NORMAL BUNDLES OF RATIONAL CURVES ON COMPLETE
INTERSECTIONS

1ZZET COSKUN AND ERIC RIEDL

ABSTRACT. Let X C P" be a general Fano complete intersection of type (di,...,dx). If
at least one d; is greater than 2, we show that X contains rational curves of degree e < n
with balanced normal bundle. If all d; are 2 and n > 2k + 1, we show that X contains
rational curves of degree e < n — 1 with balanced normal bundle. As an application, we
prove a stronger version of the theorem of Z. Tian [Til15], Q. Chen and Y. Zhu [CZ14] that
X is separably rationally connected by exhibiting very free rational curves in X of optimal
degrees.

1. INTRODUCTION

Spaces of rational curves play a fundamental role in studying the geometry and arithmetic
of projective varieties. The local structure of these spaces at a point [C] is controlled by the
normal bundle of C. Normal bundles of rational curves have been studied extensively (see
[AR17, [CR16, EV81], [EV82, ROT, [Sal0, [Sa82] for rational curves in P* and [DO1] [F14, .17,
K96|] for rational curves in more general varieties). In this paper, we compute the normal
bundles of rational normal curves in general complete intersections and show that under mild
assumptions they are balanced. As a corollary, we obtain a stronger quantitative version of
the theorem of Z. Tian [Til5], Q. Chen and Y. Zhu [CZ14] that a general Fano complete
intersection is separably rationally connected. We provide optimal bounds on the degree of
very free rational curves on general complete intersections. We work over an algebraically
closed field K of arbitrary characteristic p.

Let 2 < dy < dy <--- < dj be a sequence of positive integers and let d = 22:1 d;. Let X
be a general Fano complete intersection of type (di, ..., dx) in P". The normal bundle of a
rational curve C' C X splits as a direct sum of line bundles N¢/x = @;1:—11@—1 Op1(a;). We say
that the normal bundle N¢/x is balanced if |a; — a;| < 1 for every i, j. The main theorem of
this paper is the following.

Theorem. Let X C P" be a general Fano complete intersection of type (dy, ..., dy).

(1) If dp > 3, then X contains rational curves with balanced normal bundle of every
degree 1 < e < n.

(2) Ifdy =+ =di, =2 and n > 2k + 1, then X contains rational curves with balanced
normal bundle of every degree 1 < e <n —1.

In fact, we prove the existence of rational curves with balanced normal bundle in a slightly

larger range of degrees (see Corollary Theorem and Propositions , and .
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As an application, we obtain a simple new proof of a theorem of Z. Tian [Til5], Q. Chen and
Y. Zhu [CZ14] that a general Fano complete intersection is separably rationally connected.
Our method also provides sharp bounds on the degree of very free rational curves on general
Fano hypersurfaces and complete intersections. Recall that a projective variety X is separably
rationally connected if there exists a variety M and a rational map 7 : P! x M --» X such
that the evaluation map ev : P! x P! x M --» X x X is dominant and separable. A rational
curve f : P' — X is called free if f*Tx is globally generated. A rational curve f : P! — X on
a projective variety X is called very freeif f*T'x ® Op:1(—1) is globally generated, equivalently
if every summand in f*7T’x has degree at least 1. If X contains a very free rational curve,
then X is separably rationally connected [DO1, Corollary 4.17]. Twisting the standard exact
sequence
0—Tp1 =O0p(2) — f"Tx — Ny — 0

by Op1(—2) and taking H', we conclude that if every factor in N; has degree at least 1, then
the image of f is a very free rational curve on X.

Corollary. Let X be a general Fano complete intersection in P of type (dy,...,dy). Then

X contains a very free rational curve of degree e > m = (Z:Ziﬂ

By degree considerations, X cannot have a very free rational curve of degree less than m.
Hence, the corollary is optimal. The case of hypersurfaces of degree n in P" was already
known by the work of Zhu [Zh11].

The positivity properties of normal bundles of rational curves on Fano hypersurfaces in P"
can be subtle in positive characteristic. For instance, although a general Fano hypersurface
X of degree d < n contains a free line, for any degree e there exist examples of Fano
hypersurfaces containing no free rational curves of degree less than e [Con06], [Shi2al, Br13].
Nevertheless, it is conjectured that smooth Fano hypersurfaces always contain free rational
curves [Brl3|, although this remains open. Tian [Til5] shows that if X contains a free
rational curve, then X also contains a very free rational curve. For Fano threefolds of Picard
rank one, the existence of free rational curves follows by results of Shen [Sh12b].

Our results hinge on the following analysis. If C' C X with C' smooth, we obtain a sequence

O — NC/X — NC/]Pm — NX/]P’”|C = Opl(ed)‘

If we let X vary among complete intersections of type (di, ..., d), then we obtain a map ¢ :
@D, H(Zcpn (d;)) — D, Hom(Ngypn, O(ed;)). Our main technical theorem is the following.

Theorem. Let (dy,...,dg) be a tuple of integers with each d; > 3 and let C' be a general
rational curve in P of degree e < n. Then ¢ is surjective.

Unfortunately, when some d; = 2, the map ¢ is not surjective. This forces us to analyze
complete intersections of quadric hypersurfaces separately.

Organization of the paper. After discussing some preliminaries in §2] in §3| we study the
map ¢ and prove our main technical theorem. The main theorem follows when d; > 3 for all
i. In 4] we compute normal bundles of low degree rational curves in complete intersections
of quadrics. In using a degeneration argument we prove our main theorem in the general
case.

Acknowledgements: We thank Roya Beheshti, Lawrence Ein, Joe Harris, Jason Starr,

Qile Chen and Yi Zhu for useful discussions.
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2. PRELIMINARIES

In this section, we collect well-known but useful facts on normal bundles of rational curves
in P". We refer the reader to [CR16, [EV8IL [GS80] for more details.

Vector bundles on P!. Every vector bundle V on P! is a direct sum of line bundles
V = @;_, Opi(a;). The sequence of integers ay, ..., a, is called the splitting type of V and
V' is called balanced if |a; — a;| <1 for every i,j. In this paper, we study the splitting type
of the normal bundle of a rational curve in a complete intersection. The following lemma
will be crucial in determining when such a bundle is balanced. Let 4; ; denote the Kronecker
delta function.

Lemma 2.1. Let V = @_, Op:1(a;) be a vector bundle of rankr > 2. Let ¢ € Hom(V, Op1(d))
be a general homomorphism.

(1) If %1 < ming{a;}, then the kernel of ¢ is balanced.
(2) Moreover, if V.= Opi(a)™ @ Op1(a + 1)"™™ is balanced and d > a + 6om, then the
kernel of ¢ is balanced.

Proof. In a family of vector bundles on P! with fixed rank and degree, being balanced is an
open condition. Hence, it suffices to exhibit one ¢ with balanced kernel. To prove (1), let
W be the balanced vector bundle of rank » — 1 and degree ., a; — d. By our numerical
assumption, Hom(W, V') is globally generated. Hence, the general 1) in Hom(WW, V) is an
inclusion of vector bundles [H16, Lemma 2.6]. Consequently, the cokernel is the line bundle
Op1(d). The natural map from V to the cokernel of ¥ provides the desired homomorphism
o.
The proof of (2) is similar. If V = Op1(a)" ®Op1(a+1)""" and d > a+r—m, (1) implies
(2). On the other hand, if a + dp,m, < d < a4+ r — m, then there is still an injective bundle
map v : Opi (@)™ @ Opi(a + 1)""™" % — V whose cokernel is Op:i(d). Hence, the
kernel of a general ¢ € Hom(V, Op1(d)) is balanced even when a4y, <d <a+r—m. O

Corollary 2.2. If C' is a smooth degree e rational curve in P* and ¢ € Hom(N¢pn, Op1 (ed))
1s a general element with d > 2, then the kernel of ¢ is balanced.

