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Abstract Addressed here is the occurrence of point singularities which owe to the fo-
cusing of short or long waves, a phenomenon labeled dispersive blow-up. The context of
this investigation is linear and nonlinear, strongly dispersive equations or systems of equa-
tions. The present essay deals with linear and nonlinear Schrodinger equations, a class of
fractional order Schrédinger equations and the linearized water wave equations, with and
without surface tension.

Commentary about how the results may bear upon the formation of rogue waves in
fluid and optical environments is also included.
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1 Introduction

1.1 General setting

The notion of a dispersive singularity has its roots in some remarks in [4], in the context of

the linearized Korteweg-de Vries equation
Ut + Uy + Uy = 0 for (z,t) € R x (0,00) (1.1)

(sometimes referred to as the Airy equation). The gist of the analysis sketched in [4] was that
an initial wave profile u(z,0) = ug(z) which was infinitely smooth, bounded and possessed of
finite energy (a square integrable function) could result in a solution u = u(z,t) that blows up
in L>°-norm in finite time. Moreover, the blow-up point (z*,¢*) could be specified arbitrarily

in the upper half plane R x (0, c0).
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This result was elaborated and given mathematical precision in [8] where these solutions
were shown to be smooth and bounded at all points (z,¢) € R x (0,00) except the singular
point (z*,¢*). The term dispersive blow-up was coined to describe this situation, and the theory
extended from (1.1) to include the full, nonlinear Korteweg-de Vries equation (KdV-equation
henceforth) and its generalizations

Wi + Uy + P Uy + Uggr =0 (1.2)

for integers p > 1.
A key observation that allowed extension of the theory to a nonlinear setting was the smooth-
ing property of the double integral term

/0 /R (t —18)é Al ("’“(t—j;)?)up(y, s)uy(y, s)dyds

in the Duhamel representation of the solution. Here, Ai is the unique, non-trivial, bounded
solution of Airy’s ordinary differential equation (5.7), normalized so that

/]RAi (z)dz = 1.

(The last integral is an improper Riemann integral, as are many of the integrals appearing
below.) This regularity property was obtained in [8] by developing a suitable theory for the
Cauchy problem for equation (1.2) in weighted spaces and in [20] (but only for p > 2) by using
Strichartz-type estimates.

It deserves remark that smooth, bounded initial data that lead to dispersive blow-up can be
found having arbitrarily small L?- and L®-norm, thus emphasizing that such singularities are
not induced by nonlinear effects. Indeed, dispersive blow-up phenomena are related to the fact
that evolution equations like the Airy equation or the linear Schrédinger equation are ill-posed
in L°°, or what is the same, that ei€® and €¢” are not Fourier multipliers in L™ (see, e.g.,
[17]). Actually, dispersive blow-up can be viewed as a striking expression of this ill-posedness.

In the original, physical variables, dispersive blow-up is a focusing phenomenon which is due
to both the unbounded domain in which the problem is set and the propensity of the dispersion
relation to propagate energy at different speeds. These two aspects allow the possibility that
widely separated, small disturbances have the potential of coming together locally in space-time,
thereby resulting in a large deviation from the rest position. In this light, the idea has possible
relevance for explaining the genesis of rogue waves on the surface of large bodies of water (see,
e.g., [15, 18, 19]) and in optical networks (see, e.g., [14, 23]). In a little more detail, one of
the proposed routes to oceanic rogue-wave formation is what we here call concurrence. This is
exactly the idea that the ambient wave motion in a big body of water possesses a large amount
of energy which could, in the right circumstances, temporarily coalesce in space, thereby leading
to giant waves. Related remarks apply to the optical situation, where a range of frequencies
input at one end of an optical cable over a relatively large fetch of time can coalesce, thereby
forming a spike in space-time.

Oceanic rogue waves, or freak waves as they are sometimes termed, occur in both deep and
shallow water (see [15, 18, 19, 26]). While the free surface Euler equations could be taken as
the overall governing equations in both deep and shallow water, there is much to be learned
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from approximate models. These differ in deep and shallow water regimes. Our earlier work
dealt with the shallow water situation, exemplified by the Korteweg-de Vries equation and
Boussinesqg-type systems of equations.

In the present script, interest is initially focussed upon the deep water regime for surface
water waves. The development begins with the linear Schriodinger equation and the linear
theory then informs an analysis of the equation with cubic and other power nonlinearities. The
ideas pertaining to the Schrédinger equation are easily generalized to include related models
for the propagation of pulses in fiber optics cables, and so to perhaps bear upon rogue wave
formation in this context. Guided by the work on the Schrédinger equation, attention is then
turned to the linearization about the rest state of the full water wave system. As an offshoot of
the framework erected in the analysis of the foregoing situations, results for a class of fractional
order Schrodinger equations are also brought forth.

An important point that appears in the analysis is that the dispersive blow-up phenomenon
has a certain robustness to it that makes it more likely to be observed in reality (see Remarks
2.3 and 2.5 in Section 2). This robustness was already introduced in our earlier work [8] on
KdV-type equations.

1.2 Organization of the paper

The paper proceeds as follows. In Section 2, the dispersive blow-up properties are stated
precisely and proved to hold for linear and nonlinear Schréodinger-type equations. The develop-
ment begins with the linear Schrédinger equation. The linear theory is then used to complete
an analysis of dispersive blow-up for nonlinear Schrodinger equations. Potential application of
the ideas to explain the formation of rogue waves in optical fibers is then discussed. A similar
discussion applies to the hyperbolic Schrodinger equation in the context of deep-water, oceanic
rogue waves. In Section 3, attention is turned to the linearized water-wave equations, both with
and without surface tension. A central ingredient in the analysis of dispersive blow-up for this
system is the precise asymptotic estimates, obtained in [21] and [27], of the Fourier transform of
kernels of the form K, (|¢]) = 1(]¢])ellél”, 0 < a < 1, where v is a C*®-function which vanishes
in a neighborhood of the origin and is identically one for large values of £&. The same type of
estimates that are effective when used on the water wave equations is applied in Section 4 to
prove dispersive blow-up results for fractional order Schrodinger equations of the form

w4+ (=A)2u=0 0<a<l,

which occur as the linearization of weak turbulence models (see [12]). Finally, Section 5 con-
tains various auxiliary remarks, in particular on the distinction between weakly dispersive and
strongly dispersive equations or systems. There is also further discussion of rogue waves and of
some possible extensions of the present results.

1.3 Notation

Partial differentiation with respect to, say, x or ¢t of a function u is denoted indifferently
by O,u or u, (respectively, dyu or u;). The standard Lebesgue spaces are denoted by LP(R?)
and the norm of a function f defined on R? is written as |f|, (1 < p < oo). The Fourier
multiplier notation f(D)u is defined by F(f(D)u)(&) = f(§)u(€), where F and ~ both connote
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the Fourier transform. The standard notation H*(R?), or simply H* if the underlying domain
is clear from the context, is used for the L?-based Sobolev spaces; their norm is written as |- |z

For a Banach space X, Cp(Ry; X) denotes the space of continuous and bounded functions
defined on [0, 4+00) with values in X.

2 Dispersive Blow-Up for the Schrodinger Equation

The body of the paper commences with analysis of Schrodinger equations. The crux of the
matter is the linear case, dealt with first. This analysis then informs a companion development
for nonlinear problems. Commentary on rogue wave formation appears in Subsection 2.3.

2.1 The linear case

Considered here is the linear Cauchy problem

{i@tu +Au=0 for (z,t) € RT x Ry, (2.1)

u(z,0) = ¢(z) for z € RY,

where A is the d-dimensional Laplacian. The main result of this subsection is the following
theorem.

