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1 Deligne’s extension

Theorem 1.1. Let pV ,∇q be a flat connection on ∆ˆ with quasi-unipotent monodromy.
For each half interval I of length 1, pV ,∇q extends uniquely to a logarithmic connection
`

VI ,∇
˘

(i.e., ∇ : VI Ñ Ω∆plog 0q bO∆
VI) with all eigenvalues of the residue lying in I.

Proof. Consider the universal cover:

p : H Ñ ∆ˆ, z ÞÑ t “ expp2πizq

Since all eigenvalues of T have norm 1, they are all of the form expp2πiλq. Picking
an interval I amounts to picking a fundamental domain for p, so there exists a unique N
with eigenvalues in I such that

T “ expp´2πiNq

Call V a fiber of V (hence a fiber of p˚V). Notice that a global section s of V corresponds
to a π1p∆

ˆq´invariant section s̃ of p˚V . Now, p˚V is trivial, i.e. p˚V » V bC OH so a
global section s̃ of p˚V is just s̃ : H Ñ V . Let tv1, . . . , vdu be a basis of V , and if we
abuse notation to consider tv1, . . . , vdu as the sections (constant w.r.t. the trivialization
p˚V » V bC OH), then we have

s̃i : H Ñ p˚V , z ÞÑ expp2πizNqpviqpzq “

`8
ÿ

j“0

p2πiqjzj

j!
N jvipzq

which satisfies

s̃ipz ` 1q “ expp2πipz ` 1qNqvipz ` 1q

“ expp2πizNqT´1vipz ` 1q

“ expp2πizNqvipzq “ s̃ipzq

where vipz ` 1q “ Tvipzq comes from the compatibility of the π1p∆
ˆq-actions on H and

p˚V . Thus these sections descend to global sections ts1, . . . , sdu of V , and we define the
extension

VI – O∆ ¨ s1 ‘ ¨ ¨ ¨ ‘ O∆ ¨ sd

On H, we have the pullback connection being d since the bundle is trivial, i.e.,

pp˚∇qs̃i “

8
ÿ

j“1

p2πiqjjzj´1

j!
dz b N jvi

“ 2πi ¨ dz b

8
ÿ

j“1

p2πiqj´1zj´1

pj ´ 1q!
N jvi

“ 2πi ¨ dz b N ¨ expp2πizNqpviq
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so on ∆ˆ, noticing that dt “ dpe2πizq “ 2πi ¨ e2πidz “ 2πi ¨ tdz, we have

∇si “
dt

t
b Nsi

so the residue of the connection is N , with eigenvalues in I as desired. ■

Definition 1.2. For simplicity of notation, we denote

Vα
“ V rα,α`1q, Vąα

“ Vpα,α`1s

Let j : ∆ˆ ãÑ ∆ and i : t0u ãÑ ∆. Notice that these extensions are all subsheaves
of j˚V (be careful, since this is the analytic category, j˚O∆ˆ is bigger than O∆p˚0q

since meromorphic non-algebraic function can have essential singularities) since all si P

H0p∆ˆ, j˚Vq “ H0pH,Vq. Say we want to move from Vα (with unique Nα, log of T with
eigenvalues in rα, α ` 1q) to Vα`1, the new unique log of T is Nα`1 “ Nα ` I. Thus

s̃α`1
i “ expp2πizqs̃αi

so sα`1
i “ t ¨ sαi since t “ e2πiz. It follows that Vα`1 “ t ¨ Vα for all α P R.

Note 1.1. Since Vα is a O∆ locally free sheaf, t ¨ Vα Ď Vα, i.e., Vα`1 Ď Vα. This is true
more generally, if α ď β then Vβ Ď Vα. ▲

Definition 1.3. We have Deligne’s meromorphic extension

rV “
ď

αPR

Vα
Ă j˚V

which is canonical. This is a D∆-module, where the action by Bt is defined via the
logarithmic connection:

∇Bts P ιBt

ˆ

dt

t
b Vα

˙

“
1

t
Vα

“ Vα´1

for s P Vα.

Note 1.2. This name can be justified by the fact that rV “ Vα bO∆
O∆p˚0q for any α,

since t´n ¨ Vα´n which contains all Vβ with β ą α ´ n. ▲

Note 1.3. To check that this action gives a D∆-module, we just need to check the
commutator condition rBt, f s for f P O∆. ▲

Proposition 1.4. rV “ D∆ ¨ V´1, i.e., the meromorphic extensions is generated (as a
D´module) by V´1.

