
MATH 461
Homework 9

(due April 12) April 9, 2024

Problem 1. Prove that if 𝛼, 𝛽 are any WFF’s, then

(∀𝑥(𝛼 → 𝛽) → (∀𝑥𝛼 → ∀𝑥𝛽))

is valid.

Solution. Let 𝔞 be an ℒ-structure and 𝑠 : 𝑉 → 𝐴𝔞 be an assignment to

the variables. WTP

𝔞 |= (∀𝑥(𝛼 → 𝛽) → (∀𝑥𝛼 → ∀𝑥𝛽))[𝑠]

Suppose that 𝔞 |= (∀𝑥(𝛼 → 𝛽))[𝑠] WTP 𝔞 |= (∀𝑥𝛼 → ∀𝑥𝛽)[𝑠]. Suppose that

𝔞 |= (∀𝑥𝛼)[𝑠] WTP 𝔞 |= (∀𝑥𝛽)[𝑠]. Let 𝑎 ∈ 𝐴𝔞, WTP 𝔞 |= 𝛽[𝑠(𝑥 |𝑎)]. Since

𝔞 |= (∀𝑥𝛼)[𝑠], we have that 𝔞 |= 𝛼[𝑠(𝑥 |𝑎)] and since 𝔞 |= (∀𝑥(𝛼 → 𝛽))[𝑠] we

have 𝔞 |= (𝛼 → 𝛽)[𝑠(𝑥 |𝑎)] which implies that 𝔞 |= 𝛽[𝑠(𝑥 |𝑎)] as wanted.

Problem 2. Prove that if 𝑃 is a binary predicate symbol, then

(𝑥 = 𝑦 → (𝑃(𝑥, 𝑧) → 𝑃(𝑦, 𝑧)))

is valid.

Solution. Let 𝔞 be an ℒ-structure and 𝑠 : 𝑉 → 𝐴𝔞 be an assignment to

the variables. WTP

𝔞 |= (𝑥 = 𝑦 → (𝑃(𝑥, 𝑧) → 𝑃(𝑦, 𝑧)))[𝑠]

Assume that 𝔞 |= (𝑥 = 𝑦)[𝑠] WTP 𝔞 |= (𝑃(𝑥, 𝑧) → 𝑃(𝑦, 𝑧))[𝑠]. Suppose

that 𝔞 |= (𝑃(𝑥, 𝑧))[𝑠] WTP 𝔞 |= (𝑃(𝑦, 𝑧))[𝑠]. By assumption 𝑠(𝑥) = 𝑠(𝑦) and

⟨𝑠(𝑥), 𝑠(𝑧)⟩ ∈ 𝑃𝔞 and since 𝑠(𝑥) = 𝑠(𝑦) we have that ⟨𝑠(𝑦), 𝑠(𝑧)⟩ ∈ 𝑃𝔞. By

definition this means that 𝔞 |= (𝑃(𝑦, 𝑧))[𝑠]
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Problem 3. Prove that if Γ ⊢ 𝛼1 and Γ ⊢ 𝛼1 → 𝛼2 then Γ ⊢ 𝛼2

Solution. Let ⟨𝑏1, ..., 𝑏𝑛 = 𝛼1⟩ be a deduction to 𝛼1 from Γ and

⟨𝑐1, ..., 𝑐𝑚 = 𝛼1 → 𝛼2⟩ be a deduction to 𝛼1 → 𝛼2 fromΓ, then ⟨𝑏1, ..., 𝑏𝑛 , 𝑐1, ..., 𝑐𝑚 , 𝛼2⟩
is a deduction for 𝛼2 from Γ since 𝛼2 is obtained by MP from 𝑏𝑛 and 𝑐𝑚 .

Problem 4. Show that ⊢ ∃𝑣1𝑃(𝑣1) → ∃𝑣2𝑃(𝑣2)
[Small Hint: Use the generalization theorem]

(1) ∀𝑣2¬𝑃(𝑣2) → ¬𝑃(𝑣1). [Ax 2]

(2) ∀𝑣1(∀𝑣2¬𝑃(𝑣2) → ¬𝑃(𝑣1)) [Generalization Thm.]

(3) ∀𝑣1(∀𝑣2¬𝑃(𝑣2) → ¬𝑃(𝑣1)) → (∀𝑣1∀𝑣2¬𝑃(𝑣2) → ∀𝑣1¬𝑃(𝑣1)) [Ax 3]

(4) ∀𝑣1∀𝑣2¬𝑃(𝑣2) → ∀𝑣1¬𝑃(𝑣1) [MP]

(5) ∀𝑣2¬𝑃(𝑣2) → ∀𝑣1∀𝑣2¬𝑃(𝑣2) [Ax 4, (2),(3)]

(6) (∀𝑣2¬𝑃(𝑣2) → (∀𝑣1∀𝑣2¬𝑃(𝑣2)) →
(
(∀𝑣1∀𝑣2¬𝑃(𝑣2) → ∀𝑣1¬𝑃(𝑣1)) →

(∀𝑣2¬𝑃(𝑣2) → ∀𝑣1¬𝑃(𝑣1))
)

[Ax1: (𝐴 → 𝐵) → ((𝐵 → 𝐶) → (𝐴 → 𝐶))]

(7) (∀𝑣1∀𝑣2¬𝑃(𝑣2) → ∀𝑣1¬𝑃(𝑣1)) → (∀𝑣2¬𝑃(𝑣2) → ∀𝑣1¬𝑃(𝑣1)) [MP, (5),(6)]

(8) ∀𝑣2¬𝑃(𝑣2) → ∀𝑣1¬𝑃(𝑣1) [MP, (4),(7)]

(9) ¬∀𝑣2¬𝑃(𝑣2) → ¬∀𝑣1¬𝑃(𝑣1) [Ax1- contrapositive + MP with (8)]
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