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TRANSVERSE LS CATEGORY
FOR RIEMANNIAN FOLIATIONS

STEVEN HURDER AND DIRK TOBEN

ABSTRACT. We study the transverse Lusternik-Schnirelmann category theory
of a Riemannian foliation F on a closed manifold M. The essential trans-
verse category cat% (M, F) is introduced in this paper, and we prove that
cat;reh (M, F) is always finite for a Riemannian foliation. Necessary and suffi-
cient conditions are derived for when the usual transverse category catg (M, F)
is finite, and thus catg, (M, F) = catq (M, F) holds.

A fundamental point of this paper is to use properties of Riemannian
submersions and the Molino Structure Theory for Riemannian foliations to
transform the calculation of catfh (M, F) into a standard problem about O(g)-
equivariant LS category theory. A main result, Theorem 1.6, states that for
an associated O(g)-manifold W, we have that catg, (M, F) = cato(q)(I//I?).
Hence, the traditional techniques developed for the study of smooth compact
Lie group actions can be effectively employed for the study of the LS category
of Riemannian foliations.

A generalization of the Lusternik-Schnirelmann theorem is derived: given
a Cl-function f: M — R which is constant along the leaves of a Riemannian
foliation F, the essential transverse category cat% (M, F) is a lower bound for
the number of critical leaf closures of f.

1. INTRODUCTION

Let f: M — R be a C*-function on a closed Riemannian manifold M. We say
that x € M is a critical point if the gradient V f vanishes at z. A well-known
formula of Lusternik-Schnirelmann [50} [42] 43}, [T9] gives a lower-bound estimate for
the number of critical points,

(1) #{x |z € M is critical for f} > cat(M),
where k = cat(M) is the Lusternik-Schnirelmann category of M, which is defined
as the least number of open sets {Uy, ..., Uy} required to cover M such that each

U, is contractible in M to a point. The LS category is a measure of the topological
complexity of M; in the case where f is C? with only Morse-type singularities, the
value cat(M) gives a lower bound for the number of cells in a cellular decomposition.

Let G be a compact Lie group and suppose there is a smooth action M x G — M
which we can assume preserves a Riemannian metric on M. A G-invariant set
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U C M is G-contractible if there is a G-equivariant homotopy H;: U — M with
Hj equal to the inclusion, and such that H; has image in a single G-orbit. Define
catg(M) to be the least number of G-invariant open sets {Us, ..., Uy} required to
cover M such that each Uy is G-contractible in M to a single orbit (see Marzantowicz
[51] for actions of a compact Lie group, and Ayala, Lasheras and Quintero [3] for
proper actions of Lie groups).

A Cl-function f: M — R is G-invariant if f(z A) = f(z) for all A € G; hence
the set of critical points Vf = 0 is a closed G-invariant set. For a proper G-
action, each G-orbit z G is a closed submanifold of M, and Marzantowicz [51] (for
G compact) and Ayala, Lasheras and Quintero [3] (for proper actions) showed that
the number of critical G-orbits is estimated by the G-category,

(2) #{x G |z € M is critical for f} > catg(M).

On the other hand, a smooth action of a non-compact Lie group G on a compact
manifold is never proper, and the study of its LS-category theory is much more
difficult, as the analysis must take into account the dynamical properties of the ac-
tion. In order that the condition where the critical sets V f = 0 for the gradient be
G-invariant, it is useful to assume the action of the group G preserves a Riemann-
ian metric on M, and thus the orbits of the action define a singular Riemannian
foliation of M [32] 56, 57]. If all orbits of the action have the same dimension, then
the orbits define a Riemannian foliation of M.

In this paper, we study the LS category theory for Riemannian foliations, and
prove a Lusternik-Schnirelmann-type estimate for the case of Riemannian foliations.

Theorem 1.1. Let F be a Riemannian foliation for a compact manifold M, and
let f: M — R be a Ct-map which is constant along the leaves of F. A leaf L,
of F through a point x € M is critical if Vf|L, = 0, and hence Vf also vanishes
on the leaf closure L,. Then the number of critical leaf closures has a lower bound

e

estimate by the essential transverse LS category catg, (M, F) of F,
(3) #{L, |z €M is critical for f}> catf, (M, F).

In the case where all leaves of F are compact, Colman [I2] [I§] proved a lower
bound estimate for the number of critical leaves in terms of the transverse LS
category caty (M, F), which the estimate (B]) generalizes to the general case when
F has non-compact leaves. The transverse LS category caty, (M, F) is infinite when
F has no compact leaves, while the essential transverse LS category cat% (M, F)
introduced in this paper is always finite.

The basic concept is that of a foliated homotopy: given foliated manifolds (M, F)
and (M’ F'), amap f: M — M’ is said to be foliated if for each leaf L C M of F,
there exists a leaf L' C M’ of F’ such that f(L) C L. A C"™-map H : M’ x[0,1] —
M, for r > 0, is said to be a foliated C"-homotopy if H; is foliated for all 0 < ¢ < 1,
where Hy(z) = H(x,t).

Unless otherwise specified, we assume that all maps and homotopies are smooth.

A subset U C M is saturated if U is a union of leaves of F. This is the foliation
equivalent of the condition for a G-action that U be G-invariant.

Let U C M be an open saturated subset. We say that U is transversely cate-
gorical if there is a foliated homotopy H : U x [0,1] — M such that Hy(z) = z for
all x € U, and H, : U — M has image in a single leaf of F. In other words, the
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projection of U to the leaf space M/F is contractible as a map into a diffeology
space [111, 41, 65].

Definition 1.2. The transverse LS category catg (M, F) of a foliated manifold
(M, F) is the least number of transversely categorical open saturated sets required
to cover M. If no such covering exists, then set catq (M, F) = oo.

The basic properties of transverse LS category are given in [12| [I§]. If a foliation
F is defined by a fibration M — B over a compact manifold B, then caty (M, F) =
cat(B) < oo, so the LS category of F agrees with the LS category of the leaf
space M /F in this case. Also, the transverse LS category is an invariant of foliated
homotopy. The transverse saturated category catg (M, F) has been further studied
by various authors [14] [15] 17, B8] [40, (47 [70].

The assumption that catq (M, F) is finite is a strong hypothesis on F, and in
particular has consequences for the dynamical properties of F. Recall that a closed
subset X C M is minimal if X is saturated, and for each leaf L. C X the closure of L
in M equals K. By Zorn’s Lemma, M compact implies that each closed, saturated
subset X contains at least one minimal set.

Now, suppose that F satisfies catq (M, F) < oo, and let {U,...,Us} be a
minimal cardinality covering of M by categorical open F-saturated sets, so that
k = caty (M, F). Then each U; contains a compact minimal set K; C U; for F.
The first author showed in [37] that if H, : U, x [0,1] — M is a foliated homotopy
with Hy o(XK,) the inclusion, then the image Hy {(K/) is a compact minimal set for
all ¢, and in particular Hy1(K/,) must be a compact minimal set. Thus, if Hy, is
a categorical homotopy, then the image Hy; must be contained in a compact leaf
of L. If F has no compact leaves, or simply not enough compact leaves, then a
categorical covering of M cannot be found. This result motivates the following
definition:

Let U C M be an open saturated subset. We say that U is essentially transversely
categorical if there is a foliated homotopy H : U x[0,1] = M such that Hy : U - M
has image in a minimal set of F.

Definition 1.3. The essential transverse LS category cat% (M, F) of a foliated
manifold (M, F) is the least number of essentially transversely categorical open sat-
urated sets required to cover M. If no such covering exists, then set cat% (M,F) =
00.

With this definition, we obtain the following fundamental result:

Theorem 1.4. Let F be a Riemannian foliation of a compact smooth manifold
M. Then the essential transverse category cat% (M, F) is finite. If the transverse

category catg (M, F) is finite, then caty (M, F) = catf (M, F).

Moreover, we can give an exact characterization of which Riemannian foliations
have finite caty (M, F). Let L be a leaf of 7. A foliated isotopy of L is a smooth
map I : L x [0,1] — M such that Iy: L — M is the inclusion of L, and for each
0<t<1,I;: L - M is a diffeomorphism onto its image L;, which is a leaf of F.
We say that the image leaf L1 is foliated isotopic to L.

Let Z;, denote the set of leaves of F which are foliated isotopic to L. For x € M,
we set L, =17, .

For an arbitrary foliation, one cannot expect the isotopy classes Z,, to have any
nice properties at all, and typically one expects that Z, = L,. However, for a
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Riemannian foliation, we prove in section [ that each isotopy class Z, is a smooth
submanifold of M, and the set of isotopy classes of the leaves of F defines a Whitney
stratification of M. A leaf L, (as well as its corresponding stratum Z) is said to
be locally minimal if Z, is a closed submanifold of M.

Theorem 1.5. Let F be a Riemannian foliation of a compact smooth manifold M.
Then catq (M, F) is finite if and only if each locally minimal leaf L, is compact,
and hence the locally minimal set T, is a union of compact leaves.

The proofs of Theorems [[.1] [[.4] and are based on the very special geometric
properties of Riemannian foliations, which were developed by Molino in a series of
papers [54], 55, 56, 57]; see also Haefliger [30) 31} [32]. We first recall several key
facts in order to state our next result; details are given in section

One of the remarkable corollaries of the Molino structure theory is that for a
leaf L of a Riemannian foliation, its closure L is a minimal set for . Thus, the
condition in Theorem [Tl that the critical points of a leafwise constant C'*-function
consists of unions of leaf closures means that in fact they are unions of minimal
sets.

Molino’s analysis of the geometry and structure of a Riemannian foliation is
based on the desingularization of F using the geometry of a foliated O(g)-bundle:
let M — M denote the principal O(g)-bundle of orthonormal frames for the normal
bundle to F. There exists an O(q)-invariant foliation 7 on M whose leaves are the
holonomy coverings of the leaves of F, and in particular have the same dimension as
the leaves of F. The closures of the leaves of F are the fibers of an O(q)- equivariant
fibration T : M — W where W is the quotient space b by the leaf closures of .7-" and
the O(g)-action on M induces the smooth action of W. The quotient space

W/O(q) ~ W=M/F

is naturally identified with the singular quotient space | W of M by the leaf closures
of . Given w € W, the inverse image 7 7 Hw) = L is the closure of each leaf
L C L and the projection of Such L to M is the closure L of a leaf L, of }"

The smooth action of O(g) on W defines the orbit- -type stratification of W in
terms of the stabilizer groups of the action, which is one of the key concepts for
the study of smooth actions of O(q) (see [7, 20l 21, [35, (44, [68]). A key idea for
this work is the use of the associated Whitney stratification, W = 2Z; U --- U Zk,
where each set Z; is a closed submanifold of W which is O(g)-invariant and such
that Z,/O(q) is connected (see sections [6] [ and [{]). A stratum Z, is said to be
locally minimal if it is a closed submanifold.

