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§ 0. Introduction

Let M be a complex manifold. A real-valued C*-functions ¢ on M is said to be
strongly plurisubharmonic if and only if the hermitian form

n 62(,0

)

i, 72102,0Z;

dz;dz;

is positive definite with respect to any system of local coordinates (z, ..., z,). The
complex manifold M is said to be strongly pseudoconvex if there is a compact
subset Bc M, and a continuous real valued function ¢ on M, which is strongly
plurisubharmonic outside B, and such that for each ceR, the set

B,={xeM: p(x)<c}

is relatively compact in M. Note that a strongly pseudoconvex manifold is a
modification of a Stein space at finitely many points. From now on we assume that
M is a strongly pseudoconvex manifold of dimension n. Let 4 be the maximal
compact analytic subset in M. Then A has a finite number of connected
components A4, (x=1,...,p). Each A4, consists of a finite number of irreducible
components X, (i=1,...,n,).

Duality Theorems for compact complex manifolds (such as Serre duality) are
well known. Serre duality is still true for open manifolds but one has to use the
cohomology with compact supports. It is a natural question to ask for a duality
Theorem for strongly pseudoconvex manifolds without using cohomology with
compact support. The following theorem is the first theorem in this direction.
Let QF be the sheaf of germs of holomorphic p-forms on M. Let y*(M)=
Y (—1)' dim H'(M, QP).
i=1

i=

*  Supported in part by NSF grant MCS72-05055A04

0020-9910/78/0046/0081/$ 03.40



82 S.S.-T. Yau

Remark. The only difference between this definition and the classical definition of
Euler Poincaré characteristic of a coherent sheaf on a compact complex analytic
space is that we do not consider dim H°(M, QF) because it may be infinite
dimensional.

Theorem A. Let M be a strongly pseudoconvex manifold of dimension n=4. Suppose
the maximal compact analytic subset in M can be blown down to isolated hypersurface
singularities. Then

P(M)=(=1)""?(M), 2=p=n-2.

Let f:(C**!,0)—(C,0) be the germ of a complex analytic function with an
isolated critical point at the origin. For £> 0 suitably small and ¢ yet smaller, the
space V' = f~1(8) n D,(where D, denotes the closed disk of radius ¢ about 0) is a real
oriented 4n-manifold with boundary whose difftomorphism type depends only on
S In fact, Milnor [18] proved that ¥’ has the homotopy type of a wedge of 2n-
spheres. In case of two dimensional singularities, various signature formulae are
known. For example, Hirzebruch-Mayer [11] have a formula for the signature
when f is of the type x* + y* + z° and Steenbrink [27] has a formula for the signature
when f(x, y, z) is weighted homogeneous. For the double points, i.e. f(x, y, z) is of the
type g(x,y)+22, it is known that the intersection pairing of V" is the same as a
symmetrized Seifert matrix of the compound torus link defined by g. Furthermore,
the signature of a link is by definition the signature of this symmetrized Seifert
matrix. In [25] Shinohara had a simple formula for the signature of a compound
knot; hence if g~ *(0) is irreducible, a simple formula for the signature of V' in terms
of the Puiseux pairs of g is available. In case g~1(0) has several branches at the
origin, Murasugi [19] developed a method to find a Seifert matrix for the link
defined by g and compute the signature. Recently, Durfee [4] has given an
interesting formula for the signature ¢ of V'’ in terms of topological invariants of a
resolution of the singularity at 0 of the complex surface f~!(0). It is a natural
question to ask for a formula for the signature ¢ of ¥’ for higher dimensional
singularities. In the following theorem, the signature of even dimensional
singularities is given in terms of topological and analytic invariants of a resolution
of the singularity.

Definition 0.1. Let n: M — V ={xeC?*"*': f(x)=0} be a resolution of the singu-
larity. The signature of M, denoted by (M), is defined to be the signature of
n~}(D,n V) where D, denotes the closed ball of radius ¢ about 0, i.e. the signature of
a closed tubular neighborhood of the exceptional set A=n"1(0).

Theorem B. Let f(zy,2y,-..,2,,) be holomorphic in NcC*"*!, n>1, a Stein
neighborhood of (0,0, ...,0) with (0,0, ...,0)=0. Let V=N nf ~1(0) have (0,0, ...,0)
as its only singular point. Let ¢ be the signature of V'. Let m: M — V be a resolution of
V. Then

2n—g q-1
o=— 3 P(M)-2 ) y*(M)+a(M)
r=q p=0
for 2<gq=<n.