Proof. Let Nejpn = @)~ O(a;). The sequence 0 — T — Tpn|o — Nejpn — 0 shows that
S a; = e(n +1) — 2. By the Euler sequence for P, each factor of Tpn|c has degree at
least e. Therefore, each factor of N pv must have degree at least e, so min;{a;} > e. Hence,
S ha—ed _e(n+1)—2—ed _ e(n—1)

n—1 n—1 n—1
The result follows from Lemma 2.11 O

= e < min{a;}.
(2

An argument similar to that of Lemma [2.1] yields the following lemma.

Lemma 2.3. Leta; <--- <aj <ajy1 =+ = a, be a sequence of integers. If
J
Z(aT—l—ai) <d-a,+1,
i=1
then a general extension of Opi(d) by @;_, Op1(a;) is balanced.
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Normal bundles of rational normal curves. Assume that C' is a smooth rational curve
of degree e parameterized by f : P! — P™. If p { e, we can use the Euler sequences on P!
and P" and the Jacobian Jf to compute N¢/pn. There is a commutative diagram

0 0
{ 1
0 — Op —  Om(1)? — Tpm — 0
el I df |
0 — O[pl — Opn(l)n+1|c — T[pm‘c — 0
! - 1
Ncypn —  Ng/pn
i\ 1
0 0

where the rows are given by the Euler sequences for P! and P", respectively, and the com-
mutativity of the left square is Euler’s relation (see [EV81] [GS80]). It is important for this
sequence that p 1 e.

For e < n, a rational normal curve R, of degree e in P" is projectively equivalent to the
curve defined by

[s€ s st st it 0 0] P — P

If p { e, Theorem [CR16, Theorem 3.2] implies that Ng,jpn = Opi(e + 2)°1 @ Opi(e)"°.
However, this method does not work when ple, so we adopt a different approach here.
Let R, be the rational normal curve of degree n in P”. The ideal of R,, is cut out by the

2 x 2 minors of the matrix
Ty T ... Tn
o 1 ... Tp—1 '

Let gi; = x;xj—1 — xjz;—1. Then the relations between the g;; are obtained from the 3 x 3
minors of the matrices

r1 X9 ... Tn o 1 ... Tp-
ry To ... Tn or r1T To ... Tn
o X1 ... Tp—1 o 1 ... Tp-

An element o € H°(Npg, jpn) = Hom(Zg, jpn, Oc) is determined by «(g;;), the image of the
generators of the ideal of R,. In fact, the next proposition shows that it suffices to know
a(giiq1) for 1 <i<n—1.

Proposition 2.4. An element o € H(Np, jpn) is determined by the images a(g; 1), for
1 <i<n-—1. Furthermore, s" "~ 1t'=! divides a(gii+1) and this is the only constraint on
a(Giit1). If bijv1, for 1 <i <n—1, are arbitrary polynomials of degree n + 2, there exists
an element o« € H°(Ng, jpn) such that a(giis1) = $" 17 ;541

Proof. Let a € H°(Np, spn). We start by proving that s”~*~1¢"~! divides a(g;;+1). Apply «
to the relation

T1Giit1 — Tiqriv1 + Tig1q1; = 0
to obtain

Sn_lta(Qi,iJrl) - Sn_iti@(qLiH) + Sn_i_ltiﬂa(%,i) = 0.
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Hence, ¢! divides a(g;;41). Similarly, apply a to the relation

TiGit1,n — Tit1Qim + TnGiigr = 0
to obtain
s" (g i) — 8" a(gin) + (i) = 0,
which implies s"~*~! divides a(g;;4+1). Thus, s"7*71¢" divides a(g;;+1) and we may define
polynomials

b = (gii+1)
P
We next show that i
-1
algin) = SnfkfiJrfthrifébee’eJrl

~
Il

by induction on k£ —¢. The base case k —4 = 1 is simply the definition of ; ;1. Suppose the
formula holds for a(g,,) with » —m < i — k. We prove the formula for a(g; ). Apply a to
the relation
TiGit1,k — Tit1Gik + TrGiip1 = 0
to obtain
s”_itioz(qijq’k) — Sn_i_lti+1&(qi7k) + S”_ktkoz(qi,iﬂ) = 0.
Using our induction hypothesis and solving for a(g; k), we obtain
k—1
a(gi) = Z Sn—k—z‘+etk+z‘—é—2bu+l
=i
as desired. Therefore, the images a(g;;4+1) for 1 <i <n — 1 determine o.
It remains to show that b;;11 can be chosen arbitrarily. We need to check that a(g; ;)
satisfies the relations among ¢; ;. Set u=2n -k —i—jandv=1¢+j+ k. Apply o to

Tiqjk — Tjqik + Tk

to obtain
k—1 k—1 j—1
ut+lygv—~0—2 ut+lyv—~0—2 ut+lyv—0—2 o
E st bgyprl — E st bgyprl + E st bg7g+1 =0.
=) (=i =i

Hence, the relation holds. A similar calculation works for the relation
Ti1Qik — Tj—1¢ik + Th—1¢5k = 0.
This completes the proof that ;1 can be chosen arbitrarily. O
Corollary 2.5. The normal bundle of R, in P" is Ng, pn = Op1(n +2)" 2.
Corollary 2.6. For an integer e < n, the normal bundle Ng,_jpn is Op1(e+2)* @ Opi ()" .
Proof. Let A be the e-plane spanned by R.. We have the short exact sequence
0 — Ng.a = Ng,/pn = Npjpn|r, — 0.
We have Ny pr = Op1(e)"~¢ and by Corollary , Ng,/a = Opi(e + 2)¢~1. Since
Ext'(Na/en| g, Ng./a) = 0,

we see that Ng, /pe has the desired form. 0J



Families of vector bundles. Let V be a family of vector bundles on P!. Suppose that the
family contains a vector bundle V; with a given splitting type. Then the expected codimension
of the locus of vector bundles in V with that splitting type is h'(End(V})) (see [COS, Lemma
2.4] and |[CR16]).

Lemma 2.7. Let A be a vector bundle on P! and consider the family F of vector bundles
given by surjective kernels of homomorphisms in Hom(A,Op (k)). If H{(V* @ A) = 0,
then the locus of bundles in F with the same splitting type as V' has expected codimension
h*(End(V)).

Proof. This lemma is standard (see [CHI16L Proposition 3.6]). Briefly, the Kodaira-Spencer
map k : Hom(A, Op1 (k)) — Ext'(V, V) naturally factors into

Hom(A, Op:(k)) & Hom(V, Opi (k)) 25 Ext!(V, V),

where p and v are the natural morphisms that occur when applying Hom(—, Op: (k)) and
Hom(V, —) to the sequence 0 — V' — A — Opi(k) — 0, respectively. Both p and v are
surjective, since Ext'(Opi (k), Op1(k)) = 0 and Ext'(V,A) = H(V* ® A) = 0. Hence, the
codimension of the locus of bundles with the given splitting type in the family is the same as
the codimension in the versal deformation space (see [CO8, Lemma 2.4] and [CR16, §2]). O

3. NORMAL BUNDLES OF CURVES ON HYPERSURFACES OF DEGREE AT LEAST 3

In this section, we study the splitting type of normal bundles of rational curves on hy-
persurfaces of degree d > 3. The analysis of rational curves on complete intersections of
hypersurfaces of degree d = 2 requires different techniques and will be carried out in the
next section.