Theorem 2.1 Let (z*,t*) € R x (0,+00) be given. There exist functions ¢ lying in the
class O (R?) N L>(R%) N L2(R?) such that the corresponding solution u of (2.1) satisfies

(1) u € (R 2(RY),

(2) u is a continuous function of (z,t) on R x ((0,+00) \ {t*}),

(3) u(-,t*) is a continuous function of x on R4\ {z*},

()

lim |u(z,t)] = 4o0.
(2,t) ER? X (0,4-00)— (z*,t*)
(zt)#(x",t")

Remark 2.1 In particular, one deduces from Theorem 2.1 that for any fixed ¢ € (0, +00) \

{t*}, the function = + wu(z,t) is continuous on R

Remark 2.2 A stronger result than that stated in Theorem 2.1 is valid. One can show in
fact that u € C(R? x (0,00) \ {z*,t*}) (see the earlier paper [8] on KdV-type equations). The
somewhat technical proof of this fact will be developed in subsequent work. A similar comment
applies to all the results in the present essay.

Remark 2.3 As a technical aside, because of the Sobolev embedding theorem and conser-
vation laws associated to dispersive equations such as (2.1) in d spatial dimensions, d = 1,2, - -,
solutions which become unbounded in finite time cannot be associated with initial data taken
from H*(RY) if k > (21 However, we shall see that our results imply as a corollary that there are
H*-initial data that are everywhere small, but which become as large as we like at a given point
(x*,t*), t* > 0. Indeed, given € > 0 small and M > 0 large, there are elements ug € H*(R?),
k > 4, and an 7 > 0 such that for any vy in the ball B, (uo) in H¥(R?), |vg|s < €, but the
solution v of (2.1) associated to vy has |v(x*,t*)] > M. In physical terms, this means that
the property of large solutions emanating from small data is robust in that it applies to whole
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neighborhoods of smooth data. This point, which is valid for all the equations considered in
this essay, is expounded at more length presently.

Proof of Theorem 2.1 Without loss of generality, take it that (z*,t*) = (0, ;). For any
¢ € L*(R%), the unique solution u of (2.1) has the representation

ijz—y|?

1
wrt= g [ s (22

where the integral is taken in the improper Riemann sense. (As mentioned already, many of
the integrals appearing below are taken in this sense.) Choose the initial data ¢ in (2.1) to be

efi|y|2

M= (1t ey

(2.3)
If m is chosen in the range m > Z, then the function ¢ does in fact lie in the space C°°(R%) N
L>®(R%) N L2(R?). Formally, the solution u(x,t) of (2.1) corresponding to the initial data ¢ in
(2.3), when evaluated at (z,t) = (0, 411)7 has the value

dy

C
ra (L+[y2)m

dy,
where C' is a non-zero constant of no consequence. The latter integral is divergent provided
m < g. As we want the solution to become infinite at this point, it seems propitious to presume
that
d d
<m< _. 2.4
4 -2 (24)
With the restriction (2.4) in force, fix a point (z,t) € R? x (0,00) \ {(0, ;)}. The analysis
proceeds in two steps.
Step 1 Assume first that ¢t = }1, but that x # 0. In this case, the value of u at the point

(x,t) is
u(x, 1) = Cei|“’|2/ e 2wy dy )
4 Rd (L+ [yl)m

The integral in the last formula is essentially the Fourier transform of a Bessel potential, and
is in fact equal to
_d
Cla|™ 2 Ky, (Je]).

where C' is a non-zero constant and K, is the modified Bessel function of order v (see [1]).
Recall that K, is even and smooth on R\ {0}, decays exponentially to zero as |x| — +oo and
has a singularity at x = 0 of the form

Ko(|a]) ~ —logla], sz —0,
C

x|

K, (|z]) ~ v#0, asz—0

(see, again, [1]). In any case, the function z — C|x|m’gKg_m(|x|) is continuous for x # 0 and
decays rapidly to 0 at infinity, thus verifying part (3) of the theorem with the choice (2.3) for
the initial data ¢.
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Step 2 Consider now the case where t # 411, 2 € R?. When d = 1, write the solution u in
the form

C .2 iwn 0¥ (=14 4,) C .2
ulet) = et [ = e ),
t2 R (1+y )m t2

The integral I just introduced may be broken into two parts, i.e.,

I(z,t ory @ oy @ (2,) + In(z, 1)
r,t) = e’ + e’ =Ii(x,t) + Ix(x,
(=) /y<1 (I +y2)m Y /|y|>1 (I+y2)m e ’

with a = and (= ,, —1 both non-zero. By the Riemann-Lebesgue Lemma, I; is continuous
in x and ¢ and tends to zero as |x| — oo, though not necessarily uniformly with respect to t.
Integrate Iy by parts to reach the formula

C 1 —lax 2my . . 1
I(z,t) = - )e—la”yelﬁy dy +  F(z),
2(%,1) 6/>1y (L+y2)m™  (L+y2)mt! v+ gfe)

where F'is a bounded, continuous function. Observe that the integrand in the last integral is
an Lllj—function; hence the Riemann-Lebesgue Lemma again implies that I is continuous in z
and ¢ (and grows at most linearly in « at infinity).

When d > 2, write

C =
u(z,t) = de‘ut I(x,t),
t2

as in the one-dimensional case, where

s oy eiBlyl? 1
x,t) = e '
= [ 0 gy

/ oy eiBlyl® 1 ey eiBlyl® q
= e ” y+/ e oy
yl<1 (L+1yl?) y[>1 (1+[yl?)

= Il(xat) + IZ(xat)'

As above, the Riemann-Lebesgue Lemma implies that I; is continuous and tends to zero as
|z| — oo. Change variables in the integral I, setting y = rw, w € S~ and r > 0, so that

+oo 710(7’ T.w) 167’2
(z,t) / / ) rd=ldrdw,
§d—1 (14r2)m

where dw is the Lebesgue measure on S¥~!'. The inner integral has the form

+o00 —iar(z.w
[3 r dr (14 r2)m

Integrating by parts with respect to r yields the expression

! F(z,w) + ¢ /OO e e—lar(zw) [(" —1)ri=?  da(z - w)rd? 2mr?

8 T I G e

for the inner integral, where F'(z,w) = Ce~ (%) is bounded and continuous in both z and
w. The mildest decay to 0 in the variable r in the integrand is (’)(rzmid,z) as r — +o00. The
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integrand therefore belongs to L. provided that m > dgl. This in turn is implied by (2.4) when
n = 2, but (2.4) is henceforth strengthened to

d—1 d
2

, <M < (2.5)

in case the dimension d > 3.
To conclude the proof, observe that the r-integrability is uniform for w € S¥~1, t € (0, 00)
and on bounded sets of x, so that Lebesgue’s dominated convergence theorem implies that I

is a continuous function of z and ¢.

Remark 2.4 The principle of superposition allows us to organize initial data ¢ lying in
C>=(R?) N L*(R?Y) N L2(R?) such that the solution u of (2.1) associated to ¢ is continuous
in R x (0,00) \ {(x;,t;)}52,, but blows up at the isolated, countable set of points {(z;,t;)}
in R? x (0,00). Also, as remarked earlier, by considering the initial value u(z,0) = d¢(z) and
taking ¢ small, but positive, there obtain solutions that blow up dispersively, the norm of whose
initial data is arbitrarily small.

Remark 2.5 It might appear from our proof that dispersive blow-up is a special phenom-
enon, subsisting upon very delicate spatial organization of energy. In fact, the phenomenon is
much more robust than one might imagine. In favor of the persistence of the phenomenon, two
arguments present themselves. First, suppose ug to be initial data that exhibits the dispersive
blow-up as in Theorem 2.1. Let v be any H*(R?)-function where k > g. Then it is clear from
standard properties of the Schrodinger group that the solution u(x,t) of the initial-value prob-
lem (2.1) with initial data ¢ = ug + v also features dispersive blow-up. Thus, at least at the
linear level, dispersive blow-up is stable to smooth perturbations.