Proof. It suffices to show that Bt ¨ Vα “ Vα´1 for α ď ´1. Consider s P Vα´1

Btt ¨ s “ ∇Btpt ¨ sq “ dtpBtq b s ` t∇Bts “ s ` t

ˆ

dt

t
pBtq b Nα´1s

˙

“ pNα´1 ` Iqs

and if α ď ´1 then eigenvalues of Nα´1 ` I are in r´1, 0q. It follows that it’s invertible,

so Vα´1 t
ÝÑ Vα Bt

ÝÑ Vα´1 is an isomorphism, and the second map must be surjective. ■
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Proposition 1.5. The de Rham complex

DR
´

rV
¯

–

”

0 Ñ rV ∇
ÝÑ Ω1

∆ b rV Ñ 0
ı

is quasi-isomorphic to Rj˚Vr1s, where V is the underlying local system of pV ,∇q.

Proof. The idea, which we will see again in Zucker’s theorem, is to filter the de Rham
complex

V αDR
´

rV
¯

“

”

0 Ñ rVα ∇
ÝÑ Ω1

∆ b rVα´1
Ñ 0

ı

First notice that
DR

´

rV
¯

»

”

0 Ñ rV tBt
ÝÑ rV Ñ 0

ı

since t : rV Ñ rV is invertible, and Ω1
∆ » O∆ (via Ω1

∆ “ O∆ ¨ dt and ∇ is identified with
∇Bt). Thus,

V αDR
´

rV
¯

“

”

0 Ñ rVα tBt
ÝÑ rVα

Ñ 0
ı

Next, we will show that the inclusion V αDR
´

rV
¯

ãÑ DR
´

rV
¯

is a quasi-isomorphism

for all α ď 0. Since DR
´

rV
¯

“
Ť

αPR V
αDR

´

rV
¯

, it suffices to check that the inclusion

V αDR
´

rV
¯

ãÑ V βDR
´

rV
¯

is a quasi-isomorphism for β ă α ď 0. This is equivalent to

the quotient complex
”

0 Ñ rVβ
{rVα tBt

ÝÑ rVβ
{rVα

Ñ 0
ı

being quasi-isomorphic to 0. The key point here is that the V´filtration is discrete (here
it’s because the set of eigenvalues - exactly where the filtration jumps - is discrete), so
rVβ`ϵ “ rVąβ for all ϵ small enough. In other words, the above complex is quasi-isomorphic
to

”

0 Ñ rVβ
{rVąβ tBt

ÝÑ rVβ
{rVąβ

Ñ 0
ı

“

”

0 Ñ grβV
rV

tBt
ÝÑ grβV

rV Ñ 0
ı

but grβV
rV is the generalized eigenspace of tBt so tBt is invertible (tBt ´ β is nilpotent, and

β ă 0 so eigenvalues are nonzero). In particular,

DR
´

rV
¯

»

”

0 Ñ rV0 tBt
ÝÑ rV0

Ñ 0
ı

and then we can show that the germ at 0 of this complex is quasi-isomorphic to
”

0 Ñ gr0V rV
tBt
ÝÑ gr0V rV Ñ 0

ı

which is equivalent to showing
”

0 Ñ rVą0 tBt
ÝÑ rVą0

Ñ 0
ı

» 0

which we can check explicitly. ■

Note 1.4. Another (possible way) of seeing this is by showing (by looking at stalks) that

H0
´

DR
´

rV
¯¯

» R1j˚V, H´1
´

DR
´

rV
¯¯

» j˚V

and since we are on ∆, the Ext2 and above vanishes thus complex splits as direct sum of
its cohomologies. ▲
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Now let’s look at
M – D∆ ¨ Vą´1

Ď rV
(we don’t necessarily have equality, since Ną´2 ` I can have 0 as an eigenvalue hence not
invertible). In this case we have

DRpMq “ j˚Vr1s

which is the minimal extension of V (so M should be the D´module minimal extension
of V). Now we can define the V -filtration on M : V αM “ Vα X M.

Note 1.5. We have that V αM “ Vα for α ą ´1. Furthermore,

t ¨ V αM “ Vα`1, Bt ¨ V αM “ V α´1M α ď ´1

and we can identify GrαV – V αM{V ąαM with the generalized α´eigenspace of tBt as
follows: we have

Vα
{Vα`1

“ Vα
{t ¨ Vα

» Vα
b Cttu{ptq “ Vα

ˇ

ˇ

0

and at the origin, tBt ¨ s “ Nαs. Thus Vα{Vąα is the generalized eigenspace (we don’t
have an actual eigenspace since technically N splits into a semisimple part and a nilpotent
part). ▲

2 Hodge modules over a curve

Recall that we have a category MFrhpDX ,Qq whose objects consist of
• A perserve sheaf V over Q;
• A regular holonomic DX-module M with an isomorphism DRpMq » V b C;
• A good filtration F‚ on M.

and our desired category of Hodge modules will be a subcategory of MFrhpDX ,Qq. There
will be two types of building blocks:

• Given an inclusion i : txu ãÑ X and a polarizable pure Hodge structure pHQ, F
‚q of

weight w, our Hodge module of type 0 and weight w will be i`HC with the filtration
induced by F ‚, and the perverse sheaf being the skyscaper sheaf HQ, x.