Let cato(q) (W) denote the O(g)-equivariant category of the space W, which is
finite as W is compact. The following result, and the techniques developed for its
proof, can be considered as the main result of this paper:

Theorem 1.6. Let F be a Riemannian foliation of a compact manifold M. Then
(4) catp, (M, F) = catog)(W).

Note that for a smooth action of a compact group G on a compact manifold NV,
the G-equivariant category of N defined using smooth G-homotopies is equal to the
G-category defined using continuous homotopies, as a continuous homotopy can be
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approximated by a smooth homotopy (Theorem 4.2, Chapter VI of [7]). Thus, the
calculation of the equivariant category cato(q)(W) is a purely topological problem.

The proof of Theorem introduces one of the main new technical ideas of this
paper, which can be called the “synchronous lifting property”. The choice of a
projectable Riemannian metric on M, which is F-projectable when restricted to
the normal bundle to F, defines a Riemannian metric on the principal O(g ) frame
bundle 7 : M — M which is then pIOJectable with respect to the foliation F. This
projectable Riemannian metric on TM in turn defines a horizontal distribution in
TM which is transverse to the fibers of 7 : M — M. The first key idea is that a
homotopy H: U x [0,1] — M on M can be lifted to an O(q)-equivariant F-foliated
homotopy of U = 7~ *(U), H : U x [0,1] — M. This shows that F-categorical open
sets on M are equivalent to ]-'—categoncal O(g)-equivariant categorical sets on M.

Similarly, the projection Y : M — W from the frame bundle to the space of leaf
closures is a Riemannian submersion, and so has a natural horlzontal distribution
which is transverse to the projection Y Y. This is used to show that F- categorical,
O(g)-equivariant categorical sets on M are equivalent to O(g)-equivariant categor-
ical sets on W. These two procedures combined yields a correspondence between
the transversely categorical open sets on M and the G-equivariant categorical open
sets on . These ideas are developed in detail in sections [3] and [l

It is interesting to note that our technique for lifting homotopies to equivariant
homotopies, used in both sections [4] and Bl is similar to the method of “averaging
isotopies” used in the proof of Theorem 3.1, Chapter VI of [7].

The remarkable aspect of these arguments is that the connection data is used
to define equivariant lifts of the given homotopy; the horizontal distributions are
used to “synchronize” the orthonormal frames along the traces of the homotopies.
This is possible, even though the homotopy itself need not transform normal frames
to normal frames. This technique also has applications to the theory of secondary
characteristic classes of F, especially residue theory [39] 48], 49].

This paper can be viewed as a sequel to the work [I7] by the first author with
Hellen Colman. The results of this paper also extends the results of [15].

The research collaboration of the authors resulting in this work was made pos-
sible by the generous support of the second author by the Schwerpunktprogramm
SPP 1154 “Globale Differentialgeometrie” of the Deutsche Forschungsgemeinschaft.
Both authors are very grateful for this support.

2. TRANSVERSE CATEGORY

We assume that M is a smooth, compact Riemannian manifold without bound-
ary of dimension m = p + ¢, and F is a smooth Riemannian foliation of dimension
p and codimension ¢. Given z € M we will denote by L, the leaf of F containing
x.

Let £ denote the singular Riemannian foliation of M defined by the closures of
the leaves of F. (See Molino [56}[57] for properties of £.) The tangential distribution
FE = TE& is integrable and satisfies the regularity conditions formulated by Stefan
[66 [67]. Note that all leaves of £ are compact.

The notion of foliated homotopy extends naturally to the case of singular foli-
ations, so that one can define the transverse category caty (M, E) of £. We recall
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two topological lemmas due to Colman [I5] which are used to relate the transverse
categories of F and &.

Lemma 2.1. Let (M, F) and (M', F') be two foliated manifolds and let f : M —
M’ be a foliated continuous map. Let £ denote the partition of M by the closures of
the leaves of F, and E' the corresponding partition of M'. Then f is also E-foliated.
Proof. Let L C M be a leaf of F, and L’ C M’ the leaf of F’ such that f(L) C L'.

Then f(L) C f(L) C L'. O

The second lemma is based on the special property of Riemannian foliations that
the closure of every leaf in a Riemannian foliation is a minimal set.

Lemma 2.2. Let F be a Riemannian foliation of a compact manifold M. Let
U C M be an F-saturated open set and L be a leaf of the Riemannian foliation F
such that L C U. Then L C U.

Proof. Let L C U, and suppose that the closure L is not a subset of U. Then
there exists a leaf L' C L such that L' ¢ U, and as U is saturated, it follows that
L' ¢ M —U. The complement M —U is a closed saturated set, so L’ ¢ M —U. But
the fact that L’ € L and L is a minimal set implies that L' = L,so L C L' C M —U,
which is a contradiction. O

Proposition 2.3. Let U C M be a saturated open set. If H: U x [0,1] — M is
an F-homotopy, then H is also an E-homotopy. If Hy has image in a single leaf

L € F, or more generally in a minimal set K of F, then Hy has image in the leaf
K =1L of €.

Proof. The open set U is an E-saturated set by Lemma The map H; is &-
foliated by Lemma 2.1 Then the map H; has image in the closure K = L by
Lemma 221 O

Corollary 2.4. Let F be a Riemannian foliation of a closed manifold M ; then
(5) caty (&) < catf, (F) < catg (F).

3. GEOMETRY OF RIEMANNIAN FOLIATIONS

The Molino structure theory is a remarkable collection of results about the geom-
etry and topology of a Riemannian foliation on a compact manifold. We recall some
of the main results, and in doing so establish the notation which will be used in later
sections. The reader should consult Molino [55, 56, [57], Haefliger [30, B1l [32], or
Moerdijk and Mréun [58] for further details, noting that our notation is an amalgam
of those used by these authors.

Let M denote a compact, connected smooth manifold without boundary, and F
a smooth Riemannian foliation of codimension ¢, with tangential distribution TF.

Let g denote a Riemannian metric on 7'M which is projectable with respect to
F. Identify the normal bundle @ with the orthogonal space TF~*, and let @ have
the restricted Riemannian metric go = ¢|Q. For a vector X € T, M let X+ € Q,
denote its orthogonal projection.

Given a leafwise path v between points x,y on a leaf L, the transverse holonomy
h~ along v induces a linear transformation dhg[y]: Q» — @,. The fact that the
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Riemannian metric g on T'M is projectable is equivalent to the fact that the linear
holonomy transformation dh,[y] is an isometry for all such paths.

Let {E1,..., E4} be an orthogonal basis for R?. Fix # € M. An orthonormal
frame for @, is an isometric isomorphism e : R? — @,. Let Fr(Q,) denote the
space of orthogonal frames of (),. Given e € Fr(Q,) and A € O(q) we obtain a
new frame R4(e) = eA =eo A, where A : R? — R? is the map induced by matrix
multiplication on the left on RY.

The group Isom(Q),) of isometries of (), admits a natural left action on Fr(Q,):
for h, € Isom(Q,) and e € Fr(Q,), we define hye = hyoe: R? — Q,.

Let 7: M — M denote the bundle of orthonormal frames for Q, where the
fiber over z € M is 7= 1(z) = Fr(Q.). By the above remarks, M is a principal
right-O(g)-bundle. We use the notation z = (z,e) € M, where e € Fr(Q.).

There is a canonical R?-valued 1-form, the Solder 1-form 0 : TM — R9 , defined
as follows: for X € T;;J\/I, then dzm(X) € T, M and set

0(X) =e ! (dem(X)*) € R

Note that for A € O(q), R0 =A"100.

Let V denote the Levi-Civita connection on Q — M defined using the Riemann-
fan metric. Let w: TM — 0(q) denote the associated Maurer-Cartan 1-form with
values in the matrix Lie algebra o(q) of O(q). Recall that w is Ad-related: for

A €0(q),b e o(q), and X € TM, we have Ad(A~1)(b) = A~'bA € o(q), and hence
(6) Rj(w) = Ad(A™Y ow 5 Ri(w)(X) = w(dRa(X)) = A7 w(X)A.

Let H = ker(w) C TM denote the horizontal distribution for w. Then # is invariant
under the right action of O(q), and for all Z € M , the differential dzm : Hz — T, M
is an isomorphism.

Define an O(g)-invariant Riemannian metric g on T™ by requiring that the
restriction dm : H — T'M be an isometry and that the fibers of 7 are orthogonal
to H. The metric restricted to the fibers is induced by the bi-invariant metric on
O(q) which is defined by the inner product on o(q), where (A, B) = Tr(A BT).

The metric on T'M is projectable, therefore the restriction V¥ to Q|L — L
is a flat connection for each leaf L C M, so the horizontal distribution of V¥ is
integrable. The inverse image 7~ (L) C M is an O(g)-principal bundle over L,
and the restricted flat connection VI defines an O(g)-invariant foliation of 7=1(L),
whose leaves cover L. The union of all such flat subbundles in M defines an O(q)-
invariant foliation 7 of M whose tangent distribution TF is an integrable subbundle
of . The metric on TM is projectable for F , hence F is also a Riemannian
foliation.

The direct sum of the Solder and connection 1-forms, # and w, define a 1-form

(7) T=00w:TM — RIGo(q) = R +a)/2

whose kernel is the distribution TF.
Recall that {E1,..., E,} is an orthonormal basis of R?, and let {E;; | 1 < i <
j < ¢} denote the corresponding orthonormal basis of 0(g). Define orthonormal

vector fields {Zy, ..., Zq} on M by specifying that at Z € M,

(8) 7(Z;) = (B;,0) , Z;(@) € T F*.
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Similarly define vector fields {Z; | 1 <i < j < ¢} by
9) 7(Zij) = (0,Eyy) , Zij(@) € ToF .

The collection of vector fields {Zl, Z” |1 <i<j<gq}span T:F* for each 7 € M.