Second, let ¢ be initial data as in (2.3) which leads to dispersive blow-up at (z,t) = (0, }).
As mentioned in Remark 2.3, and which is obvious from Sobolev embedding theory, a solution
u can not experience dispersive blow-up if it starts out in H*¥(R?) with k > ‘21. However, notice
that if we define

onty) = (") otw).

where p is a non-negative, C*°-function with compact support that is identically 1 on [—1, 1],
and vanishes for |y| > 2, then ¢r € H*(R?) for all k. Let 6 > 0 be small and M > 0 large be
given. Take for initial data in (2.1) ug(y) = d¢r(y). Then, clearly ug € H*(R?) and

|uoloo = O(0)

as 0 — 0. But if u = up s is the solution of (2.1) associated to ug, then

lyl
1 p('%) 1
u( 0, = (5/ R dy > ¢ dy.
( 4) re (14 [y)™ wi<r (L+[yl)™

The last integral is bounded below by a quantity of the form dO(RY~2™) when m < (21 and of
the form 6O(log R) when m = g, as R — oo. Thus, while smooth data does not lead to blow
up, such data can be organized to be as small as we like in L>(R%), but to be such that the

associated solution of (2.1) can have very large values at a specified, dispersive blow-up point.
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Remark 2.6 With some modifications, similar analysis applies to what is sometimes called
the “hyperbolic” Schrédinger equation, namely

{i@tu + Ozt — Oyyu =0, in R? x Ry, (2.6)

u(z,0) = ¢(z), for r € R2.

This equation is the linearization about the rest state of a model for surface gravity waves on
deep water (see [29]).
The fundamental solution of the hyperbolic Schrédinger equation (2.6) is

1

= 4imt©

2
—z3
4t

G(xl , L2, t)
Inspired by the construction of blowing-up solutions appearing in the proof of Theorem 2.1,

take
e i(yi—y3)

with 411 <m,p< é, so that
# € C™(R?) N L=(R?) N L*(R?).
Fix a value ¢ > 0, with ¢ # ). The solution of problem (2.6) with the initial data just

indicated is

where
. 2 2
615(91 —Y3)

(T+yd)m(1+y3)P

/Oo —laziys eiﬁyf d /Oo iazays e_iﬁyg d
— e Y1 e Y2,
—oo (1 +yi)m —oo (1+y3)P

where o = 21t and 0 = 41t — 1 are both non-zero. The issue of dispersive blow-up in this case is

I(z,t) = /]R2 e l(@y1—z2y2) dy

now reduced to that of the ordinary linear Schrédinger equation (2.1) in one space dimension,
analyzed already in Theorem 2.1.

2.2 The nonlinear case

Attention is now turned to the nonlinear Cauchy problem

{iut +Upy +€luPu=0, zER, t>0, e==+1, 2.7)

u(z,0) = up(x), z €R.
The following result is built upon the linear analysis appearing in Theorem 2.1.

Theorem 2.2 Let t* >0 and x* € R be given and suppose that 1 < p < 3. There is initial
data ug € L*(R) N L>(R) N C*°(R) for which the associated solution of (2.7) is such that

(1) u € Co(Ry; L2(R)) N LY(RY; LT(R)) N LE (RY; HE (R)), where v € [2,400] and 3 =
(3= 1)

(2) the conclusions (2)—(4) of Theorem 2.1 hold for w.
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Proof Part (1) of this theorem comprises well-known facts about the one-dimensional
initial-value problem (2.7) (see, for instance, [25]).

Again, without loss of generality, we take it that (z*,t*) = (0, }). Let ugp € L*(R)NL>*(R)N
C*(R) be the initial data constructed in the proof of Theorem 2.1 which leads to dispersive
blow-up at the point (z,t) = (0, 411) The Schréthe dinger group S(t) = ¢'*® and the Duhamel’s
formula can be used to obtain the representation

t 2
w(z,t) = S(tyuo + c/ / Lo
0o Jr (t—s)2

=: S(t)uo + CI(x,t), (2.8)

ulPu(y, s)dyds

where C' is a non-zero constant. If the integral term I(z,t) in (2.8) is a continuous function of
(z,t) € R x RT, then the desired results follow from what is already known about S(t)ug from
Theorem 2.1. Continuity of this double integral will follow from Lebesgue’s theorem as soon as
it is known to be locally bounded as a function of = and ¢. The provision of such bounds is the
next order of business. By the Holder’s inequality, for all x € R,

t 1 t 1
|I(x,t|§/0 (¢ g )|5j}ds<(/0 o) /|u S >ds) . (29)

where v € (1,2) and A}, =1- }/ will be fixed presently. The standard Strichartz estimates
enunciated in part (1) of the theorem assert that for any 7' > 0, u € L%(0,T; L"(R)), where ¢
and r are restricted as already noted. Take r = p + 1 (implying p > 1). The corresponding
value of ¢ is ¢ = 4(pp+1) The condition v'(p + 1) < ¢ entails that " < pfl, which is to say,
vl/ =1- i > pll or y > 5_p. This choice is compatible with v < 2 if and only if p < 3. Thus,
for p < 3, the integral I is a bounded function of z and ¢ in R x [0, T] for any T > 0. The proof
is completed.

2.3 Possible connexion with optical rogue waves

The analysis of optical rogue-wave formation in [14] (see also [13]) is based on the generalized

nonlinear Schrodinger equation

9A o FHogkA g
or T oA Prgu *W(H”S“’Ckaz)(“l(z’“/

k>2 —00

+oo

R()|A(%, t)|2dz’).

It deserves remark that in the application, the variable here denoted by ¢ in fact connotes
distance along the fiber, whereas z is in reality the temporal variable. The physical problem
is in fact a boundary-value problem, but this is normally converted to an initial-value problem
by viewing the independent variables as indicated in the present notation. On the other hand,
when interpreting predictions of the model, one must keep in mind that space and time have
been traded in the partial differential equation.

In this generalized Schrodinger equation, the dispersion is represented by its Taylor series
and the nonlinearity features what is usually called a response function of the form R(z) =
(1= fr)d+ frhr(z), where 0 is the Dirac mass. Thus the nonlinearity generally includes both
instantaneous electronic and delayed Raman contributions.

Sketched here is a proof that dispersive blow-up also occurs in this model, thus providing a
rigorous account of a possible explanation of optical rogue wave formation.
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Consider first the linear part and for convenience, truncate the Taylor expansion of the
dispersion so the linear model becomes

0A « . OFA
g T oA 2 T =0,
2<k<K (2.10)

A(z,0) = Ap(z),

where v # 0. By changing the independent variable from A to B = e~“*A, one may take it
that the damping coefficient « is zero.

Demonstrating dispersive blow-up for the linear equation (2.10) can be reduced (by pertur-
bation arguments very similar to those used below for the linearized water-wave equation) to
showing dispersive blow-up for the linear equation with homogeneous dispersion, i.e.,

K
DAy 0A _
ot 02K
A({E, 0) = Ao(l’),

0 (2.11)

where v is set equal to 1 without loss of generality. Equation (2.11) specializes to the linear
KdV-equation and the linear Schrodinger equations as particular cases when K = 3 and 2,
respectively. When K > 4 one can use [22] or [3] to evaluate the corresponding fundamental
solution and then construct suitable smooth initial data (a weighted version of the fundamental
solution) which leads to dispersive blow-up.

This linear theory may then be extended to the nonlinear case. When the coefficient
Tshock = 0, the equation is “semilinear” and the result follows by using Strichartz estimates as
for the one-dimensional nonlinear Schrodinger equation. (This is especially transparent when
the instantaneous electronic contribution vanishes, that is when fr = 1, but it holds without
this restriction.)

