
Math 220, Section 10.2 Spring 2020, XT

10.2 Method of Separation of Variables

1. The heat flow problem or Heat equation
∂u(x, t)

∂t
= β

∂2u(x, t)

∂x2
, 0 < x < L, t > 0

u(0, t) = u(L, t) = 0, t > 0

u(x, 0) = f(x), 0 < x < L

2. Determine all solutions to the boundary value problem
y′′ + y = 0, 0 < x < 2π; y(0) = 0, y(2π) = 1
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3. Find the values of λ(eigenvalues) for which the boundary value problem has a nontrivial solution.
Then determine the corresponding nontrivial solutions (eigenfunctions).

(a) y′′ + λy = 0, 0 < x < π; y(0) = 0, y′(π) = 0

(b) y′′ + λy = 0, 0 < x < π; y′(0) = 0, y(π) = 0

(c) y′′ + λy = 0, 0 < x < 2π; y(0) = y(2π), y′(0) = y′(2π)
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4. Solve the heat flow problem
∂u(x, t)

∂t
= β

∂2u(x, t)

∂x2
, 0 < x < L, t > 0

u(0, t) = u(L, t) = 0, t > 0

u(x, 0) = f(x), 0 < x < L

with β = 3, L = π, and the given function f(x) = sin 3x+ 5 sin 7x− 2 sin 13x.
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5. Solve the vibrating string problem

∂2u(x, t)

∂t2
= α2 ∂

2u(x, t)

∂x2
, 0 < x < L, t > 0

u(0, t) = u(L, t) = 0, t ≥ 0

u(x, 0) = f(x), 0 ≤ x ≤ L
∂u

∂t
(x, 0) = g(x), 0 ≤ x ≤ L

with α = 3, L = π, and the given initial functions

f(x) = sinx− 2 sin 2x+ sin 3x, g(x) = 6 sin 3x− 7 sin 5x.
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