Recall that a function f : M — R is F-basic if f is constant on the leaves of F.
Let A= A(M,F,g) denote the vector space consisting of all linear combinations

(10) Z=Y dZi+ Y b7y

1<i<gq 1<i<j<q

where {a',...,a?} and {b" | 1 <i < j < q} are F-basic, smooth functions on M.
Let X (f ) denote the smooth vector fields on M that are everywhere tangent to
F.
One of the fundamental results of the Molino structure theory is that the flows
of the vector fields in A are foliated:

Proposition 3.1. Let Z € A and X € X(ﬁ); then LZ(X') € X(ﬁ) Hence, for
each t € R, the flow of Z, o7 . M — M\, maps leaves of]/-: to leaves of]?,

As the flows of vector fields in X (j-: ) preserve the leaves of F, it follows that the
group of foliated diffeomorphisms Diff (ﬁ,ﬁ ) for F acts transitively on M. That
is, the foliated manifold (M\ F) is transversally complete (TC), and the collection
of vector fields {Z;, Z” | 1<i< j < q} define a transverse parallelism (TP) for F.

Given 7 = (x,e) € M, let L; denote the leaf of F containing z, and let L,
be the leaf of F through z. Given a leafwise closed curved 7 : [0, 1] — L with
7(0) = (1) = z, we have a transverse holonomy map h,[vy] which depends only on
the homotopy class of 4. The differential dh,[v] : Q. — Q. is an isometry, and so
induces a map dh,, : 71 (Ly, z) — Isom(Q,). Let K C 71(L,, x) denote the kernel
of dhy.

The framing e : R? — @, induces an isomorphism e* : Isom(Q,) = O(q), and
the composition dhy = e* o dhy : w1 (Ly,z) — O(q) is the framed linear holonomy
homomorphism at T.

Given = (z,e) € M, the leaf L of F is defined as an integral manifold of the
flat connection on the O(g)-frame bundle over L, so that y = (z, f) € E;C means
that there is [7] € 71 (Lg, ) for which f = dhg[4](e). The projection 7 : Ly — Ly
is thus the holonomy covering of L, associated to the kernel of dh,.

For simplicity of notation, let Lz denote the closure E@ of a leaf E;; of F. The
distinction between Lz C M and the leaf closure L, C M is indicated by the
basepoint.

Recall that the foliation F is invariant under the right action of O(g) on M. For
TeM , define two stabilizer subgroups of O(q) associated to Z:

(11) Hz = {A€O(q)
(12) H; = {4€0()

Clearly, H; is the topological closure of H; in O(q).

Lemma 3.2. There is a natural identification of Hz with the image of dhz.
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Proof. Let T = (z,e) and [y] € m1(Ly, z). Set
f=dh;[y](e) = dhy[y]oe € Fr(Q.) , A= etof=elo dhz[y] o e € O(g).

Then ¥ A = (x,e A) = (x, f). It follows that for A = dhz[7], we have that A € H;.

Conversely, if Lz A = Lz, then TA = (x,e A) = (x, f) € Lz; hence there exists
[v] € m1(Ly, z) such that f = dh,[y](e). Thus, A =e~!odh,[y]oe is in the image
of dh;. O

Corollary 3.3. The following are equivalent:
(1) Hz is infinite.

(2) Hz C Hz is a proper inclusion.
(3) K. has infinite index in w1 (Ly, ).

For ¢ > 0, let D7 = {X € R? | | X| < €}. Let Q° — M denote the unit disk
subbundle, so that for each T = (z,¢) € M , the framing e restricts to an isometry
e: DI = Q5.

The lift of V¥ to @ =1'Q — f is also flat, and by the definition of M the leaf
L; has trivial holonomy Thus, comblmng the isometry e : DI — @ with lifted
Riemannian connection VX on Q defines an isometric product decomposition
(13) & Lz x DI = QF|Ls.

Let exp: TM — M x M denote the geodesic exponential map, mo: M x M — M
the projection onto the second factor, and let exp, = ma oexp : T, M — M be the
exponential map based at x € M. Choose € > 0 sufficiently small so that for all
x € M, the restriction exp,: Q5 — M is an embedding.

Proposition 3.4. The composition

(14) Ez = mpoexpodrm o &; ZEQXDE ~ QF — M

is a foliated immersion. Given any y € EA and unit-vector X € RY, the path
'y(zX)( ) =Ea(y,tX), —e<t<e,

is a unit speed geodesic in M which is orthogonal to F.

Note that Proposition 3.4 does not assert that the map =z is an isometry, as the
metric on D? is flat, while the curvature tensor of M transverse to F need not be
Zero. R

The fundamental group m1(L.,x) acts on the right on Lz via covering deck
transformations, and acts on DY via the holonomy representation dh,. The product
action on Eg x D? preserves the product structure, so we obtain a linear foliation
F“ on the quotient

(15 QUL = (Le x D) /mi(La) , §-7,%) ~ (@ dhap](X)).
The map Z; is constant on the orbits of this action, so we obtain
Corollary 3.5. The induced map

(16) Z Q|L, — M

is a foliated immersion.
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Corollary implies that a Riemannian foliation has a “linear model” in an
open tubular neighborhood of a leaf. This is usually stated for the normal bundle
to a compact leaf L, but is equally valid when formulated in terms of immersed
submanifolds. The linear foliation (IHl) and map ({6l yields a precise description
of the leaves of F near to L.

For Z = (x,e) € M, define the transverse disk to F as

(17) ;DI — M, 1(X) = 2:(3, X).

The image of ¢z will be denoted by 7.¢ which is a local transversal to F through z.
Let y € 7, and X € DY so that 15(X) = y. Then L, is the image under Sz of

the leaf (Ls x {X})/m1(Ly, ) C Q°| L.

Proposition 3.6. The projection w: Q¢|L, — L, is a diffeomorphism when re-
stricted to Ly for y = 1z(X) if and only if X is fized by all elements of H.

Proof. Hz is the image of the map dh, : m1(Ly, z) — O(q) so that by (IG) the
covering map 7 : L, — L, has fibers isomorphic to the orbit X - H5. O

Corollary 3.7. Lety € 7. If n: Ly — L, is a diffeomorphism, then there is
a 1-parameter family of immersions, I : L, x [0,1] = M, such that Iy : L, — M
is a diffeomorphism onto a leaf of F for all 0 <t <1, Iy: Ly — L, C M is the
inclusion of Ly, and Iy : Ly — L.

Proof. For z € Ly, define I,(z) = Z3({z} x {tX}),0<t < 1. O

Finally, we recall the aspects of the Molino structure theory for F which give a
complete description of the closures of the leaves of F and of the foliation induced
on them by F.

Theorem 3.8. Let F be a Riemannian foliation of a closed mam'fold M.

(1) For each T € J/M\ the leaf closure Ly is a submanzfold ofM and the set of
all such leaf closures defines a foliation g ofM with all leaves compact.

(2) For z,y € M there ezists a foliated diffeomorphism ®z; : M — M such
that ®;5(Z) = y; hence @my(i ) EA and ®z5(Lz) = fg

(3) There exists a closed _manifold VW W with a right O( )-action, and an O( )-
equivariant ﬁbmtzon Y : M — W whose fibers ofT are the leaves ofE

(4) The metric on ™ deﬁned above is pmjectable for the foliation EA and

for the induced metric on TW the fibration Y:M — W is a Riemannian
submersion.

Let W = M/F denote the Hausdorff space defined as the quotient of M by the
closures of the leaves of F, and T : M — W the quotient map. Then there is an
O(g)-equivariant commutative diagram:

O(qg) = Of(g)
4 ) 4
(18) M 5w
T I 7
M 5 ow

Note that given Z € M and Y (%), we have Ly = T ().
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Corollary 3.9. Let T = (x,¢e) and let L, be the leaf of F through x. Then
(19) L, =7(Lz) = Lz/H;.

The restriction ©: Ly — Ly is a principal Hz-fibration and is a covering map if
and only if Hz is a finite group.

Let W be the horizontal distribution for the Riemannian submersion Y : M —
W. Then W C TM is the subbundle of vectors orthogonal to the fibers of Y:M—
W. Note that TF is contained in the kernel of d?, so that W C TF+ and each
leaf Ly is orthogonal to the fibers of 7 : M — M.

The second part of the Molino structure theory concerns the geometry of Lz
with the foliation defined by the leaves of F.

Theorem 3.10. There exists a connected, szmply connected Lie group G with Lie
algebra g such that the restricted foliation F on Lz is a Lie G-foliation with all
leaves dense, defined by a g-valued connection 1-form wy : TL — g

Moreover, gwen z € M and a contractible open neighborhood Vcw of w = 7(Z)
there exists an F -foliated diffeomorphism

(20) &Ly x V—U=7"4V)c M.
Hence, ]?\(7 is defined by a g-valued connection 1-form wg :TU — g.
4. EQUIVARIANT FOLIATED TRANSVERSE CATEGORY

In this section, we introduce the O(q)-transverse category of F and show that this
is equal to the transverse category of F. The proof uses the horizontal distribution
of a projectable metric on M and Molino theory, with techniques analogous to those
used in the study of foliations with an Ehresmann connection [5 [6].

Let U € M be an O(qg)-invariant, F-saturated open subset. Let H : U x [0,1] —
M be an O(g)-equivariant, F-foliated homotopy. Then for U = W(ﬁ ), H descends
to an F-foliated homotopy H : U x [0,1] — M. The following result proves the
converse:

Proposition 4.1. Let H : U x[0,1] — M be an F-foliated homotopy with Ho(z) =
x, for x € U. Then there exists an O(q)-equivariant, F-foliated homotopy

(21) H:Ux[0,1] > M

such that mo H = H o (m x Id). That is, the following diagram commutes:
Ux0,1] L M

(22) mx Id ) oo

Ux0,1] 5% M

Proof. Recall that H = ker(w) C TM is the horizontal distribution for the basic
connection w. For each § = (e, f) € M, dr : Hg — T,yM is an isomorphism.

Given 7 = (z,e) € U, let v,(t) = H(x,t) denote the path traced out in M by
the homotopy. Let 7z : [0,1] — M denote the horizontal lift of vz (t) starting at .
That is, 75(t) € H and dr(75(t)) = 7, (¢t) for all 0 <t < 1. Define H(Z,t) =735 (t).