When 7ok # 0, the nonlinear term involves a derivative with respect to z. Assume now
that K > 3. The crux of the matter is to analyze the double integral term in the Duhamel
representation of the solution and to show that it defines a continuous function of space and
time. When K = 3, we are reduced to the Korteweg-de Vries case which was dealt with already
in [8] by using a theory of the Cauchy problem in weighted L2-spaces. This analysis was also
extended in [8] to a class of fifth-order Korteweg-de Vries equations. This extension is easily
made for any odd value of K greater than 7. When K > 4 is even, the equation is of Schrodinger
type and the weighted space theory (which is used in a crucial way that the phase velocity of
the linear equation has a definite sign) does not appear to work. One has to rely instead on
the higher-order smoothing properties of the linear group that appertains to the higher-order
dispersion.

3 The Linearized Water-Wave Equations

Dispersive equations like the KdV-equation and the nonlinear Schrodinger equation are
typically well-posed in L?-based Sobolev classes. When such an equation features dispersive
blow-up, it is clear that they are not well-posed in L°°, however. Indeed, as we have seen, there
will be initial data that is arbitrarily small in both L? and L, but while it remains small in
L2, it becomes unbounded in L> in finite time, indeed in small time if we so desire.
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While model equations such as the KdV-equation and the Schrédinger equation exhibit
aspects that are indicative of important phenomena actually arising in physical situations, the
issue of real oceanic rogue wave formation in either shallow or deep water is most convincingly
understood in the context of the full water wave equations. And, while singularity formation in
finite time might point to the formation of rogue waves, a lack of well-posedness in L>°-spaces
reveals the same qualitative behavior that we associate with rogue-wave formation.

So, attention is focused on the full surface water wave equations linearized about the rest
state (flat free surface and zero velocity) in both one and two horizontal dimensions. The
question in front of us is whether or not they are well-posed in L*°. In both one and two spatial
dimensions, d = 1, 2, the full linear equations reduce to the single, evolution equation

ne +w?([D)n =0, z€R, te(0,00),
n(x,0) = no(x), (3.1)
nt(l‘,O) = 771(37)

for the elevation n = n(x,y,t) (or n(z,t) in case the motion does not vary much in the y
direction) of the wave (see, e.g., [28]). Here, w(|k|) is the usual linearized dispersion relation

w?([k|) = g[k| tanh(|k|ho) (3-2)

for water waves, where hg is the undisturbed depth, k = (k1,ks) and |k| = (k% + k2)2 when
d = 2. The phase velocity is therefore

C(k) _ w|i(k|)ﬁ _ gé (tanh|(l|(l|<|ho)) 2&,

where k is the unit vector in the k-direction. For waves of extreme length wherein |k| — 0,
the phase velocity tends to v/ghok. For water waves on an infinite layer (corresponding to

ho = 4+o0), the phase velocity is
R S
ck)=g>
(k) E

Thus, on deep water, plane waves travel faster and faster as the wavelength becomes large, con-
trary to the cases of the linear KAV or linear Schrodinger equation where large phase velocities
occur for short waves (large wavenumbers k).

Considered also will be the case of gravity-capillary waves whose linear dispersion relation

is
w?([k|) = g|k| tanh(lklho)(l i Ikl2>7 (3.3)
P9

where p is the density and T is the surface tension coefficient. In this case, the phase velocity

is
wk)~ 1 rtanh(|k|ho) Y 2 T . 9\2
o)) =" k=" ( N )1+ ¥ )k,
whose modulus tends to infinity as |k| tends to +oo, that is in the limit of short wavelengths.
In the infinite depth case, the phase velocity tends to infinity in the limit of both infinitely long
and infinitely short waves.
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In the sequel, when the depth is finite, the equations are scaled so that the gravity constant
g and the mean depth hg are both equal to 1.

The solution of (3.1) with the dispersion law (3.2) is easily computed in Fourier transformed
variables to be

sin[t(|k| tanh |k[)2]

ks t) = ol cosl(fie i) 2} + ™ ST 00, (3.4

In consequence, the Cauchy problem is clearly well-posed in L2-based Sobolev classes. More
precisely for any (no,m) € HF(R?) x Hk_é(]Rd), kE > 0, (3.1) possesses a unique solution
n € C(R, H*(R?)).

To establish ill-posedness in L°, it suffices to consider the situation wherein 7; = 0. Ill-
posedness then amounts to proving that for each ¢ # 0, the kernel

ma(k) = eIkl tanh k)3

is not a Fourier multiplier in L°°, which is the same as showing its Fourier transform is not a
bounded Borel measure.
Let ¢ > 0 be fixed and focus on my (k). The first point to note is that

1 1 2 3 1
(e )2 = el (1= ) = [l (K], (3.5)
where r € C(R)NC*(R\{0}) and r(|k|) behaves like — 1J|rke|22\k\ as |k| — 400 and like —|k|2 (1 —
lk|2) as |k| — 0. Note that 7 = 0 when the depth hg is infinite.

Decompose the kernel m; as follows:
eit(\k\tanh\k\)% _ eir(|k|)teit\k\é _ (1 + ft(|k|))eit\k\%’ (36)

where (1K)t
LT LD
ft(|k|):21sm( 5 )e 2

is continuous, smooth on R% \ {0}, and decays exponentially to 0 as |k| — +oo, uniformly on
bounded temporal sets, since (k) does so. This decomposition leads to an associated splitting
of the Fourier transform I;(x) of m;(k), namely

I(x) = / eftlkl® gllex i 4 / fi(|k|)e't? elexdk = [1(z) + I (x). (3.7)
R4 R4

Study of I?(x) Because f; decays rapidly to 0 as |k| becomes large, the Riemann-Lebesgue
Lemma implies that I? is a bounded, continuous function of x and thus locally integrable, in
both dimensions 1 and 2. In fact, when d = 1, it is actually a continuous L'-function. To see
this, restrict to |z| > 1 and integrate by parts to obtain the formula

Bay=-1 [ 8 (pwe ek
¢ iz ) o dk!

| i
S / el’melt\k\2[f;(k)+ltsgnk (k)| dk.

i ) o 20k|s
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The term in square brackets decays exponentially to 0 as |k| — oo and has a singularity of order
|k|~ 2 at the origin, coming from f/(k) (note that f,(k)|k|~ 2 is bounded at 0). It is therefore the
Fourier transform of an LP-function, where 1 < p < 2, and so, by the Riesz-Thorin theorem,
must itself be an Li-function where 2 < ¢ < +oo. Since ! € L*(|z| > 1) for any s > 1, the
Holder’s inequality thus insures that I? € L'(R).

Study of I} (x) The analysis of I} relies on detailed results about the Fourier transform
of the kernel 9 (|k|)e!*", for a in the range 0 < a < 1, where 1) € C®(R), 0 < ¢ < 1,9 =0

n[0,1], 4% =1 on [2,+00). For 0 < a < 1 and k € R?, let F,(z) = F((|k|)e'™!")(z) be the

Fourier transform of the kernel. Since k — t(|k|)ell®" € §"(R%), 4 (|k|)e*leil*" converges to
Y(|k|)ell¥l” as e — 0, at least in the sense of distributions. It follows that F (¢ (|k|)e~c/klellkle) —
F((|k|)el®le) as e — 0.

For the readers’ convenience, we recall the following general result of Wainger [27, Theorem
9] and Miyachi [21, Proposition 5.1].

