
Stat 401: Introduction to Probability

Review for Midterm I

x1.1 Random experiment, sample space, outcome, event, relative frequency

x1.2 Set Theory:

{ Set, element, subset, empty set or null set ;
{ Union, intersection, complement

{ Venn diagram, space 


{ DeMorgan's laws: (C1 \ C2)c = Cc1 [ Cc2, (C1 [ C2)c = Cc1 \ Cc2
{ Limit of a sequence of sets C1; C2; C3; : : : :
limk!1Ck = \1k=1Ck, if the sequence is non-increasing;
limk!1Ck = [1k=1Ck, if the sequence is non-decreasing

x1.3 The Probability Set Function

{ �-Field B of the sample space 

Smallest �-Field: f;; 
g ;
Greatest �-Field: 2
, the power set of 
 .

{ Probability set function P de�ned on the �-�eld B:
P (C) � 0, for all C 2 B ;
P (
) = 1 ;
P ([1n=1Cn) =

P1
n=1 P (Cn), if C1; C2; C3; : : : are mutually disjoint

{ Properties of the probability set function P :
P (Cc) = 1� P (C), for all C 2 B ;
P (;) = 0 ;
P (C1) � P (C2), if C1 � C2 ;
0 � P (C) � 1, for all C 2 B ;
P (C1 [ C2) = P (C1) + P (C2)� P (C1 \ C2) ;
limn!1 P (Cn) = P (limn!1Cn), if fCng is increasing or decreasing;
P ([1n=1Cn) �

P1
n=1 P (Cn), for arbitrary sequence fCng

{ Inclusion-Exclusion formula: P (C1 [ C2 [ C3) = p1 � p2 + p3,
where p1 = P (C1) + P (C2) + P (C3),
p2 = P (C1 \ C2) + P (C1 \ C3) + P (C2 \ C3), p3 = P (C1 \ C2 \ C3)

{ Permutations and combinations: Draw k elements from n elements
With order and with replacement: nk ;
With order and without replacement: P nk = n!=(n� k)! =

�
n
k

�
k! ;

Without order and without replacement:
�
n
k

�
= n!=[k!(n� k)!]
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x1.4 Conditional Probability and Independence

{ Conditional probability: P (C2jC1) = P (C1 \ C2)=P (C1), if P (C1) > 0
P (C2jC1) � 0 ;
P (C1jC1) = 1 ;
P ([1k=1CkjC) =

1P
k=1
P (CkjC), if C1; C2; C3; : : : are mutually disjoint;

P (C1 \ C2) = P (C1)P (C2jC1) ;
P (C1 \ C2 \ C3) = P (C1)P (C2jC1)P (C3jC1 \ C2)

{ Law of total probability and Bayes' theorem:

P (C) =
kX
i=1

P (Ci)P (CjCi) ;

P (CjjC) =
P (Cj)P (CjCj)

P (C)
=

P (Cj)P (CjCj)Pk
i=1 P (Ci)P (CjCi)

;

where fC1; C2; : : : ; Ckg is a partition of 
, and P (Ci) > 0; i = 1; : : : ; k
{ The events C1 and C2 are independent, if and only if
P (C1 \ C2) = P (C1)P (C2) .
Then the following three pairs of events are independent:
C1 and C

c
2, C

c
1 and C2, C

c
1 and C

c
2 .

{ The events C1; C2; : : : ; Cn are independent, if and only if

P (Cd1 \ Cd2 \ � � � \ Cdk) = P (Cd1)P (Cd2) � � �P (Cdk)
for any 2 � k � n and any subset fd1; d2; : : : ; dkg of f1; 2; : : : ; ng.

x1.5 Random Variables

{ Random variable X: a function de�ned on the sample space 

Range (or space) of X: D = fX(c) : c 2 
g

{ Cumulative distribution function (cdf) of a random variable X:

F (x) = P (X � x) = P (fc 2 
 : X(c) � xg)

which always satis�es
(a) F is nondecreasing, that is, F (a) � F (b) for all a < b ;
(b) the lower limit of F is 0, that is, limx!�1 F (x) = 0 ;
(c) the upper limit of F is 1, that is, limx!1 F (x) = 1 ;
(d) F is right continuous, that is, limx#x0 F (x) = F (x0) for all x0

2



{ Other properties of the cdf F of X:
(e) P (a < X � b) = F (b)� F (a) ;
(f) P (X = x) = F (x)� F (x�), where F (x�) = limz"x F (z)

{ Discrete random variable X: D is �nite or countable
Probability mass function (pmf) of X:

p(x) = P (X = x) = P (fc 2 
 : X(c) = xg)

which must satisfy: [1] 0 � p(x) � 1 for all x 2 D; [2]Px2D p(x) = 1 .
The support of X: S = fx 2 D : p(x) > 0g

{ Continuous random variable X: there exists a probability density func-
tion (pdf) f(x) such that the cdf

F (x) =
Z x

�1
f(t)dt; for all x 2 R :

Note that f(x) must satisfy: [1] f(x) � 0 for all x; [2]
R1
�1 f(x)dx = 1 .