The map H is smooth, as the lift of the path 7, to the solution curve ~z(t)
depends smoothly on the initial conditions Z.
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Given A € O(q) set f =eA and § = (x, f). Then R4(7z(0)) = 7,
(23) Ra(F:(t)) = dR.(V;(t) € dRaH =H,
(24) dr(dRA(F5(t))) = (7(Ra(32)))(t) = (7(32))'(t) = 7= (1),
so by uniqueness we have R4 (7z(t)) = 75(t). Thus, H is O(q)-equivariant.

It remains to show that H is F-foliated.

Let 7P = (—1,1)?, 79 = (—1,1)? and Z™ = (—1,1)™, where m = p + q.

Given x € U, let ¢ : V — I™ be a foliation chart such that z € V. C U. The
connected components of the leaves of F|V are the plaques

Pe= ¢ (@ x (&), €T
Let ¢y : U — 79 denote the projection onto the transverse coordinate £. By
assumption, the restriction of g to Q|U projects to a Riemannian metric gy on Z9.

Let 79 — 79 denote the O(g)-bundle of orthogonal frames of T'Z7, and 7 : 71—
749 the projection. Let wy : 74 — 0(q) be the Levi-Civita connection 1-form for gy,
with horizontal distribution H; C T74.

The assumption that g is projectable implies that the restriction to U= 7~ HU)
of the connection 1-form w for () satisfies w|l_'7 = ;. (wy). In particular, this implies
that the horizontal distribution H contains the tangent vectors to the fibers of the
projection map g : U — Td. Actually, this fact is obvious, as the fibers are
exactly the plaques of F |U. The following technical result is used to show that H
is a foliated map. O

Lemma 4.2. Assume we are given smooth maps G : [0,6]x [0,¢] — U and G : [0, 6]
x [0,¢] = U such that 7o G = G. For each 0 < s < 6, define the smooth curves
os(t) = G(s,t) and 04(t) = é(s,t), Further assume that

(1) for each 0 <t <, the curve v; defined by v:(s) = G(s,t) is contained in a

leaf of F|U,

(2) the curve 5y defined by Jo(s) = G(s,0) is contained in a leaf of F|U,

(3) for all (s,t) € [0,8] x [0, €], the tangent vector 7(t) € H|U .
Then the curve 7; defined by 4¢(s) = CA}’(s,t) is contained in a leaf of ﬁ|f]\

Proof. Consider the diagram

0,6 x0,d % 0 T
(25) ! 7 1 7
(s,t) €[0,8] x [0, - U LI

By Lemma [£.2(1) the composition 74(t) = ¢y o G(s,t) is constant in s, and thus
defines a smooth path 7: [0,¢] — Z7,7(t) = 75(¢) for any choice of 0 < s < §. Let
7:[0,¢ — 74 be the lift of 7 to a horizontal path with respect to wy.

For 0 < s < 4, then 5.(t) € H|U by Lemma E2(3). Hence d@p(5%(t)) =
(P 0 05)(t) is horizontal for wy.

The assumption 7 o G = G implies dr(",(t)) = o’,(t), hence

(G 08:)/ (1) = 74(8) = 7'(1).

Thus, the curve ¢y, 0 74(t) is a horizontal lift of 7(¢), with initial point ¢y, 0 55(0).

The initial point ¢y, 005(0) is independent of s by Lemma [£.2)(2); thus it follows
that the curve @y, 0 7,4(t) is independent of s.
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That is, for all 0 < t < ¢, the curve s — 04(t) is contained in a fixed fiber of @y,
which is a plaque of F|U, and so is contained in a leaf of F. (I

We now complete the proof of Proposition [l Let 7 € U and e L:NU be in
the plaque containing . We must show that ﬁt('f) and Hy(7) lie in the same leaf
forall 0 <t <1. R R

Choose a smooth path 735 : [0,1] — Lz N U with 735(0) = & and 7z5(1) = ¥.
Define = 7(Z), y = 7(y), and set v,y (s) = 7(Yz5(s)) so that Yoy IS @ smooth ath
in L, NU from z to y.

Compose these paths with the given homotopy H and its lift H to obtain maps

Hist) = H(pmy(s),t).
The maps Hy and Hy are inclusions, so ﬁ(s, 0) = Az5(s) and H(s,0) = 7gy(s) for
0 < s < 1. We are also given that 7o H = H, so that m o H(s,t) = H(s,t) for all
0<s<1,0<t<l.

If the image of H : [0,1] x [0,1] — M is contained in a foliation chart ¢ : V —
IP x 71, then we can directly apply Lemma to obtain the claim.

For the general case, observe that there exists an integer N > 0 so that for

= /N and t, = v/N for each 0 < p, v < N there is a foliation chart ¢, : V,,, —
TP x I such that H([s,, sut1] X [tv, tv41]) C V.

Set 6 = e =1/N, and define for 0 < s,t < 1/N

Guu(s,t) = H(s, + s,t, +1) , Guu(s,t) = H(sy + s,t, +1).

For v = 0 and each 0 < p < N, the maps éﬂo, G0 satisfy the hypotheses of
Lemma[£2l The conclusion of Lemma [£.2] implies that this is again true for v = 1,
so that one can apply Lemma 2 repeatedly to obtain that the curve s — H (s,1)
lies in a leaf of F as claimed.

Definition 4.3. Let U C M be an O(g)-invariant, F-saturated open subset. We
say that U is O(q)-transversely categorical if there exists an O(q)-equivariant, F-
foliated homotopy H:U x [0,1] — M such that ﬁo is the inclusion and ﬁl has
image in the orbit Lz - O(q) of the closure Lz of a leaf Lz of F.

The O(q)-transverse category of F, denoted by cato(q)(]\/j, ]?), is the least num-

ber of O(q) transversely categorical sets required to cover M. We then have:
Corollary 4.4. Let F be a Riemannian foliation of a compact manifold M ; then
(26) caté, (M, F) = catoq) (M, F).

5. O(q)-EQUIVARIANT CATEGORY

In this section, we show that the O(g)-transverse category cato(q)(l\/i\, .7?) of Fis
equal to the O(g)-equivariant category cato(q)(/W) of W, which will complete the
proof of Theorem The proof uses the horizontal distribution of the Riemannian
submersmn T: M — W defined by the prOJectable metric for F.

Let U C M be an O(g¢)-invariant, F-saturated open subset. Suppose that
H:U x [0,1] — M is an O(¢)-equivariant, F-foliated homotopy. Then by Propo-
sition 23] applied to .7/-:, we obtain an O(g)-invariant open set U = ?((A/) C W and
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an O(q)-equivariant homotopy H : U x [0,1] — W which is the quotient map of H.
Conversely, we have:

Proposition 5.1. Let U C W be an O( )-invariant open subset. Given an O(q)-
equivariant homotopy H : U X [0,1] — W with H(Z, O) —Z, forZ el, set U =
Y1) < M. Then there is an O( )-equivariant, F-foliated homotopy H : U x
[0,1] — M such that Yo H = Ho (YT x Id).

Proof. For each (w,t) € U x [0,1], set W, = H(w,t), and let
_ d, . =
H (w,t) = E’H(w,t) €Ty, W

denote the tangent vector along the time coordinate.
For A € O(q), let Ry : W — W denote the right action Ra(@) = @ A. The
assumption that H is O(g¢)-invariant implies

d ~ .
L (RAH(@,1)) = AR (H'(8,1))
so that H'(w,t) is an O( )-invariant vector field.

Recall that W C TM is the subbundle of vectors orthogonal to the ﬁbers of
Y:M — W. Then W is O(g)-invariant, as the Riemannian metric g on TM is
O(g)-invariant, and T is O(q)-equivariant.

For 7 € U with image @ = 7(2), define a smooth curve Z : [0,1] — M by
requiring that

(27) H (WA, t) =

.. dr . .
(28) To=1, xéz%EW dY(@) = H'(@,t) = @,
Thus, Z; is an integral curve for the horizontal distribution W. Define H(%,t) = Z;.
It follows from ([28) that Y (Z;) = W, hence YT o H = H o (Y x Id).
The function H is smooth, as the integral curves Z; depend smoothly on the
initial condition Zo = Z. The function H is O(g)-equivariant, as given A € O(q)

d ~ ~

and

dt
It remains_’to show that I;ft U - M is F-foliated. We w1ll show that for each
vector field X € X(f) tangent to F and for 0 < ¢ < 1, dH,(X) € X(F).
Let <I>X M — M denote the flow of X which preserves the leaves of F. The
flow <I>§( also preserves the leaf closures of F , so induces a quotient flow on W which

Y ( d RA(xt)> = dY (dRA(Z,)) = dR4 (d?@;)) = H (T A,t).

is constant. The metric g on TM is ]?—projectable, hence its projection to TFL is
invariant under the flow <I>§ .

For each 7 € M, the trace t s 7y = f[t(x) is determined by the flow of the
non-autonomous vector field H' = H'(Z,t) which is T-related to the vector field
H =H (w,t). Set Ty s = @f(ft). Note that T(ﬁc\m) is constant as a function of s.

Apply d<I>§ to the Y-related vector field #, = H'(Z,t) to obtain

Vo = doX (H'(2,1) = d0X ().
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Note that d%|s=017t7s = LyH'(Z,t). We claim that the Lie bracket
(LgH")z, = [X,H;, € T5,TF,
which implies that the ﬂ/o\w of H' preserves the foliation F.
At each point Z; s € M there is an orthogonal decomposition
T;, M = T:E]jM\ ® Tg,sﬂ ® Ws, .,

where Tg]\/i = Tgtﬁsf, and T;ft]\//f =T5,,Lz,, N Tgt&]/ﬂ- consists of the vectors

orthogonal to Tgmj-: and tangent to the fibers of T. We decompose 1_/;75 into its
components,

—

Yoo = VL + VL + V.

The projection d?(}_f'té) is constant as a function of s, so

IR = R0 = LV =0

and as dY : Wz, , — T@W\ is an isomorphism, we conclude that %b:oﬁ? =0.
The map d<I>§Z induces an isometry on TF L. so the length of the vectors 57?;

is a constant function of s. At s = 0 we have that }_’?0 = H'(z, t)f =0, as

PAI’(E, t) € Wz,. Hence, Yf; = 0 for all s. Thus, we have

d — d — 7= d — A d —
LeH' (3,t) = —|s=0Yis = —|s=0Y/y + —|s=0Y, 5 + —|s=0¥;Y
X (x7 ) d$| =01t, d$| =0 t,S+ d8| =0 t,s—"_ dS‘ =0 t,s
d L -
= £|5:0}/t"7:; € Tgt]:.
This completes the proof of Proposition (.11 O

Corollary 5.2. Let F be a Riemannian foliation of a compact manifold M ; then
(29) catoq) (M, F) = catoq) (W).
Note that the proof of Proposition [5.1] implies that
cato(q)(]\/j, ]?) = cato(q)(]\/J\, EA)
This is equivalent to (29]) as there is a natural equivalence
cato(q)(]\/j, &) = cato(q)(W),

since T : M — W is a fibration with compact fibers.