In case of surface singularities, we have the following inequality.
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Theorem C. Let f(x, y, z) be holomorphic in N, a Stein neighborhood of (0,0,0) with
£(0,0,0)=0. Let V =N n f~1(0) have the origin as its only singular point. Let ¢ be the
signature of V'. Let n: M — V be a resolution of V and s be the number of irreducible
components of the exceptional set A=n"1(0,0,0). Then

o< —s+2dim H'(M, 0)+ dim H'(M, Q"). _

Our presentation goes as follows. In §1, we recall some definitions and
notations and describe some invariants of a resolution. In § 2, we study the higher
dimensional singularities. In particular, Theorem A and B are proved. In § 3, we
concentrate on surface singularities. We prove that Laufer’s formula [14] can be
obtained without using Riemann Roch Theorem. Moreover, one can also obtain
Durfee’s formula for signature (Theorem 1.5 of [4]) without using his method of
signature defect.

We gratefully acknowledge the constant encouragement and the interest of Professor Henry Laufer
in this research. We would like to thank Professor Bennett, Professor Coleff, Professor Deligne and
Professor Siu for their helpful discussion of Mathematics. Finally we would also like to thank Professor
Durfee, Professor Hironaka, Professor Milnor, Professor Mumford, and Professor Wagreich for their
interests in this work.

§ 1. Preliminaries

The signature o of an arbitrary oriented 2n-manifold W with or without boundary
is defined as follows: There is a symmetric bilinear intersection pairing ( , ) on
H, (W;R) (this form is symmetric only if n is even) defined by setting

(xy)=K'vy)[W]

where x’" and y’ in H"(W,0W;R) are Lefschetz duals to x and y in H,(W;R) and
[W]eH,,(W,0W;R) is the orientation class. This bilinear form may be diago-
nalized, with diagonal entries +1,0and —1. The signature o of W is the signature of
this bilinear form, namely, the number of positive minus the number of negative
diagonal entries.

Now let us describe the invariants of a resolution. Let V be Stein space with p as
its only singularity. It follows from Hironaka’s work [9] that a resolution: M — V
always exists. By Lemma 3.1 of [13], we know that dim H'(M, 0) =dim (R'z, 0),, for
i>0. The genus p of the singularity of V is defined as

p=dim, H"~ (M, 0).

This number is independent of the resolution. (See Theorem A of [29].)
In case V has a surface singularity, we may write the compact complex one-
dimensional exceptional set 4 =n~1(0) as the union of its irreducible components:

A=4,0---UA,

The intersection matrix [4;- 4;], where 4, A, is defined as the number of points of
intersection of 4; and 4, for i+j, and the self-intersection of 4, for i=j (the first
Chern class of the normal bundle to 4; in M), is known to be negative definite.
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Recall that V is Gorenstein if there is a non-zero holomorphic two-form on its
regular points ¥\ {0}. We remarked that hypersurface singularities and complete
intersections are Gorenstein singularities.

Definition 1.1. Suppose that V is Gorenstein. Let g; be the geometric genus of 4;, i.e.
the genus of the desingularization of A;. The canonical divisor K=Y k; A, is the
divisor on M uniquely determined by the equations

Ay K=—A; A+2g,—2+26,

where ¢, is the “number” of nodes and cusps on A4;. Each singular point on A4, other
than a node or cusp counts as at least two nodes.

The self-intersection of K is the number
kA A

(S R

K*=Yk
ij
which is a topological invariant of the resolution 7. Finally recall a well-known

result of Samuel [23].

Theorem 1.2. Let f: U = C"* ' C be an analytic function on a neighborhood U of 0 in
C**1 Suppose f(0)=0 and 0 is an isolated critical point. Then there exists a
polynomial f,: C"*'— C with an isolated critical point at 0 and an analytic
isomorphism of a neighborhood U, of 0 onto a neighborhood U, of O which sends the
points of f =0 on points of f,=0.

