Xp \ Xp. Since the two cases are symmetric, let us assume without
loss of generality that x € X; \ Xo. Then 2x € {2n | n € Xi}.
However 2x ¢ {2n | n € Xy}, just otherwise, 2x = 2n for some

n € Xp which implies that x = n € Xy, contradicting the choice of x.



MATH 361 Homework 2 2023

It follows that {2n | n € X1} # {2n | n € Xy} and therefore
f6(X1) = <{271 | ne Xl},{2n+1 | ne X1}> * <{2n | ne Xz}, {21’l+1 | ne X2}> = f6(X2:

(b) Let Y = ({0},0) € P(Neyen) X P(Nogg). Suppose towards a contra-
diction that there is X € P(N) such that

(+) fo(X)=({2n|neX},{2n+1]n e X}) = {{0},0).

Then {2n | n € X} = {0}. It follows that 0 € X and therefore
le{2n+1|n e X}. Inparticular 2n +1 | n € X} # 0
contradicting the equality of the pair (»).

Problem 4. For a function f : A — B and C C A define the pointwise image
of Cby f as
f"C={f(c)|ceC}

(a) Prove thatif f : A — Bis a function and C C A, then
(f"AN(F7C) < fIANCI.

(b) Give an example of a function f : A — B and a subset C C A such that
(f"AN(7C) # flANC].

(c) Prove thatif f : A — B is an injection and C C A, then
(f"AN("C) = f[ANC].

Solution. (a) Let b € f”A\ f”C. Since b € f"”A, there is a € A such that
b = f(a). Sinceb ¢ f"C,a ¢ C. It follows that a € A\ C. We conclude
that b = f(a) € f"[A\C].



MATH 361 Homework 2 2023

(b) Let f: {1,2} — {1,2} defined by f(1) = f(2) = 1. Let A = {1,2}, and
C ={1}. Then

fA,2y =A{1}, {1y ={1} = f{L2}\ f"{1} =0

Also
{123\ {1} = {2} = f7[{1, 2} \ {1}] = {1}
Hence

SUL2EN f7{1) =# {1} = f7[{1, 2} \ {1}].

(c) Suppose that f is injective and we would like to prove that

(f"A\(f7C) = fIANCI.

By a double inclusion. In section (a) we proved C. For the other direction, let
x € f"[A\C]. Then thereisa € A\ C such that f(a) = x. By the definition
of difference, we would like to prove that x € f”"Aand x ¢ f”C. Sincea € A,
it follows that x = f(a) € f”A. Suppose towards a contradiction that there
is ¢ € C such that f(c) = x. Then f(c) = f(a). Since f is injective, ¢ = a.

However ¢ € C and a ¢ C, contradiction. Hence x € f”C.

Additional Problems

Problem 5. Let f : A — Band g : B — C be function. Prove the following

items:
1. If f, g are injective then g o f is injective.

2. If f, g are surjective, then g o f.
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Solution. 1. Suppose f, g are injective functions. We want to show that
g o f is injective. So, let x1,x2 € A such that (g o f)(x1) = (g o f)(x2).
By definition, (g o f)(x) = g(f(x)). So this is equivalent to g(f(x1)) =
g(f(x2)). We want to show that x1 = xo. By our assumption, g is injective,
and thus f(x1) = f(x2). Similarly, f is injective, and so we have x1 = x3

Therefore, g o f is injective.

2. Suppose f,g are surjective functions. We want to show that g o f is
surjective. So, let ¢ € C. We want to show that there exists a € A such
that ¢ = (g o f)(a). Because g is surjective, there exists b € B such that
c = g(b). Similarly, f is surjective, and so there exists a € A such that
b = f(a). Thus, we have c = g(b) = g(f(a), which is equivalent to
c = (g o f)(a). Therefore, g o f is surjective.

Problem 6. Prove that the following functions are invertible and find their

inverse:

1. h:(0,00) — (0, 1) defined by h(x) = —

1+x2

n+1 n € Neyen
2. f :N — N defined by f(n) = .

n—-1 n €Ny

3. §:ZXZ — ZXZdefined by g({n, m)) = (n,n +m)

Solution. 1. We want to show that h is invertible. This is equivalent to

showing that f is both injective and surjective.

We will first prove that h is injective. Let x1, x5 € (0, 00) such that h(x1) =

h(x2). We want to show that x1 = x,. By definition, then, 1+1—xlz = 1+1—sz
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Standard reduction of this equation implies that x1% = xp2. Since x1,x3 > 0,

it follows that x1 = xo. Therefore, h is injective.

We will now show that h is surjective. Let y € (0,1). We will show that
there exists some x € (0,0) such that y = h(x). Equivalently, we want

x such that y = —L_ So, let x = ‘/% —1. Note that since y € (0,1),

14+x2°
1 _

y
flx) = % =1 = y. So h is surjective.

T
1+ /y—1 y

Therefore, h is invertible.
Inverse: h™1:(0,1) — (0,00), h™l(y) = ,/% -1

2. We will show that f is both injective and surjective.

1 > 0 and therefore x is a real number in (0,00). It follows that

We will first prove that f is injective. Let ny1,np € N such that f(ny) =

f(n2). We want to prove that ny = ny. Let us split into cases:

(a) If n1,ny € Negen, then f(n1) = ny + 1and f(ny) = np + 1. It follows
that n1 +1 = ny + 1 hence n1 = no.