Let n > 3 be an integer. Let C' be a smooth rational curve of degree e and let X C P" be
a degree d hypersurface containing C'. We first obtain an explicit description of the normal
bundle N¢/x. There is a standard sequence of ideal sheaves

(1) 0 — Zx/pn — Leypn — Zoyx — 0,

where the map « is given by expressing a function vanishing on X in terms of the generators
of the ideal sheaf of C'. Given a choice of degree d polynomial f with X = V(f), we get an
identification of Zx/p» with Opn(—d). Using this identification and applying Hom(—, O¢) to
the exact sequence , we obtain the sequence

(2) 0— NC/X — Nc/]pn i} O[pl (€d>

The map 9 is the dual of the map « that expresses functions vanishing on X in terms of the
generators of the ideal of C. Thus, we have a map ¢ that sends functions f € H°(Z¢(d)) to
elements of Hom(N¢/pn, Op1 (ed)).

This correspondence can be identified via the sequence

0— Igv/]ljm ® O]pm(d) — Ic/[pm X Opn (d) — NE’/P” & O]Pn (d) —3 0
with the map
¢ *
0 — HY(ZZpn(d)) —> H(Zeyen(d)) — HO(NEypn(d)).

The main result of this section is the following theorem.
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Theorem 3.1. Let C' C P" be a rational curve of degree e. The map ¢ is surjective in the
following cases:

(1) The curve C' = R, is a rational normal curve of degree e <n and d > 3;
(2) The curve C is a general rational curve of degree e =n + 1 and d,n > 5.

Since the kernel of ¢ is H(Z2 p.(d)), we need to estimate the dimension of H°(Z2 p.(d)).
The following two lemmas provide the desired estimates.

Lemma 3.2. Let R, be a rational normal curve in P™ of degree e and let d > 3. Then
n+d

hO(Ifze(d)) < ( p > —end+ 1)+ (e—1)(n+2).

Proof. Degenerate R, to the chain of e lines Cy = ¢ U --- U {,, where ¢; is given by the
vanishing of all z; with j # ¢ — 1,7. In order for a function f to vanish to order 2 along Cj,
it needs to vanish to order two along each line ¢;. A polynomial vanishes to order 2 along ¢;
if and only if the coefficients of the monomials

)2l for0<j<d and xprl 2@ for0<j<d—1,m#i—1i

vanish. Vanishing to order two along ¢; imposes d + 1+ (n — 1)d = nd + 1 linear conditions
on polynomials of degree d. Let i; < i5. The conditions imposed by ¢;, and ¢;, overlap if
and only if i = 41 + 1. The n + 2 terms

d

xy, xi,le’%iﬂ and :L’jxffl, j#i
are common to both ¢; and ¢, ;. In total, we conclude that vanishing to order two along Cj
imposes e(nd+1) — (e — 1)(n+ 2) linear conditions on a polynomial of degree d. The lemma

follows by semicontinuity. O
The following lemma provides similar estimates for rational curves of degree n + 1.

Lemma 3.3. Let d,n > 5. Let C be a general rational curve of degree n + 1. Then

RO(T2(d)) < (2”> —(d-1D)(n+n) - L

n
Proof. Degenerate C' to a chain of n + 1 lines Cy = ¢, U --- UL, UL, 1, where ¢; is given by
the vanishing of all z; with j #4 — 1,7 for 1 <7 <n and ¢, is defined by
T1=T3=XT4="++=2Tp_1==Tg— Tog =0.
The proof of Lemma determines the coefficients of the monomials that vanish for any
hypersurface of degree d double along ¢; U --- U ¢,. We need to describe the additional
conditions imposed by being double along ¢,, ;. For simplicity, let Ci J denote the coefficient of
the monomial z8z3x¢~7 and let ¢}, denote the coefficient of @, zizlzd=1="=7 for m # 0,2, n.

If a hypersurface of degree n is double along ¢, 11, then the followmg linear relations must
be satisfied among the coefficients of the hypersurface:

d—1-k
(3) Z Cig1 =0 for m#0,2,n,0<k<d-1 and
i=0
- d—k—1
(4) d Caki=0, > icigpi=0 for 1<k<d—1
= i=0
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The relations are independent from those in Lemma aslongask <d—2ork=d-—2

and m # n — 1. To see this, note that the only monomials z,,x7z" whose coefficients vanish
by Lemma |[3.2] are those with b and ¢ one apart from each other, while for £ < d — 2 or
k=d—2and m # n — 1 the i = 0 term of the sum is different from each of these. When
m =mn —1 and k = d — 2, the relations are already implied by the relations in Lemma [3.2]
Considering the 7 = 0 and 1 terms of each sum in the set of relations , we see that they are
independent from each other and all of the other conditions in all characteristics. Altogether
we get

nnd+1)—n—1n+2)+n—-2)(d-2)+n—-3+2(d—-1)=(d—1)(n*+n) +1

independent conditions. We conclude that

R(T2, (n)) = <2”) Cd=1)n4n) — 1.

n
The Lemma follows by semicontinuity. 0

Proposition 3.4. If d > 3, then H(Zg, (d)) 4 Hom(Npg, jpn, Opi(ed)) is surjective for a
rational normal curve R, of degree e < n in P™.

Proof. The proof is a dimension count. Since R, is a rational normal curve, we see that

1 (Tr, (d) = (”jj'd) ~(ed+1).

Lemma [3.2] implies that
d
h(Z} (d)) < (n;ll— ) —e(nd+1)+(e—1)(n+2).
Hence, the image of ¢ has dimension at least

(”;d) —(ed+1)— ((”;d> —e(nd+1)+(e—1)(n+2)) =end—e(n+1l+d)+n+l

Now we compute the dimension of
Hom(Npg, pn, Opi (ed)) = Hom(O(e +2)°" & O(e)" ¢, O(ed)).
This is globally generated, since e + 2 < ed for our range of degrees. Thus, the dimension is
(e—1)(ed—e—1)+(n—e)led—e+1)=end —e(n+1+d)+n—+1.
Thus, we see that ¢ is necessarily surjective. Moreover, it follows that the inequality in
Lemma [3.2]is an equality. O

For studying complete intersections, we will need to extend Proposition inductively.

Proposition 3.5. Let X be a general complete intersection in P of type (di, ..., dy), degree

d= Zle d;, and dimension at least 3 containing a rational normal curve R,.. Let dy.q1 > 3

be an integer such that d; < dxyq for 1 < ¢ < k. Then for a general hypersurface Y

of degree dy1 containing R., Ng,/ynx corresponds to the kernel of a general element of

Hom(NRE/X, Op1(edi11)). In particular, if Ng./x s balanced, then Ng, ynx is also balanced.
8



Proof. Applying Hom(—, Op:i(edi11)) to the standard exact sequence

k
0— NRe/X — NRQ/P" — NX/]P’”'RE = @Opl(@di) — 0,
i=1
we obtain a long exact sequence

k
Hom(Ng, pn, Opi (edys1)) > Hom(Ng, /x, Opr (edisr)) — Ext! (@ Op1 (ed;), Oﬂm(edml)) .
i=1
Since di1 > d;, we conclude that the Ext'-term vanishes and the map v is surjective. By
Proposition , the general Y induces a general homomorphism in Hom(Ng,_ /e, Op: (ed41)).
By the surjectivity of 1, this Y also induces a general element of Hom(Ng, /x, Op:(edi1)).
Hence, for a general Y, Ng,  ynx is given as the kernel

0— NRE/YOX — NRE/X — Opl(edk+1) —0

for a general homomorphism.

