
MATH 361
MidTerm II- Set Theory fall 2023-Solutions

(Instructor: Tom Benhamou) Nov 17

Instructions

The midterm duration is 1 hour and 20 min, and consists of 4 problems,

each worth 26 points (The maximal grade is 100). The answers to the

problems should be written in the designated areas.

Problems

Problem 1. Let us define recursively 𝐴0 = ∅ and 𝐴𝑛+1 = 𝑃(𝐴𝑛). Prove by

induction that for every 𝑛, 𝐴𝑛 ⊆ 𝐴𝑛+1

Solution: For 𝑛 = 0, 𝐴0 = ∅ ⊆ 𝐴𝑛+1 since the empty set is a subset

of every set. Suppose this was true for 𝑛 and let us prove for 𝑛 + 1. Let

𝑋 ∈ 𝐴𝑛+1, then 𝑋 ∈ 𝑃(𝐴𝑛). Hence 𝑋 ⊆ 𝐴𝑛 . By the induction hypothesis,

𝐴𝑛 ⊆ 𝐴𝑛+1 and therefore 𝑋 ⊆ 𝐴𝑛+1. It follows that 𝑋 ∈ 𝑃(𝐴𝑛+1) = 𝐴𝑛+2.
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Problem 2. Define a "Dedekind cut" and prove that if 𝑟, 𝑠 are Dedekind

cuts, then 𝑟 ∪ 𝑠 is a Dedekind cut.

Solution: See HW5 Problem 4.
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Problem 3. Fix a natural number 𝑁 > 0. A function 𝑓 : N → {0, 1} is

called 𝑁-periodic if for every 𝑛 ∈ N, 𝑓 (𝑛 + 𝑁) = 𝑓 (𝑛). For any 𝑁 > 0, let

𝐴𝑁 be the set of all 𝑁-periodic functions. Show that

𝐴𝑁 ≈ {0, 1}𝑁 = {0, 1} × {0, 1} × ... × {0, 1}

Solution: The function 𝐹 : 𝐴𝑁 → {0, 1}𝑁 defined by 𝐹( 𝑓 ) = ⟨ 𝑓 (0), ..., 𝑓 (𝑁−
1)⟩ is one-to-one and onto. to see this, let 𝑓1, 𝑓2 ∈ 𝐴𝑁 and suppose that

𝐹( 𝑓1) = 𝐹( 𝑓2). Then for every 0 ≤ 𝑖 < 𝑁 , 𝑓1(𝑖) = 𝑓2(𝑖). For 𝑛 ≥ 𝑁 , since 𝑓1, 𝑓2

are 𝑁-periodic, 𝑓1(𝑛) = 𝑓1(𝑛 mod 𝑁) = 𝑓2(𝑛 mod 𝑁) = 𝑓2(𝑛). To see that

𝐹 is onto, let ⟨𝑎0, ..., 𝑎𝑁−1⟩ ∈ {0, 1}𝑁 . Define 𝑓 ∈ 𝐴𝑁 by 𝑓 (𝑛) = 𝑎𝑛 mod 𝑁 .

Then 𝑓 is 𝑁-periodic and 𝐹( 𝑓 ) = ⟨𝑎0, .., 𝑎𝑁−1⟩. Hence 𝐹 is onto.
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Problem 4. A function 𝑓 is called periodic if there is 𝑁 ∈ N+ such that 𝑓

is 𝑁-periodic. Show that the set 𝐴 of all 𝑁-periodic functions is infinitely

countable. [Remark: You can use Problem 3 even if you did not prove it.]

Solution First we note that the function 𝐹 : N+ → 𝐴 defined by

𝐹(𝑁)(𝑚) =


1 𝑛 mod 𝑁 = 0

0 𝑜.𝑤.

. (namely, 𝐹(𝑁) is the indicator function

for the set of 𝑛 which are divisible by 𝑁) is a well-defined function. To

see this, we claim that 𝐹(𝑁) is 𝑁-periodic. Indeed, for every 𝑛, 𝐹(𝑛) = 1 is

and only if 𝑛 is divisible by 𝑁 if and only if 𝑛 + 𝑁 is divisible by 𝑁 if and

only if 𝐹(𝑁)(𝑛 + 𝑁) = 1. Also, it is one-to-one since if 𝑛 ≠ 𝑚 then without

loss of generality, 𝑛 < 𝑚 and therefore 𝐹(𝑛)(𝑛) = 1 while 𝑓 (𝑚)(𝑛) = 0.

So 𝐹(𝑛) ≠ 𝐹(𝑚). We conclude that N ≈ N+ ⪯ 𝐴. For the other direction,

𝐴 =
⋃

𝑁∈N+ 𝐴𝑁 , and by the previous problem each 𝐴𝑁 is a finite set and in

particular countable. We conclude that 𝐴 is a countable union of countable

sets hence countable. By CSB 𝐴 is infinitely countable.
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