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(due March 29) March 22, 2024

Problem 1. Let ℒ be the language where the non-logical 2-places function

symbols are +,× and 1̄ is a non-logical constant symbol and there are no

predicate symbols.

(a) Let 𝔞 = ⟨R,+𝔞,×𝔞, 1̄𝔞⟩ be the ℒ-structure where +𝔞,×𝔞, 1̄𝔞 are the usual

+, ·, 1 on reals. Denote by �̄� the term 1̄ + 1̄ + ... + 1̄︸          ︷︷          ︸
𝑛-times

. Find a term for

2𝑥2 + 𝑥 + 1. Describe (without proof) all the terms.

(b) Find a WFF which expresses that
√

2 exists.

Problem 2. Let 𝔞 = ⟨𝐴𝔞, ...⟩ be a ℒ-structure and let 𝑡 be a term. If

𝑠1, 𝑠2 : 𝑉 → 𝐴𝔞 agree on all variables (if any) in 𝑡, then 𝑠1(𝑡) = 𝑠2(𝑡). (Hint:

argue by induction on the length of 𝑡.)

Definition. Suppose that 𝔞, 𝔟 are structures for the first order language ℒ.

Then 𝔞 and 𝔟 are said to be elementarily equivalent, written 𝔞 ≡ 𝔟, if for

every sentence 𝜎,

𝐴 |= 𝜎 ⇔ 𝐵 |= 𝜎.

Problem 3. Let ℒ be the first order language such that the only nonlogical

symbol is the 2-place predicate symbol <. Let 𝔞, 𝔟, 𝔠 be the following ℒ-

structures:

• 𝔞 = ⟨N, <𝔞⟩.

• 𝔟 = ⟨Z, <𝔟⟩.

• 𝔠 = ⟨Q, <𝔠⟩.

where <𝔞, <𝔟, <𝔠 are the usual linear orderings of N,Z,Q respectively.

Prove that:
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(i) 𝔞 . 𝔟

(ii) 𝔟 . 𝔠.
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