If N, x is balanced, then its summands have degrees Luj nd (%1 Since
dg+1 > 3, we have edyq > %. Lemma [2.1| (2) implies the last statement. O

The proof in the case e = n + 1 is similar to the proof of Proposition

Proposition 3.6. Let d,n > 5. Then the map ¢ : H*(Zc(d)) — Hom(Nepn, Opi (d(n +1)))
1s surjective for a general rational curve C' of degree n + 1 in P".

Proof. The kernel of ¢ is H%(Z2 p.(d)) and by Lemma [3.3 has dimension at most
2
( ”) —(d—1)(n%+n)—1.
n

Since C' is nondegenerate, it is d-regular for any d > 2 [GLP83| and we have

W (Zeypn(d)) = <2n> —(d(n+1)+1).

n
Thus, the image of ¢ has dimension at least (n + 1)(nd —n — d).

By the Euler sequence for P" and the sequence defining N¢/pn, every factor of Ng/pn has
degree at least n + 1. Since the total degree is (n + 1)* — 2, every summand of Ncypn has
degree at most 3n + 1. Since n,d > 5, we see that 3n + 1 < ed = (n + 1)d, which means
Hom(N¢/pn, Op1((n 4 1)d)) is globally generated, and hence has dimension

n—1+n-1)n+1)d-(n+1)2+2=(n+1)(nd—n—d).

We conclude that ¢ is surjective. 0
Proof of Theorem[3.1 The surjectivity of ¢ in case (1) is proved in Proposition and in
case (2) in Proposition 3.6 The theorem follows. O

When d = n = 4, the map ¢ is not surjective. For completeness, assuming p # 5, we
exhibit a rational curve of degree 5 in a quartic threefold that has balanced normal bundle.

Proposition 3.7. Assume p # 5. Then the general rational curve of degree 5 has a balanced
normal bundle in a quartic threefold.
9



Proof. Tt suffices to exhibit one rational curve C' and one hypersurface X containing C' such
that N¢/x is balanced. Let C' be the image of the map

f =[5 s, s, st* t°] . P! — P*

We can compute the normal bundle of C' from the kernel of 0f. This computation depends
on the characteristic.

0 st 3s%? 4st® 5t
When p = 2, many of the entries vanish and there are the following relations among the
columns Cy,...,Cy of Of:

t1Cy = s1Cs,  12C) = $°Cy,  12Cy = $°Cy.
Consequently, the normal bundle is given by
Neypi = Opi (T) @ Op1 (7) © Op1 (9).
In characteristics p # 2, 3, 5, the relations are
230, — 3st2Cy + s3Cy = t3C, — 35%tCy + 25°Cy = t2Cy — 2stCs + t2Cy = 0.

When p = 3, the relations change slightly but their degrees remain the same. Consequently,
when p # 2,5, the splitting is Op1(7) & Op:1(8)%.

Now we compute Ng/x for a general X containing C'. The calculation is most interesting
when p = 2. A simple Macaulay2 [M2] calculation shows that the ideal of C' is generated by

4 3 3 4
af:(55 453t 2st t 0>'

2 2 3 2
F1 = Zg3 — k274, F2 = 2123 — 20%4, F3 = 29 — R1%4, F4 = Z1%29 — 20%3, F5 =21 — %pR2

and these generators satisfy the following syzygies

21 —Z3 0 24 0

20 —2Z9 0 Z3 0 F

0 22— 2124 2024 — 212 0 0 !
5 1724 2024 173 2

22 —23% 2924 — 22 22 0 2

2 3~4 244 3 4 F3 _ 0

0 0 2129 — 2023 2124 — 25 F,

2 2

0 2021 -2 2] —29 P

0 2029 —22 2129 —24

0 22 —20%1 2022 — 23

Let o € Neyps = Hom(Zeypn, Oc). Express a hypersurface F' containing C' as ) a;F; = 0.
We would like to find generators of the normal bundle. From the syzygies given by the first
and sixth rows of the matrix, we have the relations

s'ta(F)) — st*a(Fy) + t°a(Fy) =0
s'ta(Fy) — sPa(F3) + s*t?a(Fy) — s*t*a(Fs) = 0
The first equation implies that we can find ¢, 7 and g4 9 so that
a(F) =gz, a(Fy) =sgs9, and «o(Fy) = s’g17 +tgao.
The second equation in characteristic 2 implies that we can find g5 7 so that

a(Fy) = 3895,7, and «(F3) = sztglg — t?’g577.
10



We can take the local generators of Ng/pn to be g17, 919 and gs 7, homogeneous polynomials
of degrees 7,9 and 7, respectively. When the characteristic is not 2, the second relation gives
a(F5) = s"gss, 2019 = Sgas + tgss, a(F3) = *tgrr + P gus.

In this case, we can take the local generators to be ¢17, ga8, g5 8 of degrees 7,8 and 8.
In characteristic 2, we can then explicitly write down the map ¥ in the exact sequence

v
0— NC/X — NC/IF’4 — NX/IF’4|C-

For simplicity assume that the equation of the hypersurface X is given by
F = Qi2F + QuoFy+ Ls 1 F5 =0,

where ()12, Q42 are homogeneous polynomials of degree 2 and Ls; is a homogeneous poly-
nomial of degree 1. Then

\II — [Q1,2|Ct37 Q472|C’S, L571|088] . O]pl (7) @ O]pl (9) @ O]}Dl (7) — O]pl (20)
If we take

Quole =1, Quzle =", Ll =5,
then the kernel is given by Opi(1) ® Op:1(2). If X is the hypersurface defined by

ZiFl + 2024F4 + ZQF5 = 0,
then we get the desired N¢/x. When the characteristic is not 2, a similar argument gives
U = [Q12lct®, 27 Quales® 27 Qualest + Lsa|es™) - Opi (7) @ Op1(8)* — Op1(20).

If X is the hypersurface defined by 23Fy + 223 F) + z0F5 = 0, then N¢yx is balanced. This
concludes the proof. [l

Applications of Theorem 3.1 We now give several applications of Theorem to sepa-
rable rational connectedness. These results will be later subsumed by more general theorems.
We include them here to emphasize their simplicity.

Corollary 3.8. Let X C P" be a general hypersurface of degree d > 3 containing a rational
normal curve R.. Then Npg,/x is balanced. Moreover, if X is Fano and e > #m, then
Ng./x is very ample.

