MATH 461 Homework 1-Sols Jan, 2024

Problem 1. Prove that if A, B, C are sets then
AUBNC)=(AUB)N(AUC).
Solution. We prove a double inclusion:

C: Let x € AU (B N C). The by the definition of union either x € A or

x € BN C. We split into cases:

(@) If x € Athenx € AUB and x € AUC by the definition of union.
By definition of intersection x € (A U B) N (A U C).

(b) If x € BN C, then by definition on intersection x € B and x € C.
Hence x € AU B and x € A U C by the definition of union and
again by definition of intersection x € (AU B) N (AN C).

Inany case x e (AUB)N(AUC).

2: Letx € (AUB)N(AUC). Then by definition of intersection x € AUB

and x € A U C. LEt us split into cases:

(a) If x € A, then by definition of union x € AU (BN C).

(b) If x ¢ A, sincex € AU B and x € AU C, then by definition of
union x € B and x € C. By definition of intersection x € BN C.

By definition of union x € AU (B N C).
Problem 2. Let B be a nonempty set of sets and let A be any set. Show that
(@ AnUB=U{ANB|Be B}

(b) AANNB=U{A\B|B e B}.
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Solution. We will prove item (1) as an example: By double inclusion:

C: Letx € AN 8. By definition of intersection x € A and x € (J B. By
definition of generalized union, there is By € 8 such that x € By. It
follows that x € AN By. Since AN By € {ANB | B € 8}, and by the
definition of generalized union, x € (J{ANB | B € B}.

2: Let x € (J{ANB | B € 8}. Then by the definition of generalized
union, thereis B € B such that x € ANB. By definition of intersection
x € Aand x € B. It follows the x € (J8 and by definition on

intersection x € AN JB.

Problem 3. For a function f : A — B and C C A define the pointwise image
of C by f as
f"C={f(c)|ceC}

(a) Prove thatif f : A — Bis a function and C C A, then
(f"A\(F7C) < frlANC].

(b) Give an example of a function f : A — B and a subset C C A such that
(f"AN(f7C) # fIA\CI.

(c) Prove thatif f : A — B is an injection and C C A, then

(f"A\(f7C) = fIA\CI.
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Solution. (a) Letb € f”A\ f”C. Since b € f"”A, there is a € A such that
b= f(a). Sinceb ¢ f”C,a ¢ C. It follows thata € A\ C. We conclude
thatb = f(a) € f”[A\ C].

(b) Let f: {1,2} — {1,2} defined by f(1) = f(2) = 1. Let A = {1,2}, and
C = {1}. Then

[, 2y =A{1}, [y ={1} = f{L2}\ f{1} =0

Also
{123\ {1} = {2} = f"[{1, 2} \ {1}] = {1}

Hence

SUAL2EN {1 =0 # {1} = f7[{1, 2} \ {1}].

(c) Suppose that f is injective and we would like to prove that

(f"A\(f7C) = fIA\CI.

By a double inclusion. In section (2) we proved C. For the other
direction, let x € f”[A\ C]. Then thereisa € A\ C such that f(a) = x.
By the definition of difference, we would like to prove that x € f”A
and x ¢ f”C. Since a € A, it follows that x = f(a) € f”A. Suppose
towards a contradiction that there is ¢ € C such that f(c) = x. Then
f(c) = f(a). Since f is injective, ¢ = a. However c € C and a ¢ C,

contradiction. Hence x € f”C.

Problem 4. Recall that the indicator function x4 : P(A) — 4{0,1} is de-

1 aeB
fined by (xa(B))(a) = . Prove that x4 is injective.

0 a¢B
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Problem 5. Prove that the interleaving function F : ("{0,1})> — {0, 1}
defined by

f(%) 1 € Negen

g(nT_l) n € Nogg

F(f, §)(n) =

is one-to-one and onto. Prove that it is invertable and find F~1.

Solution. To see that F is one-to-one suppose that Fy := F({f1,41)) =
F({f2,g2)) =t Fp. let us prove for example that fi = f, (as the proof
the g1 = g is the same). Let n € N. Since F1 = Fp, F1(2n) = F2(2n).
Hence, by definition of F, F1(2n) = fl(%”) = fi(n) and F2(2n) = fa(n),
hence fi(n) = fo(n). It follows by equality of functions that fi = f,. To
that F is onto, given a function  : N — {0, 1}, define f(n) = h(2n) and
g(n) = h(2n + 1), then it is not hard to check that F({f, g)) = h. This also
gives the definition of F~1. Indeed F~!(h) = (f},, gn), where f;(n) = h(2n)
and gx(n) = h(2n + 1).

Problem 6. Prove the ollowing statements:
() {f eRR | Jie{0,1}, Vx e R\ Q, f(x)= i} ~ {0,1} x OR.
(b) If A ~ B then P(A) ~ P(B)

Solution. (a) Define the set of the left side by A and let us just provide the
bijection: G: A — {0,1} X QR defined by

G(f) = (f(V2),f 1 Q)

(b) Let f : A — B be a bijection and define a new function using f, as
follows, F : P(A) — P(B) defined by F(X) = f[X]. Let us prove that F is

invertible.
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1. We will first show that F is injective. Let X1, X> € P(A) such that
F(X1) = F(X2). Equivalently, {f(x)|x € X1} = {f(x)|x € Xo}. We
want to show that X7 = X5. So let x1 € X;. We want to show that
x1 € Xp. Denote by y = f(X1), then by the replacement principle,
there exists y € F(Xj). Since F(X1) = F(X»), y € F(X3) and therefore,
by the replacement principle, there is x, € X, such that y = f(x2).
We conclude that f(x2) = y = f(x1). Since f is injective, x1 = x2. So,
x1 € Xp and thus X7 € X5. The inclusion X; C X is symmetric. We

conclude that X; = X, and therefore, f is injective.

2. We will now show that F is surjective. Let Y € P(B). Then Y C B.
We want to show that Y = F(X) for some X C A. Let X = {x €
Alf(x) € Y} and let us prove set equality F(X) =Y. Let y € Y, since
f is surjective, there exists x € A such that f(x) = y. Since y € Y,
x € X and therefore y = f(x) € f”X = f(X). For the other direction,
let y € F(X). Then there is x € X such that f(x) = y. By definition of
x,y = f(x) € Y. Hence F(X) = Y and therefore F is surjective. So F

is a bijection, and therefore F is invertible.