Theorem 3.1 (see 21, 27]) Let 0 < a < 1, b € R and define Fy ,(x) =: F((|k|)|k|7°
elk| —|— ik|*))(x) for e > 0 and x € RY. The following is true of the function Fey
i) Fy,(x) depends only on [x|.

exp(—
(
(i) Fap(x) = lim Fy o (x) exists pointwise for x # 0 and Fop, is smooth on RZ\ {0}.
(
(i
(v

) F
iii) For all N 6 N and p € N4, [( 2P Fyu(x)| = O(x|7V) as [x| — +o0.
iv) Ifb>d(1—9), Fap is continuous on R,
) If b < d(1 — %), then for any mg € N, the function F,, has the asymptotic expansion

1 (mg+1)a
Fap(ox) ~ oo () Z x| 5+ o(x]) T 4 g, (38)
12 @0 P s
as x — 0, where §, € R, £, # 0, and g is a continuous function.
(vi) When a > 1 and b € R?, Fop is smooth on R? and has the asymptotic expansion

—d+de b—d+ da

b a
Fap(x) ~ Cla,b,d)[x| =" exp{iB(a)jx| "} +o(|]x| =), (3.9)
as |x| — 400, where C(a,b,d) and B(a) are explicit positive constants.
(vii) For any b € R, Fy is smooth on R4\ {|xz| = 1} and for every p € N% and N € N,

‘(;c)uFl’b(x)‘ =0(z|™"), as |z| — +oo.

If b < d“ , then

d—1

b— 2
Fio(@) =) (1= el +10) *, aslal = 1.

Remark 3.1 The previous theorem will be used with b = 0. For notational convenience,
set Foo=F, Ifa= é, the first three terms in the asymptotic expansion of F, are, respectively,
aolz] 2 exp{0}, aa]z| 2" exp{f} and as|z| 2" exp{0}, where 6 = i&,|z|*—=. Notice that
F, ¢ L] (R?), but that it is defined as a distribution since, because of its oscillatory nature,
it is locally integrable around 0 in the sense of generalized Riemann integration. For example,

when d = 1, one has

2

Fy () = |x1|3 exp i * |}+G<x>,
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where £ # 0 and G € L*(R). For any A > 0, integration by parts reveals that

A A ;€ . . A
_3 Y / elr i e i 1 e
el Fexpii pde=2 [ L dr=2 VA - / e dr.
/—A| | { |37|} 0o r2 ¢ o Vr

The last integral exists in the L'(0, A)-sense. Thus, F 1 can be defined as a distribution by
writing it as F; =G+, where G € L{ (R), and for any test function ¢ € C§°(R),

loc
it el it e , ,
e [ plp@ = ot — [ eyl @) - o (calae

Returning to the study of I}(z), notice first that for dimensions d = 1,2,

1 ikls ik @ 1 x
1 k|2 ik-
I (z) = s2d /d e e e dk = thJ(tQ)’

(,¢) =

where )
J(z) = / etk eikez gy
]Rd

Introducing a truncation function v as above which is zero near the origin and one near infinity,
the integral J can be broken down as

Tw) = [ e et [ 1 p(iel Rk = @) + B(w). (310)

Arguing as in the analysis of I2, one checks that in dimension d = 1, the continuous function
Jo lies in L*(R). In dimension d = 2, Jo is a bounded continuous function of .

el A
But, Theorem 3.1 implies that (1 — ¢ (|k|))e!*I? is not an L (R?)-multiplier. These con-
siderations allow the following conclusion.

Proposition 3.1 In both one and two horizontal spatial dimension, d = 1,2, the linearized
water-wave problem (3.1) is ill-posed in L°°(R?).

Proof Take n; =0 in (3.1) and an appropriate choice of 7y (see the proof of Theorem 3.2
for more details).

This proposition is reinforced by the following, more specific, dispersive blow-up result.

Theorem 3.2 Let (v*,t*) € R? x (0,+00) (d = 1,2) be given. There exists ng € C°(R%\
{0H) NCO(RY) N L (RY) N L2(R?) such that the solution n € Cy(R; L2(RY)) of (3.1) withm =0
is such that

(i) n is a continuous function of x and t on R x ((0,+00) \ {t*})),

(ii) n(-,t*) is continuous in x on R\ {xx},

(iii) lim [n(z,t)| = +oo.

(z,t)ER X (0,+00)— (x*,t*)
(@,t)#(x",t7)

Proof One may assume that (z*,t*) = (0,1). Again, take 7; = 0 in (3.1) so that the

corresponding solution is

1(-,t) = 1o x F~L(exp{i[t(|k| tanh [k[)2]}).
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Using the notation introduced in our earlier ruminations, we write

1) = o % F (M 4 (1= (ke 4 (et
=T *Fﬁl(fl(ta k) + f2(tvk) + fB(ta k))
= Ni1(t) + Na(-, t) + N3(-, t).

In spatial dimension d = 1, it has already been shown that for any fixed t € (0, +00), F 1 fa(:, 1)
and F~! f3(-,t) are integrable functions of z, and, as is easily confirmed, uniformly so on compact
subsets of t € (0,400). Thus, the functions Ny and N3 are continuous on R x (0, +00), for any
no € L2(R) N L*®(R) N C(R). In dimension d = 2, for a fixed t € (0,+00), F~1f2(-,t) and
F~1f3(-,t) are bounded continuous functions of x, and uniformly so on compact subsets of
t € (0,+00).

Choose the initial value 79 to be no(z) = |z|*K(z) for z € R, where %' < A < 2d and

K = FL(p(k)el?).

In the notation arising in Theorem 3.1, this amounts to taking b = 0 and setting K (z) = F'1 (2),
the overbar connoting complex conjugation. Using the results of Theorem 3.1 along with the
choice of ), it is easily seen that 179 € C(RY) N L>=(R%) NC=(R?\ {0}) N L1 (RY). In particular,
no is an L2-function.

Note that although 1y € L'(R?), for ¢ # 0, the solution 7(-,*) does not necessarily belong
to L°°(R%) since F 1 (exp{i[t(|k| tanh |k|)2]}) is not an L°°-function. This is in strong contrast
with what obtains for the linear KdV-equation (1.1) or the linear Schrédinger equation (2.1).
However, the preceding commentary does show that Na(+,t) and N3(-,t) are convolutions of an
L'-function with a bounded, continuous function of z. Hence, they are themselves bounded
and continuous in x, and uniformly so on compact temporal subsets.

Theorem 3.1 applied to N7 implies that as (z,¢) — (0, 1), the solution n(z,t) tends to

Cr+Ca [ IK()Plydy = +oc,
R,

since A < 2d.
It is now demonstrated that 7 is continuous on R¢ x (0,+0o0) \ {(0,1)}, which is to say,

everywhere except at the dispersive blow-up point. Since N, and N3 are already known to be

. 1
continuous in z and ¢, it remains to consider Ny (-,t) = 19 x F~ (¢ (|k|)e!t/¥I?).

We first show that Ni(-, 1) is a continuous function of x on R?\ {0}. According to the
definition of 79, we get

NaGe, 1) = [ o= yPFy (o~ )Py )y, (3.11)
R
Let 6 > 0 be fixed and suppose that |z| > §. Decompose the last integral in the form

M 1) = [ o PP Gy + [ PPy - nrw
Bs (0 B
2

s (@)
2
+/ jz —y[*F1(z —y)F1 (y)dy
Rd\Bg(O)UBg (x)

= Ni(z,1) + Nf(z,1) + N7 (2, 1),
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By Theorem 3.1, N}(-,1) is a continuous function of z. By our choice of A\, N{(-,1) is a
continuous function of z. The treatment of Ni(-,1) is a bit more delicate and makes use of the
oscillatory nature of the integrand. By Theorem 3.1, F 1 (x) behaves like

[ aq (e5] a3
d
1 3d_2

" + g(a)] bt (3.12)

el Jol -
for = near 0, where ¢ is continuous.
When d = 1, only the first term in (3.12) gives trouble as regards the continuity of Ni (-, 1).
Integration by parts reveals immediately that the integral

iCsly|~*
(§]

[ e-abrie-n
B (0) |yl 2

defines a continuous function of x.
When d = 2, the first two terms in (3.12) both lead to situations that are possibly singular.
We are therefore lead to consider the two integrals

N eics|?!|71
/ L E e (3.13)
2
and
JARCET R (3.14)
T—y (rx—y Y. 3.1
B (0) 2 |y|?