Proof. By Theorem , the map ¢ surjects onto Hom(Ng, /pn, Op1(ed)). Since Ng, /pn =
Op1(e+2)° 1@ Op1 (€)"~¢, by Corollary 2.2] the kernel of a general homomorphism is balanced.
This kernel is Ng,_,/x, hence Ng,/x is balanced. A vector bundle on P! is very ample if all the
summands have positive degree. Since the bundle is balanced, this happens precisely when
its degree is at least its rank, equivalently when e(n —d+1)—2 > n—2. Sincen—d+1 > 0,

this is equivalent to e > —7—. 0

Corollary 3.9. A general Fano hypersurface of degree d in P™ is separably rationally con-

nected. Furthermore, such a hypersurface contains a very free curve of degree [ —%5 +11.

Proof. Quadric hypersurfaces contain very free conics. For hypersurfaces of degree d > 3,
the corollary follows from the previous corollary. 0

Zhu proved Corollary[3.9]in the special case n = d. The argument in Corollary 3.8 together
with Proposition [3.6| shows the following corollary.
11



Corollary 3.10. Let X C P" be a general degree d hypersurface containing a general degree
n + 1 rational curve C. Assume that d,n > 5. Then N¢/x is balanced.

More generally, the same considerations apply to complete intersections.

Corollary 3.11. Let X be a general complete intersection containing R.. Assume X has
dimension at least 2, multidegree (dy, . ..,dy) with d; > 3 for all i and degree d = Zle d;.

Then Ng,/x 1s balanced. Moreover, if X is Fano and e > Zfilj, then Ng,/x 1s very ample.

Proof. We prove Ng,,/x is balanced by induction on k. Corollary shows the base case
k = 1. Assume that the corollary holds for complete intersections of k& — 1 hypersurfaces.
List the degrees in increasing order d; < --- < di. Let X’ be a general complete intersection
of type (di,...,dr—1). By the induction hypothesis, Ny, ,/x/ is balanced. Since dj, > d; for
1 <i<k-—1andd, > 3, Proposition shows that Ng,,x is also balanced. Since the rank
of Ng,/x is n —k — 1 and its degree is e(n — d 4 1) — 2, the last statement follows. U

When d; > 3, we recover the theorem of Z. Tian [Til5], Q. Chen and Y. Zhu [CZ14] with
sharp degree bounds.

Corollary 3.12. A general Fano complete intersection of multidegree (dy, .. ., dy) with d; > 3
for alli is separably rationally connected. Furthermore, such a complete intersection contains

a very free curve of degree mf}i;lﬂ

Unfortunately, when d = 2 the map ¢ : H*(Zg,(2)) — HO(NI’EE/W(Q)) is not surjective. In
order to extend these results to complete intersections where some of the degrees are 2, we
will have to study normal bundles of rational curves in complete intersections of quadrics
more carefully. We will do so in the next section.

Theorem also has applications to the universal incidence correspondence. Let

S ={(R.,X)| R. C X, X is a degree d hypersurface}

denote the universal incidence correspondence.

Theorem 3.13. Given a vector bundle E on P, let Sg C S be the space of pairs (R, X)
so that Ng,/x = E. If W' (E* @ Ng,/x) = 0, then the codimension of Sg in S is the expected
codimension h*(End(FE)).

Proof. This is proven by analyzing the fibers of the map
m: S — {R. C P" a degree e rational normal curve}.

The fiber of 7 is simply the set of degree d hypersurfaces containing R.. By Theorem
3.1, we see that the codimension of Sg is the same as the codimension of the space of maps
Ng, pn — Og,(d) having kernel E. The fact that this last codimension is h'(End(E)) follows
from Lemma 2.7 O

4. NORMAL BUNDLES OF RATIONAL CURVES IN COMPLETE INTERSECTIONS OF QUADRIC
HYPERSURFACES

In this section, we study normal bundles of rational curves in complete intersections
of quadric hypersurfaces. Some calculations in this section are easier to carry out using
Macaulay2. We have included sample calculations at http://homepages.math.uic.edu/

~coskun/M2nb. txt.
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Recall that R,,, the rational normal curve of degree n in P", is cut out by the quadrics
Gij = T;Tj—1 — xix; for 1 <4 < j < n. We can use Proposition to compute normal
bundles of rational normal curves in a complete intersection of quadric hypersurfaces. Let
X = V(f) be a hypersurface of degree d > 2 containing R,. Then X induces a map
Yy : Ng,/pn — Og,(d). Proposition allows us to compute the map 9; explicitly. Write
f=221,0i30; Then ¢y(a) =37, ;aij|r,(q ;). By Proposition we can express the
latter sum as

j—1
Up(@) =Y aiglr, D 8T .
2,] l=i

Collecting the coefficients of b; ;41, we can rewrite this expression as Z;:ll ¢ibiiy1. The map
s in this basis is given by the matrix (cq,. .., ¢,—1).

Corollary 4.1. A general quadric hypersurface in P™ contains a degree n rational curve with
balanced normal bundle Opi(n + 1)"72.

Proof. 1t suffices to exhibit one quadric hypersurface containing the rational normal curve
that has balanced normal bundle. Take f = Z?:_ll Gii+1, so that the map
NRn/IP’" = OPI (n + 2)n—1 — NX/]Pn |Rn = Opl(Q?’L)

has coordinates (s"72,s"73t,...,t"2). The columns ¢; of this matrix satisfy the n — 2 linear
relations
tCi—SCi_H :O, for 1§Z§TL—2
Hence, the kernel is Opi(n + 1)"~2 as desired. O
Similarly, we can compute the normal bundle of a rational normal curve in the complete

intersection of two or three quadric hypersurfaces explicitly to see that the general one has
balanced normal bundle.

Proposition 4.2. Let n > 5 and X be a general complete intersection of type (2,2) con-
taining R,. Then N, x is balanced.
Proof. To simplify notation, set ky = [*52] and ks = [252]. Let
fi=q2+ a4+ -+ Q@r-126 + Gu-1,n, and
fo=qa+qus+ g7+ + Gr-22k-1+ o2
Let X = V(fi,f2). We claim that Ng,/x is balanced. The exact relations depend on
the parity of n. We explicitly write out the argument when n is even and leave the easy

modifications for odd n to the reader.
If n is even, then the map

NRn/IF’N = Opl (n + 2)”71 — NX/IP’"’Rn = Opl (2n)2

has coordinates

s"2 0 s 0 .o 0 s3t0 0 0 tn—2
st s () s L. sMnT6 g2t qn=2 g3
We let ¢; for ¢ = 1,...,n — 1 be the i¢th column of the map. The columns of the matrix

satisfy the degree three relations

—st?c; + 3y + sPc5 =0
13



3y + $*tcp_3 — 3cp_1 =0
and the degree two relations
t?c; — s%cy — s%cy = 0,
t?cp_s — $2Cp_o =0, and
t2¢; —schg =0, for 1=3,...,n—5.

The matrix of relations has two (n — 3) x (n — 3) minors equal to t*"~* and —s*"~*, which
do not simultaneously vanish. We conclude that these relations generate the set of relations
and the kernel is isomorphic to

NRn/X = Opl (77, — 1)2 ) O]pl (n)”_5.
0

Proposition 4.3. Let n > 6 and X be a general complete intersection of type (2,2,2)
containing R,,. Then Ng,/x is balanced.

