Stat 401: Introduction to Probability

Review for Midterm 11

§2.1 Distribution of Two Random Variables

— Two-dimensional random vector (X7, X5):
X, and X5 are random variables defined on the same sample space C.

Space of (X1, X5): D = {(X1(c), X2(c)) : c € C}

Joint cdf of (X1, X2): Fx, x,(z1,22) = P(X1 < 21, Xy < x9)
MGF of (X, X3): M(ty,ty) = E[ehXittaXz)

— For discrete (X, X»):

« Joint pmf: px, x, (71, x2) = P(X1 = 21, Xy = 19)
* Marginal pmf: pi(x1) = X ., Pxy.x, (21, T2)
pa(r2) = Xp, Pxy X, (1, 72)
* Probability of event A: P(A) = 33 (1, 4,)ea PXy,x, (71, T2)
* Expectation: E[g(X1, Xo)] = X0, Y0, 9(21, T2)Dx, x, (21, T2)

— For continuous random vector (X7, X5):

* Joint pdf: fy, x,(x1,22), such that for all 1,25 € R,
Fx, x,(x1,22) = [TL [720 fxy . x, (w1, we)dwadw,
« Marginal pdf: fi(x1) = [Z0 fx, x (21, 22)dxs
f2($2) = ffooo le,X2($1,$2)d$1
* Probability of event A: P(A) = [ [i,, z0)ea fx1.% (71, 2)dr1dzs
« Expectation: E[g(X1, Xo)] = [Zo, [T 9(21, 22) fx, x, (21, x2)dx1dy
— Property of expectations:

Elkig1(X1, X2) + k292 (X1, X2)] = k1 E[g1 (X1, Xo)] + k2 E[ga (X1, X5)]
— For practice: Example 2.1.3, Example 2.1.4, Example 2.1.5, Example 2.1.7

§2.2 Transformations: Bivariate Random Variables

— Let (X1, X3) be a random vector with support S.
One-to-one transformation mapping S onto 7:

Y= Ul(Xl,Xz), Y, = U2(X1,X2)
Inverse transformation mapping 7 onto S:
Xy = wl(Yl,Yz), Xy = U)Q(Yl,yz)
— For discrete (X3, X3), the joint pmf of (Y7, Y5):
Pyi vz (Y1, 92) = Pxy (01 (Y1, Y2) wayr, v2)], (Y1, 92) €T



— For continuous (X7, X53), the joint pdf of (Y7,Y5):

v (W, 12) = fxo o lwi(yr, ve), wa(yr, v2)] - |71, (y1,92) €7,
where J is the Jacobian determinant of the transformation

J = % % :8$1.8$2_a$1‘a$2
52 o Oy1 Oy Oyz Oy

— For practice: Example 2.2.1, Example 2.2.4, Example 2.2.5
§2.3 Conditional Distributions and Expectations

— For discrete (X7, X5), the conditional pmf’s are:

p2\1(952|9€1) = p(ﬁl, $2)/P1($1)a pl\z(x1|$2) = p(xl,xg)/pg(xg)
Conditional probability: P(X, € A|X; = 21) = X,,ca Do (22|71)
Conditional expectation: E[u(X3)| X1 = x1] = X, u(x2)poi (z2|21)

— For continuous (X7, X3), the conditional pdf’s are:

fop(@a|a1) = f(z1,22)/ fr(21), frp(@i]ze) = f(21, 22) /pa(22)
Conditional probability: P(Xy € A|X = 1) = [, c4 fon(z2]21)drs
Conditional expectation: Efu(Xs)| X1 = x1] = [Z5 w(@2) for (w2|21)dws

— Conditional variance: Var(Xs|r) = E(X2|z1) — [E(Xa|z1)]?

— Conditional expectation given X;: F(X3|X7), a function of X
Properties: F[E(X2|X1)] = E(X3), Var[E (X2 X;)] < Var(Xs)

— For practice: Example 2.3.1, Example 2.3.2
§2.4 Covariance and Correlation Coefficient

— Let (X,Y) be a random vector. Denote
w = E(X), uz = E(Y), 0? = Var(X), 03 = Var(Y)

— Covariance of X and Y
Cov(X,Y) = E[(X — pu)(Y — p2)] = E(XY) — papuo

— Correlation coefficient of X and Y: p = Cov(X,Y)/(0102)

— Properties of conditional expectation:
If E(Y[X) is linear in X, then E(Y|X) = ps + p22(X — 1) .
If E(X]Y) is linear in Y, then E(X|Y) = p1 + pZL(Y — p2)

— For practice: Example 2.4.1, Example 2.4.2
§2.5 Independent Random Variables

— Let & and S; be the supports of X; and X, respectively.

— For discrete (X7, X3), X7 and X5 is said to be independent if and only if one of
the following conditions is true:
[1] the joint pmf p(x1,z) = p1(x1)pa(x2) for all x; and x, where py, py are
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marginal pmf’s of X; and X, respectively;
[2] the joint pmf p(z1, x9) = g(z1)h(zy) for all 21 and 5, where g(z;) > 0 for
r1 € §; and h(ﬂfz) >0foray eSSy .