Straightforward integration by parts shows that both these integrals define continuous functions
of x.

Attention is now turned to the region Dy = {(z,t); z € R%, ¢ > 0, ¢ # 1}. It will be shown
that Nj is continuous throughout this domain. A first observation is

FL ([l ) (z) = tlg f*l(w(g‘%')eilklé) () (3.15)

Notice also that
K it (KDY agr Kk k|2
¥(kl[)e Y ) e =y (fk[)el™®,
t2

where @Zt is smooth, compactly supported and vanishes in a neighborhood of 0. Thus, the

~ o1
inverse Fourier transform of ¢, (|k|)e'*!* is smooth and decays rapidly to 0 as |z| — oo; it is

certainly bounded and continuous on D;. We may therefore write
1 . ~
MGt = g~ F,y (tl )+ G0 = Ni(, 1) + G, (3.16)
2 2

where G is continuous in  and t. Split Ny (x,t) as follows:

~ 1 Y
N- t) = —y)F1 d
1(377 ) tg /Rdno(ﬂ? y) Q(té) Y

1 y Y
= —y)F d —y)F d
tg </|y|<1770(x y) é<t§) y+/|y|>1770($ y) é<t§) y)
= N}(z,t) + N2(z,t).
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Since no(z—y) behaves like Clz—y|~ % T when y is close to z, the choice of A and the properties
of i imply that N7 is continuous in z and ¢.
The choice 7y = |z|* K (z) entails

. 1

M=y [ Je-sPFye-nr () (3.17)
tz Jjy|<1 te

When z # 0, the singularity at y = 0 can be dealt with as in the preceding analysis of Ni.

Attention is thus restricted to x = 0 and the aim is to prove that the integral

~ 1 Y
N1 (0,t) = AR (y)Fa (7)) dy, 3.18
0.0 = | /y§1|y| s)Fy (1 )y (3.15)

taken in the sense of generalized Riemann integration, is finite when ¢ # 1. According to
Theorem 3.1, the singular part of the integral defining N1(0,t) is

.C3 ., 1
R
ly|<1

This integral is finite, as seen by integration by parts, provided A > 2d — 1, which is compatible
with the restriction
3d

<AL2
2_/\_cl

on \. The proof is completed.

Remark 3.2 As noted previously, the phase velocity g2 (tanhl(l‘(ll(‘h‘)))

>k is a bounded func-
tion of k. This is contrary to the case of the linear KdV-equation (Airy-equation) and the linear
Schrédinger equation, where both the phase velocity and the group velocity become unbounded
in the short wave limit. It is also unlike the case of linear gravity waves on the surface of
an infinite layer of fluid, where the phase velocity is unbounded in the long wave limit. The
dispersive blow-up phenomenon observed here is thus not linked to the unboundedness of the

phase velocity. Further comments on this point appear in Section 5.

Consider now the case of the linearized gravity-capillary waves where the dispersion relation
is given in formula (3.3). Again taking all the physical constants equal to 1 to simplify the
discussion, the solution of (3.1) becomes

(k. ) = 7o (k) cos[t([k| tanh [k[)2 (1 + |k|*)?]
sin[t(|k| tanh [k|)2 (1 + |k[2)2] .

. . (3.19)
(k[ tanh [k[)= (1 4 [k|?)>

+ (k)

From this formula, it is readily discerned that for (no,m1) € H*(R?) x HE=3(R%), k € N, (3.1)

has a unique solution n € Cy,(R; H*(RY)) N LE (R; HII?C_“ (R9)); the local smoothing property is
a consequence of the general theory supplied in [11], for example.

The next theorem is the analogue of Theorem 3.2 in the capillary-gravity-wave context. It

implies in particular that the Cauchy problem (3.1)—(3.3) is ill-posed in L°°.

Theorem 3.3 Ford = 1 or 2, let (z*,t*) € R? x (0,+00) be given. There exists 0y €
C>®(RY)NL*(RY) N L2(RY) such that the solution n € Cy(R; L2(RY)) of (3.1)~(3.3) withn; =0
satisfies
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(1) n is a continuous function of x and t on R x ((0,400) \ {t*})),
(ii) n(-,t*) is continuous in x on R\ {zx},
(iid)

lim [n(z,t)| = +oo.

(2,t)ERY X (0,+00)— (z*,t%)
(@, t)#(z™,t7)

Proof One may assume that (z*,¢*) = (0,1). Again, take 71 = 0 in (3.1) and search for an
1o that leads to dispersive blow-up. Define 79 by

Fs ()

770(@ - (1 + |x|2)m’

where 34d <m < d and Fg = Fg,o, defined in Theorem 3.1, is smooth on R? and is asymptotic
to |z|2eCl7I” as x| — oo for a suitable non-zero constant C. It is straightforwardly verified
that 7o € C*°(R%) N L>=(R?) N LY(R?Y) N L?(R?). As in the gravity-wave case, the fact that
no € L' (RY) does not imply that (-, t) € L>(R%), t # 0, since Fs ¢ L1(RY).

In place of (3.5), we have the decomposition

(1+[k[*)2 + (1+ k) 2r(k])
(1+ k)2 + s(|k]|), (3.20)

(1] tanh k) (1 + [k[) = [k| 2
= |k|é
where the remainder function r is as introduced in (3.5). The function s is continuous, smooth
on R4\ {0}, and decays exponentially to 0 as |k| — +oc0. So, instead of (3.6), there appears

. 1 1 . . 1 1 X 1 1
eit(Ik| tanh [k|)2 (L[| 2 _ gits((iel)gitlkl 2 (1+IKID 2 — (1 4 g (|k|))eithel 2 A+l 2 (3.21)

where ts((K[)
i . S
g:([]) = 2ie2xD gin ( 5 )

is continuous, smooth on R\ {0}, and decays exponentially to 0 as |k| — +oo.
As for the situation without surface tension, split the crucial, oscillatory integral according
to the decomposition (3.21), i.e.,

,]t(x):/ il tant i) (1K) 3 g1
Rd

. 1 1 . 1 1,
:/ elt|k|2(1+\k\2)2elk-zdk+/ g (] et 2 (HIKID) 2 il g
R4 R4

= J}(z) + J (2). (3.22)

One proves just as in the gravity-wave case that J? is bounded, continuous, and tends to 0 as
its argument becomes unbounded (and that it lies in L' when d = 1). As will be seen presently,
the treatment of J} follows a line of argument more akin to that used in the analysis of the
linear KdV-equation and the linear Schrédinger equation, a consequence of what we will, in
Section 5, term the “strongly dispersive” character of its dispersion.

Study of J}(x) Define the function a = a(|k|) by

k|2 (1+|k?)2 = k|2 + a(|k]),
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so that

1
k|

D= eyt

(3.23)

In terms of «, the integral J/(z) is written as

J}(x) = / eit‘k‘geik"”dk-i- 21/ eit‘k‘geia(;ﬁ sin (a(k)t)eik'”dk
Rd Rd 2

= Jtl’l(x) + Jt1’2($)-

Theorem 3.1, part (vi) with a = g and b = 0 implies that, due to its growth at oo, Jtl’1 is not
a bounded measure. More precisely, write

Jtl’l(ib') _ /]Rd(l - w(|k|))eit\k\%eik~xdk + /]Rd Q/}(|k|)eit\k\geikwdk
= Kl a) + K2(a), (3:24)

where ¢ € C°(R), 0 < ¢ <1, ¢y =0on [0,1], ©» = 1 on [2,4+00) is as introduced in the
statement of Theorem 3.1, the Wainger-Miyachi results.