Proof. The cases 6 < n < 10 can be checked explicitly by a simple Macaulay2 [M2] calcula-
tion. We will assume that n > 11. The calculation is similar to the calculation in Proposition
and depends on n mod 3. Set u = [%]. If n is 0 mod 3, then let

u—4
fi=q2+ g6+ Z q7+3i,843i T Qn—1n,
i=0
u—4
fo=qi3+ que+ Z 48+3i,94+3i T Qn—2,n,
i=0
u—>
fs=qa+q7+ Z 49+3i,10+3i T Qn—3,n,
i=0
If n is 1 mod 3, then let
u—5
fi=q2+q6+ Z q7+3i8+3i T Gn—5n—4 + qn—1n;
i=0
u—5
fo=qi3+ que + Z 48+3i,9+3i T Gn—6,n—4 + qn—2n;
i=0
u—4
fs=qa+t g7+ Z q9+3i,10+3i T Gn—3n-
i=0
Finally if n is 2 mod 3, then let
u—3
fi=q2+ g6+ Z q7+3i,84+3i T Qn—1n,
i=0
u—4
fo=qi3+ que+ Z 48+3i,9+3; T Gn—2,n;
i=0

14



u—4
fs=qa+t g7+ Z 49+3i,10+3i T Gn—3n-
i=0
The calculations are almost identical in the three cases. We will sketch the details in the
case n is divisible by 3 and leave minor modifications to the reader. Let X = V (f1, fa, f3)-
We would like to compute Ng,  x as the kernel of the map Ng, pn = Opi(n +2)""! —
Nx/pn|r, = Op1(2n)? given by the matrix

s"2 0 0 0 s 0 s 8¢6 0 0 sn 19
sv3t 0 sn2 0 g6t gnyd 0 0 ST 0 0
Sn_4t2 8n—3t Sn—2 0 Sn_5t5 Sn_6t4 0 0 Sn—lOtS O

sin—6 0 0 0 tn—2
0 SStn75 0 tn72 Stn73
0 0 tnf2 StnfB 82tn74

The relations among the columns of this matrix can be easily determined by a Macaulay?2
calculation and induction on n. There are 3 degree 4 relations between the first 7 columns
and 3 degree 4 relations between the last 6 columns and another n — 10 degree 3 relations
among the columns. The coefficients of all the polynomials occurring in these relations are
—1,0 or 1. If we replace n by n + 3, the first 7 and the last 6 columns of the new matrix
satisfy the same degree 4 relations and we introduce three new binomial relations of degree
3. We conclude that the kernel is given by Opi(n — 2)¢ @ Opi (n — 1)"71%. This concludes the
proof. O

A similar calculation yields the following proposition.

Proposition 4.4. The normal bundle of Ry,.1 C P?** in a general complete intersection
X of k quadrics containing Roky1 1S balanced.

Proof. Let f; = q1; + qor—i+1,26+1 for 1 < i < k. Let X be the intersection of the k£ quadrics
fi,-- -, fr- Then we claim that No/x = Op (4)k. The normal bundle is the kernel of the map

Nigyypr et = Opr (2 + 3)™ — N pans >~ Op (4k + 2)F

|R2k+1

given by the matrix

s2k=1 0 0 0 0 0 0 0 0 21
SQk_2t SQk—l 0 0 0 0 0 0 t2k—1 8t2k—2
Sk‘tkfl . 82k73t2 82k72t SQk*l t2k71 3t2k72 82t2k73 . Sk*ltk

The columns ¢; of this matrix satisfy the relations

i—1 i

N st g =y i for 1< < k.

Jj=0 Jj=1
This matrix of relations has two minors equal to t**=1 and (—1)*s**=1  which do not
simultaneously vanish on Ry ;. We conclude that the kernel of the map is given by Op:1(4)*

as desired. n

As a final illustration of these techniques, we sketch the proof of the following proposition.
15



Proposition 4.5. Let X be a general complete intersection of k quadrics in P?* containing
Ror. Then the normal bundle of Ror on X 1is balanced.

P’I"OOf Let fz = ({1,i+1 + q2k—i,2k for 1 S 7 S k—1. Let fk = q1,2k- Let X = V(fl, .. ,fk)
Then we claim that Ng,, /x = Op (2)%~1. The normal bundle is the kernel of the map

Np,, /p2e = Op1 (2k +2)* 71 — Ny porsi| gy, =2 Ops (4k)F

given by the matrix

s2h=2 0 0 0 XX 0 0 0 {2k=2
82k73t 82]672 0 0 . 0 0 t2k72 St2k73
Skztk—Z Sk+1tk_3 . S2k:—2 0 t2k_2 .. Sk—?)tk—l-l Sk—th
t2k72 st2k73 . Sk72tk Sk*ltkfl Sktkiz . 82k73t 82k72

It is easy to check that the columns of this matrix satisfy the relations
st Lo, | 4 (8% — 12, — sl
and
st ey 1 — e, + s%ckH — SQk’ItckHH, for 1<i<k—2.

The proposition follows. U

Given Corollary [4.1] and Propositions [4.2] [4.3] [£.4] and [4.5] it is natural to conjecture the

following.

Conjecture 4.6. Let X be a general Fano complete intersection of k quadric hypersurfaces
in P containing the rational normal curve R,,. Then Ng, x is balanced.

We have checked this conjecture for £k = 4, n < 19 and k£ = 5, n < 16 by computer.
However, we were not able to prove Conjecture by direct calculation. In Proposition [5.5
we will prove a slightly weaker statement. For the rest of the section, we study the base
cases in detail.

Proposition 4.7. Let R, C X, C P*! C P?, where R, is a rational normal curve of degree
e and Xy is a complete intersection. Then any extension

0— NRe/XO — NRG/X — NXO/X

Re = O]}Dl(e) — 0

1s realized by some complete intersection X C P™ of the same multidegree as Xo. In partic-
ular, if Ng,/x, is balanced and for X a general complete intersection in P containing X
and of the same multidegree as Xo, Ng,/x 1s balanced as well.

Proof. We have the following commutative diagram.
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0 0

\J 3
0 — NRe/XO L) NR@/[FWL—I L) NXO/]P’"—1|Re — 0
) ) .
(5) 0 — NRe/X — NRe/pn—1®O]p1(€) ﬂ) NX/IP"‘RE — 0
I !
Opi(e) — Op1 (€)
! 3
0 0

For any homogeneous polynomial f(s,t) of degree es in two variables, there exists a
homogeneous polynomial F' of degree s in n + 1 variables whose restriction to R, is f(s,t).
Since the roots of f(s,t) on R, are in general linear position, in fact, we may take F' to
be a product of s linear forms. Given R, and Xy, the first row of Diagram [5| is completely
determined. Given the map b, we can find a complete intersection X giving rise to Diagram
. Suppose Xy is defined by equations F} = --- = F}, = 0 and the hyperplane P"~! is defined
by z, = 0. Let G1,...,Gk be polynomials of degrees d; — 1,...,d; — 1 whose restrictions

to R. define the maps Op:i(e) LA ®F_ Opi(ed;). Then we can take X to be the complete
intersection defined by Fi + 2,G1 = --- = F}, + 2,G = 0.
It remains to show that the map b +— Ng, /x which maps

Hom(Op1(e), Nx/pn

r.) = Hom(Ogi (), Nx/en-1|r,) — Ext' (Opi (¢), Ng,x,)

is surjective. This follows since taking Hom(Opi(e), —) of the second horizontal sequence
gives

Hom(O]}nl (6), Nx/pn |Re) — EXt1<O]p>1 (6), NRE/X> — Eth(Opl (6), NRe/Pn—l EB Opl (6)) = 0,
where the last term is 0 since every summand in Np,_/pn—1 has degree at least e. U

Proposition 4.8. Let e < k+2 and let X be a general complete intersection of k quadrics in
P42 containing R.. Then X is smooth along R. and Nrg./x is a line bundle of the expected
degree.