§ 2. Proof of Theorem A and Theorem B

To begin with, let us recall some techniqual lemma in [1].
Lemma 2.1. Let
0—4, — A, DA, — A, — A, — A, @A — A

T, } L) 1:'2+ n;{ m’ n’5+ s nﬁ%

0—B,— B,®B,—B;— B,— B;®B.— B,

— A, — AR Ay Ag— -

. "
n, LA LA Ty

—>B,—— By ®By—>Byg—— -

’ "
A3n-—2 A3n—1@A3n—-1 A3n A3n+1 0

Tan-2 + LA l LA * Tan 1 R3nst }

7] 13 N
iB3n—2 BSn—1® 3n—-1 ’B3n B3n+1




The Signature of Milnor Fibres and Duality Theorem 85

be a commutative diagram with exact rows. Suppose n,, m, and 1, _;,m3;,, 1 Si<nare
isomorphisms and all the vector spaces are finite dimensional except possibly A, B,
Ay 4, Asp B3 1, B3y, 1 i< n. Suppose also that By;, ,=0 for 1Sisn—1. Then

8

n n—1
(=1'dim Ay, = ) (=1)'dimBy;,; + ) (—1)dim 4}, ,.
i=0 i=1

i=0

i

If we assume that ©,,7’, are monomorphisms instead of isomorphisms, then

8

n n—1
(—DidimA;;, (2 Y (—1fdim By, + Y (—1)dim 4}, ,.
i=0 i=1

i=0

In fact,

(—1)'dim 4;; . , —dim coker n, = dim coker 7},

e

i=0

]

n—1

(— 1)idimB3i+1 + Z (— l)idimAlsi+2~
i=1

M=

0

i

]

Proof of Theorem B. By Theorem 1.2 any holomorphic function which agrees with f
to sufficiently high order defines a holomorphically equivalent singularity at
(0,0, ..., 0), [23, 8]. So we may take f to be a polynomial. Compactify C2"*?! to
P2"*1 Let V, be the closure in P?"*! of

Vi={(2g> Z1» ---» 2,0€C*" 1 f(20, 24, .. Z5,) =1}

By adding a suitably general high order homogeneous term of degree e to the
polynomial f, we may additionally assume that ¥, has (0, 0, ..., 0)eC2"*! as its only
singularity and that ¥, is non-singular for small ¢ +0. We may also assume that the
highest order terms of f define, in homogeneous coordinates, a nonsingular
hypersurface of order e in P?"=P2"*! — C2"* 1 V is then necessarily irreducible for
all small ¢r. Without loss of generality, we take N=C?"*!, Then V=V,.

For any 4k-dimensional topological manifold S, the signature of S is denoted by
os. Let B, be an open Milnor ball of radius . Let M be the resolution of ¥ which has
M as an open subset. Then for small ¢,

0=0y,~0p,_B.nv,

=0p,~O0p,_B.nV,

since the family {V,} is differentiably trivial away from B,. Hence

0=0y, ~ON _r-1(B.n¥o)

=0p,— (05— 0r-1(8,70)

=gp,— 0 +0(M). 2.1
In order to calculate o, — oy, we need the following lemmas and propositions.

Let X be a complex analytic subvariety of C" and % be the ideal sheaf of X in
C". Let Q2. be the sheaf of germs of holomorphic p-forms, on C*. There are two ways
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to associate a sheaf of germs of holomorphic p-forms on X, namely,
Qv =0b /[{fat+dg AB: f, ge Iy, acl,, Qb 1}

and
Q5 =2, {weQl.: w/X*=0}

where X* is the regular part of X. Q% is obtained by taking the sheaf of germs of
holomorphic p forms in the ambient space modulo those germs of holomorphic p-
forms whose restriction on regular part of X is zero. This is a coherent sheaf [5].
Observe that Q% coincide with Q% at regular parts of X and we have a natural
surjective map ¢: Q% — Q8. Let K? be the kernel of this mapping. Then

0->KP—>Q8 5080

is exact. K? is supported on singular part of X since ¢ is isomorphic off singular part
of X.

Lemma 2.2. Let t be a coherent anal ytic sheaf on X. Let s be a section of t over X. If
supp s =Y is a nowhere dense proper analytic subvariety of X, then s is a section of the
torsion subsheaf of t.

Proof. Consider the sheaf homomorphism
o Oy—t

defined by multiplication by s. Let # be the kernel of « which is a coherent subsheaf.
We claim that for each x€Y, £, +0. Suppose on the contrary that ¢ =0 for some
xeY. Then there exists an open neighborhood U of x such that #/U =0 since the
support of ¢ is closed. This means that « is injective on U. However, since YN U is
nowhere dense in U and s is zero on U\ Y, a is a zero map on U\ Y. This leads to a
contradiction. Q.E.D. :

Proposition 2.3, If X is irreducible at every point in singular part of X, then K?
=torsion of £2%.