6. G-EQUIVARIANT CATEGORY AND ORBIT TYPE

In this section, we recall some general properties of a smooth action of a compact
Lie group G on a compact manifold and their applications to G-equivariant category.
References for this material are [3 4 [7, [14] 21, [46], [51), [68]. These results will be
applied to the case of the O(g)-action on W in the next section.

Let G be a compact Lie group, and R: N x G — N a smooth right action on
a closed manifold N such that the quotient N/G is connected. For A € G, denote
uA = R(u,A), and let uG = {uA | A € G} denote the orbit of u. Define the
stabilizer subgroup of the action of G on N,

(30) Go={AeG|luA=uforalluec N}
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Note that G is always closed and normal. The action of G is said to be effective
if Gy is the trivial subgroup.

Let U C N be a G-invariant open set. A map H : U x [0,1] — N is said to be a
G-homotopy if H is G-equivariant. It is G-categorical if, in addition, Ho : U — N
is the inclusion and H; : U — u G has image in a single orbit, for some u € N. A
G-invariant subset U C N is G-categorical if there exists a G-categorical homotopy
H:U x [0,1] - N. The G-category catg(NN) of N is the least number of G-
categorical open sets required to cover N.

We recall some basic aspects of the geometry of a smooth G-action. We assume
that N has a G-invariant Riemannian metric gy on TN. For u € N, w € u G, and
€ > 0, define the e-normal bundles

N(w,e) = {X'ETW(NHXJ_TW(wG), |\X\|<e},
NuG,e) = {XGTW(N)|w€uG,XLTw(uG),||)?H<e}.

Let exp: TN — N denote the geodesic exponential, and let exp,, : T\uwN — N
for w € N be the exponential map based at w. The e-normal neighborhood to uG
is
(31) UG, e) = {expw()mweuc:, X‘e/\f(w,e)}.

For w = u A, A € G, the derivative of the right action R defines an isometric
linear representation of the isotropy group,

(32) dwR : Gy — Isom(T,, (uG)™r).

Note that for arbitrary A € G, d,Ra : T,(uG)* — T, (uG)* intertwines the
representations d,, R and d, R.
Let Np(w,€) C T (uG)* denote the fixed vectors for the representation d,, R.

Theorem 6.1 (Equivariant Tubular Neighborhood). Foru € N, there exists € > 0
so that the open neighborhood U = U(u G, €) is a strong G-equivariant deformation
retract of wG. That is, there exists a G-equivariant homotopy H : U x [0,1] - N
such that H¢|u G is the identity for all0 <t <1, and H1(U) = uG. In particular,
U is a G-categorical open neighborhood of uG.

Proof. For € > 0 sufficiently small, exp : N(uG,¢) — N is a diffeomorphism. The
homotopy H is then defined using the homothety

(33) H(exp,, (X), 1) = exp,, (t X)
of the normal geodesic map, where X € N(w, €). O
The next result is a generalization of Theorem See e.g. Theorem 4.8 in [45].

Theorem 6.2 (Generalized Tubular Neighborhood). Let A C N be a G-invariant
submanifold. Then there exists a G-invariant open neighborhood A C U and a G-
equivariant homotopy H : U x [0,1] — N such that Hi|A is the inclusion for all
0 <t <1, Hy is the inclusion and H1(U) = A.

If H is a closed subgroup of G, we denote by (H) the conjugacy class of H in G.
While for an orbit u G the isotropy group G, = {A € G | vA = v} depends on the
choice of v € u G, the conjugacy class (G,) does not, and is therefore an invariant
of uG. The conjugacy class (G,,) is called the orbit type of uG.
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We say that u G is a principal orbit if G, = Go. An orbit © G with dimension
less than that of a principal orbit is said to be a singular orbit. If u G has the same
dimension as a principal orbit, but the inclusion Gy C G,, is proper (and therefore
with finite index), then u G is said to be an exceptional orbit.

One of the basic results for a smooth action of a compact group on a compact
manifold is that it has a finite set of orbit types, as a consequence of Theorem
(See Proposition 1.2, Chapter IV of [7], or Theorem 5.11 of [68]). Thus, for the ac-
tion R : N xG — N there exists a finite collection of closed subgroups {Go, ..., Gx}
of G, where Gy is defined by [B0), such that for all u € N, there exists £ such that

(Gu) = (Go).
There is a partial order on the set of orbit types of the G-space N: for u,v € N,
(34) (Gy) < (G,) if AG,A™! ¢ G, for some A € G.

We adopt the notation [u] = (G). Then [u] < [v] (resp. [u] < [v]) means that the

isotropy group of v is conjugate to (resp. is a proper of) a subgroup of the isotropy

group of u. Thus, the orbit v G = G,\G is a fibration over the orbit © G = G,\G

and therefore should be considered “larger”. Note that [u] < (Gy) for all u € N.
Given a closed subgroup H of G, define the (H)-orbit type subspaces

Ny = {ueN|[(G.)=(H)},
Ney = {ueN|[(Gu) < (H)},

where Nz is non-empty if and only if H = G some 0 < £ < k; define Ny = N(g,).
Here are some standard properties of the orbit type spaces; see [7l, 21 [68] for
details.

Theorem 6.3. For 0 </ <k, Ny is a G-invariant submanifold, the quotient space
Ny /G is a smooth manifold, and the quotient map

Ty : Nz —>N5/G

is a fibration. Moreover, Ty has the G-equivariant path lifting property: given a
smooth path o: [0,1] — N¢/G with (0) = v, there exists a G-equivariant smooth
map ¥ : vG X [0,1] = Ny such that g : v -G — Ny is the inclusion of the orbit
vG, and mpo X(v A, t) =o(t) for all A€ G.

Corollary 6.4. Given a smooth path o: [0,1] — N, with v = 0(0), there exists
a G-equivariant map ¥ : v G X [0,1] — Ny, such that g is the inclusion and 7y o
Y(wAt) =moo(t).

There are various subtleties which arise in the study of the orbit-type spaces
Ny for a smooth compact Lie group action. One is that the quotient space N;/G
need not be connected, and the connected components of N;/G need not all have
the same dimensions. A second issue is that N(z) need not be closed, and the
structure of the closure m is a fundamental aspect of the study of the action.
We consider both of these points in the following.

Proposition 6.5. Assume N/G is connected. Then the principal orbit space Ny =
N, is an open dense G-invariant submanifold of N such that No/G is connected.
For 1 <0 <k, the submanifold Ny C N has codimension at least two. If there are
no exceptional orbit types, then Ny is connected.
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For example, see Theorem 5.14 and Proposition 5.15 of [68]. The case where Ny
is not connected occurs when there exists A € G that acts as an involution of N
with a codimension-one fixed-point set.

Next, we introduce the Z-stratification of N associated to the orbit-type decom-
position. For v € N, let Z, C N denote the G-orbit of the connected component of
N(g,) containing u. Note that for u,v € N, either Z, N Z, =0 or Z, = Z,. Note
that if G is connected, then Z, is also connected. The inclusion ©u G C Z, can be
strict. For example, this is always the case when Z,, is not a closed subset of V.

Proposition 6.6. The collection of sets Z, for w € N form a finite stratification
of N. That is, there exists a finite set of points {no,...,nx} C N such that for
Zi = Zm‘? ZO = No and

(35) N=2ZyU---UZg.

Proof. There exists a finite number of orbit types, and for each orbit type (Gy) the
space N(g,) is a finite union of connected submanifolds. O

The Z-stratification of N is the collection of sets
(36) Ma(N)={2,21,..., 2K} .

It satisfies the axioms of a Whitney stratification (see Chapter 2 of [21]).

For the study of G-category, it is more natural to consider the Z-stratification
of N than the orbit-type stratification by the manifolds N,. We will see that the
Z-stratification captures more of the G-homotopical information about the action.

A fundamental property of the Z-stratification is the incident relations between
the closures Z, of the strata. This motivates the following definition, which we
will subsequently relate to the order-type relations between the strata. Define the
incidence partial order on the collection of sets {Z1,..., Zx} by setting
Note that Zi S Zj and Zj S Zz implies that Z,L' = Zj.

We require two fundamental technical lemmas, used to study the properties of
the incidence partial order. The first implies that the function u — [u] is “lower
semicontinuous” on N.

Lemma 6.7. Foru € N and € > 0 sufficiently small, let U(u G, €) be an e-normal
neighborhood. Then [u] < [v] for allv € U(u G, €). Moreover, v € U(u G, ¢€) satisfies
[u] = [v] if and only if v = exp,,(X) for some w € uG and X € Ny(w,e).

Proof. Recall from Theorem [6.1] that for v € U(u G, ¢€) there exists w € u A and
X € N(w,e) such that v = exp,(X). Then B € G, if and only if w = w B
and dwRB()Z') = X. Let A € G such that w = uA; then B € A"1G,A, so
G, C A7'G,A and hence [u] < [v]. If [u] = [v], then for all B € A7'G,A we
have that d, Rp(X) = X, hence X € Npy(w,e). Conversely, X € No(w,e) implies
G, = A71G, A, hence [u] = [v]. O

The next result implies that the function ¢ — [H(u,t)] is “upper semicontinuous”
for G-equivariant homotopy.

Lemma 6.8. Let H : Ux[0,1] — N be a G-homotopy. Foru € U, set uy = H(x,t).
Then for 0 <t <1, we have G, C Gy, and therefore [us] < [u].

Proof. For A € G, then uy A = H(u,t) A =H(uA,t) =H(u,t) = us. O
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The following result establishes the relationships between the incidence partial
order and the orbit-type partial order.

Proposition 6.9. Letv € Z; and uw € Z;, fori# j (and hence Z;NZ; =0).
Suppose that v € Z; — Z;. Then [v] < [u] and Z; C (Z; — Z;), hence Z; < Z;.
In particular, Z; S Z;, and Z; # Z; implies that [v] < [u].

