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Abstract

These notes serve as an external (albeit loose) point of reference for Math
518, offered in Spring 2009. The author follows and summarizes several
sections of two texts used in the course. The first section follows Warner’s
Foundations of Differentiable Manifolds and Lie Groups, while the last two
sections are from Baker’s Matriz Groups: An Introduction to Lie Group
Theory. These notes are loosely organized and do not always follow the linear
path of the two texts. Rather, here is presented material that the author
found particular interesting or needed further clarification on at times.



1 Manifolds

We begin by introducing some basic definitions, terminology, and notation
in our discussion. Differentiable manifolds can be seen as locally similar
to Euclidean space and are rich enough in structure so that familiar and
fundamental concepts from calculus translate over.

1.1 Differentiable Manifolds

Definition 1. Suppose U C R? is open, and let f : U — R. We say that f
is differentiable of class C* on U (also may say that f is C*), for k a non-
negative integer, if the partial derivatives f;—f exists and are continuous on
U for [a] < k. For example, f is CY if f is continuous. Now, if f : U — R",
then f is differentiable of class C* if each of the component functions

fi =m0 fis CF. We say that f is C™ if it is C* for all k > 0.

Definition 2. A locally Euclidean space M of dimension d is a Haus-
dorff topological space M for which each point has a neighborhood homeo-
morphic to an open subset of the Euclidean space R?. If ¢ is a homeomor-
phism of a connected open set U C M onto an open subset of R?, ¢ is called
a coordinate map, and the functions x; = r; 0 ¢ are called the coordinate
functions. Also, the pair (U, ¢) is called a coordinate system. Note that
(U, ¢) is also at times denoted by (U, z1,...,24). A coordinate system (U, ¢)
is called a cubic coordinate system if ¢(U) is an open cube about the
origin in R%. If m € U and ¢(m) = 0, then the coordinate system is said to
be centered at m.

Definition 3. A differentiable structure F of class C* (1< k<
o0) on a locally Euclidean space M is a collection of coordinate systems
{(Uq, 9a)|x € A} satisfying the following properties:

1. UO(GAU :M
2. ¢ao¢gl is C* for all o, B € A.

3. The collection F is maximal with respect to the above. That is, if
(U, ¢) is a coordinate system such that ¢ o ¢7! and ¢, 0 ¢~ are C*
for all a € A, then (U, ¢) € F.

Note that if Fop = {(Uq, ¢a)|av € A} is a collection of coordinate systems
satisfying the first two items above, then there is a unique differentiable
structure F that contains Fy. To see this in a more explicit fashion, let

F={(U,¢)|po¢," and ¢o 0 ¢~ are CF for all ¢, € Fo}.

Then we see that F contains Fy and satisfies the first two properties as in
the above. As F is maximal by construction, it is a differential structure
containing Fp. Then it is clear that F is unique in this regard.



Let us quickly note two other basic types of differential structures on
locally Euclidean spaces, the structure of the class C* and the complex
analytic structure. For a differential structure of class C*, we need that
the compositions given by the send item above are local given by convergent
power series. For a complex analytic structure on a 2-dimensional locally
Euclidean space, we require that coordinate systems have range in the space
C? and overlap holomorphically.

A d-dimensional differentiable manifold of class C* is a pair (M, F)
consisting of a d-dimensional, second-countable, locally Euclidean space M
together with a differentiable structure F of class C*. Typically we denote
this pair simply by M, under the premise that we are considering the locally
Fuclidean space M with some differentiable structure F when we speak of
the differentiable manifold M. In this discussion, we restrict ourselves to the
class C°°. The term smooth also applies to the differentiability of C*°. We
often shorten our term to simply manifolds when speaking of differentiable
manifolds, and we assume differentiability of class C*°. Thus, a manifold
can be seen as consisting of three objects: an underlying point set, a second-
countable, locally Euclidean topology on the point set, and a differentiable
structure. If X is a set, we define a manifold structure on X to be a
choice of both a second-countable, locally Euclidean topology on X and a
differentiable structure.

In the below, M and N denote differentiable manifolds, and M¢ indicates
that the manifold M has dimension d. Let us consider some examples.

1.2 Examples

Example 1. We obtain the standard differentiable structure on Euclidean
space R? by taking F to be the maximal collection containing (R?, ), where
i:R? — RY is the identity map.