Proof. By the Lemma 2.2 and the Remark before Lemma 2.2, we need only to prove
torsion of (% is in K. It is clear that the support of torsion subsheaf of (% is in
singular part of X. Let we$% _be a torsion element. Let & be a section of Q% over
U, a neighborhood of x such the germ of & at x is . Since w is a torsion element
there exists 0+ ge 0y , such that g - w=0. Let g be a section of O over U such that
the germ of g at x is g. Then g - ®=0 in a perhaps smaller neighborhood of x. In
particular § - ®=01in a regular part of X near x. Since g 0 on regular part of X and
x is irreducible at x, @ =0 on regular part of X near x. Therefore weK?. Q.E.D.

From now on, we assume that X is a hypersurface,
X={(zy, ..., 2,)€C": f(24, ..., 2,)=0}=C"
and SX =singular part of X ={0}.

Proposition 2.4. Let ®€Q%, . have image we% . ; then we(K?),<JaecQ"} such
that df Ad=fa (0ZpZn—1).
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Proof. Since X is a hypersurface with only isolated singularity, X is normal. In
particular, X is irreducible at each point.

=" Suppose we(K?),. Then there exists g+0in ¢y . suchthatg- w=0. Let g
and @ be the representatives of g and w in the ambient space. There exist a p-form a,
and p—1 form B such that

gd=fo,+df nB
=gdf NO=fdf naj,.

Suppose df A o= Za,dZ,anddf/\al-Zb,dZ,wheredZ =dz; A---nNdz; ]

ip+1?

=(lys eeesipry) andl <---<i,, . Hence ga,—fb for all 1. Since g0 on X, fdoes
not divide g. But fis 1rredu01ble $0 a;=ay f for some holomorphic germs aj in the
ambient space for all 1. Hence

df nd=Y a,dZ,;
T

=f(Q.ardZy)
T
=f-of where o'=)Y d;dZ,.
T

Let a be the corresponding element of «’ in Q%*!. Then we have

df no=fa.

“<«" Conversely, we need Coleff’s residue theory. Let  be a p-form in a
neighborhood U of the origin which is polar in X, i.e. )7=2- where y is a regular p-

f

form in U. For any C* 2n—p—1 form o with compact support
lim | HAa
£0 {|fl=¢

exists. The residue Ry (}) of § along X is a C-linear functional on the C* 2n—p—1
forms with compact supports which is defined as follows.

Ry(§): AZ"~P-1(U)—>C

Ry ()(0) =lim I N’
=0 (f|=s

This residue Ry () of % is actually continuous in the sense of distribution. We need
the following two basic properties

(1) If # is regular, then R,(¥)=0
2 If 7:%{/\11, then

Ry (%An) (O)=2ni[nnb,  Oedir=r=(U).
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Now the converse part of Proposition 2.4 follows easily from (1) and (2). First

choose @ and & be the representatives of w and « in the open neighborhood U or
origin such that

df Ad=fa+fB  where fis a (p+1)-form on U.

:?/\G)=&+ﬁ.

Let X* be the regular part of X. Then

R,. (d%/\ w) =Ry(@+p)=0
= Ry. (%/\6)) (0)=27ti}_£*6~0/\0

=0 for all feA?"~P-Y(U)
=d=0 on X*

By Lemma 2.2, weK?. Q.E.D.

Remark. Actually the converse part of Proposition 2.4 is not needed for the rest of
our work.

Theorem 2.5. KP=0 for 0<p<n-2, i.e. Q% is torsion free for 0Sp<n-2.
Before we prove this theorem, let us recall a beautiful Theorem due to Saito. Let
R be a noetherian commutative ring with unit. The depth of an ideal I of R is the
maximal length g of prime sequences a,, ..., a,el with:
i) a, is a non-zero-divisor of R
i) a;isanon-zero-divisorof R/a, R+---+a;_, R,i=2, ..., q. Let M be a free R-
14
module of finite rank n. We denote by A M the p-th exterior product of M (with

0 -1
AM=Rand A M=0).
Let oy, ..., @, be given elements of M, and (e, ..., e,) be a free basis of M.

Wy A AQ= Y A SRV
1Si < <ixsn

Let I be the ideal of R generated by the coefficients a;,
put I=R, when k=0). Let

1gi; < <ip=n. (We

P )

p N

Zh:={we AM:woAw A Aw,=0}, p=0,1,2, ..
k p—1

HP;=Z”/Z(w,-/\ AM), p=012...
i=1

In the case when k=0, we understand Z?=0, H?=0 for p=0, 1, 2, ....

