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SOLVABILITY OF LIE ALGEBRAS ARISING FROM
ISOLATED SINGULARITIES AND NONISOLATEDNESS OF
SINGULARITIES DEFINED BY s¢(2, C) INVARIANT
POLYNOMIALS

Dedicated to Professor J.-1. Igusa and Professor J. H. Sampson on
their sixty-fifth birthdays

By StePHEN S.-T. YAU

1. Introduction. Let (V, 0) be an isolated singularity in (C", 0)
defined by the zero set of a holomorphic function f. The moduli algebra
A(V) of (V, 0) is C{xy, x2, . . ., xJ/(f, f/0x,, . . ., 3f/ox,). It is easy
to see that A(V) is a finite dimensional C-algebra and is an invariant of
(V, 0). In [Ma-Ya], Mather and the author proved that the complex
analytic structure of (V, 0) is determined also by A(V). Thus, the above
construction gives an injection map from the space of isolated singu-
larities in (C”, 0) to the space of commutative local Artinian algebras.
This raises a natural and important problem, the so called recognition
problem: Give a necessary and sufficient condition for a commutative
local Artinian algebra to be a moduli algebra. In [Yal], we define L(V)
to be the algebra of derivations of A(V). Clearly L(V) is a finite di-
mensional Lie algebra. In [Se-Ya], Seeley and the present author have
shown that this Lie algebra is an interesting invariant in the following
sense. It can be used to study moduli problem of singularities. Namely,
we have constructed continuous numerical invariants for isolated sin-
gularities by means of these Lie algebras. In [Ya2] and [Ya3], the Lie
algebra L(V) was shown to be solvable for n < 3 and n < 5 respectively.
Naturally one expects that a necessary condition for a commutative local
Artinian algebra to be a moduli algebra is that its algebra of derivations
is a solvable Lie algebra. In fact, we were encouraged by both of the
referees of [Ya2] and [Ya3] to attack the general problem. It is the
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purpose of this paper to report that L(V) is indeed solvable for general
n. The proof depends on two main ingredients. The first one is the
classification of the s€(2, C) actions on C[[xy, X, . . . , x,]] via derivations
preserving the m-adic filtration, which was done in our previous work
[Ya3]. The second one is the recent work of Sampson, Yu and the
author [Sa-Ya-Yu] on classification of gradient spaces invariant by s€(2,
C) actions, which was done by [Ya4] only for the case n = 5. Actually
what we need is the following special statement in [Sa-Ya-Yu]. Let f
be a homogeneous polynomial in n variables of degree k + 1, k = 2.
Then the vector space I(f) spanned by df/0x:, 0f/dx,, . . . , 9f/ox, is a
s€(2, C)-submodule if and only if I(f) = (9g/ox,, 9g/oxs, . . . , 9g/ox,)
for some s€(2, C) invariant polynomial g. This special statement was
proved independently by Kempf [Ke]. In fact he proved that this special
statement is true also for other semisimple Lie algebras as well. The
main observation in this paper is that once we fix a s€(2, C) action, the
singular sets of varieties defined by s€(2, C) invariant polynomials of
degree =3 have to contain a one dimensional set independent of the
invariant polynomials.

The author would like to thank the hospitality of the Mathematics
Department of Johns Hopkins University while he was visiting in 1989—
1990 academic year.

2. Proof of the main theorems.

THEOREM 1. Let s€(2, C) act on M, the space of homogeneous
polynomials of degree k = 2 in

X1y X2y o oo s Xeps Xeytts o o 5 Xeyttyy « o o 5 Xey gty 415 =+« 5
Xej+ 44ty Xej+tb+15 « + « 5 Xn
via
T=D,,+ -+ D, + -+ D,
X, =Dy, + -+ Dx,;+ -+ Dy,

X =Dx.+ -+ Dx;+ -+ Dx,
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where
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and €, =€, = --- = ¥{, =2. Let I be the complex vector subspace spanned
by aflax,, of/ox,, . . . , 9f/ox, where f is a homogeneous polynomial of
degree k + 1. If I is a s€(2, C)-submodule, then the singular set of f
contains the x,-axis and the x.-axis.
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Proof. Since I is a s€(2, C)-submodule, by the result of [Sa-Ya-
Yu] and [Ke], there exists a s€(2, C) invariant g in M%*' such that the
complex vector space spanned by dg/dx;, dg/ox,, . . . , dg/dx, is exactly
I. Therefore the singular set of f and the singular set of g are exactly
the same. Suppose the weight of x, is given by the corresponding coef-
ficient in the expression of T above, i.e.