Example 2. If V is a real vector space of finite dimension, then V has a
natural manifold structure. Let {e;} be a basis for V. Then the elements of
the dual basis are coordinate functions on a global coordinate system on V.
Such a system uniquely determines a differentiable structure F on V', and
this structure is independent of the choice of basis, as different bases give
C® overlapping coordinate systems. Interestingly enough, it turns out that
the change of coordinates is given by a constant, non-singular matrix.

Example 3. If U is an open subset of a differentiable manifold (M, Fa),
then U is itself a differentiable manifold. The differentiable structure for U
is then given by

Fu ={U0aNU,¢alUa NU)|(Uq,da) € Far}-



1.3 Differentiable Maps

Definition 4. Let U C M be open. We say that f : U — R is a C®
function on U (denoted by f € C*(U)) if fo¢~! is O for each coordinate
map ¢ on M. A continuous map £ : M — N is said to be differentiable of
class C™ (¢ € C®°(M, N)) if go¢ is a C* function on £~ (domain of g) for
all C'* functions g defined on open sets in N. Equivalently, the continuous
map ¢ is O if and only if ¢ o £ 0 p~! is C™ for each coordinate map p on
M and ¢ on N.

Note that the composition of two differentiable maps is differentiable,
and observe that a map ¢ : M — N is C*° if and only if for each m € M
there exists an open neighborhood Uofm such that ¢ restricted to U is C°.

1.4 Tangent Vectors and Differentials

One may view a vector v with components vy,...,v4 at a point p in Eu-
clidean space R? as an operator on differentiable functions. In specific, if
f is differentiable on a neighborhood of p, then v assigns to f the number
v(f) € R. We see that v(f) is the directional derivative of f pointing in the
direction of v at p. The operator v satisfies the following properties:

u(f + Ag) = v(f) + Mv(g),

v(fg) = f(p)v(g) + g(p)v(f),

whenever f and g are differentiable near p (A € R). The first item says that
v acts linearly on functions, while the second declares v a derivation.

Definition 5. Let m € M. Functions f and g on open sets containing m
are said to have the same germ at m if they agree on some neighborhood
of m. This induces an equivalence relation on the C'*° functions defined on
neighborhoods of m. That is, two functions are considered equivalent if and
only if they have the same germ. We call the equivalence classes germs,
and we denote the set of germs at m by F,,. if f is a C* function on a
neighborhood of m, then f will denote its germ. Note that the operations
of addition, scalar multiplication, and the multiplication of functions induce
an algebraic structure over R. A germ f has a well-defined value f(m) at
m. This value is the value at m of any representation of the germ. Suppose
F C F,, is the set of germs that vanish at m. Then we see that F, is
an ideal, and denote by FF its kth power. FF is the ideal of F,, that is
comprised of all finite linear combinations of k-fold products of elements of
F,,,, which form an ascending sequence of ideals

... CF3CF?CF,CF,.



Definition 6. A tangent vector v at m € M is a linear derivation of the
algebra F',,. That is, for all f, g € F,;,, and A € R,

v(f+ Ag) = v(f) + M(g),

v(fg) = f(m)v(g) + g(m)v(f).
Let M,, denote the set of tangent vectors to M at m. We call M, the

tangent space to M at m. Note that M, is a real vector space, whose
dimension is the same as the dimension of M.

Example 4. If ¢ is the germ of a function with constant value ¢ on a
neighborhood of m, and if v is a tangent vector at m, then v(c) = 0, since
v(c) = cv(l), and v(1) = v(1 1) = 1v(1) + 1v(1) = 2v(1).

Lemma 1. M, is naturally isomorphic to (F,,/F2)*. Here, * denotes the
dual vector space.

Theorem 1. dim (F,,/F2%) = dimM.
Theorem 2. dim M,, = dim M.

Definition 7. Let (U, ¢) be a coordinate system with coordinate functions
Z1,...,24) and let m € U. For each i € (1,...,d), we define the tangent
vector in M, as the directional derivative of f at m in the direction of the
x; coordinate.