Proof. Since it is the complete intersection of k hypersurfaces in P**2 X is a surface.
To prove the proposition it suffices to exhibit an X containing R. with normal bundle
of the expected degree. Our strategy will be to exhibit quadrics for which the induced map
Ng,/pn — Opi(2€)* has full rank everywhere.

We first study the case e = k + 2. Let f; = qrit1 + Qiropte for 1 <@ <k, let fi = qup,
and let X = V(f1,..., fr). The map Ng, , pe+2 — Op1(2(k + 2))* is given by the matrix

sk 0 tk sth=1 g2¢h=2 sh—242
sh=1t gk 0 tk sth=1 .. sh=3¢3
:9'22.57“_2 k=3 k4 sk 0 tk
th sth=1 22 k=242 gh-lp gk
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We show that the relation among the columns of this matrix has the expected degree, k2.
The generic rank of the map is k, since the rank is clearly k for t = 0. Let C; for 1 <i < k+1
be the ith column of the matrix. Let

a; = sFHDEDFR=(E+D)6-D=1 fo. 1 < <k and apy = 0.

Let b; = sFtDE=2¢k*=(k+1)(i=2) f5r 2 < § < k + 1 and b; = 0. Then we claim that

k+1

i=1
Let C;; be the jth entry of the column C;. Notice that C; ; = iC,-HJ for every pair 7, 7 with
1 <j <kexcept for j <k andi=j,j+ 1. Since a; = b1 for 1 <i <k, it follows that

k+1 k+1 s
Zaz ik Zbozk_zaz ik — Z_aztozo‘

For j < k, all the terms of Zf+11 a;Ci ; Ef:ll b;C; ; will cancel out except for a;C;; and

b]+20]+2,j7 S0

k+1 k+1
Zaicij _ Z b:Cy; = DIk =(k+1)(i=1)=1 _ (k+1)jgh*—(k+1)(G-1)=1 _

Therefore, the relation @ holds. We now show that it is a minimal relation. Since a; =
sth_l, we know that any common factor of all the a; — b; is a monomial in s and t. However,
s does not divide as — by = sFT2tF k=2 _ ¢k and ¢ does not divide ay — by, = s** — ¥ F—2h+2,
Thus, the relation is minimal. This completes the proof that for e = k+2, the normal bundle
is the expected line bundle Opi (—k* + k + 4).

We now do induction on u = k+2—e. Whenu = 1, let f; = ¢141+Git2,+1 for 1 <i < k-1
and let fk = q1,k+$k+1$k+2- The map NRe/Pk+2 = OPI (€—|—2)k@0<€) — NX/P’“”lRe = O[p:l (2€)k
is given by the matrix

5672 0 te—2 ste™3  gAemt . o ()
€73t 5672 0 te—2 steT3 L. s¢753 0
. c 0
S2tef4 834[:675 S4t676 L 8672 0 tef2 0 )
te—2 Ste—?) S2te—4 83t8_5 o Se_3t 88—2 0
ste™3  gAemd $3ted L. ¢T3t 5720 te

which we show is nondegenerate. To do this, we work at an arbitrary point [s,t] of P. If

= 0, we see from the placement of the s~2’s that the matrix has full rank, which shows
that X is smooth along C at that point. If t # 0, then we need to select k columns with
nonvanishing determinant. By the u = 0 case, we can choose k — 1 of the first £ columns
so that the minor M given by those columns and the first & — 1 rows is nonzero. To get a
nonvanishing k£ x k minor take these k — 1 columns together with the last column. Then the
determinant of this square matrix is t¢ times M. By hypothesis, both ¢¢ and M are nonzero,
which completes our proof.

For u > 1, fi = qiiv1 + Gigopt2—u for 1 <@ < k —u, fi_uy1 = Qrri—u + Teleyr, and
fi = xowi1 +xex; for k—u+2 <1 < k. The map Ng_jpri2 = Op1(e+2)7 1D Opi (e)k+27¢ —
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Ny/perz|r, = Op1(2¢)* is given by the matrix

20 e gte3 et L. 20 0 ... 0
€3t €720 2 st L. s 0 0 ... 0
o o 0

siemt gBed ghpe6 5672 0 te—2 0 0O ... 0
te—2 ste™3  giemt gped . €73t g2 0 0o ... 0
ste™3 et gped s s¢72 0 t¢ 0 ... 0
0 0 0 . 0 0 .. 0 s¢ t¢ 0
0 0 0 . 0 0 0 ... 0 s te

We show that the matrix has full rank at every point [s,¢] of P! as before. If ¢ = 0, the
pattern of s® terms implies that the matrix has full rank. If ¢ # 0, then by induction we can
find a k — 1 by kK — 1 minor M of the first k£ columns that does not vanish. Then taking the
columns from the minor M together with the last column, we obtain a k by k& minor that
does not vanish. U

Corollary 4.9. A general complete intersection of k quadrics in P" with k < n — 2 has
rational curves of every degree e < k + 2 with balanced normal bundle.

Proof. This follows immediately from Propositions [£.7] and [4.8] O
5. RATIONAL CURVES WITH BALANCED NORMAL BUNDLE ON FANO COMPLETE
INTERSECTIONS
Definition 5.1. Let F = @)_, O(a;) be a vector bundle on P* with
a SGQ S "'aj—l <a/j:"':a/7"
Let the imbalance i(E) of E be a, —ay. Set §; = a;—1—a; for 1 <i < j. Let the indentation
of E be §(E) = Y12} 4.
The main theorem of this section is the following.

Theorem 5.2. Let X be a general Fano complete intersection in P™ of degree (dy, ..., dy).

(1) If at least one of the d; is not 2, then X contains rational curves of every degree e < n
with balanced normal bundle.

(2) Ifdy =---=dr =2 andn > 2k + 1, then X contains rational curves of every degree
e < n — 1 with balanced normal bundle.
(3) If dy = -+- = dp = 2 and n = 2k, then X contains rational curves of every degree

e < k + 2 with balanced normal bundle.

Part (3) has already been proven in Corollary [4.9] We prove parts (1) and (2) by deforming
unions of rational curves with balanced normal bundle. This technique has been used in the
literature, see [RO7, [GHSO03, [HT06]. We summarize the results for the reader’s convenience.

Lemma 5.3. Let C' = C, U Cy be a union of two nonsingular rational curves meeting at a
node p. Then:

(1) The sections of Neyx|c, are rational sections of Ny, x with at worst a simple pole

at p in the direction of Cy and no other poles.
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(2) If Ne¢yx|e, is globally generated for i = 1,2, then there is a smoothing of C1 U Cy on
X. Furthermore, if No/x|c, = @, O(a;) and Neyx|c, = @, O(b;), then C smooths
to a curve with normal bundle in the versal deformation space of @, O(as )+ b;) for
some permutation o of the a;.

We first analyze the case n = 2k as a base for induction.

Proposition 5.4. Let X be a general complete intersection of k quadrics in P?*. Then there
exist rational curves C of every degree 1 < e < 2k such that the imbalance i(N¢/x ) is at most
2. Furthermore, if the imbalance is 2, then we may assume that there is a unique summand
of Noyx of highest degree.