For continuous (X7, X3), X7 and X, is said to be independent if and only if one
of the following conditions is true:

[1] the joint pdf f(x1,z2) = fi(z1)fa(z2) for all z; and x5, where fi, fy are
marginal pdf’s of X; and X, respectively;

[2] the joint pdf f(z1,z2) = g(x1)h(zg) for all z; and xe, where g(z1) > 0 for
r1 € Sy and h(zy) > 0 for 2, € S, .

Other equivalent definitions: X; and X5 is said to be independent if and only if
one of the following conditions is true:

[3] the joint cdf F(xy,z5) = Fi(x1)Fe(xo) for all 1 and x , where Fy and F;
are the margianl cdf of X; and Xj;

[4] Pla < X1 < bc < Xy <d) =Pla< Xy <bP(c < Xy <d) for all
a,b,c,d, such that a < b and ¢ < d;

[5] Joint MGF M (t1,t9) = M(t1,0)M(0,t5) for all —h < t;,t5 < h .
Other properties: If X; and X, are independent, then

[6] Elu(X1)v(X2)] = Elu(X1)] - Elo(X)];

[7] Cov(X1, Xa) =0, p(X1, X2) = 0;

[8] Var(X; + X5) = Var(X;) + Var(X3)

For practice: Example 2.5.1, Example 2.5.2

§2.6 Extension to Several Random Variables

X = (Xy,...,X,) is called n-dimensional random vector if X1, ..., X, are random
variables defined on the same sample space C.
Space of X: D = {(Xi(c),...,X,(c)): c€C}
Joint cdf of X: Fx(z1,...,2,) = P(Xy < x1,..., X, < z,)
MGF of X: M(ty,...,t,) = E[elX1 T FinXn]
For discrete random vector (X, -+, X,):
x Joint pmf: px(z1,...,2,) = P(Xy =21,..., X, = x,)
* Marginal pmf: p;(7;) = Dzt Dan px (1, ..., 1)
p1,2(I17 $2) = ng s an px(fﬂh e ;%z)
x Joint conditional pmf:
b2, n|1(I2, cee 7$n|$1) = px($1, e 7$n)/p1(961)
* Probability of event A: P(A) = X, 5.)eaPx(T1,. .., Tp)
* Expectation:

Elg(Xy,....X0)] =20 2, 9(@1, . 2n)px (21, ..., )

* X1,...,X, are said to be independent if and only if one of the following con-
ditions is true:



[1] the joint pmf px(z1,...,z,) = p1(x1) -+ pu(xy,) for all zq, ... z,;
[2] the joint pmf px(x1,...,2,) = gi(x1) - gu(zy,) for all xq,... z,,
where g;(z;) >0 forz; € S;,i=1,...,n.

— For continuous random vector (X, -+, X,,):

« Joint pdf: fx(x1,...,2,), such that for all zy,...,z, € R,
Fx(z1,...,2) = [*2 - 70 fx(wy, ..o wy)dw,y, - - - dwy
Marginal pdf: fi(z1) = [Zo -+ [T fx (21, ..o xn)dy - - - day,
fio(xy, o) =[O0 -+ [0 fx (21, .., xp)ds - - - dxyy

Joint conditional pmf:

fa,.., n\1($2, e ,$n|l‘1) = fx(l’l, e ,fn)/fl(%)

*

*

* Probability of event A: P(A) = S, amyen fx(x1, ... xy)dey - - - day,
* Expectation:
Elg(X1,..., X)) = [ - [ g1, . xn) fx (@1, ..o, 2)day - - - day,
* X1,...,X, are said to be independent if and only if one of the following

conditions is true:

[1] the joint pdf fx(z1,...,2,) = fi(x1) - fu(xy,) for all z1, ..., xy;

[2] the joint pdf fx(z1,...,2,) = g1(x1) - - - gu(zy) for all 24, ..., x,, where
gi(x;) >0forx; €S;,1=1,...,n.

— Other equivalent definitions: Xji,..., X, are said to be mutually independent if
and only if one of the following conditions is true:
[3] the joint cdf Fx(z1,...,2,) = Fi(x1) -+ Fp(xy,) for all o1, ..., x,;
4] Play < X7 <by,...,a, < X,, <b,) =Pla; < Xy <by)---Pla, < X,, <
b,) for all a; < b;,i=1,...,n;
[5] the joint MGF M(t1,...,t,) = M(t1,0,...,0)---M(0,...,0,t,) for all
—h<ti<h,i=1,...,n.

— Other properties: If X, ..., X, are mutually independent, then
6] ui(Xy),...,un(X,) are independent;
[7] Any k random variables of X, ..., X, are independent, 2 < k < n;
8] Elur(X1) - un(Xp)] = Elui(X1)] - - Eun (X))
9] Var(X; + -+ X,,) = Var(X;) + - - - + Var(X,,)
— Random variables Xi,..., X, are said to be independent and identically dis-
tributed (i.i.d.), if they are independent and have the same distribution.