Theorem 2.6 (Saito). (i) There exists an integer m=0 such that

I"H?=0 for p=0,1,2,...,n
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(i) H?=0 for 0<p <prof (I).

Now we prove the Theorem 2.5. Let A=0. , be the ring of germs of
holomorphic functions at origin. This is a noetherian regular local ring with unit. In

. . 0 )
particular, it is Cohen-Macaulay of dimension nLet]= (5{—’ . 65 ) be the ideal
1 n
. . . . . of of
in A. Since X has an isolated singularity, 3.0 3, forms a system of
1 n

. . d
0 0z,

because of Corollary 1 of Appendix 6 of [30]. Hence prof (I)=n. By Theorem 2.6,
we have for any 60eQg. o, 1Sp<n—1

parameters of 4 by Hilbert Nullstellensatz.

is a prime sequence

OAndf=0<s0=df A0, 22)

for some 60, €Q2 §,.

Let we(KP), where 0<p=<n-—2. Let & be a representative of w. Then by the
proof of Proposition 2.4, there exists a in Q&7 §, such that

df no=fa

= df nfa=df ndf Ad>=0

= df na=0

= a=df Aoy for some o, €Qf. o since p+1=n—1

=>df nd=fdf na,

= df n(—fa,)=0

= @—foa,=df Af; for some f,eQl:

= d=fo,+df n B,

= w=0 in @%, QED.

Now we return to the proof of Theorem B. Let ¥ be the hypersurface defined by

z z z
e 0 1 2n e _
22n+1f( ) s ees )"tzzn+1—0

Zon+1 22n+1 Zan+1

in P2"+! x D, where D, is a disk of radius £ in C. By Theorem 2.5, we know that (% is
torsion free for 0<p<2n. We claim that

0p, = 0b/dt A G5!

the sheaf of relative p-forms of n: ¥— D,, where = is the natural projection is also
torsion free. To prove this it is enough to consider the point ((0, 0, ..., 0); 0) where
(0,0, ..., 0) denotes the origin of C*"**, the original affine space. Let us denote this
pomt by 0. Let we(35 ¥pJo- Suppose there exists 0% gel0y , such that gw= =0. Let
w'e(y .0 such that the 1mage of o' in (Q’{;/D )o is @. There exists aeQﬁ.‘o such
that gow'=dt A a. Let g @ and & be elements in @pz..nxp 0> Bans1xp,, o and
QB 1. p, o such that their image in Oy ,Q% ,, and Q574 are g, w, and o re-
spectlvely
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There exist R€Opans1p,, 0:815 P ERBans1xp, 0o V1> Bar 61, 02,62854 1, p. o)
V2, 036285251, p,. o such that @, B, and 7, do not involve dt, & =&, +dt A 5,
and

@B+ L' +(f—1)(By +dt A dy)+(df —dD)(y, +dt A J3)]
=dtA[&+(f—1) B, +(df —d1)v,]
=@+(/—) B[\ +(f—1) By +df Ay, ]=0.

Since 0% is torsion free and g+0 in Oy ,, the image of @, +(f—1) B, +df Ay, in
Q‘v’v o is zero. Hence

zero of %
=the image of @, +(f—1t) B, +df Ay, in @b,
=the image of @, +(f—1) B, +(df —dt) Ay, +dt Ay, in @&,
=w|+dtAy in Q%,o

where 7 is the image of y, in 35~¢ and w/ is the image of &) in Q% ,.

o in (Q%/DE)O
=image of w| +dtAy in Q% ,
=0 in (@}, )0
This proves that the sheafs of relative p-forms Q{’;,Ds, 0=p=2n,is also torsion free.
In particular, QV,D , 0=p=2n,is a n-flat coherent analytic sheaf [p. 154, 6]. The

analytic restriction of %, on the fibre ¥, gives the sheaf of holomorphic forms (o
of the fibre. Therefore the Euler-Poincaré characteristic

(W)=Y (=1 dime HA(V,, )

gq=0
of Q% is equal to the Euler-Poincaré characteristic
—— s —- ~ -
X (Vo)= Z (—=1)*dim¢ Hi(V,, QF,)
q=0

of Q‘,’;o for 0<p<2n. By (2.1) and Hodge index Theorem, we have

2n 2n

= 3 00)= X r(D+o(M)

2n—-q ' 2n—gq

= Y (Vo) +2 Z 2 (Vo) — Z X (M)—2 Z 2 (M) +a(M) (23)
p=q

by Serre duality. _ _
In order to calculate y?(V,) —x*(M), we need the following Theorem.