1.5 Differentials

Let ¥ : M — N be C*, and let m € M. The differential of v at m is the
linear map

d : My, — Nym)

definite as follows: If v € M,,, then di(v) is a tangent vector at ¢»(m). Let g
be a C'oo function on a neighborhood of 1(m). Definite di)(v)(g) by setting

dip(v)(g) = v(g o).
One may check without much work that dvy is a linear map of M, into
Ny(m)- The map 1 is called non-singular at m if dip, is non-singular (in
other words, the kernel of the map is 0). The dual map

is definite as usual, under the requirement that

dih(w)(v) = w(dy(v))

whenever w € N;Z( and v € M,,.

m)



Theorem 3. Let ¢ be a C*° mapping of the connected manifold M into the
manifold N. Suppose that for each m € M, di,, =0. Then ¢ is a constant
mapping.

We finish our notes in this section with a quick discussion of tangent
bundles. It turns out that the collection of all tangent vectors to a differ-
entiable manifold forms a differentiable manifold on its own. This manifold
is the tangent bundle. See [2] for more information on tangent bundles and
cotangent bundles.

2 Lie Groups

We switch our discussion to the topic of Lie groups and smooth manifolds,
returning to tangent spaces for a brief moment. To finish the section, we
discuss and present some examples.

2.1 Smooth Manifolds

Definition 8. A continuous map g : Vi — V5 where each V;, C R™* is open
is called smooth if it is infinitely differentiable. A smooth bijection g is a
diffeomorphism if its inverse ¢~ : Vo — V; is also smooth.

Definition 9. A topological space X is called separable if it has a count-
able open covering.

Note that every compact topological space is separable. In addition, any
subspace of R™ or C" is separable, too (n > 1). Thus, all matrix groups are
separable. Finally, a quotient space of a separable space is also separable.
In the below, let M be a separable Hausdorff topological space.

Definition 10. If U € M and V C R" are open subsets, a homeomorphism
f U — V is called an n-chart for U. If Y = {U,la € A} is an open

covering of M and F = {f, : U, — V,} is a collection of charts, then F is
called an atlas for M if, whenever U, N U, # 0,

foo fol s faUaNUL) = fio(Ua N U)
is a diffeomorphism.
At times, we denote the atlas by (M,U, F) and refer to it as a smooth
manifold of dimension n or smooth n-manifold.

Definition 11. Let (M,U,F) and (M',U’',F') be atlases on the topolog-
ical spaces M and M’, respectively. A smooth map h : (M, U,F) —
(M'U', F') is a continuous map h : M — M’ such that for each pair a,ad’
with h(U,) N U], # 0, the composite map

fiioho f;l : fa(hflU(;/) -V,

is smooth.



2.2 Tangent Spaces

Let (M,U,F) be a smooth n-manifold and let p € M. Let 7 : (a,b) — M
be a continuous curve with a < 0 < b.

Definition 12. v is differentiable at t € (a, b) if for every chart f: U — V
with v(t) € U, the curve f o~ : (a,b) — V is differentiable at ¢t € (a,b).
That is, (f o) (t) exists. v is smooth at ¢ € (a,b) if all the derivatives of
f o exist at t.

Lemma 2. Let fo: Uy — Vi be a chart with (t) € Uy and suppose that

foory:(a,b) N fg' Vo — Vo
is differentiable at t. Then for any chart f : U — V with v(t) € U,

for:(ab)nfV -V
is differentiable at t.

Theorem 4. Let p € M, and let T,M denote the tangent space to the
manifold M at p. Then T,M is an R-vector space of dimension n.

Definition 13. Let (M,U,F) be a manifold of dimension n. A subset
N C M is a submanifold of dimension k if for every p € N there is an
open neighborhood U C M of p and an n-chart f: U — V such that

pe VAR =NNU.

For such N we form k-charts of the form

fo:NNU — VN Ry,

such that fo(z) = f(z). Denote this manifold by (N,Upr, Far). We then
have the following result.

Theorem 5. For a submanifold N C M of dimension k, the inclusion
function i : N — M is smooth, and for every p € N, di,, : T,N — T,M s
an injection

Theorem 6 (Implicit Function Theorem for Manifolds). Let h : (M, U, F) —
(MU', F") be a smooth map between manifolds of respective dimensions n
and n'. Suppose that for some ¢ € M', dhy, : T,M — Tj,q,y M’ is surjective
for everyp € N = h™'q. Then N C M is a submanifold of dimension n—n/,
and the tangent space at p € N is given by T,N = ker hy.