The first integral in (3.27) is, by the Riemann-Lebesgue lemma, continuous in  and tends
to 0 at infinity. Moreover, as is easily checked via two integrations by parts, the function
x + |2|2 K} (x) is a bounded function of 2 (and thus an L!-function when d = 1). The modulus
of K2 grows like |z|2 as |z| tends to infinity.

The preceding calculations allow us to express the solution 7(+,t) of the linear, capillary-
gravity wave initial-value problem (3.1)—(3.3) in the form

0 t) = o * (K} + Ki + Ji7° + JF) = N + NP + N + N (3.25)
Consider first the “singular” term N7?. By Theorem 3.1, N2(z,t) is continuous away from

the point (0, 1), but tends to )
|Fs ()]
Lo a £yt =+
as (x,t) — (0, 1) because of the restriction imposed on the parameter m.

In consequence of this remark, if it is known that the integrals N}, i = 1,3,4 all define
continuous functions of (z,¢) on R% x R*, the result will be established. Of course, N}! = oK}
is continuous since it is a convolution of an L'-function with a bounded, continuous function.
The following result provides the desired information about N;.

Lemma 3.1 Jtl’2 is a continuous function of (z,t) € R x RY and is a bounded function
of x, uniformly on compact subsets of t € (0, 00).

Proof By its definition,
S aGot k)t\ .
Jtl,Q(x) _ 21/ e1t|k|2 ol (;)f sin (a( ) )elk.xdk,
Rd 2
where « is defined in (3.23). A straightforward Taylor expansion shows that

o (a(k)t) _a(lk)t | a?(k|) R

2
¢ 2 2 Yoy
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where r(|k|,t) = t20(a3(|k|)) as a(|k|) — 0, t bounded. Since

k)=, +0(00)

it follows that, uniformly for bounded values of ¢,

oot ra(k)t t t? 3 1
P2 = 30 3.26
© Sm( 2 ) 4k|2 * 16|k + (|k|3) (3.26)

as |k| — oo.
With v denoting the same cut-off function introduced earlier, one decomposes Jtl’2 in a form

that is by now familiar, namely,
. 3 a(k)t k)t .
J2 (x) :21/ V([k|)etlkl? ¢ B sin(a(Z) )e‘k'“’dk
Rd

. 3 a(k)t .
+2i (1= w(k])e e (sin a(k)t)e‘k"”dk
Rd 2
= M} (z) + M?(2).

The Riemann-Lebesgue Lemma indicates that the second integral M? is a bounded, continuous
function of z, the spatial bound being uniform on compact temporal subsets of (0, co).
Using (3.26), the integral M} may be expressed as

it QililE
M () = / SN e+
2 Jra |k|2
1 .
3>e1k~xdk

3
.3 it|k| 2
+ 2t /Rdd)(|k|)e 0(|k|2

= Mtl’l(x) + Mtlyz(x) + MtLB(x)-

it?

oitlk| 3 "
k Hrdk
1G/Rdzm D ©

The integral M is essentially Fs 1. Thus, by Theorem 3.1, it behaves like [x| 21 as |z| — oo.
Hence, in one and two spatial dimensions, it comprises a bounded, continuous function of z.
Similarly, the integral M;*® corresponds to F5 1, and so it behaves like |x|_2+3 as |z| — oo.
It is also a bounded, continuous function of z. The last term Mtl’3 can be treated in a similar
way, thereby completing the proof of Lemma 3.1.

Proof of Theorem 3.3 (Continuation) Since J? is a bounded, continuous function, N;
is likewise a bounded, continuous function of x, and uniformly so on compact temporal subsets
of (0,00).

To complete the proof of Theorem 3.3, it remains to prove that N7 is continuous on R x
(0,400) \ {(0,1)}. It is first established that N?(z) is continuous at any point zo € R%\ {0}.
To this end, consideration is given to the integral

=[5 R
xTr) =
R (1 [z — yPym ™ 30
for, say, x € Bs(xo), where ¢ is small enough that this ball does not include = 0. In view of
Theorem 3.1(vi), it suffices to show that the integral

|$—y|g|y|g iC(lylP—|z—y|*)
Jyon ety
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is finite in the sense of generalized Riemann integration. (Note that if = 0, the oscillation
disappears and the following considerations do not apply.) Consider first the one-dimensional
case d = 1. Plainly, it suffices to show that the integral over {y : |y| > |z|} is finite. The
integrals where y > |z| > 0 and y < —|z| < 0 are of a similar nature, so we consider only the

integral
1

L [ e
Jle) = /yzm (

Bixzy —31;cy2
e e dy.
L+ (z—y)*)™

Integrating by parts gives
i3 1 1
J(Z‘) _ _ie e / d |: ) (y - J?) 2y=2 e3ix2y} e—3i;cy2dy.
62 Jy>ia) dy Ly> (1+ (2 — y)2)™
The worst term from the point of view of the present considerations is

1 i3 (y —x)é 22 a2
rel® |: ) e31x y:|e 3izy dy,
y2la LY+ (2 —y)*)™

which is a convergent integral since the restriction on m implies that m > é

To treat the case d = 2, use polar coordinates, writing y = re'?, and integrate twice by
parts the integral with respect to r on the region {r > |z|}. The computation is analogous to
that made already for the nonlinear Schrodinger equation in the proof of Theorem 2.1, and so
is omitted. X

Finally, it is established that N? = 1o+ F~1(¢(|k|)e™**?) is a continuous function of (z,t)
in the domain Dy = {(z,t) : x € RY, ¢t > 0, ¢t # 1}. A simple rescaling reveals that

F @) @) = (o)) (). (3.27)
3 3

3

As for the gravity-wave case, one observes that
k|3 KN jkd k| 2
G — (5 = G (fid)e,

where QZt is smooth, compactly supported and vanishes in a neighborhood of 0. Hence the func-
tion v (|k|)e!*I* is likewise smooth and compactly supported, so its inverse Fourier transform
is, as a function of z, smooth, decays rapidly to 0 at +oco and is jointly continuous in x and ¢.
It follows that N? can be written in the form

NE() = tl mox Py (3 ) + Gt = NP + G, (3.28)

2
3

where G is continuous in z and ¢.
Split N7 in two as follows:

NE(z) = tisd (/y<1 +/y>1)770(a: —y)F; (tyg )dy — M}x) + M2(x). (3.29)

Since F's is a smooth function, J\Zl() is continuous in z and ¢t. By definition of g,

N (x) =+, /|y|>1<F§(x_y) Fe( %)y,

t%s 14|z —y[2) 2 \43
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Again applying Theorem 3.1(vi) reduces the issue of continuity to checking whether or not the

improper Riemann integral

1 o= yl2yl2  op® ey
el TIPTYlqy (3.30)
ts /| >lz) (1 |z —y[?)™

is finite. A straightforward integration by parts comes to our rescue, showing that the integral

is indeed finite. The continuity then follows from standard arguments and the proof of Theorem
3.3 is completed.

Remark 3.3 It is worth remarking that the dispersive blow-up for the full linear gravity-
wave problem may bear upon one of the suggested routes to the formation of rogue waves.
Many papers in the fluid mechanics and oceanographic literature have recently been devoted
to various aspects of oceanic rogue waves (see, e.g., [18, 19] and the references therein). One
of the puzzling issues that confront scientists interested in rogue waves is their genesis. While
there are several suggestions as to how rogue waves form, a universally accepted explanation
is lacking. One of the suggested routes to rogue wave formation is, roughly speaking, that
small amounts of energy from disparate parts of the ocean might occasionally come together in
space-time and, at least temporarily, result in very large waves. This is precisely what we have
demonstrated is possible in establishing dispersive blow-up (dispersive focusing) in the surface
water-wave environment. More precisely, following on the commentary in Remarks 2.3 and 2.5
in Section 2, there are open sets & in H¥(R?), k > 3, such that if initial data ug is taken from
U, then |ug|loo < €, but the solution u of (3.1) with wo as initial data has the property that

|u(-,t*)]oo > M, where the positive values of e, M and t* are specified.