• Given a polarizable variation of Hodge structure pVQ, F
‚q of weight w ´ 1 over a

Zariski open subset j : U ãÑ X, our Hodge module of type 1 and weight w will be
the minimal extension (as a D´module) of V “ VQ bQ OU , with the underlying
perverse sheaf j˚VQr1s, and a filtration as below.

It suffices to do this for punctured disc. Now let’s assume that pV ,∇,VQq is a polarized
variation of Hodge structures of weight w ´ 1 over ∆ˆ. Denote

FpV – F´pV

the Hodge filtration on V . We have Bt ¨ FpV Ď Fp`1V by Griffiths’ transversality. The
naive choice FpM – M X j˚FpV is bad since for p " 0 we have FpV “ V so FpM “ M
but this is not O∆-coherent. By Schmid’s nilpotent orbit theorem, the subbundles F‚V
extends to subbundles of the Deligne’s extensions:

F‚Vα, F‚Vąα

and we can actually show that FpVα “ Vα X j˚FpV and similarly for FpVąα.
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Note 2.1. FpVα is a subbundle of Vα, so Vα{FpVα is also a vector bundle (quotient by
subbundle is fine). A local section σ P Vα X j˚FpV on U Q 0 is a section of Vα over U
and a section of FpV over U ´ t0u. Then the image (under quotient) σ is a local section,
over U of Vα{FpVα. It’s 0 on U ´ t0u, but Vα{FpVα is locally free so σ “ 0 on U thus
σ P FpVα. ▲

In order to get Griffths transversality (which is necessary to be a good filtration) we
define

FpM “

`8
ÿ

j“0

p∇Btq
jFp´jVą´1

which is a finite sum since FpV “ 0 for p ! 0. It’s exhaustive since FpVą´1 “ Vą´1 for
p " 0, and M “ D∆ ¨ Vą´1. We also have

Bt ¨ FpM “ Fp`1M, p " 0

so F‚M is a good filtration. pM, F‚M, j˚Vr1sq is our Hodge module of type 1. Let
MHp∆, wqp be the full subcategory of MFrhpD∆,Qq, consisting of finite direct sums of
objects of these two types.

Theorem 2.1. MHp∆, wqp is abelian and semisimple.

Proof. We first show that there are no nonzero morphisms between objects of different
types. We know that the underlying perserve sheaves of type 0 and 1 correspond to
quivers

0 ϕ ψ ϕ

A morphism of hodge modules would correspond to a morphism of quivers. But this
is impossible. For example suppose we have linear maps 0 Ñ ψ and ϕ Ñ ϕ, then

0 ϕ

ψ ϕ

must commute, but this forces ϕ Ñ ϕ to be zero, so the morphism of quivers is 0. For
same type statements, we have that the category of polarizable (variations of) Hodge
structures is both abelian and semisimple. ■

Theorem 2.2 (Zucker). The cohomology H ip∆, j˚VCq carries a polarized Hodge structure
of weight w ` i.

Very rough sketch. We don’t have a monodromy filtration on the nose, since our T is not
unipotent (which gives nilpotent residue), but we do have

GrαVM “ ψα
t M

which is a generalized α-eigenspace, so we can lift the nilpotent filtration to N‚V
αM.

We have a V´filtration on DRpMq by setting

V αDRpMq –

”

0 Ñ V αM ∇
ÝÑ Ω1

∆ b V α´1M Ñ 0
ı
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For any α ă 0, the induced morphism

GrαVM
Bt
ÝÑ Grα´1

V M

is an isomorphism, so V 0DRpMq ãÑ DRpMq is a quasi-isomorphism. Since M is a
minimal extension, we actually have that DRpMq is quasi-isomorphic to

”

0 Ñ N0V
0M tBt

ÝÑ N´2V
0M Ñ 0

ı

On the other hand we have the L2-de Rham complex

DR
´

rV
¯

p2q
“

„

0 Ñ rVp2q
∇
ÝÑ

´

Ω1
b rV

¯

p2q
Ñ 0

ȷ

and Schmid’s characterization of N‚Vα gives that

´

Ω1
b rV

¯

p2q
“

dt

t
b N´2V0, rVp2q “ N0V0

so we get

DR
´

rV
¯

p2q
» DRpMq “ j˚VC

Now, letH “ C8
∆ˆ bV. It has a flat C8-connectionD “ D1`D2 whereD2 “ d2bId and

D1 induced by∇. One can then define the L2-de Rham complex L‚
p2q

pH, Dq. The inclusion

DR
´

rV
¯

p2q
ãÑ L‚

p2q
pH, Dq is a quasi-isomorphism, so we get our decomposition. ■
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