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1 Introduction

Let M be a compact Riemannian C*°—manifold with a C'-foliation F of codimension ¢. The study
of the dynamics of F asks for the “typical” qualitative behavior of the leaves of F as submanifolds.
Typical issues of foliation dynamics are the recurrence properties of the leaves, and the more
delicate question of the existence of non—trivial transverse invariant measures. For a foliation with
one-dimensional leaves defined by a flow {¢;}, the problem is to study the dynamical properties
of the flow which are independent of the time parametrization. When the leaves have higher
dimension, then the geometry of the leaves (for example, their branching towards the ends of the
leaves) can make the dynamics of the foliation far more complicated than that encountered in the
study of flows.

The geometric entropy h(Gr) of a C'-foliation F introduced by Ghys-Langevin-Walczak [5] is a
measure of the complexity of the dynamics. This is one of the most important dynamical properties
of C'-foliations, and captures essential information about the global transverse and leaf dynamics:

e Ghys, Langevin and Walczak (Theorem 6.1, [5]) showed that if F is a C?-foliation of
codimension one with h(Gr) > 0, then F has a resilient leaf.

e Ghys, Langevin and Walczak (Theorem 5.1, [5]) showed that if F is a C'-foliation of
codimension g > 1 with h(Gz) = 0, then F has a non-trivial holonomy invariant transverse
measure.

e Attie and Hurder (Theorem 3, [1]) showed that if F is a C''-foliation of codimension ¢ > 1
with A(Gx) = 0, then every leaf of F must have zero entropy as complete metric space.

In this paper we establish a variety of results relating the geometric entropy of a C''foliation
with its dynamics, including a new proof of Theorem 6.1, [5] applicable to C!-foliations.

THEOREM 1.1 If F is a transversally C*-foliation of codimension one with h(Gz) > 0, then F
has a resilient leaf.
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The proof of Theorem 1.1 uses methods similar to techniques of ergodic theory and topological
dynamics for flows, invoking counting arguments and properties of the foliation geodesic flow. Our
proof is fundamentally different that of Theorem 6.1, [5] for C?>-foliations, which used delicate
properties of the structure theory of C2-foliations of codimension one.

As preliminaries to the proof of Theorem 1.1, we establish a number of useful technical results
about the dynamics of C'-foliations in sections 3, 4 and 5. In particular, Theorem 4.1 relates
measure theoretic properties of F with the geometric entropy, and as an application yields:

THEOREM 1.2 Suppose F is a C'-foliation of codimension one on a compact manifold M.
If the foliation geodesic flow ®4:V — V' has an ergodic, t-hyperbolic, ®,—invariant measure m, on
V' which is not t-discrete, then h(Gr) > 0.

In § 7 we give some applications of our results for codimension one to the study of foliation
dynamics. For example,we show:

THEOREM 1.3 Suppose F is a codimension-one C*-foliation with h(Gr) > 0, then the relative
geometric entropy h(Gr,Q(F)) > 0 where Q(F) is the non-wandering set for F.

Our method of proof of Theorem 1.1 uses the codimension one hypothesis in several essential
ways. In higher codimension, there are few geometric interpretations of h(Gz) > 0. In the last two
sections of this paper, we give two results in this direction.

THEOREM 1.4 For F a C'*°foliation of arbitrary codimension with h(Gr) > 0, then there
exists a leafwise geodesic path ~:(—oo,00) — L C M so that the transverse holonomy along -y
admits a stable transverse manifold which is (transversally) attracted to L at an exponential rate.

The proof of this result uses the standard Pesin Theory [14, 20, 21, 15], and it is interesting to
compare its proof with that of Theorem 1.1. It would be very desirable to extend Theorem 1.4 to
conclude from h(Gx) > 0 that there exists (partially) hyperbolic fixed—points for the holonomy of F.
Such a higher codimension “closing lemma” would almost certainly require additional hypotheses
on the supports of partially hyperbolic ®;-invariant measures for the foliation geodesic flow ®;.

There is a natural extension of the notion of a distal group action to foliations (cf. § 1 below).
Theorem 1.4 implies:

COROLLARY 1.5 Let F be C'*-foliation with h(Gr) # 0. Then F is not distal.

It was asked in § 7 of [5] whether a foliation with all leaves compact must have zero entropy?
A foliation with all leaves compact is distal, so we have:

COROLLARY 1.6 If F is a C'*foliation with all leaves compact, then h(Gr) = 0.

Thanks are owed to Larry Conlon, Etienne Ghys, Remi Langevin, Takashi Tsuboi and Pawel
Walczak with whom the author has had from numerous technical and philosophical discussions
about foliation dynamics and entropy. Our main theorems above can be considered as a partial
realization of the program for the study of the dynamics of C''-foliations outlined in [10]. The reader
may find the companion paper [12] useful, where related ideas are applied to study the dynamics
of groups of C''-diffeomorphisms of the circle. The proofs there are often technically much simpler.



2 Basic Foliation Dynamics

Throughout this paper, will assume that M is a compact, orientable, smooth Riemannian manifold.
For simplicity of later estimates, we assume that the Riemannian metric on M has been normalized
so that M has diameter 1. We also assume that F is a codimension—¢, C''-foliation with orientable
normal bundle, and that the leaves of F are smoothly immersed submanifolds of dimension p. This
is sometimes referred to as a C'»>-foliation. In this section we introduce a number of standard
notions of foliation structure theory and dynamics. More details and discussion of basic foliation
theory can be found in the text “Foliations. I” by Alberto Candel and Lawrence Conlon [3].

2.1 Regular foliation atlas

A regular foliation atlas for F is a finite collection {(U,, ¢n) | € A} so that:

1. U ={U, | a € A} is a covering of M by coordinate charts ¢, : U, — (—1,1)"

2. Each coordinate chart ¢, : U, — (—1,1)" admits an extension to a coordinate chart

505 : ﬁa — (—2,2)" where U, contains the closure of the open set U,

3. For each z € (—2,2)7, the preimage Palz) = 051 ((=2,2)P x {z}) C U, is the connected
component containing ¢, ({0} x{z}) of the intersection of the leaf of F through ¢;*({0} x{z})
with the set U,. Moreover, we assume that ﬁa(z) is convex subset for the induced Riemannian
metric, where each pair of points x,y € Pa (z) is joined by a unique geodesic segment in P, (2).

The reader interested in the details of the construction of regular coverings and their properties
should consult Chapter 1.2 of [3].

The inverse images
Pa(z) = d5 (-1, 1) x {z}) C U

are smoothly embedded discs contained in the leaves of F, called the plaques associated to the
given foliation atlas. One thinks of the collection of all plaques as “tiling stones” which cover the
leaves in a regular fashion. The convexity hypotheses in (3) implies that an intersection of plaques
Poy(21) N -+ NPy, (2q) is either empty, or a convex set.

For each o € A, the extended chart gz~5a defines a smooth embedding
to = ¢ ({0} x ) : (-2,2)T = Us C M

whose image is denoted by 7,,. We will also assume that these images 7., are pairwise disjoint; this
can be achieved by a small perturbation of the coordinate charts if necessary. We can also assume
that each submanifold 7, is everywhere perpendicular to the leaves of F by adjusting the given
Riemannian metric on M in an open tubular neighborhood of each T,. We may assume that each
7., has diameter at most 1. Define 7, = ¢, ({0} x (—1,1)%). The local coordinate on 7T, is again
denoted by ¢, : (—1,1)? — 7,. We use this coordinate to identify each transversal 7, with (—1,1)7.

The collection of all plaques for the foliation atlas is indexed by the complete transversal

7=
acA

For a point « € 7, by a mild abuse of language we let P, (z) denote the plaque containing x.



Given a subset Z C U, let Zp denote the union of all plaques in U, having non-empty inter-
section with Z. We set Z7 = Zp N 7,. If Z is an open set, then Zp and Z7 are also open.

The Riemannian metric on M induces a Riemannian metric and corresponding distance function
d7 on each transversal 7,. For a #  and z € 7, y € T3 we set d7(x,y) = co. Given r > 0 and
x €T, let Br(x,r) ={y € T,|dr(z,y) <r}.

Let ¢4 > 0 be the Lebesgue number for the covering Y. That is, for every x € M there is an
index a € A so that the ball B(x, ¢y) C U,.

Let ¢y > 0 be the greatest number so that for all U, in the regular foliation atlas and for all
x € U, then Br(z7,€60) C (B(x,€e) NUy)r where x7 = xp N7, (or equivalently, x € P,(x7).)
We call ¢y the t—-Lebesgue number of the regular foliation atlas.

2.2 The holonomy pseudogroup

A pair of indices (a, 3) is admissible if U, N Ug # (). For each admissible pair (o, 3) define
Top = {x € T, such that P, (z) N Uz # 0}.
Then there is a well-defined transition function hg,: 7,3 — 734, which for x € 7,3 is given by
hg, () = y where Py (z) N Pg(y) # 0

Note that hy, : 7o, — 7, is the identity map for each « € A.

The holonomy pseudogroup G associated to the regular foliation atlas for F is the pseudogroup
with object space 7, and transformations generated by compositions of the local transformations
{hg, | (o, 3) admissible}. The holonomy pseudogroup Gz depends upon the choice of regular
foliation atlas for F, but two such atlases yield Morita equivalent groupoids [6].

The C'-hypothesis on F implies that each map hg, is C I for the local coordinates
ta: (-1,1)? - T, and tg: (—1,1)? — T3

Moreover, the hypothesis (2) on regular foliation charts implies that each hg, admits an extension
to a Cl-map hg, : 7,3 — 7T, defined in a similar fashion. Thus, hg, is uniformly C! on its
domain, and we note that its domain also satisfies a uniformity condition:

LEMMA 2.1 There exists € > 0 so that for every admissible pair (o, 3) and x € T,g then the
closure Br(xz,€) C Top. O

We say the foliation F is transversally C'*¢, for some 0 < a <1, if the regular foliation atlas
can be chosen so that each of the transition functions hg,: 7o — 7gq is C I with a uniform a-Holder
estimate on its first derivatives.

Composition of elements in G will be defined via “‘plaque chains”. Given z,y € 7 on the same

leaf, a plaque chain of length k between them is a collection of plaques

P = {Pay(z0),...,Pa, (z1)}

where xg = x, ¥, = y and for each 0 < i < k we have Py, (2;) N Pq,,, (Tit1) # 0. A plaque chain P
also defines an “extended” plaque chain for the charts {(Uy, ¢a)},

P = {Pay(20), .., Pay (x1)}
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We say two plaque chains

P ={Pay(x0); ..., Pay(xr)} and Q = {Pg,(v0),---,Ps,(ye)}

are composable if xj, = yo, hence oy, = By and Py, (vx) = Pp,(y0)). Their composition is defined by
Qo P = {Pag(0), - Py (2k), P, (y1), - -, P, (ye) }
The holonomy transformation defined by a plaque chain is the local diffeomorphism
hp =hg,a, , 0 - 0haa

whose domain Dp C 7,, contains zg. Note that Dp is the largest connected open subset of 7,
containing x¢ on which hq,q, , 0+ 0 hg, q, is defined for all 0 < ¢ < k. The dependence of the
domain of hp on the plaque chain P is a subtle issue, yet is at the heart of the technical difficulties
arising in the study of foliation pseudogroups. Given composable plaque chains P and Q, the local
transformations satisfy hgop = hg o hp on the domain of the composition hgop which is typically
a proper subset of that of hp.

We similarly let }~17; be the holonomy associated to the chain ﬁ, with domain 157; C 7:10 the
largest maximal open subset containing xy on which Eambl o-- -o}~1a1 ap 18 defined for all 1 < 7 < k.
By the extension property of a regular atlas, the closure Dp C Df?g and hf?g is an extension of hp.

Given a plaque chain P = {Py,(20),...,Pa,(xr)} and a point y € Dp, there is a “parallel”
plaque chain denoted P(y) = {Pay(¥), - -, Pa, (Yr)} where hp(y) = ys.

2.3 Leafwise path holonomy

A leafwise path ~y is a piecewise C*° map ~ : [0,7] — M whose image is contained in a leaf of F.

Let dyy denote the maximal diameter in the leafwise metric of all plaques P, (x) for all x € 7,
and o € A.

Each plaque chain P defines a leafwise path vp from zg to x; by concatenating the shortest
unit-speed leafwise—geodesic segments joining x; 1 to x; for 1 <17 < k. Let 0 < dipin < dinaz denote
the minimum and maximum lengths of all shortest leafwise geodesic segments joining points of
distinct transversals 7, and 73, where («, 3) is admissible. Note that dpqe < 2dy. Given a plaque
chain P of length k, the length of the leafwise path yp from xg to zj is thus bounded by

k- dmin < H'VPH < k- dmax (1)

Conversely, each leafwise path defines a leafwise plaque chain P,. Choose an index ag so that
the ball B(7(0),€ey) C U,,, and let o be the point of 7,, whose plaque contains ~(0). Let ¢; > 0
be the least time so that v(¢1) & U,,, then choose oy with B(7y(t1),€y) C Uy, and let x; € 7,, be
defined by the plaque containing ~(¢1). Continue in this way until we obtain B(y(T), ) C U,
with x, € 7, . Py is the plaque chain from zg to 3, determined by this sequence of foliation charts.