4 Fractional Schrodinger Type Equations
The methods used and the results obtained in the previous section can be extended to a

class of fractional-order Schrodinger equations of the type

(1) = uol-) (1)

for (x,t) € R? x RT. These equations, mentioned already in (2.4), occur as the linearization of

{mt—l—(A)u 0, 0<a<l,

some weak turbulence models (see [12]). In Fourier-transformed variables, the solution of (4.1)
is

(€, £) =T (€)e <",
and so the solution semi-group S(t) is in fact a unitary group on L? defined by S(t)¢ =
f‘l(eit‘f‘u@. Observe that the case a = % is essentially the linearized water-wave system on
an infinitely deep layer with surface tension neglected. Theorem 3.1 will be used to establish
the following dispersive blow-up result for the initial-value problem (4.1).

Theorem 4.1 Let0 < a < 1. Then (2.4) is ill-posed in L>=°(R?) and displays the dispersive-
blow-up phenomenon. More precisely, for any fived (z*,t*) € R x (0,00), there exists ug €
C= (RN {0})NCO(RY)NL>(RY)NL?(R?) such that the corresponding solution u € Cy(R; L?(R?))
of (2.4) is such that

(i) wis a continuous function of (z,t) on R% x ((0,+00) \ {t*}),
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(ii) u(-,t*) is a continuous function of x on R\ {z*}, and
(i)
lim |u(z,t)| = 4o0.
(,t)€R? x (0,+00) — (" ,t7)
(zt)#(x",t")

Proof The proof is very similar to that of Theorem 3.2 and so is omitted.

Remark 4.1 The class in (4.1) with @ > 1 includes the Schrédinger equation (a = 2).
These may also be treated by appropriate use of Theorem 3.1(vi).

5 Comments and Extensions

5.1 Strongly- versus weakly-dispersive equations: short-wave and
long-wave dispersive focussing
In connection with the mathematical analysis of various Boussinesq-type systems for weakly
nonlinear, long surface waves, it was observed in [6] that the dispersive blow-up phenomenon
does not occur for “weakly dispersive” equations or systems of equations. A paradigm problem
of weakly-dispersive type is the generalized BBM-equation

U + Uy + uPUy — Ugyr = 0, (5.1)

where p is a positive integer. Indeed, one of the motivations for introducing the BBM-equation
as a water wave model in [4] was its appropriate behavior with regard to the propagation of
short waves. When more general dispersion relations are involved in the wave propagation
problem at hand, the general class of “regularized” dispersive equations comes to the fore (see,
e.g., [5]). These models have the form

Uy + Uy + uPuy, + Luy = 0, (5.2)
where the dispersion operator L is defined as a Fourier multiplier operator by

Lu(€) = q()u(€) (5.3)

and ¢ is a non-negative-valued function.
One can show that for a large class of symbols ¢ (those which generate bounded phase
velocities that decay to zero rapidly enough as |k| — 00), the linearized version

{ut—i—ux—l—Lut =0, (5.4)

u(-,0) = uo(")

of (5.2) is well-posed in L> (see [6]). In the commentary to follow, attention is restricted to
pure power symbols of the form p(§) = [£|* whose associated dispersion operator L defined as
in (5.3) is denoted by L,.

The results in [6] concern the slightly modified version

{(I—@i)gut—i—ugg =0,
u(-,0) = uo(-)
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of (5.4). Notice that when x = 2, which is the case of the original BBM-equation, the two
formulations coincide.

Stated here is a result established in [6, Proposition 4.5] for (5.5), but put into the context
of (5.4).

Proposition 5.1 The initial-value problem (5.4) is well-posed in L>=(R) if and only if
K> 1.

Remark 5.1 The phase velocities for (5.4) and (5.5) are

1 1

C(k):1+|k|“ and c¢(k) = (14 [52)5

In both cases, when > 1, the phase velocity decays rapidly enough to 0 as k — oo that c(k)
is an L'-function. On the contrary, for the full linearized gravity- or gravity-capillary-wave
problems, the phase velocity behaves like |lf|_é at infinity, which is not a fast enough decay to
prevent dispersion from leading to focussing singularities.

Remark 5.2 Equations (5.4) and (5.5) when x = 1 are closely related to the linearization
1
|K]
so-called “BBM-BBM?” systems in [6], which do not feature dispersive blow-up, correspond to

of the Boussinesq systems in [6] which have a phase velocity behaving like ., as |k| — oco. The

Kk = 2.

Proof The solution of (5.4) is

—1pit, s
u(-,t) =F e HIET ] K ug.

Observe that )
it i = GHIROHRD 5 11 4 (k)]

where h;(|k|) is a smooth function of ¢t and |k|, and is O(|k|=2"*1) as |k| — +o0, uniformly on
compact subsets of t’s in (0, 400). Recourse to Theorem 3.1 comes to our aid. The argument

is, by now, familiar and we skip over the details.

This last result is now extended to the nonlinear case. Using the Duhamel formula, the
solution of (5.2) has the representation

(e t) = Sty — /0 Si(t — 8)[uPus]ds, (5.6)

where S, (t) = 9 (+Lx)"" g the associated linear group.

Proposition 5.2 Let k > 1 and ug € L°(R) N L*(R). There exists T > 0 and a unique
solution u € C([0,T); L=(R) N L%(R)) of (5.2) with initial data ug.

Proof This follows from a straightforward iterative argument based on the Duhamel for-
mulation (5.6) and will be omitted (see, e.g., the proof of Theorem 2.1 in [7]).

Remark 5.3 It was shown in [9] that the solution of (5.2) in the case k = 2 and p = 1
(the original BBM equation) is globally well-posed for data residing only in L?(R). The same
well-posedness result is true of the initial-value problem (5.4) for any £ > 3 (see [8]).

When x < 1, both (5.2) and its linearization display the dispersive blow-up phenomenon.
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Proposition 5.3 Let £ < 1 and let (z*,t*) € R x (0,400) be given. There exists ¢ €
C>(R) N L% (R) N L?(R) such that the corresponding solution u (respectively, v) of (5.2) (resp.
4)

(5.

ave the properties

(u, v)(+,t*) are continuous on R\ {z*},

h
) u, v are continuous in x and t on R x ((0,00) \ {t*}),
)
iii)

(i
(ii
(

lim |u, v(z,t)] = +o0.
(,t)€R? X (0,+00) (" ,t")
(zt)#(x",t")

Proof The details are very similar to those appearing previously in this essay, and hence
they are omitted.

5.2 Miscelleanous remarks

(1) Ghidaglia and Jaffard [16] have constructed an explicit, infinite energy solution of (1.1)
displaying dispersive blow-up. They took

u(x,t) = A1 <t3)’

where Ai is the usual Airy-function. The function u is clearly a C°°-function on the half-space
D ={(z,t); z € R, t > 0}. A simple computation using the classical ODE

Ai"(2) — zAi(2) =0 (5.7)

defining Ai shows that u solves (1.1) in D. However, one checks that for any fixed ¢ > 0,
u(-,t) € LP(R) for any p > 2, and

lu( o= C, / AP (2)de
te—3 JRr

Thus, for any p > 2, the LP-norms of u(,t) blow up at ¢ = 0 like té?;p . In particular, the
sup-norm blows up like Cg; .

(2) We have so far nét been able to extend the dispersive blow-up result from the linear to
the nonlinear Euler equations for the free-surface, water-wave problem. An intermediate step in
this direction would be to extend the results of Section 3 to the case of non constant coefficients.
Especially telling would be an extension to the linearization of the water-wave system about a
non-horizontal free surface.

Acknowledgement The first author acknowledges support and hospitality from the Uni-
versité de Paris 11 during the inception of this work.
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