Theorem 7 (Inverse Function Theorem for Manifolds). Let h : (M,U,F) —
(MU', F") be a smooth map between manifolds of respective dimensions
n and n'. Suppose that for some p € M, dh, : T,M — TyoyM' is an
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isomorphism. Then there is an open neighborhood U C M of p and an open
neighborhood V. C M’ of h(p) such that hU =V, and the restriction of h
to the map hy : U — V s a diffeomorphism. Particularly, the derivative
dhy : Ty, — Ty is an R-linear isomorphism, and n = n'.

When we have the above situation, we say that h is locally a diffeo-
morphism at p.

2.3 Lie Groups

Definition 14. Let G be a smooth manifold that is also a topological group
with multiplication map mult : G X G — G and inverse map inv : G — G.
View G x G as the product manifold. Then G is a Lie group if mult and
inv are smooth maps.

Definition 15. Let G be a Lie group. A closed subgroup H < G that is
also a submanifold is called a Lie subgroup of G. We then have that the
restriction to G of the multiplication and inverse maps on G are smooth.
Thus, H is also a Lie group.

Let G be a Lie group, and let g € G. For g there is a tangent space T,G.
Let G = T1G be the tangent space at the identity of G. A smooth homo-
morphism of Lie groups G — H has the properties of a Lie homomorphism.

Consider the following basic yet important properties for g € G:

Ly:G—G; Ly(x) =gz
R,:G — G; Ry(x)=uxg
€:G—G; £(x)=gag

)
)

The above are the properties of left multiplication, right multiplication, and
conjugation, respectively.

Theorem 8. For each g € G, the maps Ly, Ry, and &, are diffeomorphisms
with inverses

L' =1L RN =Ry, &' =&

g1

Before getting to some examples, let us consider the derivatives of the
above maps at the identity of G, 1. As L, and R, are diffeomorphisms with
inverses L,-1 and R,-1, the derivatives

d(Lg)1,d(Ry)1 : G : ThG — T,G

are R-linear isomorphisms. We use this property to identify every tangent
space of G with G. The conjugation map ¢, fixes the identity and thus
induces an R-linear isomorphism



Ady = d(&,)1: G — G.

The above is the adjoint action of ¢ € G on G. The natural Lie bracket
[,] on G makes G into an R-Lie algebra.

Theorem 9. Let G and H be Lie groups, and let ¢ : G — H be a Lie
homomorphism. Then the derivative is a homomorphism of Lie algebras. In
particular, if G < H is a Lie subgroup, the inclusion map i : G — H induces
an injection of Lie algebras di : G — H.

2.4 Examples

Before moving on to our notes on maximal tori and compact connected Lie
groups, we present some examples to help solidify understanding.

Example 5. When k = R or C, GL, (k) is a Lie group: It is true that
GL,(k) C M,(k) is an open subset. For charts we take the open sets
U C GLy(k) and the identity function id : U — U. The tangent space
at each point A € GL,(k) is M, (k). The multiplication and inverse maps
are both smooth, as they are defined by polynomial and rational functions
between subsets of M, (k).

Example 6. For k =R or C, SL, (k) < GL,(k) is a Lie subgroup.

Theorem 10 (Left Translation Trick). Let F': GL,(R) — M be a smooth
function into a smooth manifold M. Also, suppose that B € G L, (R) satisfies
F(BC) = F(C) for all C € GLy(R). Let A € GL,(R) with dF4 surjective.
Then dFpa is also surjective.

Theorem 11 (Identity Check Trick). Let G < GL,(R) be a matriz subgroup
and M be a smooth manifold. Let F : GL,(R) — M be a smooth manifold
with F~1q = G for some q € M. Also, suppose that for every B € G,
F(BC) = F(C) for all C € GLp(R). If dFy is surjective, then dFy is
surjective for all A € G and ker dFy = Ag.

Example 7. O(n) is a Lie subgroup of GL,(R).

Theorem 12. Let G < GL,(R) be a matriz group which is also a submani-
fold (and therefore a Lie subgroup). Then the tangent space to G at I agrees
with the Lie algebra G, and the dimension of the smooth manifold G is dim
G. In general, TAG = AG.

Theorem 13. Let G < GL,(R) be a matriz subgroup. Then G is a Lie
subgroup of GLp(R).

