
MATH 361
Homework 3-Solutions

(due October 9) September 29, 2023

Problem 1. Prove that the collection of all ordered pairs of the form ⟨1, 𝑥⟩
does not form a set. [Hint: Prove by contradiction]

Solution. Suppose otherwise that there is a set 𝐷 which is the collection

of all pairs ⟨1, 𝑥⟩. Then by the union axiom 𝐸 = ∪(∪𝐷) is also a set. Let us

show that 𝐸 is the set of all sets, let 𝑥 be any set, then ⟨1, 𝑥⟩ ∈ 𝐷, and since

{1, 𝑥} ∈ {{1}, {1, 𝑥}} = ⟨1, 𝑥⟩, {1, 𝑥} ∈ ∪𝐷 by definition of union. Again

by definition of union it follows that 𝑥 ∈ ∪ ∪ 𝐷. This is a contradiction to

the theorem we proved in class tha the set of all sets do not exists.

Problem 2. Let 𝑅 be a relation on 𝐴. Prove the following statements:

1. 𝑅 is reflexive if and if 𝑖𝑑𝐴 ⊆ 𝑅.

Solution. Suppose that 𝑅 is reflexive, and let ⟨𝑎, 𝑏⟩ ∈ 𝐼𝑑𝐴, then by

definition, 𝑎 = 𝑏 and since 𝑅 is reflexive ⟨𝑎, 𝑎⟩ ∈ 𝑅. In the other

direction, suppose that 𝐼𝑑𝐴 ⊆ 𝑅. To see that 𝑅 is reflexive, let 𝑎 ∈ 𝐴,

then ⟨𝑎, 𝑎⟩ ∈ 𝐼𝑑𝐴 ⊆ 𝑅 and therefore ⟨𝑎, 𝑎⟩ ∈ 𝑅.

2. 𝑅 is symmetric if and only if 𝑅 = 𝑅−1.

3. 𝑅 is transitive if and only if 𝑅 ◦ 𝑅 ⊆ 𝑅.

Solution. Suppose that 𝑅 is transitive, and let ⟨𝑎, 𝑐⟩ ∈ 𝑅 ◦ 𝑅, then by

definition of composition there is 𝑏 ∈ 𝐴 such that ⟨𝑎, 𝑏⟩, ⟨𝑏, 𝑐⟩ ∈ 𝑅.

Since 𝑅 is transitive it follows that ⟨𝑎, 𝑐⟩ ∈ 𝑅. Hence 𝑅 ◦ 𝑅 ⊆ 𝑅. In

the other direction, Suppose that 𝑅 ◦ 𝑅 ⊆ 𝑅 and let ⟨𝑎, 𝑏⟩, ⟨𝑏, 𝑐⟩ ∈ 𝑅.

Then by definition ⟨𝑎, 𝑐⟩ ∈ 𝑅 ◦ 𝑅 and by inclusion ⟨𝑎, 𝑐⟩ ∈ 𝑅.

4. 𝑅 is an equivalence relation if and only if𝑅 is reflexive and𝑅◦𝑅−1 ⊆ 𝑅.
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Solution. If 𝑅 is an ER then it is reflexive. also by (2) 𝑅 = 𝑅−1 and by

(3)
𝑅−1 ◦ 𝑅 = 𝑅 ◦ 𝑅 ⊆ 𝑅

In the other direction, suppose that 𝑅 is reflexive and 𝑅−1 ◦ 𝑅 ⊆ 𝑅.

To see that 𝑅 is an ER it remains to see that 𝑅 is symmetric and

transitive, suppose that ⟨𝑎, 𝑏⟩ ∈ 𝑅 then ⟨𝑏, 𝑎⟩ ∈ 𝑅−1 and since 𝑅 is

reflexive ⟨𝑎, 𝑎⟩ ∈ 𝑅. By definition of composition ⟨𝑏, 𝑎⟩ ∈ 𝑅−1 ◦ 𝑅 an

by assumption ⟨𝑏, 𝑎⟩ ∈ 𝑅. Hence 𝑅 is symmetric. By (2) it follows

that 𝑅 = 𝑅−1 and therefore our assumption translates to 𝑅 ◦ 𝑅 ⊆ 𝑅

which by (3) implies that 𝑅 is transitive.

Problem 3. Let Π ⊆ 𝑃(𝐴) \ {∅}. Define

𝐹Π = {⟨𝑥, 𝑋⟩ ∈ 𝐴 ×Π | 𝑥 ∈ 𝑋}

prove that 𝐹Π : 𝐴 → 𝑃(𝐴) is a function of and only if Π is a partition.

Solution. Suppose that 𝐹Π is a function (namely total on 𝐴 and univalent)

and let us prove that Π is a partition. Clearly ∅ ∉ Π as by assumption

Π ⊆ 𝑃(𝐴) \ {∅}. Also if 𝑋,𝑌 ∈ Π are distinct then 𝑋 ∩ 𝑌 = ∅, just

otherwise, there is 𝑥 ∈ 𝑋 ∩𝑌 and then ⟨𝑥, 𝑋⟩, 𝑥, 𝑌⟩ ∈ 𝐹Π, contradicting 𝐹Π

being univalent. Finally, ∪Π ⊆ 𝐴 as Π ⊆ 𝑃(𝐴). For the other direction, let

𝑎 ∈ 𝐴, since 𝐹Π is total, there is 𝑋 ∈ Π such that ⟨𝑎, 𝑋⟩ ∈ 𝐹Π and therefore

𝑎 ∈ 𝑋. By definition of union it follows that 𝑎 ∈ ∪Π.