Given a leafwise path v and choices of open sets v(0) € Uy, and y(T') € U,,, the germ of the
local holonomy map h,, from zg € 7, to x; € 7,, is well-defined. However, the domain of the
pseudogroup element h.,, depends upon the choice of the open sets {Us,,,...,Uq, } covering v. Our
choices of open sets Uy, so that they contain disks B(y(¢;), €/) ensures a certain “maximality” of
this domain for h.,.



For each x € M and B(x, €y) C U,, let Py(z,) be the plaque of U, containing x, then note that
the radius of the “ball” B(z, €/) NPy(2;) in the leafwise metric is at least ¢,. Thus, if we apply the
above plaque chain construction to =, a unit—speed leafwise—geodesic which is length-minimizing in
its homotopy class rel {1,z }, then t; — t;_1 > €, and hence

Y/ du < < |yl /eu (2)

2.4 The derivative cocycle

Let {e1,...,e,} denote the standard basis of RY corresponding to the coordinate axis {z1,...,24}.

For = € 7, the local coordinate t, : (—2,2)9 — 7., induces the standard basis of TT,, denoted by
{ei(z),... eq(x)}.

Given a plaque chain P = {Pq,(20), ..., Pa, (xk)} from x = z¢ to y = xy, the derivative map
hp(2) : Txlj:n - Ty,j:xk

defines a matrix Dhp(z) € GL(q, R) expressing h’>(z) in terms of the standard bases. Given
composable plaque chains P and Q, with x = xg,y = xx = yo, 2 = y¢ then by the chain rule

Dhgop(z) = Dhg(y) - Dhp(x) (3)

The map Dh : Gr — GL(q, R) defined by Dh(P,y) = Dhp(,(y) is a cocycle over the groupoid,
and called naturally enough, the derivative cocycle.

2.5 Resilient leaves and “ping-pong games”

A plaque chain P = {Pq,(20), ..., Pa, (x)} is closed if xg = xj. A closed plaque chain P defines a
local diffeomorphism hp : Dp — 7, with hp(z) = x, where x = z1 € 7,,.

A point y € Dp is said to be asymptotic to x if h%(y) € Dp for all £ > 0 (where h% denotes
the composition of hp with itself ¢ times) and the iterates élim th (y) — 2. The map hp is said to
— 00

be a contraction at x if there is some § > 0 so that every y € By (x, ) is asymptotic to x.

The map hp is said to be a hyperbolic contraction at = if the matrix Dh(P,z) is a linear
contraction. By the continuity of Dh(P,y) for y € Dp, there exists € > 0 so that Dh(P,y) is a
linear contraction for all y € By (x,¢). It follows that every point of By (x,¢€) is asymptotic to x,
and moreover, there exists 0 < § < € so that the image of the closed d—ball about z satisfies

hP(BT(‘Ta 6)) - B’]’(.Z', 5)
DEFINITION 2.2 A point x € T is resilient for Gr if there exists

1. a closed plaque chain P = {Puy(x0), ..., Pa,(xr)} with x = xg
2. a point y € Dp which is asymptotic to x (and y # x)

3. a plague chain Q from x to y.

If, in addition, hp is a hyperbolic contraction at x, then we say x is a hyperbolic resilient point.



Resilient leaves are typically defined only for codimension one foliations, but the definition
above makes sense in general. For codimension one, one has the added property that if y € Dp is
asymptotic to z then hp is a one-sided contraction at z. (That is, there is an open half interval
[x,y) C 7, consisting of points asymptotic to x.) The existence of a resilient point = € 7 is
well-known to imply that the dynamics of Gr is non-trivial on the closure of the orbit of x. The
existence of a hyperbolic resilient point has further consequences, as the hyperbolicity guarantees
control of the dynamics of the map hp near z.

We next recall a dynamical notion which was been colloquially called a “ping-pong game” by
de la Harpe [7], though the concept dates from the work of Klein, and it has many uses in the study
of dynamical systems.

DEFINITION 2.3 The groupoid Gr has a “ping-pong game” if there exists x,y € T, with x %y
and

1. a closed plaque chain P such that hp is a hyperbolic contraction at T = xg
2. a closed plaque chain Q such that hg is a hyperbolic contraction at y = yo

3. y € Dp s asymptotic to x by hp and x € Dg is asymptotic to y by hg

This definition of a “ping-pong game” has a more general version in higher codimension, where
we simply require that the stable manifold of hp through = and and that of hg through y inter-
sect transversally. The above definition reduces to this in codimension one, but the hyperbolic
contraction hypotheses is stronger than necessary for higher codimension. As we need only the
codimension one case in this paper, we leave further details of this extension to the reader. Let us
note the relation between “ping-pong games” and hyperbolic resilient orbits:

PROPOSITION 2.4 Gr has a “ping-pong game” if and only if it has a hyperbolic resilient point.

Proof: Assume that Gr has a “ping-pong game” with notation as above. Then there exists € > 0
so that every point of By (x,¢€) is asymptotic to 2. Choose p > 0 so that h(y) € Br(z,¢) and
choose § > 0 so that

h% (Br(y,6)) C Br(z,¢)

Next, chose v > 0 so that h(z) € Br(y, ). It follows that h’, o h)(z) € Br(z,€) and thus z is a
hyperbolic resilient point, with the plaque chain P* o Q¥ joining z to a point in the domain of the
contraction hp.

Next, assume that Gr has a hyperbolic resilient point with notation as above. Let P be the
closed plaque chain at 2 such that Dh(P, z) is a linear contraction and {h%(y) | £ > 0} is a sequence
asymptotic to x. As remarked above, by the continuity of Dh(P, z), there exists ¢ > 0 so that
Dh(P,z) is a linear contraction for all z € Br(x,€) It follows that there exists 6 > 0 so that for
£ > 0 the image of the closed d—ball about y satisfies

h(Br(y,0)) C Br(z,e¢)

Then for ¢ > 0 sufficiently large, the concatenation of plaque chains R = Q o P! defines a trans-
formation

hR : BT(y75) - BT(y7 5)



whose derivative Dh(R, z) is a contraction for all z € B7(y,d). It follows that there is a unique
hyperbolic fixed-point yg € Br(y,d). As x € Br(z,¢€), we have that z is asymptotic to yg. By
choice, every point of B (y,d) is asymptotic to . Thus, we have exhibited a “ping-pong game”

for Gr. O

In our proof of Theorem 1.1 we will find it more direct to show there exists a ping-pong table
for the dynamics, and thus by Lemma 2.4 is follows there is a hyperbolic resilient orbit.

2.6 Geometric entropy

Given € > 0 and an integer N > 0, we say that z,y € T are (IV, ¢)-separated if either z € 7, and
y € 13 belong to distinct transversals, or there exists a plaque chain P of length at most N so that
z,y € Dp and dr(hp(x), hp(y)) > e. If 2,y € 7, and d7(x,y) > € then we can take P = {Py, Pu}
to be the trivial plaque chain with hp = Idz, the identity map, and x,y are (N, e)-separated for
all N > 0. We say that a finite subset {z1,...,z,} C 7T is (IV, €)-separated if for every k # ¢ the
pair of points x,xy € T is (I, €)—separated.
Let S(Gr, ¢, N) denote the maximum cardinality of an (N, e€)-separated subset of 7. As M is
compact and the foliation atlas is regular, this is a finite number. Now define
log S N
h(Gr,€) = limsup % (4)

N—oo

The geometric entropy of Ghys, Langevin and Walczak [5] is the limit
h(Gr) = lim h(Gr,c)

This limit is finite for a transversally C'-foliation [5]. See Chapter 13, [3] for further properties
of this number h(Gr). In general, h(Gr) depends upon the choice of the regular foliation atlas,
though it is independent of the choice of the Riemannian metric on M. A key point is that the
dichotomy h(Gr) > 0 or h(Gr) = 0 is independent of the choice of the atlas. We say that F has
positive geometric entropy if h(Gx) > 0 for some regular foliation atlas.

Given a subset K C 7 we can also define the relative geometric entropy h(Gr,K) where we
define S(Gr, K, €, N) using subsets {z1,...,2,} C K, and the remainder of the definitions follow
the same pattern. For example,

h(Gr) = sup h(Gr, To)
acA

Thus, given h(Gr) > 0 there is some transversal 7, with h(Gr,7,) = h(Gr) > 0.

2.7 Distal foliations

The pseudogroup Gr is said to be distal [9] if for every a € A and pair of points x,y € 7, with
x # y then there exists €(x,y) > 0 such that for each holonomy transformation hp , if z,y € Dp

then d7(hp(x),hp(y)) > e(z,y).
If G has a ping-pong game in its dynamics, then clearly G is not distal.

A foliation F is distal if G is distal for some regular foliation atlas.



2.8 Foliation geodesic flow

The compactness of M has been used to obtain a finite regular atlas for F and thus uniform esti-
mates on the generators of the holonomy pseudogroup Gr. Analyzing the dynamical consequences
of h(Gr) > 0 requires introducing recurrence properties of the plaque chains for Gr. In theory,
this can be done using a “coding scheme” from the index set A, but a conceptually and technically
easier method is to use the Riemannian manifold structure on M to introduce the foliation geodesic
flow [10, 11, 23] which will allow us to apply techniques from the ergodic theory of flows.

Let V = T1F4 be the S !-sphere bundle of unit vectors in TM which are tangent to the leaves
of F. A typical point (x,v) € V consists of a basepoint x € M and a unit tangent vector v € T1 M,,.
The fibration projection 7 : V' — M, w(z,v) = x, pulls F back to a foliation denoted by F , whose
leaves L are the unit tangent bundles to the leaves of F. The Riemannian metric on T'M induces
a metric on the bundle TV, and we let dy denote the resulting distance function.

For x € M, let L, denote the leaf of F through z, and endow T'L, with the restricted Rie-
mannian metric from 7M. Given a unit vector v € T} L, we can form the geodesic 7(; . (t) in the
complete Riemannian manifold L, defined for all ¢ € R. Note that the curve v, ) : R — L, C M
is not necessarily a geodesic for the metric on T'M.

The foliation geodesic flow , ® : V x R — V| associated to the geodesic spray vector field on V'
is characterized by the condition that v, . (t) = m(®(z,v,t)) is the leafwise geodesic starting at x
with initial velocity v, and (y,w) = ®(z,v,t) where 7 ,(t) = y and ’yEx’U) (t) = w. (cf. [10, 23]).
For a C'-foliation, the flow ® is C'. If F is transversally C1*® then ® is C'*%. For fixed t, we
write ®4(x,v) = ®(x,v,t) to emphasize this is a map of V to itself.

Each curve t — ®(z,v,t) is contained in a leaf of F, hence the flow ®; maps the leaves of F
into themselves for all ¢.

Let Q — V denote the normal bundle to TF , and identify Q with TF+ using the induced
Riemannian metric on V. For a point x € 7, the tangent space 1,7, inherits a Riemannian metric
from T'M so that 7,7, is naturally isometric to Q. for each z € V with 7(z) = x.

The differential of ®; preserves Q for gach t, and we let D®; : Q — Q denote the induced
action on the bundle of normal vectors to F, where
D(Pt(x, ’U)Z Tﬁ(J:_E,v) — Tﬁé‘t(mw)
Suppose that z € 7, y € 73, and ®(z,v,s5) = (y,w). We define a leafwise path v(t) =

w(®(z,v,t)) : [0,s] — M from x to y, which induces a local diffeomorphism h, from its domain
D, C 1, to an open subset of 73. One then has

Dh, = D®,

This is an exercise in the definitions, as the left hand side is a matrix, while the right-hand-side
is a linear transformation on vector spaces of normal vectors to F, but the assumption that x,y
lie in 7 allows the identification of D®(z, v, s) with a matrix, and the equality follows by the fact
that the holonomy h., along the path v has a well-defined germ about x, so can be germinally
represented by the flow on ® on the local leaf spaces, which are identified with the components of
the transversal 7.



2.9 Flow invariant measures

A probability measure m on V, viewed as a linear functional on C°(V), is ®-invariant if for all
g€ C%V) and any t € R, m(g) = m(go ®_;). The measure m admits an extension to the Borel
functions on V, and we define the measure of a Borel subset K C V as m(K) = m(xx).

We say that m has support in K C V' if m(g) = 0 for all g vanishing on K. The support of m,
denoted by |m|, is the intersection of all closed sets K such that m has support in K. The support
|m| is ®—invariant, and is a non-empty compact set if m is not the zero measure.