Proof. By Corollary [£.9, X contains rational curves of degrees e < k + 2 with balanced
normal bundle. Therefore, to prove the proposition, we may assume k + 3 < e < 2k. Let
ep = e — (k + 1), which by hypothesis satisfies 2 < ¢y < k — 1. Let C} be a curve of
degree ey with balanced normal bundle N¢,,x = ngeﬁl ® Op1(1)®~2. The normal bundle
Ne¢,/x has nonnegative degree, hence is globally generated. Consequently, we may assume
(' passes through a general point ¢ of X. Let C5 be a degree k + 1 rational curve through
q with balanced normal bundle N¢,,x = Opi (1)FL. Let C = C; U C,. Since the normal
bundle of C5 is ample, we can assume that the tangent direction 7;,C is general with respect
to C7. Consequently, by Lemma (1), Neyxie, = Oﬂlf,l_eo ® Opi(1)®°~ ! is balanced and
Neo/xie, = Op(1)"2 ® Op1(2). By Lemma (2), C' can be smoothed to a curve with
normal bundle that is either balanced or has the form O(1)%*~¢*! ¢ O(2)¢7*=3 @ O(3). This
concludes the proof. O

We next build on Proposition to analyze complete intersections of quadrics.

Proposition 5.5. Let n > 2k and let X be a general complete intersection of k quadrics
i P*. Then X contains rational curves of every degree 1 < e < n — 1 with balanced
normal bundle. Furthermore, X contains a rational curve of degree n with i(N¢/x) < 2 and
d(Neyx) < 1.

Proof. The proof is by induction on n. To check the base case assume that n = 2k + 1.
If 1 < e < k+ 2, then the Proposition is implied by Corollary 4.9 We may assume
kE+3 < e <2k Let Xy be a general intersection of k& quadric hypersurfaces in P?*. If
Xo contains rational curves of degree k + 3 < e < 2k with balanced normal bundle, then
by Proposition so does the general X. If not, by Proposition [5.4] we may assume that
X contains rational curves with normal bundle Op:(1)%*=¢1 @ Op1(2)7%73 & Op:1(3). By
Proposition [£.7], every extension of

0 — Neyxo = Neyx — Opi(e) =0

occurs for some X containing X,. Since e > 2k — e + 3, by Lemma the general such
extension is balanced.

To complete the proof of the base case, it remains to exhibit a rational curve of degree 2k+1
with 6(Ne/x) < 1. We can find curves C; of degree k+1 with normal bundle Op: (2)F and Cs
of degree k with normal bundle Op:1(1)% ® Op1(2)*~2 both passing through a general point ¢
of X. Since both of their normal bundles are ample, we may assume that 7,C; is general with

respect to Cj for i # j. Let C' = C, UC,. By Lemma (1), Neyxje, = Op(1) @ Op1 (2)F1
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and Neyx|c, = Op1(2)*1 @ Op1(3). By Lemma (2), C' can be smoothed and the normal
bundle is either balanced or has the form Opi(3) @ Op1(4)*2 @ Op:1(5). This concludes the
base case n = 2k + 1.

Assume that the proposition holds up to n = m — 1 > 2k + 1. Let Xy be a general
complete intersection of k quadrics in P~! and let X be a general complete intersection of
k quadrics in P that contains X as a hyperplane section. By the inductive hypothesis, X
contains rational normal curves with balanced normal bundles of every degree 1 < e < m—2.
By Proposition 4.7, X also contains rational normal curves of these degrees with balanced
normal bundle. Furthermore, by Corollary and Proposition 4.7, we may assume that
k > 2. For e = m — 1, X, contains a rational normal curve with §(N¢/x) < 1. Using the
division algorithm write (m — 1)(m —2k) —2=(m —k —2)g+r with0 <r <m —k — 2.
Then the normal bundle of the general curve of degree m — 1 on X, if not balanced, is
Opi(q—1) ® Opi (q)™ "1 @® Opi(q+ 1), By Proposition , the general extension of
Op1(m — 1) by Neyx, occurs as Neyx. Since k > 2, we have

< (m—l)(m—2k)—2:(m_1)_(k—2)(m—1)+2
m—k—2 m—k—2

Consequently, ¢ + 1 < m — 1 and by Lemma the general extension is balanced.

Finally, we discuss the case e = m in P™. Let C and Cy be rational curves of degrees m —
k—1 and k41, respectively, passing through a general point ¢ of X C P™ and having balanced
normal bundles in X. The normal bundle of C} is Op1 (m — 2k)? @ Op1 (m — 2k +1)™*=3 and
the normal bundle of (5 is balanced and ample. Hence, C', and C5 will have general tangent
directions through g. We conclude that No/x|o, = Opi(m — 2k) & Op(m — 2k + 1)m—k=2
and N¢yx|., 1s balanced. Hence, C' smooths to a rational curve with normal bundle having
indentation at most 1. This concludes the induction step and the proof of the proposition. [

— 1.

Proof of Theorem[5.4 For dy = --- = dj, = 2, the theorem follows from Proposition [5.5
If none of the d; are 2, then the theorem follows from Corollary [3.11f We may assume
dy=-=dj=2<djy1 <---<dy,for 1 <j < k. Notethat in this case, n > 2k. First, we
prove the theorem for 1 < e < n — 1. By Proposition [5.5| a general complete intersection of
7 quadric hypersurfaces contains a rational normal curve R, with balanced normal bundle.
Applying Proposition 3.5|repeatedly, we conclude that X also contains rational normal curves
R, with balanced normal bundle. The same argument holds true when e =n and j =1 by
Corollary There remains to show the case e = n and 1 < j < k. By Proposition [5.5}
there exists a rational normal curve R, on the general complete intersection of j quadric
hypersurfaces with indentation at most 1. Since d;;1 > 3, we have

(IECEVREEE By ST

n—j—2 n—j—1

By Lemma [2.1] and Proposition [3.5] the normal bundle of R, in the intersection of the first
7 4+ 1 hypersurfaces is balanced. The theorem follows by repeatedly applying Proposition
3.5 O

As a consequence of Theorem [5.2] we strengthen Corollary to include all Fano com-
plete intersections. We recover the theorem of Z. Tian [Til5], Q. Chen and Y. Zhu [CZ14]

with sharp degree bounds.
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Theorem 5.6. Let X C P" be a general Fano complete intersection of type (dy, ..., dy). Let

d= Zle d;. Then X contains a very free rational curve of every degree e > m = [Z:Ziﬂ

Proof. We first address the case e = m. If all d; are equal to 2, we have m < k + 1.
Hence, there exists rational curves of degree m with balanced normal bundle by Corollary
[4.9] Otherwise, m < n and there exists rational curves of degree m with balanced normal
bundle. Since the degree of the normal bundle is at least the rank, these normal bundles are
ample.

To obtain curves of larger degree e with ample normal bundle, we can attach a general
line ¢ to a general curve Cj of degree e — 1 with ample normal bundle. Let C' = ¢ U Cj,.
The normal bundle Ny, x is either globally generated or when d = n it has a unique factor of
Op1(—1). In either case, when we attach Cp with general tangent direction, Lemma (1)
implies that N¢,x|¢ is globally generated. Since the normal bundle of Cj is ample, Lemma
(1) implies that every summand in N¢/x|c, has positive degree. By Lemma (2),
C' smooths to a rational curve where all the summands of the normal bundle have positive
degree. The theorem follows. 0
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