STAT 401 MidtermII Sample — Fall 2009

1. Define the joint pmf of (X,Y") by

1 2 1 2
p(071) :p(0a2) = 77p(073) = 7ap(1a1) :p(173) = 7ap(1a2) )
9 9 6 9
and p (x,y) = 0 for other (z,y).

(a) Find the marginal pmf of X.
(b) Calculate the conditional pmf of Y given X = 0.
(c) Find the conditional mean of Y given X =0, E(Y|X =0).

2. Let X; and X5 have the joint pdf

3331, 0<LE2<LIZ1<1
0 elsewhere

f(z1,m2) = {

(a) P(X1+ Xy <1).

(b) Find the marginal densities for X; and X5 respectively.

(¢) If X; and X5 are independent? Prove or disprove it.
)

Calculate the correlation coefficient p (X1, Xs), given that py = 3,pu, = 2
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(e) Suppose Y7 = X;, Y5 = X1 + X5. Find the joint pdf of (Y7,Y5).

3. Let the random variable X has a Poisson distribution
k
It is found that P (X =1) = P (X =2).

ME=0,1,2,-

(a) Find the parameter A and calculate P (X = 0).
(b) Find the mean and variance. [ Hint: MGF Mx (t) = e/\(etfl)} .

4. Let X follow normal distribution, X ~ N (6, 1)

(a) Compute P(5< X < 7).
(b) Find the quantile =, such that P (X < x,) = 0.975.

(¢) Y ~ N (7,1) is independent of X, find the distribution of Y — X and then calculate
P(Y > X).



Solution:
L. (a). p1(0) = %7171 (1) = %

(b). P(Y =y|X =0) =
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(¢). E(Y|X =0) = zi:y-P(Y:gAX:O):l-

2. (a). P(X1+X2<1) = 1/2 f;im 3r1dzidey = %
(b). Marginal dens1ty functlon f1(x1) fo 3z1dry = 322,V0 < 1y < 1;

f2 (z2) f 3r1dr, = (1 ) V0 < 2y < 1.
(c). Not mdependent Hlnt Jomt and marginal density, or joint and marginal support.

(d) E X1X2 fO 371.132 3.T1d.131d.132 130.
E(XaiXo)—pypa _ V3
g1°02 3

Correlation coeﬁiment. p (X1, Xo) =

Y1=X X, =Y,
(e). First find the inverse transformation ! ! & ! ! , then the
Yo =X14+ X Xo=Y>o—Y;

1
Jacobian determinant J = ] (1) =1.

The joint density of (Y7,Y3) is
iy Wi, v2) = fxox. Wy2 — 1) - |J| = 3y,

on its support {0 < y1 < 1,41 < y2 < 2y1}.
3. (a). ??e A= ge_’\ =A=2 (A>0),s0 P(X =0) = O,e 2 =2
(b). E(X) =M (0)=2,E (X?) = M4 (0) =22 +2.
Mean and variance of X : y= EX = 2,02 = F (X?) — [EX]* =2
4. (a). P(5< X <7)=0.6826
(b). ®(1.96) = 0.975. The quantileis z, = p+0 -2, =6+ 1-1.96 = 7.96.
(c). Mean and variance of Y — X: E(Y — X) =1,Var (Y — X) = Var (V) + Var (X) = 2,
it implies that Y — X ~ N (1,2) . Hence standardized r.v. is Z = % ~ N (0,1).

P(Y>X):P(Y—X>0):P(Z>—%> = 0.7611.