The t-support of m is
im|7 = 7(jm|)» N7

Given a plaque P, (z), we let Py(z) = 7~ (Py(z)) denote its unit tangent bundle, considered as a
subset of V. Then R
m| 7 (lmlr) = {J Po.(2)

zE\m\T

A ®-invariant measure m is said to be t—discrete if there is a finite collection of plaques
{Ps,(y1),...,Pg,(yr)} (not necessarily a plaque chain) so that |m|r = {y1,...,yx}. By abuse
of notation, we will say that m is supported on the set {Pgs, (y1),...,Ps,(yr)}

Let m be a t—discrete measure. For each x € 7(|m|) there is an index «, for which B(z, ¢,/2) C
Ua,, and y, € T,, with © € Py, (y5). We will assume the plaques {Pgs, (y1), ..., Pg,(yx)} covering
7(Jml) are chosen so that each point y; € 7, has a neighborhood of diameter at least ;. Note
that the set w(Jm|)p is not necessarily F-saturated.

Given a t-discrete measure m, for each (z,v) € |m| the leafwise geodesic () determines a
closed plaque chain as in § 2.3. As the set |m| is ®-invariant, the orbit of 7o v, ) is contained
in 7(Jml)p, so the plaque chain can be chosen a subset of {Pg, (y1),...,Ps,(yx)}. Thus, we can
assume |m| has support in a finite union of closed plaque chains. For example, a closed leafwise
geodesic 7y gives rise to a t-discrete measure m. However, the t-discrete hypothesis does not imply
that the geodesic orbit 7, . (t) is periodic. For example, the union of the plaques in the set 7(|m]|)p
may form a compact leaf L of F, so the plaques {Pg, (y1),...,Ps,(yx)} form a covering of L by
coordinate charts, and the closed plaque chains correspond to elements of 71(L) defined in terms
of chains or open neighborhoods of L. The typical geodesic on L is not periodic, but is a covered
by compositions of these generating plaque chains.

At the other extreme from t-discrete, if |m|7 is an uncountable set we say m has uncountable
t-support. A probability measure m is said to be transversally non-atomic if m(P,(x)) = 0 for
every plaque P, (x). Clearly, such a measure must be t-uncountable. If the set |m|s has positive

Hausdorff dimension, then again it must be t-uncountable.

Let M denote the space of ®—invariant probability measures, and M, C M the subspace of
ergodic measures. Given a measure m the ergodic decomposition of m expresses it as an integral

m = dm
Me

Note that if m, is an ergodic measure appearing in the ergodic decomposition of a ®—invariant
measure m, then the support |m,| is contained in the support |m]|.
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3 Stable manifolds and hyperbolic periodic orbits

Assume that F is a codimension one, C'-foliation. In this section we establish some of the the
basic tools needed for studying the C'-dynamics of F. We show the existence of “transverse stable
manifolds” along t-hyperbolic paths in the leaves, and apply this to prove the existence of hyperbolic
contractions for the holonomy group Gr. We define t—hyperbolic ®;—invariant measures on V', and
show that every such ergodic measure yields a hyperbolic contraction in its support.

The techniques of this section all have counterparts in the Pesin theory for non-uniformly
hyperbolic C1T%flows [20, 21, 14]. In our situation, we study the dynamics of the flow ®; relative
to the invariant foliation F which complicates the proofs, while the codimension one hypothesis
greatly simplifies them. Also, we require only qualitative results for this paper, as opposed to the
usual quantitative estimates of Pesin theory, which also simplifies the proofs.

Define an additive cocycle v: R x V' — R over the flow ®; by v((z,v),t) = log{ D®¢(z,v)}. By
definition, exp{v((z,v), s)} is the transverse logarithmic expansion of F along the geodesic segment
{m(®¢(x,v)) | 0 <t < s}. The chain rule implies that v satisfies the additive cocycle relation over
the flow @,

v((z,v),s +t) = v(Ps(x,v),s) + v((z,v),t) (5)

The infinitesimal logarithmic transverse expansion along the geodesic flow is the continuous function
¢ :V — R defined by

d
ol,v) = = 1og{D®i(,v)} =0

S

Clearly, v((z,v),s) = / ©(®4(x,v)) dt. By the cocycle property, v(®4(z,v),—t) = —v((z,v),t)
0
for all (x,v) € V and all t. Hence, p(x,—v) = —¢(x,v) for all (z,v) € V.
Define [|¢| = max{|¢(z,v)| | (x,v) € V'}.

3.1 t-hyperbolicity and regular values

A continuous leafwise curve v:[a,b] — M is piecewise-geodesic if there exist times a = tp < t; <

- < ty so that for all 0 < k < N the path {y(¢t) | tx < t < txy1} is a leafwise geodesic
segment. Thus, there exists points (xy,vr) € V with x = y(t;) and 7(P¢(zg, vi)) = Y(t + tx) for
0 <t <tpyr1—tx. Welet 7(t) denote the curve in V obtained by concatenating the ®; flow segments
{Pi(xp,vg) | 0 < t < tgyq — tg}, so that w(§(t)) = ~(t). For example, as noted in § 2.3, every
plaque chain gives rise to a piecewise geodesic curve. We also consider piecewise geodesic curves
v: [a,00) — M where now there can exist an infinite number of “corners” a =ty < t; <tg < ---

The logarithmic expansion along a piecewise geodesic curve ~v:[a,b] — M is defined by
b

1 b
v(y) = / ©(y(t)) dt, and also set A(vy) = m/ e(F(t)) dt. A piecewise geodesic curve

v: [a, 00) "% M is said to be t—hyperbolic with emponenta)\(’y) if

) = lim = [ p@@) dt £0

s—00 s J,

If A() < 0 then 7 is said to be t—stable, and t—unstable if A\(v) > 0.
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Suppose that a piecewise geodesic curve v:[a,00) — M is t—stable. For ¢ > 0, we say that
so > a is e-reqular if for all s > sg

[ 4oy + e de <o (®

LEMMA 3.1 Suppose that a piecewise geodesic curve v:[a,00) — M is t-stable with expansion
A(y) < 0. Then for 0 < e < —\(7) there exists e-reqular values {s1, s2, ...} with s, — oo.

Proof : The limit of the integral
1 /s .
- [ oG + e ar ™)

equals A(y) + € < 0, so there exists a greatest value s; > a such that (7) equals 0. Clearly, s; is
e-regular. Assume that regular values {s1,...,s,} have been chosen with sy > k. Then define s,,11
to be the largest value of s > s,, + 1 such that

[ telam) +e di=0. ©

S sn+1

We can ask whether the regular values have a uniform distribution. Such results in general
require that the piecewise geodesic curve v:[a,00) — M be a generic orbit for an ergodic ®;-
invariant measure. For our applications, it suffices to consider the periodic case: a ray -y is periodic
if there exists a T, > 0 such that (¢ + 7)) = ~(t) for all t > a. We also consider a sequence of
times {sg,s1,...,5n} where a = 59 < 51 < --- < sy = a+ T, so that y(t + s;) = 7(P¢(xp, vy)) is a
smooth geodesic segment on each interval 0 <t < sy —sg. For 1 <k < N and € > 0 set

e = /Osk—skl{(p(@t(%vk)) +e} dt

so that (A(y) + €)Ty = (w1 + -+ - + pun). Note that each |ux| < (||l¢|l + €)(sk — Sk—1)-

Extend the finite sequence {ju1,...,un} to an infinite periodic sequence

{le"7NN7/’L17"'7/'LN7"'}

and let Sy(n) denote the sum of the terms from ¢ to n, where 1 < ¢ < N and ¢ < n < co. The
value sy is e-good if and only if Sy(n) < 0 for all n > ¢.

Set ¢ = max{(|A(7)| = &)/ll¢ll(sk — k1) [ 1 <k < N}.
LEMMA 3.2 Let 0 < e < —A(y). Then at least ¢cN of the values in {sg, s1,...,Sn—1} are e-good.

Proof : Since lim Sy(n)/n = A(v) + € < 0 there exists 0 < ¢ such that s, is e-good. Since 7 is
n—oo

periodic, if £ > N then sy_y is also e-good, so we can assume 1 < £ < N. Also, we can assume

without loss that it is sg which is e-good by changing the starting point on ~ to sy.

Now, if uny < 0 then sy_1 is also e-good. Let k be the greatest value with k& < IV such that
ur > 0, so that {sxy1,...,sn} are all e-good. A sequence of values {s;, Sit1,...,Sk} is €-bad if
Wit1 + -+ k1 > 0. Consider the least @ < k such that {s;, s;y1,..., Sk} is e-bad. Then u; < 0 and
it is an exercise that s;_1 is e-good. We continue in this way to group the values {sg, s1,...,sny-1}
into e-good values and e-bad values. Clearly, the sum of the e-bad values in an e-bad sequence
increase the sum Sy(n), while the e-good values decrease this sum. Since for an e-good value sy
we have |uer1] < (||lol] — €)(spr1 — s¢) there must exists at least ¢N e-good values in order that
pit+pn = A0) + el O
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3.2 Stable manifolds

The construction stable manifolds is primarily based on using the derivative of a holonomy map
to estimate its action on nearby points. A critical technical step is to establish uniform estimates
on the derivative itself. Before giving the construction of stable manifolds, we present in detail
the definition of a monotone increasing function €;: (0, 00) — (0,00) which serves as a modulus of
continuity in the proofs of this section, and in the next two sections as well. The definition €; is
technical, so we start with an intuitive interpretation.

Suppose that 7: [sg, sx] — M is a leafwise piecewise geodesic curve. We require that all of the
corners of 7 lie in 7. Recall the construction of the holonomy transformation h, from in § 2.3.
Implicit in the definition of h,, is the use of a collection of short geodesic segments in the plaques
Pa, (z1) covering . The point zy € 7y, is first connected to the initial point g = v(so) via a
geodesic segment oy in the plaque Py, (20). Note that o¢ has length at most diy. Next, choose s;
with y(s1) € Pa,(z1) so that {y(t) | so <t < s1} C Pay(20) U Pay(z1). If possible, choose v(s1)
to be a corner. Connect z; to z; via a geodesic segment o in the plaque Py, (z1). Note that by
the convexity of the plaques, the shortest geodesic segment joining zy to zy, which we call 7, is
contained in the union Py, (20) U Pa, (21). Repeat this process along the length of v, until we get to
the last plaque where zy = 7(z4) is connected to zy by a geodesic segment oy. The hypothesis on
corners implies that each of the curves v, = {7(¢) | sk <t < sp11} is a leafwise geodesic segment.

The geodesic segments {(ok, Tk, ok+1,7) | 0 < k < N} satisfy v =y %71 * - - x yy_1 and
T=ToxTi Rk TNo1 = (000 % 07 ) k(g1 ki xoy )k ek (oo ko1 koy)  (8)

The holonomy h., is by definition the compositions of the holonomies along the paths 7, which
is the composition of the holonomies along the segments appearing on the right hand side of (8).
Thus, to estimate the behavior of the map h,, it will suffice to estimate the holonomies along the
curves 7,. The estimates are all based on the function ¢, so we consider the lifts of all the segments
in (8) lifted to ®;-flow segments in V. The function €; is chosen so that given § > 0 then €;(9)
is chosen so that that the transverse derivative along - satisfies a uniform estimate up to § in an
€1(d)-neighborhood of . The details follow.

Recall that ¢y > 0 is the t-Lebesgue number of the given regular foliation atlas, and di; denotes
the maximal diameter in the leafwise metric of all plaques P, (x) for all z € 7, and a € A.

The function ¢ is continuous on the compact space V', so given d > 0 there exists 0 < e2()
such that for d((y,w), (v, w")) < e2(d) then |p(y, w) — ¢(y',w’)| < §. Clearly, we can assume e3(9)
is a monotone increasing function of 4.

Choose a monotone increasing function 0 < €3(d) < € so that for all (y,w), (v',w') € V and all
—4dy <t < 4dy then

dy ((y,w), (¢, w')) < €3(8) = dy (P4(,v), P¢(y, w)) < minfeo, €2(d)} 9)

Finally, the Riemannian metric gaps on M restricts to a Riemannian metric on each foliation
chart U which is pulled-back via ¢3 to a Riemannian metric gz on (—1,1)". The tensor gg can
be expressed as symmetric matrix-valued function with respect to the standard Euclidean basis of
(—1,1)", and the norm of gg(u,v) is the maximum of the matrix norms of gz(u,v) and gg(u,v)~t.
Let ||gs|| be the supremum of all such pointwise norms on (—1,1)", and let ||g|| be the supremum

of the norms {||gg|| | 5 € A}. This is finite as the covering of M by foliation charts is finite.

Set €1(d) = max{e3(8),e3(6)/|lgl|?}. Note that for all (y,2) € (=1,1)""! x (=1,1) the curve
t dal(y, 2+ 1) € V for —e1(6) < t < e1(0) has length at most e3(6)/[|g|| < e3(9).
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After these technical preliminaries, we give an application.