Theorem 2.7. Let V={(z,,...,2,):f(2,, ..., 2,)=0} = C" be a hypersurface with
origin as its only singularity. Let w be a holomorphic p-form on a deleted neighborhood
UN\{0} of 0 in C" where 0=Sp=<n—3. Then w has a holomorphic extension to the
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origin, i.e. there exists ' € I'(U, Qb) such that the restriction of o' to U\ {0} are equal
to w.

Proof. Let 2P =f Q2. +df A Q2-'. We claim that for 0<p<n-1, the following
sequence

O-—*.ng. Tp 9(1:"@QO" . Q%"l&)gp i— 1 Qp 1+1@Qp 1
Sorteee - or et -t gr 0 (2.4

is exact at 0 in C" where

V(o py=fa+df A (o P)eQt.®
(o, fy=(df no, df A B+(=1) fo) (Ot PeQer @ ! 1Sisp—1
@) =@df At (=1 fa) e,
are (O-linear.
Obviously, by the definition of y, (2.4) is exact at the stage 27. Let (a, f)e
Q2o L@ QL% Then
Yoty (a, fl=y(df na, df Af—fa)
=fdf na+df Aldf A B—fa)
=0.

Let (y, 9)eQP, D Q2. § such that y(y, 8)=0, ie.

fy+dfad=0
= fdfny=—df ndf né=0
= df ny=0

= y=dfaa for some acQfr{ by (2.2)

= df A(fa+0)=0

= fa+d=df np for some feQl. % by (2.2)

= d=df nB—fa.

Hence 1, (o, f)=(y, ). The sequence (2.3) is exact at the stage 22 " o(—BQ”.. . We

are going to show that the sequence (2.3) is exact at the stage Q& OC—BQ‘én 121 for
1<i<p-1. Let (a B) be an element in Q&5 * @ Q252 Then

0Ty (0 B)=T(df Ao, df AB+(=1)"! fa)
=(@df ndf na,df A(df AB+H(=1)* ! fo) H(=1) fdf na)
=(0, 0).
Conversely, let (y, 6)eQf ', @ Q2.5 ! such that t,(y, 6)=0, ie.

(df Ay, df AS+(~=1) f7)=(0, 0)

= y=df Ao for some acQZ: ! by (2.2)

= df A(0+(—1) fa)=0

= 0+(—1)fa=dfanp for some BeQl.'s? by (2.2)
= d=df AB+(—1)*! fa.
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Hence 7, ; (%, f)=(y, 8) and the sequence (2.3) is exact at the stage Q2. ', @ Q2 *
for 1Sigp—1. The sequence (2.3) is also exact at the stage Q2. , because T, is
injective. Since (2.3) is a complex of coherent sheaves and it is exact at origin in C",
there exist polydisc 4 containing 0 such that (2.3) is exact on 4. We have the
following sheaf exact sequences on 4

0—» Qf —25 QL @ Q% —Im1,_,—0

0-Imz,_ ;, —» 2L ® Q4 —»Imz, ,—0

0 Imz, — Q&'@®Q 2> Imt, —0
0— Imz, — QL O '> 9D* 0.

Consider the corresponding long cohomology exact sequence on 4\ {0}. We see
inductively that
H(A\{0},Imz,_,)=0 for 15i<n—3
Hi(A\{0},Im7,_,)=0 for 1Zi<n—4
H'(A\{0},Im7,) =0 for 1Zign—p—1
and
H'(A\{0}, 27) =0 for 1Zign-p-2
We have the exact sheaf sequence

0—P°— Q2,08 0 (2.5)

(2.5) yields the usual exact long cohomology sequence. Since H'(4 — {0}, 27)=0
for 0<p<n—3, every holomorphic p-forms wel'(4 "V — {0}, @8)=T(4\{0}, Q%)
will be the restriction of a holomorphic p-form del’(4\ {0}, Q%.). & extends to be
holomorphic in 4 by Hartog’s theorem and then restricts back to V to give a
holomorphic extension of w. Q.E.D.

Corollary 2.8. Let V={(z,, ..., 2,): f(z;, ..., 2,)=0} =C" be a hypersurface with
origin as its only singularity. Let n: M — V be a resolution of the singularity of V. Then

n*: T'(V,(38)—T'(M, Q%)

is bijective for 0Sp=<n-3.

