
MATH 461
Homework 1
(due February 2) January 26, 2024

Problem 1 (optional). Prove that if 𝐴, 𝐵, 𝐶 are sets then

𝐴 ∪ (𝐵 ∩ 𝐶) = (𝐴 ∪ 𝐵) ∩ (𝐴 ∪ 𝐶).

Problem 2. Let ℬ be a nonempty set of sets and let 𝐴 be any set. Show that

(a) 𝐴 ∩⋃ℬ =
⋃{𝐴 ∩ 𝐵 | 𝐵 ∈ ℬ}.

(b) 𝐴 \⋂ℬ =
⋃{𝐴 \ 𝐵 | 𝐵 ∈ ℬ}.

Problem 3 (optional). For a function 𝑓 : 𝐴 → 𝐵 and 𝐶 ⊆ 𝐴 define the

pointwise image of 𝐶 by 𝑓 as

𝑓 ′′𝐶 = { 𝑓 (𝑐) | 𝑐 ∈ 𝐶}

(a) Prove that if 𝑓 : 𝐴 → 𝐵 is a function and 𝐶 ⊆ 𝐴, then

( 𝑓 ′′𝐴) \ ( 𝑓 ′′𝐶) ⊆ 𝑓 ′′[𝐴 \ 𝐶].

(b) Give an example of a function 𝑓 : 𝐴 → 𝐵 and a subset 𝐶 ⊆ 𝐴 such that

( 𝑓 ′′𝐴) \ ( 𝑓 ′′𝐶) ≠ 𝑓 ′′[𝐴 \ 𝐶].

(c) Prove that if 𝑓 : 𝐴 → 𝐵 is an injection and 𝐶 ⊆ 𝐴, then

( 𝑓 ′′𝐴) \ ( 𝑓 ′′𝐶) = 𝑓 ′′[𝐴 \ 𝐶].

Problem 4. Recall that the indicator function 𝜒𝐴 : 𝑃(𝐴) → 𝐴{0, 1} is de-

fined by
(
𝜒𝐴(𝐵)

)
(𝑎) =


1 𝑎 ∈ 𝐵

0 𝑎 ∉ 𝐵

. Prove that 𝜒𝐴 is injective.
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Problem 5. Prove that the interleaving function 𝐹 : (N{0, 1})2 → N{0, 1}
defined by

𝐹(⟨ 𝑓 , 𝑔⟩)(𝑛) =


𝑓 (𝑛2 ) 𝑛 ∈ N𝑒𝑣𝑒𝑛

𝑔(𝑛−1
2 ) 𝑛 ∈ N𝑜𝑑𝑑

is one-to-one and onto. Prove that it is invertable and find 𝐹−1.

Problem 6. Prove the following statements:

(a)
{
𝑓 ∈ RR | ∃𝑖 ∈ {0, 1}, ∀𝑥 ∈ R \Q, 𝑓 (𝑥) = 𝑖

}
≈ {0, 1} × QR.

(b) If 𝐴 ≈ 𝐵 then 𝑃(𝐴) ≈ 𝑃(𝐵)
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