THEOREM 3.3 Let v:[a,00) — M be a t-stable, piecewise geodesic curve whose corners lie in T
with expansion A = A\(y) < 0. Set €1 = €1(A\/10), and for e = 9N/10 let so > a an e-regular value.
Then there exists z € T, with ¥(sg) € Pa(z) and I, = (z — €1,z + €1) C T, so that for all s, > s,
the holonomy transformation h, defined by the curve v, = {y(t) | so < t < s.} is defined on Z,.
Moreover, for s, > so the transformation hy is a contraction satisfying

0 < hl (y) < exp{(s1 —s0) - A(7)/2} forall ye€ I, (10)

Proof: Choose a leafwise path chain covering . as in § 2.3, Py, = {Pay(20), -, Pay (2n5)}, which
defines the holonomy transformation h,. We show that (29 — €1, 29 + €1) is contained in the domain
of h,.

First, ¢,1(0 X (20 — €1,20 + €1)) C 7o, has length at most €3 < €y so that hy, 4, is defined on
(20 — €1, 20 + €1). The image hy,a,(20 —€1,20 + €1) = (21 — €/, 21 + €’') C T, for some €/,¢” > 0. As
remarked previously, the holonomy h,, ., is the composition of the holonomy along o L followed
by the holonomy along =y, then along o1. The image of (29 — €1, 29 + €1) under the holonomy along
oy ', which is just a “coordinate slide” in Uy, has the form Zy = {bat(yo, 20 +1) | —e1 < t <
€1} C Uy, so that its length is again at most €3(0)/[|g]] < e3(d). The second image has the form
T ={oa) (y1,21 + 1) | =€ <t <"} CUy,.

The points of Z,, are joined to the points of Z,, by geodesic segments in U,, UU,, where the
path joining ¢} (yo,20) = 7(0) to ¢} (y1,21) = v(s1) is just the geodesic segment 9. By the
choice of €3 and (9), all of these segments lie within an ez neighborhood of . By the choice of ey
and the mean value theorem, the transverse separation of these geodesic segments is estimated by

ea/lall-exp { [ {e(Go(0) = /10} dt| < ea/lg]-exp {8(s1 — 5010} < eo/lgll (1)

hence (21 — €, 21 + €’) has length at most e3. We can thus apply hg, 4, to the image of hy,q,-

The above argument is repeated almost verbatim for hyya, = haya, © hajag, €xcept that now
the estimate (11) involves an integral from sy < ¢ < sp. Continue inductively to obtain that h, is
defined on (29 — €1, 20 + €1).

The proof above also shows that h/, satisfies an estimate
exp {(s+ — s0)A} /llglI> < hL < [|g]|* - exp {8(s. — 50)A/10} (12)

so that for s, > so the map h’y is a hyperbolic contraction satisfying (10). O

3.3 Hyperbolic fixed-points
Theorem 3.3 is applied to show the existence of holonomy transformations with hyperbolic fixed-

points when there is suitable recurrence for the flow ®,.

Given a ®;—invariant measure m we set A(m) = m(p) = / ¢ dm. The diffeomorphism

(z,v) — (x,—v) of V conjugates the flow ®; to itself, and transforms a ®;—invariant measure m to
another ®;—invariant measure m~ such that m™(¢) = —m(p). Thus, if A(m) > 0 then A(m™) < 0.
Note that 7(|m~|) = 7(jm]).

14



DEFINITION 3.4 An ergodic, ®,—invariant measure m, on V is t-hyperbolic if A(m,) # 0.
Given an arbitrary ®;—invariant probability measure m on V', we say m is t—hyperbolic if almost
every ergodic measure m, in an ergodic decomposition of m is t-hyperbolic. If there exists C > 0
so that |A(my)| > C for all such ergodic measures, then we say m is uniformly t—hyperbolic.

THEOREM 3.5 Let m be an ergodic, t—hyperbolic, ®;—invariant measure on V. Then for
€1 = €1(JA(m)|/10), there exists a € A, z € w(|m|)p N7, and a holonomy transformation

hy:(z—€,2+€)— (z—€,2+€)

such that hy(2) =z and 0 < hj, (y) <c<1 forallz—e <y<z+e.

Proof: By reversing the time if necessary (i.e., using the conjugate measure m~ in place of m) we
can assume that A = A(m) < 0.

By the ergodic theorem, m—almost every point (z,v) € |m| satisfies

1o .10
lim — [ f(®y(z,v)) dt = lim — sf(tﬁt(x,v)) dt = m(f) (13)

s—00 8 Jo §—00 S J
for every continuous function f:V — R. Such points (z,v) are called generic for m, and the
forward orbit of (z,v) is dense in |m|. Choose (z,v) generic for m so that

s

lim ! o(Py(z,v)) dt = A
0

§—00 §

For e = —9A/10 let s9 > 0 be an e-regular point for the geodesic ray 7 (t) = m(®;(x,v)) where
0 <t < 0o. Choose a sequence of times sy +— oo such that @, (z,v) € By (Ps,(z,v), €1/10).

By Theorem 3.3 there exists z € 7, with v(sg) € Pa(2) and Z, = (2 — €1,2 + €1) C 7, so that
for all sy, the holonomy transformation hy along the curve vy = {7(t) | so <t < sy} defines a
transformation hy:Z, — Z,. For N sufficiently large, hy is a uniform contraction on this interval,
hence hy has a fixed-point z € Z,, C 7.

It remains to show that z € w(|m.|)pN7Z,. The orbit {®;(x,v) | t > so} is contained in the closed
set |m,|, while z is a hyberbolic attractor so the plaques covering the orbit {m(®¢(z,v)) | t > so}
are asymptotic to the plaque containing z, hence this plaque must lie in 7(jm,|)p. O

A key point for the applications of Theorem 3.5 in the next sections is that the size of the
domain of the hyperbolic attractor depends only on |A(m.,)|, and given a collection of ergodic
measures {my} with [A(my)| > C > 0, the domains of the hyperbolic fixed-points constructed in
the proof are bounded below by €;(C/10) > 0.
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4 Hyperbolic measures and resilient leaves

Assume that F is a codimension one, C'-foliation with a t-hyperbolic measure m. In the last
section, we showed this implies that F must have elements of holonomy which are hyperbolic
contractions. In this section, we show that with a suitable hypotheses on the support |m| of m,
then we can also conclude that F must have a resilient leaf.

THEOREM 4.1 Assume there exists an ergodic, t-hyperbolic, ®;—invariant measure m, on V
which is not t-discrete. Then there exists an open connected set I C 1, and elements of holonomy
hy:Z — 7 and ha: T — T which are hyperbolic contractions, and satisfy hy(Z) Nhy(Z) = 0.

Proof: We can assume that A(m,) < 0 (otherwise we replace m, with m;). By Theorem 3.3,
there exists €; > 0, a generic point (z,v) € |m,| and sy > 0 so that for all sufficiently large s1 > sy,
the holonomy transformation h., defined by the geodesic segment v = {®¢(z,v) | so <t < 51} is
defined on the transverse interval Zy = (z—e€1,2+¢€1) C 7, where 7(®,(z,v)) € Pa(z). Moreover,
h, is a contraction with derivative

0 <k (y) < exp{(s1 — s0) - A(m)/2} forall y e Lo (14)

The hypothesis that |m,|7 is not a finite set implies that the orbit oo = {®¢(z,v) | 0 < ¢}
intersects an infinite number of plaques 73@2(2) in V', hence the closure G must be a perfect set
transversally. That is, m(0)p N7 C |my|r C 7 is a perfect set. Thus, for any open connected
subinterval Z C 7, with m(d)p NZ # (), there exists disjoint open connected subintervals
71,75 C T such that 7(o)p NZ1 # 0 and 7(o)p NZy # (. Moreover, as 7(d)p is compact, we
can assume that the intervals have disjoint closures, Z; N Zy = @, and both Z; C Z and Z» C Z.

Apply the above remarks to Zp, which by choice satisfies 7(oo)p NZy # 0. Choose connected
open intervals Z; and Zy so that Z7,Zo C Iy, Z1NZz = 0, and 7(|m|)pNZ; # 0 and 7(|jm|)pNZs #
(. As (z,v) is generic, there is a sequence of times {ry, | so < 1, — oo} with 7(®,, (z,v)) € (Z1)p for
all k, and also times {sy, | so < s — oo} with 7(®s, (z,v)) € (Z2)p for all k. For k sufficiently large,
let hy :Zo — Iy be the holonomy map defined by the geodesic segment v j, = {7(®¢(z,v)) | s0 <
t <ri}. Similarly, let hg ;: Zop — Zj the holonomy map defined by o 1, = {7(®¢(z,v)) | so <t < s}
Then observe that by the estimate (14), for k sufficiently large we have h; ;Zo N hyZo = 0. For
such k, set T =7p, hy = hy; and ho =hy ;. O
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The following example shows that the ergodic hypothesis is necessary, and illustrates some of
the phenomena which can give rise to t-discrete measures. Consider the foliation F on a 3-manifold
V' constructed as follows. Let X5 be a genus 2 compact surface, then 71(X1,z,) maps onto the
free group Z *x Z and by the usual suspension construction, given an action of two diffeomorphisms
f,g on S, one can construct a foliation F on a 3-manifold V' by suspension of the action of these
two maps on S'. Choose f to be the identity outside of a small interval Z C S!, and to have a
hyperbolic fixed-point z, € Z. Choose g to be a hyperbolic linear fractional transformation with
fixed-points y., 2z« € Z, and ¢Z NZ = (). (Or, an even simpler example is obtained by taking g to
be the identity map!)

For each k and £ # 0 we get a hyperbolic attractor in the holonomy of F given by the compo-
sition hy = g %o ffo gk For each element (Vi) € m1(21, ) which maps onto this element of
Diff(S1), there is a shortest closed geodesic Vk,¢ in X representing this class. Under the suspension
construction, 7, gives rise to a closed leafwise geodesic through the hyperbolic fixed-point for
g% o ff o g* and hence to an ergodic, t-discrete ®;-invariant measure my, ¢ for F. Thus, there are
infinitely many t-hyperbolic measures my, . Note that the expansion rate A(my ) is proportional
to £/(¢ + 2k) so by taking weighted sums we obtain uniformly t-hyperbolic measures for F whose
t-support is countably infinite. However, F has no resilient leaves as all leaves of F are proper.

Ergodic, t-discrete ®;-invariant measures are an important consideration in the study of the
dynamics of foliations with h(Gz) > 0. As the above example suggests, they can arise from a closed
leafwise geodesic for which the holonomy h, has a hyperbolic fixed-point. When the domains of
these hyperbolic attractors are disjoint, as in the above example, there does not have to be a
ping-pong game associated to the attractors. When these domains sufficiently overlap, Gr has a
ping-pong game and hence h(Gr) > 0.
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5 Entropy and t-hyperbolic measures

In this section, we show that h(Gr) > 0 implies there exists an ergodic, t-hyperbolic ®—invariant
measure m, on V', and the exponent of the measure can be estimated from h(Gr). We start by
introducing some conventions which are used in this section and the next.

Set E = h(Gr) > 0. Let 0 < €4 < €o be such that 0 < € < ¢4 implies h(Gr,€) > 3E/4.
Choose a sequence of integers { Ny | k > 0} tending to infinity such that

er, = S(Gr, €4, N) > exp(Ni - £/2)

Recall that h(Gr) = sup{h(Gr,7,) | @ € A}, so we can assume there exists a fixed transversal
7., such that for each k > 0 there is an (N, €4)-separated subset {z} | 1 < ¢ < e;} C 7. Use the
coordinate t,, : (—1,1) — 7, to identify 7, with a subset of the line. We can then assume that the
set {zf | 1 <€ < ey} is indexed so that f < af,q forall 1 </ < ey

For each £ > 0 and 1 < £ < ¢;, there exists a plaque chain Py, of minimal length, at most
Ng, so that x?,ﬂgﬂ € Dp,, and dT(hk,g(mf),hk,g(xfﬂ)) > ¢4. Here, hy; denotes the holonomy
determined by P, and Dp, , is the maximal domain of hy .

By the mean value theorem, for each k > 0 and 1 < ¢ < e, there exists a point a;'g < yf < xfﬂ
such that h;“g(yf) > ey/(a} 11— 2¥). This suggests the definition of the expansiveness of the set
{25 |1 <0< e} on asubset T C Ty, given by

E(Z,k)= max { sup hfu(y)} (15)

TeTe+1€L T <Y<Toi1

Note that by hypothesis, 7, has length at most 1, so for each k there must exist an ¢ for which
($§+1 — xk) < 1/ex, and hence E(T,, k) > €4 - exp(Ny - E£/2). Introduce the invariant

A(Z) = limsup log{e(Z,k)}

16
k— 00 N, (16)

which depends on the choices of G, €4 and the sets of expansive points. For simplicity, we omit
this dependence in the notation A(Z). Note that by the above remarks, A(7,) > E/2.