(b) If ny,np € Nogg, then f(n1) = n1 — land f(ny) = np — 1. It follows
that n1 — 1 = ny — 1 hence n1 = no.

(c) If n1 € Nepep and ny € Nyyg, then f(n1) = n1 + 1 is odd and
f(n2) = ny—1is even and in particular f(n1) # f(n2), contradicting

our assumption. Hence this case is impossible.

(d) The n1 € Nyy4 and ny € Noyen, is similar to the one above.

We will now prove that f is surjective. Let m € N. We will show that there

is some n € N such that m = f(n). Cases:
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(a) miseven. Let n =m +1. Then f(n) =m+1—-1=m.

(b) misodd. Letn =m —1. Then f(n)=m—-1+1=m.

Therefore, f is surjective, and so f is invertible.

Inverse: f1:N =N, f1(m) =

m+1 m €Ny

m_l meNeven

3. We will first show that g is injective. Let < ni,mq >,< np,my >€
Z X Z such that g(< n1,my >) = g(< np, my >). We want to show that
< n1,my >=< ny,my >. Equivalently we need to show that n1 = np
and my = my. By our assumption, we have that < nq,ny + my >=<
ny,ny + my >. The properties of pairs show us that ny = ny. Further,
Ny +myp = Ny + My, and so my = my. Thus, < nq, myp >=< 1o, My >, and
s0 g 1s injective.

We will now show that g is surjective. Let < r,s >€ Z X Z. We want to
show that there exists < n,m >€ Z X Z such that g(< n,m >) =<r,s >.
Soletn=r,m=s—r. Then g(<n,m >)=<r,s—r+r >=<r,s >

Therefore, g is surjective, and thus g is invertible.

Inverse: g7V ZXZ > ZXZ, g7 <r,s>)=<r,5—71>
Problem 7. Define
fi:N->NxN, fin)=(n+1,n+2)

fHL:N->N, fo(n)= n?
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fi:NXN—>Z, fs(n,m))=n-m
fa:N—>N, fain)=n+1
Determine if the following compositions are defined and compute them:
1. fio foand f, o fi.
2. hofr.and f30 f3
3. faofrand fr o fs.
4. fao fio frand fyo f0 fo.
Solution. 1. fio:N—>NXN, (fio fo)(n)=<n?+1,n%>+2>

f2 0 f1 is undefined.

2. hofr:N>N,(fr0fo)(n)=n*

f3 o f3is undefined.

3. fiofo: NN, (fro fr)(n)=n>+1
faofa:N—=N, (frofs)(n)=(n +1)?

4 faofio pr:N—>Z (fs0fiofo)(n) =-1
(fs © f3 0 fo)(n) is undefined

Problem 8. Let A, B # O beany setand let f : A — Bbea function. Define a
new function using f, as follows, F : P(A) — P(B) defined by F(X) = f"”X.

Prove that f is invertible if and only if F is invertible.
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Solution. We want to prove that f is invertible if and only if F is invertible. We
will prove this by double implication.
First, suppose f is invertible. We want to prove that F is invertible. We will

therefore show that F is a bijection.

1. We will first show that F is injective. Let X1, Xo € P(A) such that F(X1) =
F(X3). Equivalently, {f(x)|x € X1} = {f(x)|x € X2}. We want to show
that X1 = Xp. So let x1 € X1. We want to show that x1 € Xp. Denote by
y = f(X1), then by the replacement principle, there exists y € F(Xj). Since
F(Xy) = F(X2), y € F(X2) and therefore, by the replacement principle,
there is xo € Xp such that y = f(x2). We conclude that f(x2) =y = f(x1).
Since f is injective, x1 = x2. So, x1 € Xp and thus X1 C Xp. The inclusion

X5 X is symmetric. We conclude that X1 = X, and therefore, f is injective.

2. We will now show that F is surjective. Let Y € P(B). Then Y C B. We
want to show that Y = F(X) for some X C A. Let X = {x € A|f(x) € Y}
and let us prove set equality F(X) =Y. Let y € Y, since f is surjective,
there exists x € A such that f(x) = y. Sincey € Y, x € X and therefore
y = f(x) € f”X = f(X). For the other direction, let y € F(X). Then there
is x € X such that f(x) = y. By definition of x, y = f(x) € Y. Hence
F(X) =Y and therefore F is surjective. So F is a bijection, and therefore F

is invertible.

Therefore, if f is invertible, then F is invertible.

Now suppose that F is invertible. We will show that f is a bijection.

1. Wewill first show that f is injective. Let x1, X € Asuchthat f(x1) = f(x2).
We want to show that x1 = xp. Let X1 = {x1},Xo = {x2}. Then

10
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F(X1) = {f(x1)}, F(X2) = {f(x2)}. As F is injective, it follows that

X1 = X, and thus x1 = xp. Therefore, f is injective.

2. We will now show that f is surjective. Let y € B. We want to show that
there exists x € A such that y = f(x). Let Y = {y}. Then' Y € P(B).
Because F is surjective, there exists X such that Y = F(X). Equivalently,
{y} = {f(x)|x € X}. By the replacement principle and set equality, we
have that y = f(x) for some x € A. Therefore, f is surjective. Thus, f is a

bijection, and therefore f is invertible.

Thus, if F is invertible, then f is invertible.
Therefore, f is invertible if and only if F is invertible.
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