If fis a polynomial and the compactification ¥ of Vin P" is irreducible and has
no singular points other than the original singular point Oe¥; then

*: I'(V, Q%) — I'(M, Q&)

is bijective for 0<p<n—3 where ©: M — V is a resolution of ¥ which has M as an
open subset. Moreover, both n* and #* are injective for p=n—2.

Proof. By Theorem 2.5, K?=0 for 0<p<n—2. This means that Q2=Q¢ for
0<p=<n-2. Hence n* and &* are injective for 0<p=<n—2.
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We claim that n* is surjective for 0<p<n—3. Let weI'(M, Q%,). Let w, be the
element of I'(V\ {0}, @%) induced by w/M\n~!(0) via n. By Theorem 2.7, there
exists w,e'(V, Q%) such that w,/V\{0} =w,. Then n*(w,)=w and the surjectivity
of n* is proved. Similarly 7* is surjective.

Now we continue our proof of Theorem B..We prove that

2n 2n 2n—1

Y (=1 dimH(M,QP) = Y (—1)'dim H'(V,, 25)+ Y. (—1)ydim H(M, Q")
i i=1

i=0 i=0

ie. P(M)=yx"(Vo)+x"(M), 0=p<2n-2 (2.6)

as follows. By the Mayer Vietoris sequence, the rows of the following commutative
diagram are exact.

0——> HO(M,QF)—— HO(M,2°)@® H°(M\A4,Q") — H°(M\A4, ) -
0—— HO(V,, 37)—— H°(V,, Q%) @ H°(V,\ {0}, 2%) —— H°(V,\ {0}, %) —
— HY(M, Q) —— H'\(M, Q)@ H'(M\A4,02°) — H'(M\A4,Q") - ---

4 } ns + ns fns

— H (Vg, @) —— H' (V,, @) @ H' (V,\ {0}, 07) —— H' (V\ {0}, 3") — ---

HZn—l(M" Qp)___)HZn-l(M, Qp)@ Hz"‘l(M\A, QP) —
HZ"_I(I_/O, Qp)__,HZn— 1(V0’ Qp)@HZn—l(VO\{O},QP)a
— H?""'(M\A4,QF) — H>"(M, Q) —0
% + - @.7)
HZ"—I(VO\{O}, Qp)—>H2"(I70, QI’)—)O.

The higher terms in (2.7) are 0. Since 7 is biholomorphic on M\ 4, (2.6) follows from
Lemma 2.1 and Corollary 2.8. Put (2.6) into (2.3), we get

2n—gq q-1
o=— Z 27 (M)—2 ZOXP(M)+0(M)~

This completes the proof of Theorem B. Q.E.D.

Proof of the Theorem A. Let V be a stein space with finitely many isolated
hypersurface singularities {q,,...,q,} such that M is a modification of V at
{41, .-, q,},ie. m: M >V is a resolution of singularities of V. Let Uy, ..., U, be the
Stein neighborhoods of g,, ..., g, respectively such that z=(U)), ..., n“(Up) are
holomorphically convex neighborhoods of A,, 1 Sa<p respectively. Then the
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restriction mapping

y: H(M,3)—>H(| =~ "(U),J)
=@H(n"(U),J)

is an isomorphism for i = 1, by Lemma 3.1 of [13]. We may assume without loss of
generality that M is a resolution of the singularity of V where V=N nf~!(0) has
the origin as its only singular point and f(z,, z,, ..., z,) is holomorphicin N C"* 1,
n=4, a Stein neighborhood of (0,0, ..., 0) with (0,0, ...,0)=0. As in the proof of
Theorem B, we may further assume that f is a polynomlal and V, the com-
pactification of V,=f~!(r) in P"*! has the following propertles V, has
(0,0, ...,0)eC"** as its only singularity, V, is non-singular for small t +0, and V, is
irredumble for all small ¢. By Serre duahty, 1*(V)=(=1y"y""?(¥,) for 0Lp<n and
small t +0. Hence y?(V,)=(—1)"x""?(V,) by the proof of Theorem B. Now (2.6)
implies

K(M)—xP(M)=(—=1)"[""P(M)—¢"~P(M)] for 2<p<n-2
= YP(M)=(-1)"y""?(M)

because y?(M)=(—1)"x"~?(M) by Serre duality. Q.E.D.