The support of X: S = fx : f(x) > 0g
{ Properties of continuous random variable X with cdf F (x) and pdf f(x):
(a) F (x) is continuous. Thus P (X = x) = F (x)� F (x�) = 0, for all x .
(b) F 0(x) = f(x), for almost all x.
(c) P (a < X � b) = P (a < X < b) = P (a � X � b) =

R b
a f(x)dx .

x1.6 Discrete Random Variables

{ Uniform distribution on a �nite set, for example, f�2;�1; 0; 1; 2g:

The pmf is
x �2 �1 0 1 2
p(x) 1=5 1=5 1=5 1=5 1=5

{ Bernoulli trial:

 = f success, failure g, P (fsuccessg) = p, P (ffailureg) = 1� p,
where p is the parameter of the Bernoulli trial such that 0 < p < 1
Bernoulli distribution:

X(success) = 1, X(failure) = 0, pmf:
x 0 1
p(x) 1� p p

{ Geometric distribution:
Repeat a Bernoulli trial independently until a success appears.
Let X be the number of trials needed.
The range of X: D = f1; 2; 3; : : : ; n; : : : g
The pmf of X: p(x) = (1� p)x�1p, for x = 1; 2; 3; : : : ,
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{ Transformation of a discrete random variable X: Y = g(X)
Y is a discrete random variable too. The pmf of Y :

pY (y) =
X

x:g(x)=y

pX(x)

x1.7 Continuous Random Variables

{ Uniform distribution on a �nite interval (a; b): The pdf is

f(x) =

(
1=(b� a); if x 2 (a; b);

0; elsewhere

{ Cauchy distribution: f(x) = 1=[�(1 + x2)], �1 < x <1
{ Transformation of a continuous random variable X: Y = g(X)
Y is a continuous random variable too. The pdf of Y :

fY (y) = fX(g
�1(y))

�����dg�1(y)dy

����� ; for y 2 SY = fg(x) : x 2 SXg ;
if g(x) is a one-to-one di�erentiable function on SX , the support of X.
Alternative approach: (1) Calculate the cdf of Y �rst

FY (y) = P (Y � y) = P (g(X) � y)

(2) The pdf of Y : fY (y) = F
0
Y (y), for y 2 SY = fg(x) : x 2 SXg

{ Mode of a distribution: a value of x that maximizes the pdf or pmf

{ Median of a distribution: a value of x such that

P (X � x) � 1

2
; P (X � x) � 1

2

x1.8 Expectation of a Random Variable

{ Expectation of a discrete random variable X, if
P
x jxjp(x) <1:

E(X) =
X
x

xp(x)

Expectation of g(X), if
P
x jg(x)jp(x) <1:

E[g(X)] =
X
x

g(x)p(x)
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{ Expectation of a continuous random variable X, if
R1
�1 jxjf(x)dx <1:

E(X) =
Z 1

�1
xf(x)dx

Expectation of g(X), if
R1
�1 jg(x)jf(x)dx <1:

E[g(X)] =
Z 1

�1
g(x)f(x)dx

{ Properties of expectations:
[1] E(c) = c, if c is a constant;
[2] E(cX) = cE(X), if c is a constant;
[3] E(aX + bY ) = aE(X) + bE(Y ), if a; b are constants

x1.9 Some Special Expectations

{ Mean: � = E(X)

{ Variance: �2 = V ar(X) = E[(X � �)2] = E(X2)� �2

Standard deviation: � =
q
V ar(X)

{ Skewness: 
1 = E[(X � �)3]=�3 = E(X3)=�3 � 3�=� � (�=�)3

1 < 0 (skewed to the left); 
1 > 0 (skewed to the right);

1 = 0 (not skewed)

{ Moments: E(Xm), mth moment; E[(X � �)m], mth central moment
{ Moment generating function (mgf): If E(etX) exists for t 2 (�h; h),

M(t) = E(etX) = 1 + tE(X) +
t2

2!
E(X2) +

t3

3!
E(X3) + � � �

M 0(0) = �, M 00 (0) = E(X2), : : : . In general, M (m)(0) = E(Xm) .

{ If MX(t) =MY (t) for all t 2 (�h; h), then FX(z) = FY (z) for all z 2 R.
That is, X and Y have the same distribution, denoted by X

D
= Y .Im-

portant Inequalities

1.10 Important Inequalities

{ Markov's inequality: Let u(X) be a nonnegative function, c > 0,

P [u(X) � c] � E[u(X)]

c
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{ Chebyshev's inequality: For k > 0,

P (jX � �j � k�) � 1

k2

or P (jX � �j � �) � �2=�2 for all � > 0
{ Convex function �: For all x; y and all 0 < 
 < 1,

�[
x+ (1� 
)y] � 
�(x) + (1� 
)�(y)

� is convex if �0 is nondecreasing or �00 is nonnegative.

{ Jensen's inequality: If � is convex on the support of X, then

�[E(X)] � E[�(X)]
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