Slgem — STAT 40 Bl — fotl Q0

1. [28 points] Given that random sample X1, X, ..., X, is drawn from
a Poisson distribution X ~ Poisson (8), where § > 0 with probability
function

Xz

flz,0) = -9—-6_0,33 =0,1,2,...
x!

It is known that E (X) = Var (X) = 6. )
(a). [8 points] Find the maximum likelihood estimator (mle) é of pa-

rameter 6.
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(b). [8 points] Calculate the Fisher information I () and Rao-Cramer
lower bound. Is the mle estimator 6 efficient for §?
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(c). [6 points] What is the asymptotic distribution of \/ﬁ@ - 90) for
a given 0p> 07

Under regu,(}vm"tj tonditions,
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(d) . [6 points] If we are interested in a new parameter n = 62, find its
mle 7). Is it unbiased for %7
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2. [20 points] Suppose X1,. .., X, are iid with the pdf
Flz;0) =e 9 | 6 <z < oo,

where —o0 < § < 0 .
(a). [8 points] Show that Xy =min{Xy,...,X,} is a sufficient statistic

for 6.
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(b) . [8 points] Is X(;) also a minimal sufficient statistic for 67
z(x —(9)
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(¢) . [4 points] The parameter 6 in the distribution function is a location
parameter or a scale parameter? Why? Find its standard distribution.
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3. [18 points] Sample X7, ..., X, is following a Bernoulli distribution
Fz,0)=0°1-6)""2=01with0<6<1.

(a). [8 points] Find a complete and sufficient, statistic for 6.
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(b) . [6 points] Based on (a); construct a MVUE for 6.
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(¢). [4 points] Find a MVUE for 6 (1 — ).
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4. [34 points] Sample Xi,..., X, is following a normal distribution
N(6,1),
-1
flz.6) = (\/QW) exp {—(x - 9)2/2}

where —oo0 < 0 < +00.
(a) . [8 points] Based on Neyman-Pearson Theorem, find the best crit-
ical region for Hy : § = 0 vs. H; : 8 = 1 given significance level
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(). [6 points] Calculate the power of the best test in (a) given that
n = 16 and significance level o = 0.05. [Stat tables are attached.]

‘NLM V\——(é, 01:0‘@&’, Jféil CVHMJ vegnw Y (Zoh/‘ékf)

6= (X 7 Bl =X > L F5 0 )

towerr of -GSt n Ca) s | Y’%N(@:'J/"”L_,>,

oy Tz = P[22 5

=P Z txe-0} ~pfz
zﬁ/ﬁ‘?og

c&}
"%
738

¢t



(¢). [6 points] Find a uniformly most powerful critical region of size
a = 0.05 for testing Hy : § = 0 against Hy : 6 > 0
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(d) . [8 points] Construct the likclihood ratio test statistic A for testing

Hy:0=0vs. Hy:60+#0. Find its distribution or distribution of an
equivalent statistic of Aunnder Ho.
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(e) . [6 points] Find ¢ such that the null hypothesis Hy : § = 0 is rejected
when A <c with significance level o = 0.05. [Stat tables are attached.]
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