— For practice: Example 2.6.2, Remark 2.6.1
§2.7 Transformations: Random Vectors

— Let (Xy,...,X,) be a random vector with support S.
One-to-one transformation mapping S onto 7:

}/1 :ul(X17~--7Xn)7 ey Yn :un(Xla---an>
Inverse transformation mapping 7 onto S:
Xi=wi(Y1,...,Yn), ..., Xy =w,(Y1,...,Y})

4



— In discrete case, the joint pmf of (Y3,...,Y,):
Py (Yo Yn) = px[01(Y1, - Yn)s oW (Y1 Y)]s (Y1se oo yn) €T
— In continuous case, the joint pdf of Y = (Y3,...,Y},,):

fY(y17 s 7yn) = fX[wl(yb s 7yn)7 s 7wn(y17 s 7y7L)]|J|’ (yla s 7yn) € Ta where
J, the Jacobian determinant of the transformation, is

Oz ., Oz1
oy Oyn,
J=| :
Ozn ., Ozn
oY1 Oyn,

— For practice: Example 2.7.1, Example 2.7.2
§3.1 The Binomial and Related Distributions

— Bernoulli trial: C = {success, failure}, P({success}) = p =1 — P({failure})

— Bernoulli distribution with parameter p (success rate), 0 < p < 1:

pz)=p"(1—p) " 2z=0,1

Mean and Variance: = p, o2 = p(1 — p)
MGF: M(t) =(1—p) +pe', t R

— Binomial distribution with parameters n and p, 0 < p < 1:
Let X be the number of successes in n independent Bernoulli trials, then X ~
B(n,p) with pmf

p($>: <n>px(1_p)n_x7:[::0’1727""n
x

Mean and Variance: yu = np, 0% = np(1 — p)

MGF: M(t) = [(1 — p) + pe]”

If Xq,...,X, areiid. ~ Bernoulli(p), then Y = X; +---+ X,, ~ B(n,p) .

If Xi,...,X,, are independent and X; ~ B(n;,p), i =1,...,m, then Y = X; 4+
-+ X, has B(>" n;, p) distribution.

— Negative binomial distribution with parameters r» and p, 0 < p < 1:
Let Y be the number of failures before the rth success in a sequence of independent
Bernoulli trials, then Y ~ NB(r, p):

y+r—1
r—1

p(y)=< )pr(l—p)y,y:0,1,2,...

. 1— 1—
Mean and Variance: p = %, o? = %

MGF: M(t) =p"[1 — (1 —p)e']™", t < —log(1l — p)
Note: NB(r = 1,p) is the geometric distribution.



— Multinomial distribution with parameters n and pq, ..., pg_1:

Repeat a random experiment with sample space {1,2,...,k} for n independent
times. Let X; be the number of outcome 7, i = 1,... k. Then (X,..., X)) has
Multinomial(n; py, ..., pg_1) distribution.
o n' T Tk—1_ Tk
p(T1, ..., xpy) = 2l '«Tk—llxk!pl o Pe_1 P

where Let pp, =1 — (p1 + -+ pp_1), and &, =n — (v + - - + Tp_1).

MGF: M(ty,...,tp_1) = (pre™ + -+ + pp_1*1 + pp)"

If (X1, X5) ~ Multinomial(n; p1, p2) , then its marginal distribution: X; ~ B(n,p;),
Xy ~ B(n,ps).

— For practice: Example 3.1.3, Example 3.1.5
§3.2 The Poisson Distribution
— Poisson distribution with rate parameter A > 0, denoted by Poisson(\) :

Y\
= —x=0,1,.2. ...
p(z) =e " x 1,2,

Mean and Variance: pu = 02 = \
)

MGF: M(t) = X't
— If Xy,..., X, are independent and X; ~ Poisson(};), then 31" | X; ~ Poisson(>1; \;).
— For practice: Example 3.2.1, Example 3.2.3

§3.4 The Normal Distribution

— Normal distribution with mean p and variance o2, denoted by N (u,0?)

f(ac)zlexp{—1 <gj_u>2},—oo<x<oo

2o 2 o

— MGF: M(t) = exp {,ut + %U%Q}, —00 <t < 00
— Transformation: If X ~ N(p,0?), then Y = aX + b~ N(ap + b, a*0?).
Standardization: Z = (X — pu)/o ~ N(0,1)
— Standard normal distribution: N (0, 1) with Pdf and cdf:
o) = o= 0() = [ olyte
Property of ®:®(—z) =1 — ¢(2)
— If Xp,..., X, are i.i.d. ~ N(0,1), then Y = 3" | X2 ~ x?(n) .
— If Xy,..., X, are independent and X; ~ N(u;,0?),i=1,...,n, then

Y =Y a;X; ~ N aip, > aio?).
i—1 i=1 i=1

— For practice: Example 3.4.3, Example 3.4.4