In the other direction, suppose that Π is a partition. To see that 𝐹Π is

total, let 𝑎 ∈ 𝐴, then 𝑎 ∈ ∪Π and therefore there is 𝑋 ∈ Π such that 𝑎 ∈ 𝑋.

by definition this means that ⟨𝑎, 𝑋⟩ ∈ 𝐹Π. To see that 𝐹Π is univalent,
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suppose that 𝑎, 𝑋⟩, ⟨𝑎, 𝑌⟩ ∈ 𝐹Π, then 𝑎 ∈ 𝑋 ∩ 𝑌 and since Π is a partition,

𝑋 = 𝑌.

Problem 4. For each of the following relation check whether it is reflexive

symmetric or transitive:

1. {⟨𝑎, 𝑏⟩ ∈ R2 | 𝑎 + 𝑏 = 350}.

Solution. We only give the short ideas of the proofs Not reflexive

(0+0 ≠ 350), symmetric (𝑎+𝑏 = 𝑏+𝑎) and not transitive (0+350 = 350

and 350 + 0 = 350 but 0 + 0 ≠ 350)

2. {⟨𝑎, 𝑏⟩ ∈ R2 | |𝑎 − 𝑏 | < 1}.

Solution. Reflexive (|𝑎 − 𝑎 | = 0 < 1), symmetric (|𝑎 − 𝑏 | = |𝑏 − 𝑎 |) and

not transitive (|1.5 − 1| < 1 and |1 − 0.5| < 1 but |1.5 − 0.5| = 1)

3. {⟨𝑎, 𝑏⟩ ∈ N2 | 𝑎 − 𝑏 ≡ 0(𝑚𝑜𝑑 2)}

Solution. This is an ER which is in fact 𝐸2 from class.

4. {⟨𝑋,𝑌⟩ ∈ 𝑃(R) × 𝑃(R) | 𝑋 ∩ 𝑌 ≠ ∅}

Solution. not reflexive (∅ ∩ ∅ = ∅), symmetric (as 𝑋 ∩ 𝑌 = 𝑌 ∩ 𝑋)

and not transitive ({1, 2} ∩ {2, 3} ≠ ∅ and {2, 3} ∩ {3, 4} ≠ ∅ by

{1, 2} ∩ {3, 4} = ∅)

Problem 5. For each of the following equivalence relation find a system of

representatives. No proof required here.

1. 𝑖𝑑𝐴, where 𝐴 is a general set.
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Solution. 𝐴 is a system for 𝐼𝑑𝐴.

2. 𝐴 × 𝐴, where 𝐴 is a general set.

Solution. If 𝑎 ∈ 𝐴 is any element then {𝑎} is a system for 𝐴 × 𝐴

3. The relation 𝑅𝑒𝑠 on R defined as follows: for 𝑎, 𝑏 ∈ R

⟨𝑎, 𝑏⟩ ∈ 𝑅𝑒𝑠 ↔ 𝑏 − 𝑎 ∈ Z

Solution. [0, 1).

4. {⟨𝑋,𝑌⟩ ∈ 𝑃(R)2 | 3 ∉ 𝑋Δ𝑌}.

Solution. {{3}, ∅}

5. {⟨⟨𝑥, 𝑦⟩, ⟨𝑎, 𝑏⟩⟩ ∈ (R × R)2 | min(𝑥, 𝑦) = min(𝑎, 𝑏)}

Solution. {⟨𝑟, 𝑟 + 1⟩𝑟 ∈ R}.

6. for 𝑋 = {0, 1}{0,...,10}. define

{⟨ 𝑓 , 𝑔⟩ ∈ 𝑋 × 𝑋 |
���{𝑛 | 𝑓 (𝑛) = 1}

��� = ���{𝑛 | 𝑔(𝑛) = 1}
��� }

Solution. { 𝑓𝑖 | 𝑖 = 0, ..., 11} where 𝑓𝑖 : {0, ..., 10} → {0, 1} defined by

𝑓𝑖(𝑛) =


1 𝑛 < 𝑖

0 𝑛 ≥ 𝑖

7. {⟨𝑎, 𝑏⟩ ∈ N+ ×N+ | ∃𝑖 ∈ Z. 𝑎
𝑏
= 2𝑖}

Solution. N𝑜𝑑𝑑 ∪ {2}

8. {⟨𝑥, 𝑦⟩ ∈ (R \ {0})2 | 𝑥𝑦 > 0}

Solution. {−1, 1}
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Additional Problems

Problem 6. Let 𝑓 : 𝐴 → 𝐵 be a function. Prove that if 𝑋 ⊆ 𝐴, then 𝑓 ∩𝑋×𝐵

is a function and equals 𝑓 ↾ 𝑋.

Problem 7. Show that if 𝑓 : 𝐴 → 𝐵, 𝑔 : 𝐵 → 𝐶 are functions then 𝑔 ◦ 𝑓 (the

composition of the relations) is a function from 𝐴 to 𝐶 and that for every

𝑎 ∈ 𝐴, 𝑔 ◦ 𝑓 (𝑎) = 𝑔( 𝑓 (𝑎)).

Problem 8. Prove that if 𝑓 is one-to-one and onto 𝐵 then 𝑓 −1 (the inverse

relation) is a function and moreover that 𝑓 −1 ◦ 𝑓 = 𝐼𝑑𝐴 and 𝑓 ◦ 𝑓 −1 = 𝐼𝑑𝐵.
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