The proof of the following result introduces a technique used repeatedly for constructing t-
hyperbolic measures. The basic idea, first applied to foliations in [10, 11], is that the existence of an
exponentially growing number of points in a bounded set, for which there are local diffeomorphisms
which expand them to a fixed distance apart, implies (non-uniform) hyperbolicity along increasingly
long orbit segments for the flow ®;. This data is converted to the existence of t-hyperbolic ®;-
invariant measures using the continuity of the derivative ¢ of the transverse expansion cocycle.

PROPOSITION 5.1 If h(Gr) > 0, then there exists an ergodic, ®—invariant measure m, on V
with A(my) > A7) /dmaz = E/2dmaez > 0.
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Proof: For 0 < € < A(7,) set A = A(7,) — €. Choose a sequence {{, | 1 < ¢}, < e} and points yéfk
satisfying xé?k < yfk < azfﬁl and hy, . (yfk) > exp{Np\}.

The plaque chain Py, ¢, determines a leafwise piecewise-geodesic path 7, starting at v, and
ending at wy ¢, = hye, (Yke,) of length at most Nj - dpae. By the completeness of the leafwise
Riemannian metrics, there exists a length-minimizing, leafwise geodesic v, starting at ys ¢, , ending
at wy, ¢, and homotopic to 75 rel endpoints. The length of v, has the bound ||v|| < Ni - dmae-

As 73, and ~;, are leafwise homotopic, the germs at yj, ¢, of the corresponding holonomy trans-
formations hy ¢, and h,, are equal, hence h’, (yr¢,) = h;c,fk (Yk.e,) > exp{NpA}.

The geodesic segment ~y; is the image of a flow segment, 75 (t) = {®¢(ykr,,,ve) | 0 <t < ||}
where v, = 7;,(0). Define a sequence of probability measures {my} on V' by setting, for g continuous
onV,

L
mi(g) = oo /0 (b)) dt (17)

Note that from the definitions,

mk((p) > Nk/\/H/ka > /\/dmam

Choose a weak-* limit m€ of the sequence {my, | k = 1,2, ...} which is a ®;—invariant probability
measure on V' such that m(p) > \/dpee = (AM7Zo) — €)/dmaz-

Consider a weak-* limit m of the family of ®;~invariant probability measures on V' {m*® | ¢ — 0}.
We must have m(yp) > (A(7,) — €)/dmas for all €, hence m(¢) > A(7,)/dmaz -

Finally, take an ergodic decomposition of m and there must be an ergodic, ®;—invariant measure
m, with m,(p) > m(e) > A(7,)/dmaz. O

Note that the closure in V' of the set of flow segments {75 (t) | 0 < ¢ < |||} for 1 < k < o0
arising in the proof of Proposition 5.1 contains the support of the measures {m® | ¢ — 0}. Hence
it also contains the supports |m| and |m,| of m and m, respectively.
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6 Positive entropy and ping-pong games

In this section we give the proof of Theorem 1.1. The methods used are the most technical of
the paper, primarily for two reasons which we discuss to motivate the following proof. Recall the
usual approach to establishing dynamical phenomenon for a flow or diffeomorphism with positive
topological entropy. For example, Katok’s proof of the existence of hyperbolic periodic points for a
surface diffeomorphism [14] is the closest analog to the results of this section. First, one starts by
showing the measure entropy is positive for some measure of positive Hausdorff dimension, and for
which there exist non-zero Lyapunov exponents. Then, the Lyapunov metric is introduced, and at
the regular points in the Pesin set one has stable and unstable manifolds which are used to show
the existence of hyperbolic phenomenon like homoclinic orbits and hyperbolic periodic points.

The first fundamental difficulty for foliations is that there is no good definition of measure
entropy yet, even though the dynamics of ®; relative to F is rich with invariant measures. So
the above approach for flows and diffeomrophism, if it is to work at all for foliations, must be
based on the core ideas, and not on established theorems. For example, it was shown in the last
section that if A(Gr) > 0 then there exists ergodic t-hyperbolic ®4-invariant measure. If such a
measure is not t-discrete (and hence it has positive transverse Hausdorff dimension) then we can
invoke Theorem 4.1, yielding a ping-pong game which is the codimension-one foliation analog of
transversally intersecting homoclinic orbits.

The most technical part of the proof of Theorem 1.1 is to analyze the case when all the t-
hyperbolic ®;-invariant measures are t-discrete. Essentially, we show this cannot happen, using a
lengthy case-by-case analysis, in each case showing that there exists a ping-pong game for Gr. For
flows, this case does not arise, since by the maximum principle for the measure entropy, positive
topological entropy implies there are measures of positive entropy. For foliations, similar ideas as
used in the proof of the maximal theorem arise in our analysis of the t-discrete case — except of
course, that we cannot use the orbit data to produce invariant measures of positive entropy! Instead,
we go directly to the construction of intersecting stable manifolds from the orbit data. However,
the second fundamental difficulty with foliation dynamics is then encountered: one can define the
Lyapunov metric on the normal bundle to F lifted to V, viewed as a ®;-invariant bundle, but this
metric is not necessarily related to a metric on M where the ping-pong game dynamics must be
constructed. The point is that we cannot choose the foliations charts on M as in § 2 to respect
the resulting Lyapunov metric on V. As a result, we introduce a number of technical devices, all
essentially showing some form of non-uniform hyperbolicity has uniform approximations.

We assume that h(Gz) > 0, hence there exists an ergodic t-hyperbolic measure. As discussed
above, to prove Theorem 1.1 it suffices to assume every ergodic t-hyperbolic, ®;—invariant measure
m on V is t-discrete, and show that there must exist a ping-pong game for the dynamics of Gr.
Let {my | b € B} denote the collection of all ergodic ®;-invariant probability measures on V' with
Ay = A(my) < 0. We are going to analyze a sequence of cases, based on the cardinality of B,
the values {\y | b € B} and the nature of the hyperbolic contractions constructed in the proof of
Theorem 3.5 applied to each measure my,.

For each b € B let m(my)p be the finite union of plaques {'Pﬁz{ (1), ... » Parc (y?vb)} Let 7 C T
b
denote the union of all plaque centers {y? | b€ B & 1 < £ < Ny}.
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6.1 The case when {z, | b € B.} is infinite

Assume that there is A, > 0 such that the set B, = {b € B | Ay < —\.} has infinite cardinality.
Set €1 = €1(A\«/10) and € = 9\, /10 as in § 3.2. Then by Theorem 3.5, for each b € B, there exists
2y = y? € m(|my|)p N7y, for some 1 < £ < N, such that Zj, = (2, — €1, 2, +€1) C T4, and an element
of holonomy hy:Zj, — Z;, such that hy(2z,) = 2, and 0 < hy(y) < ¢ < 1 for all y € 7.

Suppose that the union of the set {2z, | b € By} is infinite. Choose an accumulation point
2 € T3, and choose distinct points 2y, z. € Br (24, €1/10). Then zj, 2. € T =7, N Z. and we choose
N > 0 so that héVI N hﬁVI = (. Then set h; = hév and hy = hév and we are done.

6.2 The case when {z, | b € B.} is finite, with bounded periods

With notation as in (6.1), suppose that the union of the set {z; | b € B} is finite, but the set of
plaque centers J, = {y} | b € B, & 1 < £ < N,} is infinite, and there exists N, > 0 so that N, < N,
for all b € B..

From the proof of Theorem 3.5, each of the holonomy maps hy, is the holonomy along a plaque
chain P, of length at most N,. It follows that we can join each y? to 2, by a plaque chain
Ppe of length again at most N, which defines a holonomy transformation hy, with hb,g(yg) =
zp. Thus, there exists ¢, > 0 so that for all b,/ we have (zg — e*,zg +e) C hl;l}Ib Then the
composition hy, gohy ohI; t} is a hyperbolic contraction with y? as fixed-point and domain containing

(yg — €4, yg + €4). The collection of plaque centers 7, are thus all hyperbolic fixed-points, and must
have an accumulation point, so we are done by the method of Case 1.

6.3 The case when {z, | b € B,} is finite with unbounded periods

With notation as in (6.1), suppose that the union of the set {z, | b € B,} is finite, the set of plaque
centers J, = {y} | b € B, & 1 < £ < N,} is infinite, but there is no upper bound on the lengths
{Ny | b € B.}. We will show that either there is a ping-pong game for G or reduce the problem to
Case 4 below, where J is a finite set.

Fix b € B, and let Py = {Pa,(20); ..., Pay(2n)} be the plaque chain used to define h, where
zp = zo. From the proof of Theorem 3.3, form the piecewise geodesic curve 7: [0,T;] — M obtained
by concatenating the geodesic segments 7, connecting zy to zp41. Note that 7,(0) = zp, and
{20,.-.,2n} C {yll’,...,y?vb}. Let 0 =59 < 1 <...< sy =T} be such that 7,(sx) = 2.

We say that hy is irreducible if Py, (2;) = Pa,(2;) implies i = j, and reducible otherwise.

Case 3a. Suppose hy is reducible. Choose indices 0 < i < j < N so that 7(s;) = 7(sj). Then
the plaque chain P along 7 has a subloop starting at P,, (z;) and ending at Py, (z;). We decompose
P at these points, yielding closed plaque chains

P = {Pal (z1)> cee 7Pai(zi)7 Paj+1 (zj+1)v cee POtN (ZN)}

Py = {Pa; (i), .-, Pa,;(25)}

and closed piecewise geodesic curves 7i(t) and 79(t). As the logarithmic expansion is additive,
v(t) = v(mn) +v(m2) = Ty at least one of these shorter loops must be t-hyperbolic with expansion
Ap < Ap. We can thus continue to reduce the curve 7 until we obtain an irreducible curve 77 which
is t-hyperbolic with expansion A\; < —\, and supported on a subset of P.
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For each closed plaque chain constructed from the orbit of each generic point (z,v) € |my| and
each irreducible plaque chain obtained as above, choose one with the longest length, and let 7 be
the corresponding piecewise geodesic curve. If the length of 7,7 is uniformly bounded for all b € B,
then we proceed on to Case 4. If the length of 7, is unbounded, then we proceed to Case 3b.

Before continuing our analysis of cases, a comment on the intuitive motivation may be helpful.
In cases 1 and 2, we obtained an infinite set of distinct points in 7 which were the fixed-points
for hyperbolic attractors in GF with domains of uniform size. However, in case 3 we consider the
case where the set of fixed-points constructed is finite, even though the set J, is infinite. What
could go wrong is that there could be a finite set of plaques which “carry” all of the transverse
hyperbolicity (as is the case of the map f in the suspension example given previously.) The
technique of considering the irreducible plaque chains derived from the measures my, isolates this
possibility, and when the lengths of the curves 7; are uniformly bounded this is the intuition.
This possibility is considered in Case 4, and requires using additional information derived from our
hypothesis that h(Gz) > 0 to obtain a ping-pong game.

The case 3b we consider next is where a collection of curves 7;7 has length tending to infinity.
The intuition is that the hyperbolicity along 7, must be distributed over an increasing sequence
of plaques dues to the uniform bound |p(x,v)| < [|¢]|. Thus, for each such curve 7 we produce
an increasing number of points along its orbit which are e-good, and hence obtain once again an
infinite set of hyperbolic fixed points, and by the method of Case 1 produces a ping-pong game.

Case 3b. Let 7,:[0,7,] — M be the piecewise geodesic curve associated to the irreducible plaque
chain Py, = {Pg, (20), - - -, Pg,, (2n,)} which is either obtained from the proof of Theorem 3.3 if this is
irreducible, or by the reduction in case 3a. We assume that n, — oo and 7, has exponent A\, < —A,.
We assume that 7,(0) = 29, and let 0 = sp < 51 < ... < s, = T}, be such that 7,(s;) = 2;. Extend
7, to a periodic piecewise geodesic curve 7,:[0,00) — M. Then by Lemma 3.2 there is a constant
¢ > 0 depending only on A, and e such that at least ¢V, of the values in {sg,s1,...,5,,} are
e-good. It follows that each of the corresponding points in {7(so),. .., 7s(Sn,} is the fixed-point
for a hyperbolic attractor in GF whose domain has width 2¢;. The collection of all such points for
b € B, must be infinite, so we can proceed as in Case 1.