~

Proof. Given that v € Z; — Z; there exists a sequence {uy | £ =1,2,...} C Z; such
that ehm ug = v. Let € > 0 be such that U(v G, €) is a G-categorical neighborhood
—00

of v G. Then there exists £ such that uy € U(vG,e). Let w € vG, X € N(w,e€) be
such that exp,,(X) = ug. Then by LemmaB7 [v] < [u] = [u] unless X € Ny(w, €).
If X € No(w,e), we have that [v] = [ug] = [u], and hence exp,, (No(w,e€)) C Z;.
Thus, v € Z;, contrary to our assumption, so we must have [v] < [u].

It remains to show that Z; N (Z; — Z;) # 0 implies Z; C (Z; — Z;). This follows
from an argument similar to the above. O

Corollary 6.10. A stratum Z; is minimal for the incidence partial order if and
only if Z; is a closed submanifold.

Proof. 1f Z; is not closed, then there exists v € Z — Z;, and then v € Z; for some
i # j. Then Z; < Z; by Proposition 6.9 so Z; is not minimal. The converse is

~

obvious. O

The orbit-type function v — [u] is lower-semicontinuous by Lemma [67], so it is
natural to also consider a notion of minimality based on continuity:

Definition 6.11. A stratum Z, is said to be locally minimal if there is an open
G-invariant neighborhood U of the closure Z, such that [u] < [v] for all v € U.

Proposition 6.12. Z, is locally minimal < 2, is closed < Z,, is a least element
for the incidence partial order.

Proof. Assume that Z, is closed, so Z, = Z, is a submanifold. Then by the Gen-
eralized Tubular Neighborhood Theorem, Theorem [6.2] there exists a G-invariant
open neighborhood U of Z, and a G-equivariant homotopy #H : U x [0,1] — M
such that H;(U) = Z,. We claim that for all v € U, [u] < [v]. Let v € U and set
vy = H(v,t). Note that v; € Z,, so that [v1] = [u]. By Lemma [6:8 [v:] < [vg] = [v]
for all ¢. In particular, [u] = [v1] < [v] = [v], as was to be shown.

Conversely, assume that Z, is locally minimal, with a G-invariant open neigh-
borhood U of Z, as in the definition. If there exists v € Z, — Z, C U, then
[v] < [u] by Proposition This contradicts the assumption that v € U satisfies
0] > [u. O

Corollary 6.13. For each u € N, there exists a locally minimal stratum Z; with
Zj Cc Z,.
Corollary 6.14. Let Z; be a locally minimal stratum. Then there exists an index

; such that Z; is a closed connected component of (Gy,).

For the remainder of this section, we consider the properties of G-homotopy with
respect to the incidence and orbit-type partial orders, and give applications to G-
category. The next result implies that G-homotopy preserves the Z-stratification.
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Proposition 6.15. Let H : U x[0,1] — N be a G-homotopy with Gy the inclusion.
Suppose that Z, is a locally minimal set for u € U. Then for all0 <t <1,

(38) H(UNZ) = Z.,.

Proof. For v € U, set uy = H(x,t). Then up =u € UN N(g,). Lemma 6.8 implies
that for all 0 < t < 1, [ug] < [u]; hence (Gy,) < (Gy), so that uy € Ne(q,)-
It follows that a G-homotopy preserves connected components of the orbit-type
filtration by the closed sets {N<(g,) | 0 < £ < k}.

Now suppose that v € U N 2, where Z, is locally minimal. Then by Corol-
lary 610, the set Z, is closed, hence is a connected component of N<(¢,). Thus
uy € Z, forall 0 <t <1.

As Z, is a closed submanifold and Hy: Z, — Z, is the identity, the map H;
must also be surjective for all 0 <t < 1. Il

Next, we examine the relation between G-category and the Z-stratification.

Proposition 6.16. Let G be a compact Lie group, and R: N x G — N a smooth
right action on a closed manifold N such that the quotient N/G is connected.
Then the G-category catg(N) is finite, and there exists a G-categorical covering
{He:Up x[0,1] = N | 1< €< A} and basepoints {w1,...,wp} C N such that
each 2y, is locally minimal with Hy(Uyp) C we G.

Proof. By Lemma [6.7 every orbit has a G-categorical open neighborhood, and
N compact implies there is a finite subcovering by G-categorical open sets; hence
catg(N) is finite. Set A = catg(N).

Let {H,: Uy x [0,1] = N | 1 < £ < A} be a G-categorical open covering, with
H,(Ug) C ve G for points {vq,..., v} C N.

By Corollary [6.13] for each 1 < ¢ < A, we can choose w, € Z_W such that Z,,
is a locally minimal set. Let Uy = U(w; G, €) be an e-normal neighborhood as in
Theorem 6.1l with G-homotopy retract H" : Uy x [0,1] — N. (We choose € > 0
sufficiently small so that it works for all £.) Then there exists u, € Uy N Z,, such
that vy and u, lie in the same path-component of the connected strata Z,,.

Let oy : [0,1] = Z,, be a smooth path such that o4(0) = ve and o¢(1) = ue. The
path oy defines a smooth G-equivariant lifting ¥, : v, G x [0,1] — Z,, such that
7 0 Xg(ve A, t) = 7 0 0y(t) by Corollary Thus, ¥(ve G,1) Cue G C Uy N Zy,.

Now, define Hy : Uy x [0,1] — N as the concatenation:

H' (u, 3t) for 0 < ¢t < 1/3,
Ho(u, t) = Be(Hy(u,1),3t —1) for 1/3 < t < 2/3,
WY (Se(H(u,1),1),3t—2) for 2/3 < t < L

This yields a piece-wise smooth G-categorical homotopy H as desired. By adjusting
the time parameters, the map H, is then modified to be smooth. ([

One of the main problems for the study of G-category is to obtain upper and
lower bounds for catg (V) in terms of the geometry and topology of the G-action.
We obtain two such estimates in terms of properties of the Z-stratification.

Let @ = ag(N) denote the number of locally minimum strata in Mg (N). We
can assume that the strata in Mg(N) = {2y, Z1,..., 2k} are ordered such that
Zp € Mg(N) is locally minimal exactly when 1 < j < . (Recall that Zy = Ny
consists of regular orbits by previous assumption.)
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Theorem 6.17. catg(N) > ag(N). More precisely,

(39) ag(N) < catg(Z;) < catg(N).

1<j<a

Proof. Let U = {Hy: Uy x [0,1] = N |1 < ¢ < A} be a G-categorical covering of
N, and let {wy,...,wa} C N be such that H,(Uy) C wy G.

Let Z; be alocally minimal set, and suppose that v € U,NZ;. Set ugs = He(u,t).
Then by Proposition[6.15], ug, € Z; forall0 < ¢ <1, and hence uy 1 G = w, G C Zj.

Suppose that Z; and Z; are disjoint locally minimal sets, such that v € U, N 2Z;
and v € Uy N Z;. Let upy = He(u,t) with wy = ug1 and vgy = Hi(v,t) with
W = V1. Then weG C Z; and wi, G C Z;. If k = ¢, then H; = Hy, and hence
we and wy, lie in the same G-orbit. This implies that Z; N Z; # 0, contrary to
assumption. Thus, we must have that ¢ # k.

For each 1 < j < a, define the subset of the G-categorical covering U by

(40) Uj = {He:Upx[0,1] = N |1<¢<A such that Z; N U, # 0}.

Then by the above remarks, /; and U; are disjoint collections for ¢ # j. Moreover,
as U is an open covering of N, each U/; is non-empty.

Given ¢ with Z; C U, Proposition implies that the restriction U|Z; is a
G-categorical open set for Z;. Hence, the restrictions to Z; of the open sets in U
define a G-categorical covering of Z;. It follows that the collection ¢{; must have
at least catg(Z;) elements. The estimates in ([B9) now follow immediately. O

There are also sophisticated lower bound estimates for catg(N) in terms of the
cohomology and homotopy theory of the compact group action [19].

There are also several types of upper bound estimates for catg(N) as discussed
for example in the works of Marzantowicz [46, [51], Bartsch [4], Ayala, Lasheras and
Quintero [3], Colman [I4] and the authors [38]. The simplest version is based on
the dimension estimate that for a connected manifold X, there is an upper bound
cat(X) < dim(X)+1. The quotient Z,/G is a connected manifold for each stratum
Zy €Ma(N) ={2y, Z1,..., 2K}, hence catg(Zy) < dim (£,/G)+1. Combine this
with the previous remarks and the estimate ([B9) to obtain the general estimate

(41) Y catg(Z)) < catg(N) < Y {dim(Z,/G) +1}.

1<j<aqg(N) 0<U<K

7. ISOTOPY AND Z-STRATIFICATIONS FOR F

In this section, the results of the last section are applied to the O(g)-manifold
M associated to a Riemannian foliation F of a closed manifold M. We introduce
the isotopy stratification of M, corresponding to the structure of the leaves of
F. The main result is that the Z-stratification of W corresponds to the isotopy
stratification of M. This yields an interpretation of the locally minimal sets Z,, for
the O(g)-action on M in terms of the intrinsic geometry of F. References for this
section are the works of Molino [55] 56, 57], Haefliger [30, BI] and Salem [63].

Let L be a leaf of F. An F-isotopy of L is a smooth map I: L x [0,1] = M
such that Iy: L — M is the inclusion of L, and for each 0 <t <1, I;: L - M is a
diffeomorphism onto a leaf L; of 7. We then say that the leaf L, is F-isotopic to
Ly = L, and write Ly ~ L. For example, Proposition B.I] implies that every leaf
of F is ﬁ—isotopic in M to every other leaf of F. For F this need not be true.
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Let 71, denote the set of leaves of F which are F-isotopic to L. For L = L, set
Z, =71r,. The collection of F-isotopy classes of the leaves of F defines the isotopy
stratification of M.

Next, we use the Molino theory to define the holonomy stratification for M,
which is derived from the Z-stratification of W introAduced in the last section.

For 7 = (z,€) € M, set @ = Y(%); then the fiber Y~!(w) = Lz. The O(q)-orbit
of W lifts to the O(g)-orbit of Lz, which projects to the leaf closure L,. Thus, each
orbit @ O(q) corresponds to exactly one leaf closure L, of F.