Theorem 14. Let G < H be a closed subgroup of a Lie group H. Then G
is a Lie subgroup of H.



3 Maximal Tori in Compact Connected Lie Groups

We turn the remainder of our discussion over to maximal tori, which turn
out to be very important in the classification of simple compact Lie groups.
First: A theorem that will help us on our way.

Theorem 15. Let G be a compact Lie group. Then for some m,n > 1, there
are injective Lie homomorphisms G — O(m) and G — U(n). Therefore, G
1S a malrix group.

3.1 Introducing Tori

Definition 16. The circle group is defined to be T'= {z € C||z| = 1} <
C®. It turns out that the circle group is also a matrix group — and a closed
and bounded subset of C. Hence, the circle group is also compact, path-
connected, and abelian.

Definition 17. For each r > 1,

T" = {diag(z1,..., %) : |21] =+ = |z] = 1} < GL,(C)

is the standard torus of rank r. More generally, a torus of rank r is any
Lie group isomorphic to T™.

Theorem 16. Let T be a torus. Then T is a compact, path-connected,
abelian Lie group.

We see from the next result which compact Lie groups can be classified
as tori.

Theorem 17. Let H be a compact Lie group. Then H is a torus if and
only if it is connected and abelian.

Theorem 18. Let T be a torus of rank r. Then the exponential map exp:
t — T is a surjective homomorphism of Lie groups whose kernel is a discrete
subgroup isomorphic to Z". Therefore, there is an isomorphism of Lie groups
R"/Z" ~T.

Definition 18. Let G be a Lie group. Then an element g € G is called
a topological generator (or just a generator) of G if the cyclic subgroup
< g><isdensein G. That is, < g > =G.

Theorem 19. Every torus has a generator.



3.2 Maximal Tori in Compact Lie Groups

Definition 19. Let G be a Lie group and let T' < GG be a closed subgroup
which is a torus. Then T is maximal in G if the only torus 7" < G for
which T <T"is T.

Note that it is clear that every torus T' < G is contained in some maximal
torus (contained in G). It is also the case that if G is connected, then every
element g € G is also contained in a maximal torus. See Baker ([1]) for a
list of examples of maximal tori in well-known groups.

Now suppose that G is a compact connected Lie group, and let T' < G
be a maximal torus.

Theorem 20. If g € G, then there is an © € G such that g = 2Tz~ ". In
other words, g is conjugate to some element of T. Then we may write G as
a union of such conjugates.

Theorem 21. If TandT’ are two mazimal tori in G, then they are conjugate

m G.

Theorem 22. Suppose that g € G and H, K < G are Lie subgroups with
Lie algebras H,L < G. If gHg™' = K, then AdgH = L.

Theorem 23. Let G be a compact connected Lie group. Then its exponential
map s surjective.

3.3 Weyl Groups and Normalizers

We end our notes with several theorems and definitions for both reference
and guidance (background) for future studies.

Theorem 24. Let A < G be a compact abelian Lie group, and suppose that
Ay < A is the connected component of the identity element. If AJA; is
cyclic, then A has a generator. Hence, A is contained in a torus in G.

Theorem 25. Let A < G be a connected abelian subgroup, and let g € G
commute with all the elements of A. Then there is a torus T < G that
contains the subgroup (A, g) < G that is generated by A and g.

Theorem 26. Let T < G be a maximal torus, and let T < A < G, where A
is abelian. Then A =T. In other words, every maximal torus is a maximal
abelian subgroup.

As we have now established that every maximal torus is also a maximal
abelian subgroup, let us consider the relationship that a maximal torus 7T'
has with the rest of G.

10



Lemma 3. Let T' < G be a torus, and let Q < Ng(T) be a connected
subgroup acting on T by conjugation. Then Q acts trivially. That is, for all
geEQR andx €T,

gr = ga;g*1 =z.

Theorem 27. Let T < G be a mazimal torus. Then the Weyl group We(T)
s 1somorphic to the group of components of the normalizer and therefore is
finite. Also, Wg(T) acts on T by conjugation.

Theorem 28. Let T < G be a maximal torus, and let x,y € T. If x and y
are conjugate in G, then they are conjugate in Ng(T'). Therefore, there is
some element w € Wg(T) for which y = wzx.
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