6.4 The case when t-hyperbolic measures are t-discrete

In this final case, we use the assumption h(Gr) > 0 and hypotheses on the t-hyperbolic periodic
piecewise-geodesic plaques chains (to be made precise later) to show there exists a ping-pong
game for the dynamics of F. The idea of the construction of a ping-pong game in this case is
simple, although tedious in its implementation. Each t-hyperbolic periodic plaque chain produces
an element of holonomy with a hyperbolic fixed-point. Positive entropy implies such paths exists,
and also that there exists an exponentially growing number of hyperbolic paths as constructed
in the proof of Proposition 5.1. We use these paths to construct an element of holonomy which
“translates” one of the hyperbolic fixed-points by an amount less than the size of its domain, which
will then produce a ping-pong game. A simple example illustrates this idea: consider the “ax+b”
group acting on R with generators h;(z) = 22 and hy(z) = 1. The composition hgoh;(z) = 22+1
has a hyberbolic fixed-point at = —1 so {hy,hgo;} generate a ping-pong table. The holonomy
element analogous to h; is obtained from one of the t-hyperbolic plaque chains; the work is to
produce the a holonomy translation analogous to hy. More accurately, the translation is analogous
to a map to hl_g ohyoh{ for £ > 0. A key point is to show that the map produced actually
translates the fixed-point, even though the size of the translation is exponentially small.
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We start with some technical preliminaries. Notation will be as in § 5. Recall that for e, =
[exp(Ny, - E/2)] we assume there is chosen an (N, e4)-separated subset {z§ | 1 < ¢ < e} C Za.

Let gr = [exp(Ng - E/4)] be the least integer greater than or equal to exp(Ny - E/4). Then
by the pigeon-hole principle, for each k& > 0 there exists a closed interval Ji C 7, of length 1/q
so that J, N {z§ | 1 < £ < e;} has cardinality at least q;. Without loss of generality, assume
this (Ny,es)-separated subset is labeled {2} | 1 < £ < g} and indexed so that = < 4 for all
1</ < qp.

For each k > 0 and 1 </ < g, there exists a minimal-length plaque chain P, ; of length at most
Ng, so that x?,:plgﬂ € Dp,, and d']‘(hk’g($lé€),hk75($§+l)) > ¢4. Here, hy; denotes the holonomy
determined by P, and Dp, , is the maximal domain of hy .

For each &k > 0 and 1 < ¢ < ¢, choose a point yf such that m? < yf < x'gﬂ and hﬁd(yé?) is
maximal. The distance |z — zp 11| < 1/¢* so that by the mean value theorem, hﬁcx(y?) > €4 qp.

The plaque chain Py, determines a leafwise piecewise-geodesic path 75, starting at yf and
ending at wf = hu(yé?) of length at most Ng-dq.. By the completeness of the leafwise Riemannian
metrics, there exists a leafwise length-minimizing geodesic 7 ¢ starting at yf, ending at w? and
homotopic to 74 ¢ rel endpoints. The germs at yé? of the holonomy transformations for hy, and
h,, , agree, so h!, (yF) = 2,5(@/?)- Let Ty ¢ = ||7k.¢]| and note that Ty ¢ < Ni - diaa-

Vi,

Let vf = Vi0(0) so that vy (t) = (e (yfF, vF)). Set Apo(t) = y(yk, vF) for 0 <t < Ty .

Vi, €

Let v, 4(t) = Yre(Tke — t) be the time-reversed geodesic segment, and 7, ,(t) = Y (T — t)
the time-reversed orbit segment projecting to V. 4(t). The holonomy defined by Vi 18 just h;}.
For each kK > 0 and 1 </ < g, set

log{h}, ,(v;)}
W= T (18)
kb
Note that A; s < |||, and combined with the above estimates we have
1 ¢} _ NyE +1 NiE +1 E
ol = Aee > og{es - "} S Neb + og(€4) S kb A+ og(€4) (19)

—
Tk,f o 4Tk,€ o 4Nk dma:c 4dmax
For each k > 0, choose an index £, with 1 < ¢, < ¢ so that

kolyb) = max {hj, ,(yf) | 1 <0< g1}

Note that by hypothesis, J; has length 1/g; and contains g distinct points, so for each k there
must exist an 1 < ¢ < g, for which (2}, — ) < 1/(qx)? and hence h;afk(yéck) > €4 exp(Ny - E/2).

For notational convenience, set hy =hy,, , yi = yéfk and T}, = Ty ¢, . Introduce the invariants

Ae = log{hy(yx)}/T & M. =limsup Ay (20)

k—oo

From previous remarks, we have the estimate E/2d,,4, < A\ < [|¢||. Passing to a subsequence of
the k if necessary, we can assume that for each k and 1 </ < g,

)‘k > )\*(1 - 1/]{7) & >\k,Z > E/5dmaw (21)
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Set Ay = min{1/2, E/(96dmnas)}. The factoring 96 = 2 -4 - 12 reflect the role of A, — the key
to the proof of Theorem 1.1 will turn out to be the factor “2”! The estimate A, < 1/2 is included
in the definition to simplify a later estimate.

We assume that every ergodic t-hyperbolic, ®;—invariant measure m on V' is t-discrete, and that
there exists a finite collection of plaques P, = {Pg,(21),...,Psy(2n)} so that for every irreducible
plaque chain 7, with expansion A(7,) < —A, is composed of plaques in P,. We also assume that P,
is minimal, in the sense that every plaque in P, intersects at least one hyperbolic plaque chain. The
integer N depends on the choice of A, but to simplify notation, this dependence is not indicated.

Set €1 = €1(A«/10). As in case (6.2) we can choose 0 < €5 < €1 so that for each 1 < & < N, set
Te = (2¢ — €5,2¢ + €5) then Ze N Z,, = () for £ # n, and there exists a holonomy map he:Ze — Z
with 0 < h’g(y) < c < 1forall y € Ze Let L¢ denote the leaf of F through z¢ and note that if
Le¢ NZe # {2¢} then L¢ is a resilient leaf and we are done. Otherwise, we can assume each leaf Lg¢
is proper.

For each 1 < £ < N and € > 0, let

Steo= U Pal?)

2€BT(2¢,6€)

denote the open subset of M given by the union of the plaques in By (z,€), and let

N
§(z§,e) =1 1(S(2¢,€)) C V. Also set S(e) = U S(z¢,€) and S(e) =7 (S(e)) C V.
e=1

We next prove a technical result providing a uniform estimate on the transverse expansion
outside of the set S(es).

LEMMA 6.1 For each € > 0 there exists T(e) > 0 so that if (zy,v5) €V s >0 and T > 0 are
such that {®(z,v) | s <t <s+T}NS(e) =0, then

s+T
/8 p(Di(w,v)) dt| < T(e) [lo]l + T A (22)

Proof: Define a continuous function A:[0,00) — R where A(T") is the maximum of

1

= /:+Tcp(<1>t(x,v)) dt| — A, (23)

for all (z,v) € V and s > 0 such that {®;(z,v) | s <t < s+ T}NS(e) = 0. If limsup A(T) > 0,
T—o0

then there exists {(xg,vi) € V, sk, T | k =1,2,...} such that

se+T},
lim — / o(Py(zp,vp)) dt < — Ay
Sk

(Recall that we can assume the integral is negative by simply reversing time along an orbit where
the integral is positive.) The orbit segments {®¢(zx, vk) | sk < t < si + T} define a sequence of
probability measures {my} as in equation (17), and let m be a weak-* limit. Then m(yp) < —A,
so there exists an ergodic ®—invariant measure m, in the ergodic decomposition of m for which
m, (p) < —A, whose support is contained in the closure

o
im,| C | J{®s(zn, vp) | s <t < s+ Ti}
k=1
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which is disjoint from S (€) by hypothesis. The measure |m,| is t-hyperbolic, so must be t-discrete.
Associated to m, is an irreducible plaque chain and piecewise geodesic curve 7* with exponent
A(7*) < —A,. The plaques used to define 7% are contained in |m|p so this contradicts our
assumptions. Thus, limsup A(T") < 0.

T—o0
Since A(0) = 0 there is a greatest value T' = T'(¢) such that A(T) = 0. Since A(T) < |[|¢|| for
all T, the conclusion follows. O

COROLLARY 6.2 For all T > T(¢) and for all (z,v) € V —8(e), s >0, if

s+T
/ @(Pi(z,0)) dt| = T A, (24)

then {®¢(z,v) | s <t < s+T}NS(e) # 0.
Proof: If the intersection is empty, then as T' > T'(¢) we have A(T') < 0 contradicting (24). O

We return now to the analysis of the dynamics of Gz. It should be remarked that by (19) the
geodesic lengths T} ; — oo uniformly in k. By Corollary 6.2, for k> 0 and each 1 < ¢ < g, there
exists a value 0 < Fj ¢ < T} such that {v(t) | 0 <t < Fj ¢} intersects S(es) in a connected,
half-open interval Fj, — 61 < t < Fy 4 for some 61 > 0. That is, Fj ¢ is the approximate time of
first entry in S(es) for the geodesic segment ~y 4.

Let pg ¢ denote the piecewise-geodesic curve formed from the segment {v; ¢(t) | 0 <t < Fj s}
followed by a geodesic segment 02 , contained in a plaque from vy ¢(Fy ) to upe € T. Let fi,
denote the holonomy map determined by p.e so that f; ¢(yr¢) = uke and by Lemma 6.1 for k> 0,

[log {8 o (i)} < ell(T(er) + deg) + AuFrp < 20T

exp {—QA*Tkj} § f];7é(yk’g) S exp {QA*Tk’g} (25)

We next estimate the distance from each point uy ¢ to the set {z1,...,2n}.

Let |A| denote the cardinality of the set .A. By the “pigeon-hole principle”, for any collection of
points {z1,...,2,} C 7 with a > [2|A|/e1]+1 there exists 1 < i < j < a so that dr(z;,z;) < €1/2.
More generally, given an integer n > 1, if a > n[2|A|/e1] 4+ 1 then there exists z € 7 and integers
1<ip <...<ip <asothat dr(z,2;;) <efdforj=1,...,n

Choose an integer Ko > 2|/¢||dy + 2. We want to ensure that there are at least Ky “close
points”, so we set

K3 = Ka[2|Al/er] +1 (26)

Set eg = 10A, and assume k > 0. We exhibit a sequence of points which are eg-regular for Vit
First, there exists 0 < sj 41 < T} ¢ which is the greatest value of s such that

/os{(’pﬁh(t))ﬂojx*} g = 0

and then

The Th,e o
| e ®) dt = [ {0 £ 100} dt = < Tig + 108 s

Sk,£,1
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Then choose the least t; ,1 > s 01 so that

5

tk,e,1 L
/ P e(t)) dt = —1—A,

Continuing, let s; 2 > t1 01 be the greatest value such that

Sk,0,2 o
/t {@(Vk,z(t))+10/\*} da =0

k0,1
and then
Tee
/ PVre(t) dt = =g Thop + 10Ay s 2+ 14 Ay
Sk,0,2
Iterate this procedure K3 steps to obtain values {sy¢1,..., Sk K,} all of which are es-regular,

and for sy ¢ ; satisfies

The )
/ P(Fre()) dt = —No Tho+ 10A, spi + (i — 1)(1+ A, 27)

Sk,l,i

For each 1 < i < K3, let 0,275 be the geodesic segment contained in a plaque from some point
wie; €T to Vk_,g(sk,ﬁ,i)- We note that 0’};75 has length at most dy.

By the choice of K3 there must exist 1 < 73 < --+ < ik, < K3 and some x € 7 so that
d’]’(l’,wk’gﬂ'z) < 61/4 for 1 </ < Ks. Set i =47 and ] = iKz then dT(wk,M,kaj) < 61/2.

Let 74, denote the piecewise-geodesic curve formed from the segment 0275 followed by the

segment {7, ,(t) | sk <t < sgyj}, then followed by the reverse of ai ¢~ (This is a new definition
of 7 from before.)

Let gy ¢ denote the holonomy map determined by 74 . Then as s ,; is an eg-regular value,
the domain of gy, contains the interval Ty ¢; = (wg i — €1, Wk e + €1) and satisfies the uniform
estimate for all y € Zj, o,

8ke(y) < exp{—(Kz — 1)(1 + A, — A,/10) + 2[lp|ldy } < exp{-1} < 1/2 (28)

Hence,
8kt (Zhpi) C (Wi — €1/2,wrpj+€1/2) C Ty

It follows that gy, has a hyperbolic contracting fixed point 2y ¢; € Zj ;. Moreover, A, < 1 so
(28) implies log{gy, ,(2k,i)} < —A.. Tt follows that 7, determines an irreducible plaque chain
and corresponding piecewise-geodesic 7, with expansion \(7.) < —A,. It follows that 7, must be
composed of plaques from P, and hence the hyperbolic fixed point zj ¢ ; of gy, ¢ lies on a leaf L¢ for
some 1 <& < N.

