Math 549 — HW 9 Solutions

April 2, 2026

Problem 10-6

Define an equivalence relation on Uye 4 (Uy X R¥) where (z,v) ~ (y,w) with (z,v) € Uy x R¥ and w € Ug x R*
if and only if z = y and w = 745(z)v. One checks this is an equivalence relation (74, = Id shows reflexivity;
symmetry holds because To5 = 75, al and transitivity follows from the cocycle identity).

Set E := (Ua(Us x R¥))/ ~ and define 7 : E — M via 7([x,v]) = . Note that this is well-defined.

Topologize E with the quotient topology. For each «, the quotient map restricted to U, x RF is injective
(to E). The inverse of such a map is the local trivialization ®,. Using the definition of the equivalence
relation, it is easy to verify ®g0®,1 = 7,5. It follows that if V' C U, x R* is open, then the image of V in E
is open. It easily follows that F is Hausdorff and locally Euclidean. To show it is second countable, you can
use a collection of the form {V; x W;}, ;, where {V;}, is a countable base of M with each element contained
in some U,, and {W,}, a countable base of R¥. It is straightforward to check this is a base of E.

Charts on F can be defined by taking V' C U, to be a chart ¢ : V — R", and then considering ¢ X id :
V x RF — R™ x R¥. The transition functions are given by maps of the form ()0 ~!) x 7,4, and are therefore
smooth. So F is a smooth manifold.

On one of the above charts V x R*, the map 7 : E — M is projection to the first coordinate and therefore
smooth. O

Problem 10-10

Let Un,...,Un be a finite cover of M by local trivializations, and let {fi}1<i<ny be a partition of unity
subordinate to this open cover. Define a map

F: M x RkN — F, (x,vl, R ,UN) — (m,Zfi(x)vi)
%

where, if z ¢ U;, we interpret f;(z)v; = 0 as the zero vector in 7= !(z). Then f is a submersion: Given x € M,
choose i with f;(z) # 0. Then identifying 7—(U;) = U; x R*, the restriction of F to U; x R* with respect to
these coordinates on E is (z,v) — (z, fi(x)v), which has derivative given by a block matrix with identity in
the top left corner and f;(z)Id in the bottom right corner, and hence is surjective.

By the parametric transversality theorem, for almost every v € R¥V, the map ¢ := F, : M — E is
transverse to the zero section Z. Pre-images of submanifolds under maps transverse to them are embedded
submanifolds, so if k& < dim(M), then 0=1(Z) = {z € M | o(z) = 0} is a closed (hence compact) embedded
submanifold of M.

Finally suppose & > dim(M) and o(z) = 0. Then imD,0+T(;,0)Z = T (4,0 £. Since dim(E) = dim(M)+k
and dim(Z) = dim(M), it follows that D,o has rank at least k. But this is impossible since k& > dim(M).
Therefore there does not exist any point x € M with o(z) =0, i.e. ¢ is nowhere vanishing. O

Problem 10-15

Let So € Gri(V). Let U 5 Sp be the open neighborhood consisting of those subspaces S C V such that
S NS¢ =0. Let vy,...,vx € Sp be a basis and write ;(S) := projg(v;). It is straightforward to check that
01(S),...,01(S) are a basis of S (because any linear relation gives a linear combination of vq,...,v; that



belongs to S*). The map

Ux RN =771 (U), (S a1,...,a1) = Y aioi(S)

is then a local trivialization of T" over U.

Problem 10-17

Note that TM & NM = {(z,v,w) | v € T, M and w € N;M}. Consider then the map

F:TM@®NM — TR" |y, (z,0,w) = (2,0 4+ w).

This is a bundle homomorphism since it is linear on fibers and lifts identity on M. Further it is a linear

isomorphism on each fiber. Therefore F' is a bundle isomorphism.

Problem 11-5

We will prove that for any vector bundle, E is trivial if and only if E* is trivial. If E = M x R is trivial,
then E* = M x (R¥)* = M x R* is also trivial. Conversely, note that if E* is trivial, then E** is trivial (by

the above argument). But E** = F since they have the same cocycle.

Problem 11-7(a)
For any (s,t) € R? and v € T{; ;)R? = R?, we have

(F*w) (s,6)v = Wr(s,p) (Fiov) = stdy(Fyv) — e'dz(FLv).

O

Writing v = (v1,v2), we have Fy,v = (tvy + svg, e'vy). Now dz(wy,ws) = w; and similarly for dy, so we have

(F*w)(s,)v = ste'vy — e’ (tvy + sv2)
= —te'ds(v) + se'(t — 1)dt(v),

so F*w = —tetds + set(t — 1)dt.

Problem 11-14
(a) Set c(t) = (t,t,t). We have

/cw B /01 we(r) (¢/(£))dt.

Using ¢/(¢) = (1,1,1), we find
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Integrating the above, we find
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(b) Suppose w = df = fydx + f,dy+ f.dz. Using f, = 2z/2* + 1, we see f = 2xz/(x? + 1) + g(x,y) for some
function g. Then f, = 2z/(2? +1) — 42%z/(2* + 1)* + g, (x, y), but this cannot be equal to —4z/(x? +1)2,
so w is not exact.

Now suppose 1 = df. In the same manner, we find the solution f(z,y, z) = 22/(2? + 1) + log(y? + 1).

(C) fcn = f(lv 13 1) - f(()aoao) =1+ 10g(2)



