Math 549 — HW 12 Solutions

April 29, 2026

Problem 16-2

Solution by a symmetry argument: Observe that w and T2 are invariant under the reflection (w,x,y,z2) —
(w, z, —y, z), which is orientation-reversing, so [, w = — [, w so the integral must be 0.

Solution by a computation: Consider polar coordinates (r1,6;) and (ro,6s) on R*. In these coordinates,
we have on T2 (note that r; = o = 1 and hence dry = dry = 0:

w = sin?(6;) cos(fz) sin?(62)dOy A dbs.

2 2
/ w = (/ sin® 01d91> (/ sin? 65 cos(eg)deg) .
T2 0 0

You can either compute this integral directly or observe the second integral vanishes (again for symmetry
reasons) so [, w = 0.

So

Problem 16-4

We argue by contradiction so suppose that r : M — OM is a retraction (i.e. r|spr = idgas). By Whitney
approximation, we can assume that r is smooth. Now let w be an orientation form on M. Then dw = 0
since w has top degree. Consider now the form r*w on M. Note that it is given by w on dM, so that by using

Stokes’ theorem, we have
/ w:/ r*w:/dr*w:/r*dw:Q
oM oM M M

where we used that d commutes with pull-back along smooth maps. O

Problem 16-5

Let w be an orientation form on N. So [ yFrw== / n w according to whether F' is orientation-preserving
or reversing, and similarly for G. Therefore it suffices to prove | y Frw= I} u GTw.
Suppose H : M x I — N is a homotopy from F to G. Then we have

/ G*w—/ F*w:/ H*w:/ dH*w = H*dw =0
M M (M x1I) MxI MxI

where in the last equality we used that dw = 0 since w is a top degree form. O

Problem 16-9

(a) Let x € S" ! and vy,...,v,_1 € T,S" ! be a basis. We need to check that w(v1,...,v,_1) # 0.
Note that v(y) = y is the outward pointing vector field on the sphere, and in particular v(z) = x, so
(x,v1,...,0n_1) is a basis of T,R™ = R™. Since ||z|| = 1, we have
n _ n
Wvr, .. vpr) = Y (=D i (dat A Adat A da™) (o, veer) = 3 (—1) T e det (0 s,
i=1 i=1
where (v}c) k= denotes the matrix whose columns are vy, ..., v,—1 with the ith row removed. Now recognize

that the expression on the right-hand side is the column expansion along the first column of the matrix
with columns z,vq,...,v,_1. This determinant is nonzero since z, v, ...,v,_1 form a basis of R". O



(b) Note that d(|z|™") = —nl|z|~ D 3. 2%dz’. Inserting this, one readily sees dw = 0. To show it is not
exact, note that by (a), [ gn1w # 0, whereas for any exact form, the integral over S"~1 vanishes by
Stokes’ theorem. O

Problem 17-1
It suffices to prove that if dw is exact, then so is dw A n for any closed form 7. In fact we have
dwAn) =dwAn+ (—1)¥lwAdy=dwArn,

where we used that 7 is closed. O
(The exercise seems to assume it, but we should also show that the wedge product of closed forms is closed:
Since dw = dn = 0, we have d(w A1) = dw An+ (—1)*lw Ady =0.)

Problem 17-4

We will take the approach of tracing through the proof of the Poincaré lemma: Consider the homotopy
H:R"x[0,1] = R", (z,t) — tz from the identity map to the zero map. We need to verify that h(w) = n, where
h is the chain homotopy defined in the proof of the Poincaré lemma. For z € R™ and vq,...,v5_1 € T,R"™,
we have

1
h(w)z (v, ..., v-1) = / (Lo, H*w) g t(v1, ... ,vp—1)dt
0
1
= / (H*w)m(at, Vly--- ,Uk_l)dt
0
1
= / wH(M)(H*at, H*vl, ey H*’kal)dt.
0
Note that H(z,t) = tz and H,v; = tv; and H,0;(z,t) = &|,_,H(z,s) = z. Inserting all of this, we obtain
1
h(w)x(vla ce. 7'Uk71) = / tp_lwm(mwl, . 7Uk,1).
0

Writing this out with w = Y, wrdz!, we obtain the expression 7 (when evaluating on the first vector, use
dz*(z) = " for any ). O