Recall that £ denotes the singular Riemannian foliation of M defined by the
closures of the leaves of F. Let T : M — W denote the quotient map to the leaf
space of £. Then we have a commutative diagram of O(q)-equivariant maps:

M 5w
(42) T | 1 7
M 5w

The projection 7 restricts to a covering map = : Z;g — L, and by Corollary [3.9]
T = n(Ts) = L /H,,

where H; = {A € O(q) | Lz; A = L; }—H by(E[ZI) and thus H; = O(q);. It is

immediate from the definitions that T( Y) € Wo( )., if and only if Hy is conjugate

in O(q) to a dense subgroup of Hj.
Given a closed subgroup H C O(q), ¥ = (z,e) € M and w = Y(Z), set

(43)  Mu=1" (Ww)) My =717 (W§<H>) L Z: =17 (20)
and project these O(g)-invariant sets to M to obtain
(44) M(H) =T (M\(H)) 5 MS(H) =TT (]/\ZS(H)) 5 Zx =TT (2@) .

Note that as Y has connected fibers, Z\g can also be described as the O(q)-
orbit of the connected component of ]\//T(o(q)&) containing Z, and Z, is the connected
component of M(o(y),) containing x.

For a Riemannian foliation, the set of leaves of F without holonomy form an
open dense subset My C M. A 1eaf L - MO is sald to be regular. Deﬁne open
dense subsets Mo = 7 1(Mp) and WO = (Mo) C W The leaves in Mo are also
said to be regular and the points in the projection WO are regular orbits.

Let Mo q) (W ) = {ZO, Z4,..., 2k} be the Z-stratification of W for the action of
O(q). Define Z; = m(T~1(Z;)). Then the collection Mxz(M) = {Zo, Z1, ..., Zx}
defines a Whitney stratification of M.

A stratum Z; is said to be locally minimal if the set Z; is locally minimal. Let
a = ar(M) denote the number of locally minimum strata in M z(M), and as
before, we assume that the strata in 9z(M) are ordered such that Z; is locally
minimal exactly when 1 < j < a.

Proposition 7.1. Ifj € Zs, then Hy is conjugate to Hz in O(q).

Proof. Let T = (z,e). Given § = (y, f) € Zz, there exists A € O(q) such that =
and yA = (y, f A) lie in the same path component. As we must prove that Hj is
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conjugate to Hz in O(g), without loss we can assume that A = Id; hence there
exists a continuous path o : [0,1] — Z\/Z(o(q)i) such that ¢(0) =7 and o(1) = 7.

For each 3, = o(t), by Corollary there exists a linear model for F along the
leaf L,, through the point y, = 7(7;). The image 7(c[0,1]) is compact, and so is
covered by a finite collection of such linear models. Thus, it suffices to consider the
case where there is a foliated immersion as given in Corollary [3.5]

(45) Zs : Q| Ly = {(EQ x DY)/, (Lw,m)} M,

and y € Z, such that y € 7,N Z,. Recall from (7)) that for X e DY, we defined

13(X) = Z4(€), where £ = {({i} % {XV)/ N} € QYL , and set T = 15(DY).

The map =3 defines an orthonormal framing of @, which we denote by f/, so
that ¥’ = (y, f') € M. Note that f' = fA’ for some A’ € O(q) as n(y) = n(¥y).
Thus, without loss we can assume that § = 7'.

By Lemma and Proposition 34 the holonomy group Hg at the point £ of
the foliation F* on Q¢|L, is given by

(46) Hg:{AeHﬂXA:X}C”HgCO(q).

As F¥ is the pull-back of F via the map Zz, it follows that H¢ is conjugate to Hy.
Let V; C D¢ be the linear subspace of vectors fixed by the subgroup Hz. Note
that V; is also the set of vectors fixed by the closure Hz = Hz C O(q).
Similarly, define Ve C D? as the linear subspace of vectors fixed by Hg. Again,

Ve is also the set of vectors fixed by the closure 7—[75“’ C O(g) which is conjugate to
H;. O

The key to the proof of Proposition [[1]is the following result for linear actions.
Lemma 7.2. H{ =H; <= Ve =V; <= (Hj) = (Hz).

Proof. Note that we always have H¢ C Hz; hence ’H_z’ C H; and so V5 C V..
Given that H¢ = Hgz, the other two equalities follow immediately.
Given that Ve = V;, by (@G) the vector X e Vz, hence H¢ = Hz.
Since V3 and V¢ are closed subspaces, saying Vz C V¢ is proper implies that the
inclusion Hz; C H_‘g is proper. Hence, Hz = H_g implies that Ve = V;. O

We conclude the proof of Proposition [[.Il Given that 3§ € 7+ we have (Hy) =
(Hz). By Lemma we have that Hg = Hz, thus H is conjugate to Hz.

Proposition 7.3. Forallz € M, Z, =TI,. Hence, the isotopy stratification of M
is finite.

Proof. Let T = (x,¢e) € M; then there is a local linear model given by @3). Asin
the proof of Proposition [[] it will suffice to show that Z, N T =Z, N Tr.

We first show that Z, N7 C Z, NTSE.

Let y € Z, N T, and let X € DY so that 15(X) = Z5(€) = y, where & € Q°|L,.

Let f denote the orthonormal framing of @, defined by Zz, so that ¥ = (y, f) €
M.



5670 STEVEN HURDER AND DIRK TOBEN

Then by Proposition [T we have that Hg¢ = Hz, hence Xev; by the proof of
Lemma [[:2] Define an isotopy I : L, X [0,1] — M where for Z € L; with 7(2) = z,

(47) I(2,t) = 25 ({2} x {tX}).

where the map is well-defined as X e V; and the action of m(L,,x) on Vz is
trivial. For the same reason, for all 0 < ¢t < 1, the restriction I; : L, — M is a
diffeomorphism onto the leaf through tz(tX). As 13(X) = y and 13(0) = z, this
proves that y € Z, N Tf.

Conversely, to show that 7, N 75 C Z, N7, let

I:L;x[0,1] = M with Iy(z) =z, Ii)(z)=y

be a foliated isotopy with I;(z) € 7. for all 0 < ¢ < 1. We must show that L; C Z,
for all 0 < ¢ < 1. Tt suffices to show that the conjugacy class of the closure (Hz,)
is constant. We are given the fact that the image L; = I;(L,) is isotopic to L.
Hence the local covering maps L; — L, induced by (@8] are diffeomorphisms; thus
the holonomy groups Hz, have constant conjugacy classes. O

Corollary 7.4. For T = (z,e) € ]\7, set W = '/f(:?) Then Zg is locally minimal if
and only if T, is a closed submanifold of M.

Corollary 7.5. Given the fact x € M, let (H,) denote the conjugacy class in O(q)
of the holonomy group Hz for any T = (x,e) € M. Then (H,) depends only on the
isotopy class T, of x.

Corollary highlights one of the unique aspects of the study of Riemannian
foliations, the duality between intrinsic and extrinsic geometry of leaves. That is,
for L, near to L,, we have that L, ~ L, exactly when L, is diffeomorphic to L,
via the orthogonal projection along leaves, and also that L, ~ L, exactly when the
holonomy group Hjz of L, is naturally conjugate to that of L.

8. FOLIATIONS WITH FINITE CATEGORY

Let F be a Riemannian foliation F of a compact manifold M. Then the O(q)-

—~

equivariant LS category catoq) (W) is finite, and by Corollaries B4l and [5.2]
(48) cat, (M, F) = cato(q)(]\//f, .7?) = cato(q)(W).

In this section, we give geometric criteria for when caty, (M, F) is finite, and show
that catf (M, F) = caty (M, F) when these criteria are satisfied.

Theorem [[4] follows from Propositions BJ] and B4l Moreover, we obtain es-
timates for catq (M, F) which extend the results of [I7] for compact Hausdorff
foliations.

Proposition 8.1. Let Z, be a locally minimal set for F, and suppose that H : U x
[0,1] = M is a transversely categorical open saturated set with U N Z, # (. Then
every leaf in Z, is compact.

Proof. Let y € U N Z,. By Proposition every leaf of F in Z, is isotopic, so it
suffices to show that there is some z € Z, with L, compact.

Let 2 = H;(y), so the image of Hy : U — M is contained in the leaf L, of F. As
noted in section 2, the closure fy is a compact minimal set for 7. By Lemma [2.2]
we have that L, C U, hence by Theorem 1.3 of [37], the image H;(L,) is a compact
leaf of F; that is, L, is compact. It remains to show that L, C Z,. O
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Lemma 8.2. Let Z, be a locally minimal set for F and U an open saturated
set such that UNZ, # 0. If H: U x [0,1] — M is a foliated homotopy, then
H(Z,NU)C Z, forall0<t<1.

Proof. Let @ € W be such that Zy = (T~ 1(2@)), and note that Zg is a locally
minimal set. Let U = 7~ *(U) C M, and set U = T(U) w.

Given y € U N Z,, choose a point £ € U N Zg so that T(7~1(y)) = £ - O(q).

By Proposition E 1l the homotopy H determines an O(¢)-equivariant homotopy
H:Ux[0,1] — w. By Proposition B8, & = H(&, L t) € Zy for all 0 <t <1, and
thus (Y~ ({t)) . In particular, L, = L. = n(T~ (51)) O

The following is a direct consequence of Proposition Bl and generalizes the
results of Colman in [I5].

Corollary 8.3. Let F be a Riemannian foliation F of a compact manifold M with
catq (M, F) finite. Then every local minimal set Z; for F is a union of compact
leaves.

The following converse to Corollary B3 gives our criterium for catq (M, F) < oo.

Proposition 8.4. Let F be a Riemannian foliation F of a compact manifold M
such that every closed isotopy stratum I, for F consists of compact leaves. Then
cat (M, F) = catf (M, F) and hence is finite.

Proof. Let {H,: Uy x [0,1] — W | 1 < ¢ <k} be an O(q)-categorical covering of
W, for k = cato(q)(W). Let {wy,...,wg} C W be such that Ho(Ue) C we O(q).
Foreach 1 </ <k, let 7, € T_l(@g) and set xp = (%) and Ly = L,, C M.

By Proposition we can assume that Zg, is locally minimal for each 1 <
¢ < k. By Corolllary [[4] the corresponding isotopy stratum I,, C M for F is
closed. By assumption, all leaves in I,, are compact. By choice, L,, C Z,,, hence
is compact.

