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Multiple Linear Regression

TN The population model
J

e In a simple linear regression model, a single response measurement Y is related to a single
predictor (covariate, regressor) X for each observation. The critical assumption of the model -
is that the conditional mean function is linear: E(Y]X) = o + X.

In most problems, more than one predictor variable will be available. This leads to the
following “multiple regression” mean function:

E(Y|X)=a+ X1+ + BpXp,

 where « is caled the intercept and the §; are called slopes or coefficients.

e For example, if Y is annual income ($1000/year), X; is educational level (number of years
of schooling), X, is number of years of work experience, and X3 is gender (X3 = 0 is male,
X5 = 1 is female), then the population mean function may be

Based on this mean function, we can determine the expected income for any person as long
as we know his or her educational level, work experience, and gender.

For example, according to this mean function, a female with 12 years of schooling and 10
years of work experience would expect to earn $26,600 annually. A male with 16 years of
/*) schooling and 5 years of work experience would expect to earn $30,300 annually.

S

e For example if we have the population model

as above, and we know that o = 9, we can answer questions like: “what is the probability that
a female with 16 years education and no work experience will earn more than $40,000/year?”

The mean for such a person is 24.8, so standardizing yields the probability:

P(Y > 40) = P((Y —24.8)/9 > (40 — 24.8)/9)
P(Z > 1.69)
~ 0.05.



o Examplé: Y; are the average maximum daily temperatures at n = 1070 weather stations in
the U.S during March, 2001. The predictors are: latitude (X1), longitude (X>), and elevation

(X3)-
Here is the fitted model:

E(Y|X) =101—2-X; +0.3- X, — 0.003 - X

Average temperature decreases as latitude and elevation increase, but it increases as longi-
tude increases.

For example, when moving from Miami (latitude 25°) to Detroit (latitude 42°), an increase
in latitude of 17°, according to the model average temperature decreases by 2 - 17 = 34°.

In the actual data, Miami’s temperature was 33° and Detroit’s temperature was 45°, so the
actual difference was 38°. '

This scatterplot compares the relationships between latitude and temperature in the eastern
and western US (divided at the median longitude of 93°).

The slope in the western stations is seen to be slightly closer to 0, but more notably, latitude
has much less predictive power in the west compared to the east.
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Diagnostics

e The residuals on fitted values plot should show no pattern:
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o There should be no pattern when plotting residuals against each predictor variable:
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The ftted model with quadratic longitude effect is

’ (/ ] E(Y]|X) = 197 —2.09Latitude — 1.62Longitude —
T 0.002Elevation + 0.01Longitude’

Recall that & quadratic function az? + bz + ¢ has a minimum if ¢ > 0, & maximum if a < 0,
and either value falls at z = —b/2a.

Thus the longitude effect 0.01Longitude?* — 1.62Longitude has a minimum at 81°, which is
around the 20 percentile of our data (roughly Celevand, OH, or Columbia, SC).

The longitude effect decreases from the east coast as one moves west to around 81°, but then

increases again as one continues to move further west.
This plot shows the longitude effect for the linear fit (green), and the longitude effect for the

quadratic fit (red).
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