Wit(xe, s ve_+0) = € — (20 — 1) forl=i=¢
andl=j=r
and
Wi(x,) = 0 fa>4€ + -+ ¢

Then g is a polynomial of weight 0. Let us assume on the contrary that
the x,-axis does not lie in the singular set of g. Clearly the monomial
x§ appears in 9g/dx, for some 1 =< i < n. Thus the monomial x¥x, appears
in g. Observe that Wt(x,) = |Wt(x,)| for all 1 < i < n. Since k = 2,
weight of xfx; is strictly greater than zero. This gives a contradiction.
Hence the x;-axis is contained in the singular set of g which is the same
as the singular set of f.

Similarly we can prove that the x,-axis is contained in the singular
set of f. Q.E.D.

In [Yal], we first established a connection between the set of iso-
lated hypersurface singularities and the set of finite dimensional Lie
algebras. Let (V, 0) be an isolated singularity in (C*, 0) defined by the
zero set of a holomorphic function of f. The moduli algebra A(V) of
(V, 0) is C{xy, x5, . . ., x,J/(f, dffox,, oflox,, . . ., 9fldx,). We define
L(V) to be the algebra of derivations of A(V). A(V) is finite dimensional
as a C-vector space and L(V) is contained in the endomorphism algebra
of A(V); consequently L(V) is a finite dimensional Lie algebra. In [Ya2],
we proved that L(V) is solvable for n = 3. Later, we generalized it to
the case where n = 5 [Ya3]. It is the purpose here to prove L(V) is
solvable for general n.

Remark. In general, in order to prove L(V) is solvable, it suffices
to prove the statement with an additional assumption that the multi-
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plicity of f is bigger than two. Because if the multiplicity of f is two,
then after a biholomorphic change of coordinates, we can assume that

f=x—glx,...,x,-1). In this case L(V) = L(W) which is solvable

by induction hypothesis, where W = {(x;, . . ., x,-1) € C*' : g(xy,
.y x,,~1) = 0}

THEOREM 2. Suppose that V = {(x, . . ., x,) € C": f(xy, . . .,

x,) = O} has an isolated singularity at (0, 0, . . ., 0). Then the finite

dimensional Lie algebra L(V) associated to the singularity is solvable.

Proof. By the Levi decomposition, if the Lie algebra is not solv-
able, then the Lie algebra L(V) contains s€(2, C) as a subalgebra. By
Lemma 4.3 of [Ya2], we shall assume that s€(2, C) acts on m/m* non-
trivially where m is the maximal ideal in O¢y. Write f = Z7L,.; fu
According to the above remark, we shall assume without loss of gen-
erality that the multiplicity of f = k + 1 = 3. By Theorem 2.2 of [Ya3],
we know that the action of s€(2, C) on C[[X|, . . . , x,]] is of the form
given in the statement of Theorem 1 above. We shall prove by induction
that of/dx, fori = k + 1 and 1 = j = n vanish along the x;-axis. Let
A(f) denote the ideal generated by df/dx,, df/oxs, . . ., df/dx,. The
moduli ideal (f) + A(f) is an s€(2, C)-module. Clearly m*/m*~" is also
an s¢(2, C) module. Let J,(f) denote the image of the canonical map
(f) + A(f) = m*/m**'. J,(f) is an invariant subspace spanned by (9. \/
9x1, 0fr+1/0x2, . . ., 3fr+1/9x,) and hence may be identified with an
invariant subspace of M%. By Theorem 1, df,,/dx; for 1 =i < n vanish
along the x;-axis.

Let g = 2. & be a Taylor series expansion of g where g is a
homogeneous polynomial of degree i. Then for any D € s¢(2, C), Dg
= 20 Dg; is also a Taylor series expansion of Dg. It follows easily that
m’ + A(fier) + A(fis2) + - + A(f)m™ + A(fier) + A(fir) +

-+ A(fe) is an s¢(2, C) module. Let J, denote the image of the
canonical map (f) + A(f) = m® + A(fi+1) + A(fiv2) + -+ + A(fo)/
m' + A(fir1) + A(frs2) + --- + A(fo). Jo is an invariant subspace
spanned by (dfe.1/0x1, dfes1/3%2, . . ., df¢+1/0x,) and hence may be
identified with an invariant subspace of M. By Theorem 1, af/dx, for
1 = i = n vanish along the x;-axis. This finishes the induction step.

Obviously A(f) vanishes along the x,-axis. This implies that f cannot
have an isolated singularity at the origin, a contradiction to our
assumption. Q.E.D.
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