We have shown that if £ > 0 then 2, ¢; € Zj, o ;N L¢. Thus, the holonomy gy, , along the geodesic
segment {7y, ,(t) | sk <t < Thyp— Fie} maps 2,0, to a point of Lg N S(er). By our choice of €
so that Lg N 75, = {z¢} we must have gy o(2x.0,i) € Pp, (2¢)-

Recall the goal is to estimate the distance from wuy, to z¢. Our eventual goal is actually to
estimate the distance from yy, ; to the image wg € 7, of z¢ in Zj, (which exists by the above!) so we
do that directly using the estimate (27) and and the definition of A,. The estimate for the distance
from wy ¢ to z¢ then follows from (25).
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Let h; ,.:Zy i — 7T, be the holonomy along the geodesic segment {7, ,(t) | spe; <t < Tho}
From the definitions we have

hiz,z,i(%;g(sk,é,i)) = Yk,e & h;;g,i(uk,é,i)) = W¢

By the estimate (27) and the definition €; = €;(A,/10), for all y € Zj, »; we have

— Tk7Z A~ —
log {hk,e,i(y)} < / PV (1)) dt + Ay Ty /10
Sk,0,K3
< ke T + 10A, g0+ (1 — 1) (1 + Ay) + Ay Tj /10
< e T +10A, T p + (K3 — 1)(1 4+ Ay) + Ay Thop
< (128, — M) T (29)

where (29) assumes that (T} ¢ — K3)A, > K3. We note that the definition of K3 in (26) is inde-
pendent of k,¢ and Ty ,. Thus, the asymptotic estimate of h,,,(y) is completely determined by
Ake — 12A, which we now estimate.

ETie _ BN

max o 8

12A*Tk,f <

1
< B log(qx) (30)
The patient reader will now be rewarded. The following completes the proof of Theorem 1.1.

LEMMA 6.3 For k > 0, let z¢ correspond to the hyperbolic fized-point constructed using the
holonomy of the path . There exists 0 < e7 < €5 and an element of holonomy

kg: (2’5 —€r,2¢ + 67) — (Zg — €5,%¢ T 65) = Zf
such that ke (z¢) # ze.

Proof: The first step is to set up the notation. Choose k£ > 0 so the previous estimates hold, and
consider the geodesic segment i (t) = 4, (t) defined for 0 <t < Ty 4, = Tj.

Let 2z = 2k¢,.i € Ik s,,; = Ir be the hyperbolic fixed-point constructed as above.

Let yx = Yr.e, = 7£(0) be the initial point, and vy = v, ; € 7 be the plaque center containing
Yk (Sk,0,,i)- The holonomy along v, for sge ; < t < T} is denoted gy:Zp — Z, so we have
gk(vr) = yr and gg(2x) = we

Recall that hy denote the holonomy along the full path 7 (¢) | 0 < ¢ < T} } and this was chosen

so that hj (yx) is maximum for the maps hy, defined by the plaque chains Py ¢ constructed from
the points xy ¢ and ¢4 for all 1 <2 < g4

From (29) and (30) and k> 0 we get

log{gh(y)} < (12A, — M) Ti < —Tr A + log(qr)/2 = —log{h} (yx)} + log(qx)/2 (31)

We conclude that
dr (yk, we) < 2€1/qr /Ny, (yx,)

Let Z = (yr — 01, yx + 62) C 7, be the open interval with length 4e;,/qx/h}.(yx) on either side of
Yk, so that we € .
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Let W), > 0 denote the number of elements in the intersection = N {z§ | 1 < £ < e;}. By
the pigeon-hole principle applied to the this subset of =, if ¥, > 2 there must be some pair

(Th,p, Thyp1) With
8€1/qk

Wy, — 2)hhg (yr)

A7 (ke Thpg1) < (
Then the holonomy map hy, ; satisfies

e4(Vy — 2)hhi (yx)
Se1v/n

hy, o(yre) >
But it is given that hj (yx) > hj, ¢(yr.e) so that

8¢
v, < 6—1\/% +2
4

Thus, the set Sf = (Jp — =) N {:vé}C | 1 < ¢ < e} has cardinality I'y > g, — 2 — 8e1,/qr/€4 which
satisfies klim Tr/qr = 1.
— 00

The complement of = in Ji can be written as as a disjoint union of intervals, (Jp —Zj) = J, ,% uJ ,?
where possibly one of J,% or J,? is empty. The above estimate on the number of points in =, was
independent of A\, . Hence, we can then repeat the above arguments for the set Sj; to obtain a
pair of points x ¢ and xj ¢41 and holonomy map (with analogous notation) g, and points g and
we such that gy (w¢) = z¢ where W, ¢ =.

This argument can be repeated at most N + 1 times to obtain the case where w; = wg, so we
assume this is the case.

Let fj, denote the holonomy along the initial segment with f;(yx) = ug ¢, = ur. By (25) there
is the estimate
exp {—2A. Ty} < f.(yr) < exp {2A T}

Similarly, we have .
exp {—2A.T} < £.(9k) < exp {2A.T5}

Note that we estimate log{|fx(Jx)|} by

20Ty, +log{qr} < TpE/48dmes — NpE/4
< (Tk — 12Nkdmaa E) /48dmaa
< —11N,E/48
< € fork>0

Thus, both fj(J;) and fk(Jk) are defined, with ke = f o f! defined on some e7-neighborhood of z¢
and by construction, ke¢(z¢) = f(we) # 2. O
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Case 4 of the proof of Theorem 1.1 is the hardest part of showing h(Gz) > 0 implies there
exists a ping-pong game for Gr. The first three cases all just use information about the ®;-
invariant measures — that they are uniformly t-discrete with an assumption on the supports — so
philosophically belong to § 5. In Case 4, the dynamical implications of h(Gz) > 0 are used fully.
As suggested in the introduction to this section, there is a conjectural proof of Theorem 1.1 using
the measure entropy for foliations. There is no definition of the measure entropy for foliations, but
considering this possibility still offers some insight to the use of the “closing lemma” type arguments
and the need for working with the maximal exponent A, in the proof of Case 4.

For each k > 0, the collection of geodesic segments {7y ¢(t) | 1 < ¢ < g} on M can be used to
define a ®;-invariant probability measure pui on V. Given a continuous function g we set

wlg) = - Z i [ ot a (32)

dk

Let us be a weak-* limit of the collection {uy | & > 0}, with support |u.|. One conjectures that the
“measure entropy” associated to . is positive. In any case, one can study the putative approximate
measure entropies of the approximating measures my, even if the limiting behavior has not been
well-defined, especially when only qualitative dynamical information is needed.

Consider the proof in Case 4 where F has an exceptional minimal set K. The intervals I can
then be chosen to be co-gaps for the Cantor set K, = K N7, corresponding to basic open sets in
a coding of K,, and we choose the points {z;, | 1 < ¢ < g} so that after Nj iterations of the
holonomy on K, the endpoints are separated by a gap of size at least ¢4. The maximal exponent A,
provides a lower bound 1/A, on the local Hausdorff dimension of K, and the choice of the special
paths ;. starting at y, € K, are obtained by selecting a generic point in K, where this dimension
is locally minimized. This choice ensures that that the iterations of ¥, have maximal density in the
coding of the set, so that the code for the orbit 4 is well-approximated by t-hyperbolic periodic
orbits with respect to the function ¢. Thus, the analogy suggests that h(Gz) > 0 implies the
approximating measure py is supported on enough codes to obtain good periodic approximations
to generic orbits. This is exactly the intuitive idea behind tthe proof that positive measure entropy
implies positive topological entropy for diffeomorphisms, at least in the case of hyperbolic measures.

For a general codimension-one foliation with h(Gx) > 0 it is not possible to restrict the dynamics
to (exceptional) minimal sets where some form of good coding is available, so the above analogy is
limited. For example, the Cases 1 to 3 of the proof corespond to pathologies that are not typical
of the dynamics on minimal sets. Still, the technical nature of the proof given here supports the
hope for a more conceptual approach.
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7 Entropy and the non-wandering set

We give two applications to the topological dynamics of codimension one C'-foliations.

A point © € M is wandering (§ 7, [5]) if there exists an open neighborhood U, such that for
every leaf L of F, either LNU, is empty, or is a connected set. The wandering points form an open
saturated set whose complement is called the non-wandering set , and denoted by Q(F). Clearly,
the wandering set M — Q(F) is open and Q(F) is closed.

A leaf L in the wandering set must be proper, although if L is proper this is not sufficient for
it to be in the wandering set.

Every resilient leaf is non-wandering. If K is a minimal set for F and does not consist of a
single compact leaf, then every leaf of K is non-wandering.

THEOREM 7.1 Let F be a codimension-one C'-foliation. If m is an ergodic, t-hyperbolic,
&, —invariant measure on V, then w(|m|) C Q(F).

Proof: From the proof of Theorem 3.5, given a generic point (z,v) € |m| and € > 0 there is a
-hyperbolic periodic orbit (z,w) such that dr(z,z) < e. Moreover, there exists e > 0, a € A,
z € 7(lm|)p N7, and a holonomy map

hy:(z—€,2+€)— (z—€,2+€)

such that hy(2) =z and 0 < hj, (y) <c<1forall z—e <y < z+ €. It follows that for every
z—€1 <y < z+ € with y # 2 the leaf L, through y is asymptotic to the leaf L, through z. Thus,
given any open set U, C U, the intersection L, N U, will have an infinite number of connected
components. Hence, z € Q(F).

As Q(F) is closed and saturated, and z can be chosen arbitrarily close to z, L, C Q(F) for all
such z implies L, C Q(F). But the ®4-orbit of (x,v) is dense in |m| so L, is dense in 7(|m|) and
the claim follows. O

THEOREM 7.2 Suppose F is a codimension-one C*-foliation with h(Gr) > 0, then the relative
geometric entropy h(Gr, Q(F)) > 0.

Proof: We proved in § 6 that h(Gr) > 0 implies G must have a ping-pong game. That is, there
exists a € A, an open connected set Z C 7, and elements of holonomy hy:Z — 7 and hy:Z — 7
which are hyperbolic contractions, and satisfy hy(Z) Nhy(Z) = 0.

For £ = 1,2 let z; be the hyperbolic fixed-point for hy. Then the leaves L; and Lo through these
points must lie in Q(F) and hence their closure K also. Thus, all the forward orbits of {z1, 22} by
the holonomy sub-semigroup generated by {hj,hs} must lie in K. This implies h(Gr, K) > 0 and
the claim follows. O

The Hirsch example [8] is a real analytic codimension one foliation of a compact 3-manifold
with an exceptional minimal set K so that the complement M — K is wandering. The entropy
hGr,K) > 0 but also h(Gr, M — K) > 0, as is easily seen. Thus, unlike the case of dynamics for
a single diffeomorphism, it is possible for the wandering set of a foliation to have positive entropy.
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8 Entropy and partially t-expansive measures

In these last two sections, we consider the ergodic theory for C'-foliations of codimension ¢ > 1
whose leaves are smooth submanifolds. In this section, we prove the higher codimension version of
Proposition 5.1. We first establish the notation and conventions needed.

Fix a Riemannian metric on TM and identify the normal bundle Q — M to F with the
subbundle TF* of vectors perpendicular to TF. Endow Q with the subbundle Riemannian metric.
The definition of the foliation geodesic flow ®;:V — V remains unchanged, and preserves the
foliation F on V whose leaves cover those of F. The tangent space T'V inherits a Riemannian
metric from TM, and let Q — V denote the normal bundle to TF , which is identified with T FL.
Let m: TF — TFL be the fiberwise orthogonal projection.

The differential of ®; preserves Q for each ¢, and we let D®; : Q — Q denote the induced
action on the bundle of normal vectors to F , so induces a map

Hi(xz,v) = D ®4(x,v): Tﬁ(Jg_c,v) - Tﬁéﬁ(w,v) (33)

Note that while D®;(z,v): TV — TV must preserve the tangent distribution TF , it need not pre-
serve the orthogonal complements, so that we must compose D®(z,v) with orthogonal projection

onto quft(x v)" That is, Hy(x,v) = m 0o D®(z,v). Because each map D®;(x,v) preserves TF, the

chain rule implies there is a cocycle identity

Hyys(z,v) = Hg(Py(x,v)) o Hy(z,v) (34)

Each vector space Q,,) has a norm || - [|(; ) obtained from the Riemannian metric, so we can
define the norm of each transformation,

HHt(x7v)(w)”‘l>t T,
|Hy(z,v)|| = sup (2.0)
0£WEQ(s ) [wll(z,v)

(35)

Define G(x,v,t) = log{|[H¢(z,v)||}. The norm of linear transformations is submultiplicative,
IAB|| < ||A]l - [|B]l, so by (3) the function G satisfies the subadditive cocycle identity,

G(z,v,t+ s) < G(P(x,v),s) + G(z,v,t) (36)

DEFINITION 8.1 Assume that F is a C* foliation. For each (x,v) €V set

G(z,v,t)

Ai(F)(z,v) = lim sup (37)
t—o0
Define the maximal t-exponent of F on a ®-invariant set K C V to be
t
A«(F, K) = lim sup lim sup Gla,v,t) (38)

t—oo (z,v)eK t

We set A\(F) = A\(F, V).
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PROPOSITION 8.2 If F is a C'-foliation with h(Gz) > 0, then A\.(F) > 0.