§ 3. Surface Singularities

Let f(zq, ...,z,) be a holomorphic function defined near 0=(0, ...,0) such that V

={(zg,---»24):f (20, ..., 2,) =0} has an isolated singularity at 0. We choose V to be

Stein. Let u be the Milnor number of the singularity at 0. The Milnor number,

originally defined for polynomial f [18] is also defined for holomorphic f [2, 15,

20], and is a topological invariant of the local embedding near 0 of V inC**1[17].
For n=1, the plane curve case, Milnor [18] showed that

pu=28—y+1 / (3.1)

where 7 is the number of irreducible components of V and ¢ is the “number” of
nodes and cusps at 0. In this section we would like to apply our method developed
in Section 2 to study surface singularities.

Theorem 3.1. Let f(x, y, z) be holomorphic in N, a Stein neighborhood of (0, 0, 0) with
f(0,0,0)=0. Let V={(x,y,2)eN: f(x,y,2)=0} have (0,0,0) as its only singular point.
Let p be the Milnor number of (0, 0,0) and o be the signature of V'. Let n1: M — V be a
resolution of V and A=n"1(0,0,0). Let x(A) be the topological Euler characteristic
of A and s be the number of irreducible components of A. Then

o< —s+2dim H (M, 0)+dim H (M, Q"), (3.2)
1+p=x(4)+2dim H' (M, 0)—dim H* (M, Q"), . (3.3)

and
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l+p+o=y;(A)—s+4dim H' (M, 0), (3.4)
where Q' is the sheaf of germs of holomorphic 1-forms on M.

Remark. (3.3) was obtained in [1]. The ingredient of the proof of Laufer’s formula
[14] is the Riemann-Roch Theorem. The ingredient of the proof of Durfee’s
formula (Theorem 1.5 of [4]) is the Hirzebruch index Theorem. We prove Theorem
3.1 without using the Riemann-Roch Theorem or Hirzebruch index Theorem. If we
combine (3.4) and Durfee’s formula for signature (Theorem 1.5 of [4]), we obtain
Laufer’s formula for p in [14]. Since the proof of Durfee’s formula does not depend
on the Riemann-Roch Theorem, we derive Laufer’s formula without using the
Riemann-Roch Theorem.

Proof. We will use the notations in the proof of Theorem B. By (2.5), we have

o= (Vo) +22°(Vo) — 1 (M) = 2¢°(Vp) + o (M). (3.5
Because of (2.6), Corollary 2.8 and Lemma 2.1, (3.5) becomes

o= —2x°(M)—yx*(M)~—dim coker n¥ — dim coker n,* + 6(M) (3.6)
where

n*: [(V,, @Y — (M, Q%)

and
ny*: I'(V,, QY — I'(M, QY.

Let A=) 4;, 1<i<s be the decomposition of 4 into irreducible components. By
Grauert-Mumford criterion, the intersection matrix [A4;- 4;] is negative definite.
Hence o(M)= —s. So the inequality (3.2) follows from (3.6). Recall that in [1], we
prove that

1+ p=—2x"(M)+ x* (M) +dim coker n* + dim coker n5* + x +(A). (3.6
By Combining (3.6) and (3.6), we get (3.4). Q.E.D.

Theorem 3.2. Let the notations be as Theorem 3.1. Let K be the canonical divisor on
M. Then

o= —K2—s—8dim H'(M, 0). (3.7)

Remark. By combining (3.4) and (3.7), we obtain Durfee’s formula for signature.
Since (3.7) is just a simple application of Noether’s formula and Hirzebruch index
formula, the Durfee’s method of singature defect can be completely avoided.

Proof. We will use the notations in the proof of Theorem B. By (2.1),
6=0p,— 0y —S5. (3.8)

w =dx}\ dy = dy fA dz = dz; dx is a non-zero holomorphic 2-form on V,, t %0, and

on V\{0}. Let K _ ,bethe pzlrt of the divisor of w on ¥, which is supported on P\ ¥,

x
0,
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for t small. K ,-K , is independent of ¢ since the family {V} is differentiably
trivial away from (0,0,0)eC3. Let K_-K_ denote this constant value for
K. K, . Noether’s formula says

2°(M)=15(K-K+K K+ xp(M)), (3.9)
X’V =15(K - K +x7(V), t0. (3.10)
Hirzebruch index theorem says
=K K, —=2x:(V)), t=+0, (3.11)
a,—,=§(K-K+Kw-KOO—2xT(A7)). (3.12)
(3.7) follows from (3.8), (3.9), (3.10), (3.11), (3.12) and (2.6). Q.E.D.
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