Proof: We proceed as in the codimension one case, with some nuances due to the higher codi-
mension. Set E = h(Gr) > 0. Let 0 < ¢4 < €p be such that 0 < ¢ < ¢4 implies h(Gr,€) > 3E/4.
Choose a sequence of integers { Ny | K > 0} tending to infinity such that

ex, = S(Gr, €4, Ni) > exp(Ni - £/2)

Recall that h(Gr) = sup{h(Gr,7a) | a € A}, so we can assume there exists a fixed transversal
7., such that for each k > 0 there is an (N, e4)-separated subset {zf | 1 < ¢ < e} C 7o

For each k > 0 and pair of indices 1 < ¢ < j < e there exists a minimal length plaque chain

Pl-kj of length at most Ny, so that xf,wgf € Dpr and dT(hfj (xf),hfj (m?)) > ¢4. Here, hfj denotes
k2 Z,‘] J 9 k2

the holonomy determined by Pfj and Dpx is the maximal domain of h¥ e
2 'L,] 2

Recall that for a € A, the local coordinate on 7, is denoted by t, : (—1,1)? — 7, so that we
can identify transversal 7, with (—1,1)?. The Riemannian metric on @ induces a metric of the
tangent space to each transversal 7, which is pulled back via ¢, to a metric on (—1,1)9. We let ||-||o
denote the associated norm on the tangent space to (—1,1)9. Let Cyy > 1 denote the maximum of
all these norms:

Cy = max limsu v |3t
u = max limsup {1l ll0l13*}
where the supremum is taken over all points (z,v) € T,(—1,1)? where v has length one in the
Euclidean metric, and is finite as the foliation atlas is regular.

Given a linear map L:T,(—1,1)? — T,(—1,1)? viewed as a map between the normed spaces
with norm || - |, on the domain and || - ||g on the range, we let ||L||,3 denote the operator norm.

Choose a pair of points xf, mf so that dr, (azf , xf) is minimal for i # j. As 7, has dimension ¢

and diameter at most 1, the pigeon-hole principle applied to the domain (—1,1)? implies that
dr, (xf,a;f) < Cuv/q- e;l/q < Cu+/q - exp(—Ny, - E/2q)

By the mean value theorem applied to the composition gf’ = t;l o hf’ jota there exists a point
yf] € 7, such that

_ €4 - exp(Ng - E/2q)
DN (yi )| = 11Dgf(ta W) llag > o
2.

The plaque chain Pl-k,j determines a leafwise piecewise-geodesic path 7 starting at yf ; and ending
at wf,j = hf’ ](yf]) of length at most Ni - dnee. By the completeness of the leafwise Riemannian
metrics, there exists a length-minimizing, leafwise geodesic ~; starting at yf’ ; » ending at wﬁ j
homotopic to 7 rel endpoints. The length of v has the bound ||vg|| < Nk - dimae- As 7 and 7y are
leafwise homotopic, the germs at yf’ ; of the corresponding holonomy transformations hf’ ; and hy,

are equal, hence Dh,, (y*.) = Dh¥ . (y¥.) > exp{N;\}. It follows that
Vi \Yi, 0,3 \J,j

and

log{|| Dhy ; (yF )1} o log(ea) — 2qlog(Cy) —log(q)/2 + N - E/2q  E
H7k|| - Nk : dmam 2q : dmam

so that A\ (F) > E/2qd e > 0. O
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A ®s-invariant probability measure m on V is said to be partially t-expansive if for m-almost
every (z,v) € lm| we have X\, (F)(z,v) > 0.

THEOREM 8.3 If F is a C'-foliation with h(Gr) > 0, then there exists an ergodic, partially
t-expansive ®,-invariant measure m, on V. with A\ (F)(z,v) = A\(F) for my-almost every (x,v).

Proof: Note that for codimension one, this is just Proposition 5.1. Unfortunately, because the
norm on matrix products is only subadditive, the same method of proof, using continuity of the
cocycle derivative followed by an application of the ergodic theorem, does not work for codimension
g > 1. Instead, we obtain an asymptotic average from the subadditive cocycle (36) using a standard
orbit averaging technique, followed by an application of Kingman’s subadditive ergodic theorem.

First, we establish a uniform expansion criterion.

LEMMA 8.4 There exists a sequence {(xp,v) € V | k=1,2,...} such that

G(azk, Vk k)

- > M\ (F) = 1/k (39)

Proof: For each k > 0, using that G(z, v, t) is uniformly bounded on V' x [0, k] and the subadditive
property (36), there exists (yx,wy) € V and N > 0 such that for T = kN we have

G(yk, wr, Tk)

T, > M(F) —1/k

Again by the subadditive property (36) there is the estimate

where (yk,wﬁ) = ®y_1(yg, wx). Then at least one term on the left-hand-side of (40) must satisfy
G(yp, wi, k) > (Ae(F) = 1/k). Set (zp,vx) = (yj,wp). O

For each k > 0 let o, = ®¢(zk, vx) and define a probability measure py on V' by

k
2 [ slontey

Let p. be a weak-* limit of the sequence of measures {u; | k =1,2,...}.
Let Gn:V — R be defined by Gy (z,v) = G(z,v, N). Note that (36) can be rewritten

Grg+N <Ggo®ny+Gn (41)
LEMMA 8.5 For each integer N > 0

% /V Gy dis > M(F) (42)
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Proof: Fix N > 0 and consider sequences k = m- N +/ for fixed 0 < ¢ < N and m — oo. Calculate

1
il du, = lim —
N/VGN H LnéokN/ G (on(t

m—00 = Ja-)N
L&y
= i X ) Gyl n))

m—oo m, N2

1 N &
= lim /0 > "GN (Pyp(i—1yn (Tr, v1))) di
i=1

. 1 RN
= rggnmmN2[) glog{HDﬁPN(@H(i_nN(xmvk)) } dt
. 1 N i~
= W{gﬂoomN2/0 log izl_IlHDJ_(I)N((I)t—l—(i—l)N(xkavk)) dt
. 1 N i~
> Tr}gnoomN2/0 log izl_IlDJ_(I)N((I)t—i-(i—l)N(xkavk)) dt
. 1 N
= Jim — [ g {IDL (@1l v} (43)
1
= Jdim s N log {||D1 @ (zk; k) 1} (44)
1
= Jim = log {| D1 @y (2, i)} (45)
= Jl\lfm M(F) —1/mN (46)
= A(F)

where (46) follows from (45) by Lemma 8.4, and (44) follows from (43) by noting that the cocycle
rule (34) implies

D ®pn(Pi(zr,vi)) = Di®Prnie(@r,vk) - D1 P_y(Pi(xg, vi))
= D)@ Py (2, vk)) - D1 Prun (zk, V) - D1 Py (Py (g, vi))

and thus

[ Tog {1 DLy (Pt (k, v) [} — log {|| DL v (ks v2) |} |
< (log {|[ DL ®t(®rmn (2k, vi)) |} +log {1 DL @i (P (r, vr))})

Observe that (log {|| DL ®+( PN (xk, vi))||} + log {|| DL P_t(Pe(zk,vr))||}) is uniformly bounded in
m for 0 <t < N, so taking the limit of the integrals in (43) yields (44). O
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Kingman’s subadditive ergodic theorem ([16, 17]; page 231 [24]) applied to the sequence of
functions {Gy | N = 1,2, ...} yields an m-measurable function Ay,: V' — R such that Ao ®1 = A\
and A}im Gn(z,v)/N = Am(z,v) for m-almost every (x,v) € V. Moreover,

—00

N—oo

1
//\mdm: lim —/GNdmzA*(]-')
1% N Jv

Let m, be an ergodic, ®;—invariant measure in the ergodic decomposition of m such that
/ Am dm, > A\ (F). Then for m,-almost every (z,v) € V,
\%4

ANF)(z,v) = A}im Gn(z,v)/N > \(F)
Since A(F)(x,v) < A(F) this completes the proof Theorem 8.3. O

The C'-diffeomorphism ®;:V — V preserves the measure m, constructed in Theorem 8.3 so
we can apply the Oseledets Theorem [19, 22] to D®q(z,v): TV — TV to obtain the Lyapunov
decomposition of TV with respect to my,

e real numbers Ay > --- > A\, for k <dimV
e positive integers nq,...,n, such that ny +--- +np =dimV
e for m,-almost every z € V a measurable splitting 7,V = E! @ --- E¥ with dim EY = n,

and D®,(z): B¢ = Eél(z) such that

1
lim —1 Do = 4
Jim Tog {[[D®x ()]} = (47)
whenever w € B! @ - - @ E:butw g El @ - @ E7L

Let Q(m,) C V denote the set of points of full m,-measure for which (47) holds. Replacing

Q(m,) with ﬂ O N (Q(m,)), we can assume that (m.,) is a ®1-invariant set of full m,-measure.
N=—oc
A point z € Q(m,) is said to be regular for m,.

The numbers {1, ..., Ag} are called the Lyapunov exponents of m,. Since ®; is the time 1 map
of a flow, the flow direction in T'V is an invariant subbundle of exponent 0. Thus, there exists some
A¢ = 0. The positive exponents are {1, ..., \;_1} and the negative exponents are {Ap11,..., g}

For z € Q(m,) let
Ef=@E , B2=E , E-=@E: (48)
A >0 Ai<0

EF is called the unstable subspace, E? the neutral subspace, and E the stable subspace.
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Let Q(F,m,) denote the points of Q(m.,) such that A\ (F)(z) = A (F) for all z € Q(F, m,).
Again, we can assume that Q(F, m,) is a ®;-invariant set of full m,-measure.

Let z € Q(F,m,) and w € Q, = Tﬁj Using the direct sum 17,V = E} @ E° & E we can
uniquely decompose w = wt +w® + w~. By (47),

lim % log {|| D@ (2)(w® +w7)|[} <0

so that A\.(F)(z) = A (F) > 0 implies there exists a sequence of unit vectors {wy € Q, | N =
1,2,...} such that

Jim < tog { w1 (D@ () i)} = Au(F)

Thus, QF = {w™' | w € Q.} is a non-trivial vector space for all z € Q(F, m,).
As a technical aside, note that for € > 0 and N > 0,

IN

| (DenE )| < [Py

< exp{N(A\ +¢€)}

A

so that
exp{~N(\ = A(F) =€)} < Jwyll <1
In particular, as € > 0 was arbitrary, A«(F) < A1.
Define Q; = {w™ | w € Q. }.
If we replace the diffeomorphism ®; with ®_; and the ergodic invariant measure m, with

the flow-reversed conjugate measure m; then in the Oseledets decomposition (48) the stable and
unstable bundles are reversed. Thus, the above arguments have shown

PROPOSITION 8.6 Suppose that F is a C'-foliation with h(Gr) > 0. Then there exists an

ergodic, ®;-invariant probability measure m, on V' such that for all z € Q(F, m,) we have E is
non-trivial, and Q7 is a non-trivial subspace of Q.. O
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9 Transverse Pesin theory

We combine the results of the last section with the stable manifold theory of Pesin to obtain:

THEOREM 9.1 Assume that F is a C'*-foliation, for some a > 0, with an ergodic, partially
t-hyperbolic ®¢-invariant measure m on V. Then there exists a leaf L and a leafwise geodesic path

v:[0,00) = L C M

such that the transverse holonomy along v admits a stable transverse manifold which is (transver-
sally) attracted to L at an exponential rate.

Proof: For references on Pesin sets and stable manifolds see [14, 20, 21, 15].

By Proposition 8.6, there exists an ergodic, ®s-invariant probability measure m, on V such
that for all z € Q(F, m,) we have E7 is non-trivial, and Q is a non-trivial subspace of Q..

Let Ay be the neutral exponent of ®; so that A\; < 0 for ¢ > £. Choose 0 < v < —Apy1 ,
0<p<A_qand v,u>e>0. Let A(v,pu,e) C Q(F, m,) be the Pesin set, which is closed and
non-empty for e sufficiently small. Then for z € A(v, u, €), define the stable manifold through z for
0 >0 by

W5 (z) ={y € V [ dv(®n(2), Pn(y)) < dexp{—(v — €)N} for all N > 0} (49)

Then there exists €,0 > 0 sufficiently small so that there exists z € A(v, 1, €) and Wj(z) is a
C*'-submanifold of V with T,W§(z) = E; .

Since Q7 is non-trivial, there is a curve o:(—es,eg) — W5 (z) with 0(0) = z and 7 (o) is a
transverse curve to F on M.

Let v(t) = w(P¢(2)) for t > 0 which is a leafwise geodesic path in M. Define
P (—esyes) % [0,00) — M by T(s,1) = 7(By(0(s))

Then I'(0,¢) = ~(t), I'(s,0) = w(o(s)) is a curve transverse to F, and I'(s,t) is a leafwise geodesic
curve for each (—esg, s < €g).

By the definition of Wy (2) and of the various metrics on TV, TM and Q, we have
dy((t),T(s,t)) < Cexp{—(v —€)t} (50)

for a suitable constant C' >0 and all¢>0. O

Combining Theorems 8.3 and 9.1 we obtain the proof of Theorem 1.4.
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