Let U, = n(Y~1(Uy)) and Hy : Up x [0,1] — M Dbe the F-foliated homotopy
corresponding to H,. Then H; : U, — L, = L, is a compact leaf. O

The results and techniques of the previous sections and those above yield a strong
estimate for the transverse LS category of Riemannian foliations. Proposition [Z.3]
identifies the isotropy stratification of F with the Z-stratification of the O(q)-action
on W. Then {Io, I1,...,Ix} is an enumeration of the isotropy strata for F, so that
I, is a closed submanifold exactly when 1 < ¢ < o = (M, F). Then by Lemma[R2]
Theorem and equation ([I]) we obtain

Theorem 8.5. Let F be a Riemannian foliation of a compact manifold M. Then

O(]:(M) K
(49) a(M,F) < > cath (I, FIlIe) < catf, (M, F) < Y catf, (I, F|I,).
=1 £=0

Moreover, if each Iy for 1 <€ < azr(M) is a union of compact leaves, then
caty (M, F) = catg, (M, F);
hence the estimates [@9) also hold for the transverse LS category.

Theorem is a complete generalization of the estimate given by Theorem 6.1
in [I7] for the tranverse LS category of compact Hausdorff foliations.
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9. CRITICAL POINTS

A principal application of the LS-category invariant for a compact manifold N
is to give a lower bound estimate on the number of critical points for a C'*-function
f: N = R (see [19, 25| 26], 43, 50, 59, [60]). When there is a compact Lie group G
acting on N and the function f is invariant for the G-action, then one seeks to count
the number of critical G-orbits for f. The simplest approach would be to consider
the induced map on the quotient space, f: N/G — R, and to then estimate the
number of critical points of f. There are two problems with this approach, the
first being that the quotient space N/G need not be a manifold, so the classical
Lusternik-Schnirelmann theory does not apply. The second, more subtle difficulty,
is seen in various examples where the category of N/G is “too small”. In other
words, the LS category of the quotient space N/G is not the best estimate for the
number of critical G-orbits of f.

The well-known solution to these difficulties is to consider the set of critical points
for f as a G-space, and then the G-category catg(N) provides a lower bound for
the number of critical G-orbits [4, 25 26, 5I]. Moreover, we always have that
catg(N) > cat(N/G), and examples show that catg(IN) generically provides the
optimal lower bound estimate for the number of critical G-orbits.

Now consider a C'-function f: M — R on a closed manifold M with Riemannian
foliation F. Recall that f is F-basic if it is constant along leaves of F. Then the
differential df : TM — R is a basic 1-form, so it makes sense to speak of the “critical
leaves” for F, those for which the gradient V f = 0. In her thesis, Colman proved
that the Lusternik-Schnirelmann estimate generalizes to the case where all leaves of
F are compact (see section 5 of [I8]). That is, Colman showed that the transverse
category catq (M, F) is a lower bound for the number of critical leaves. However,
for Riemannian foliations with non-compact leaves, both the techniques of [18] and
even the definition of caty (M, F) run into difficulties.

Let F be an arbitrary Riemannian foliation of the closed manifold M. Let f
be a C'-function which is F-basic; hence f is also constant on the leaves of the
singular Riemannian foliation £ of M defined by the closures of the leaves of F.
The differential df : TM — R is a basic 1-form, so if L is a critical, then the leaf L
of £ is a union of critical leaves of F.

The techniques of this paper allow us to prove a Lusternik—Schriirelmann estimate
for the number of critical leaf closures of f. First, define the lift f = fom: M — R,
which is a basic C 1—/f\unctioAn for F. R

Note that a leaf Lz of F will be critical for f if and only if L, is critical for f,
and the closure L of a critical leaf is a critical submanifold for df. Moreover, the
function fis O(g)-invariant, so we can estimate the number of critical leaf closures
for f in terms of the O(g)-invariant critical submanifolds of fin M.

The C*-function f descends to an O(q)-invariant C-function ¢: W — R, where
the critical orbits for qAS correspond exactly to the critical leaf closures of f, and
hence to the closures of the critical leaves for f.

Apply the results of equivariant LS-category theory for the action of O(g) on
the closed manifold W to estimate the number of critical O(q)-orbits for o.

Theorem 9.1 (Fadell [25], Marzantowicz [51]). Let G be a compact Lie group, and
R: N x G — N a smooth right action on a closed manifold N. If ¢ : N - R is a
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C-function which is G-invariant, then catg(N) is a lower bound on the number of
critical orbits for ¢.

By Theorem and the above discussion, we obtain the claim of Theorem [T}

Theorem 9.2. Let f: M — R be a C'-map which is constant along the leaves of
F. Then the number of critical leaf closures for f is bounded below by cat% (M, F).

The great advantage of this indirect approach to the study of critical point theory
for f is that the technical estimates required can be done in the context of a compact
group action. In the compact case, the results are already well-known, while in the
case of a foliation with non-compact leaves, the new techniques required essentially
duplicate some of the key geometric aspects from this paper.

10. EXAMPLES

In theory, the Molino Structure Theory gives a complete procedure for construct-
ing Riemannian foliations on a given compact manifold. In practice, however, it
has proven effective only for foliations of low codimension, usually three or less
[Tl [72, [56], or with other restrictions on their topology [28].

In this last section, we discuss three general methods for constructing a Riemann-
ian foliation on a compact manifold: isometric Lie group actions; the group suspen-
sion construction applied to an isometric action of a finitely generated group; and
the various blow-up constructions for singular Riemannian foliations [11 2 (6l [57].
In each case, the examples will be used to illustrate results of this paper.

Note that for open manifolds, there is an important fourth method, which realizes
a Riemannian pseudogroup as a Riemannian foliation of an open manifold [29] [36].
These cases are not discussed, as very little is known of their transverse LS-category.

Example 10.1. Compact Hausdorff foliations and finite group actions.

A foliation F is said to be compact Hausdorff if all of its leaves are compact,
and the leaf space M/F is Hausdorff with the quotient topology. Epstein [23]
and Millett [53] proved that a compact Hausdorff foliation F admits a projectable
Riemannian metric, and hence is Riemannian.

For each = € M, the holonomy ‘H, of the leaf L, is always a finite group; hence
all leaves of the lifted foliation F of the orthonormal frame bundle M _are also
compact. The lifted foliation F is thus defined by the fibration T:M—W.

The quotient space W = M/F is a Satake manifold [64], or generalized orbifold,
as every point is modeled either on R? or by a quotient of R? by a finite isometry
group given by the holonomy of the leaf fiber. The quotient map 7 : W — W is an
“O(q)-desingularization” of W. The regular O(q)-orbits correspond to the leaves
of F without holonomy. A leaf L, with non-trivial holonomy for F corresponds to
an orbit @ - O(q) on W with a finite non-trivial isotropy group Hg. Hence, every
orbit of O(q) is either regular or exceptional, but there are no singular orbits.

The exceptional set Ex of a compact foliation F, introduced by Epstein and
Millett, is the union of all leaves with holonomy. The Epstein filtration of Ex is
inductively defined using the holonomy groups of its leaves. Moreover, the cele-
brated “Moving Leaf Lemma” of Edwards, Millett, and Sullivan [22] characterizes
the strata of the Epstein filtration in terms of isotopy of the compact leaves of
F. Thus, the stratification of M derived from the Epstein filtration corresponds
exactly to the isotropy stratification of M defined in section [7
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One of the motivations for this current work was to find a new approach to the
results for compact Hausdorff foliations in [17], an approach which generalizes to
all Riemannian foliations. For example, Theorem 5.3 of [17] proves the Epstein
filtration is invariant under F-foliated homotopy. This result is now a direct con-
sequence of Proposition [[.3] and the results of section [f] of this paper. Moreover,
Theorem [R5 above implies the estimate of Theorem 6.1 in [17].

Example 10.1.1. Colman has given numerous examples of compact Hausdorff
foliations along with the calculations of their tranverse LS category (see the papers
[14, 16 17]). The standard method of construction is to start with a fibration
T M — W of compact manifolds, and assume that 7 is equivariant with respect
to a finite group I' which acts freely on M. Then the foliation of M by the fibers
of 7 descends to a compact Hausdorff foliation of M, whose leaf space W = W /T’
is thus a good orbifold. Colman has also given examples of compact Hausdorff
foliations whose leaf space M/F is a bad orbifold.

Example 10.2. Isometric flows.

Isometric flows are perhaps the most well-known examples of Riemannian folia-
tions (after fibrations). Let (M, g) be a compact, connected Riemannian manifold,
and ¢: M x RP — M a non-singular isometric action of RP. (The case p = 1
corresponds to an isometric flow on M.) The orbits of ¢ define a Riemannian fo-
liation Fy for which the metric g is projectable. The geometric and topological
properties of this class of Riemannian foliations had been studied by many authors
[10] 24 28, [33, [34].

The leaves of the lifted foliation F are given by a free RP isometric action on M.
The closure of the image of R” in Isom(]\/J\) is a torus T for some k > p, thus the
foliation & is defined by a free isometric action of T* on M. This class of examples
reveals many of the properties of the transverse category theory for Riemannian
foliations, and we give several examples to illustrate various phenomena.

Example 10.2.1. The canonical example of an “irrational flow on the torus” is
formulated generally as follows. Let M = T™ be the n-torus, considered as the
quotient T™ = R™/Z"™ by the integer lattice. Choose 1 < p < n and a real matrix
AP*" such that AAT is invertible. Then A defines an injective map A: RP — R”,
and thus yields an isometric affine action ¢4 : R? x T™ — T™. The orbits of ¢4 are
the affine planar leaves of F4. All leaves of F4 are regular, as there is no holonomy.

If all entries of A are rational numbers, then the leaves of F4 are compact tori;
otherwise, the leaves have closures which are embedded tori £4 : TF C T™ for some
p < k < n. Thus, caty (T", Fa) = oo unless A is a rational matrix. On the other
hand, the essential transverse category is equal to the category of the foliation &4
obtained from the closures of the leaves. The leaf space T"/E4 = T™/E4(TF) is a
torus of dimension n — k, hence catf, (T", Fa) = cat(T" %) =n —k+ 1.

Example 10.2.2. The previous examples of isometric flows can be embedded into
compact space forms. We begin with the simplest examples of this.

Let @ = (ap, 1, ..., a,) € R and let M be the unit 2n + 1 sphere

M =8>t = {z =[z0,21,--,2n] | |zo|2+~~~+ |Zn|2 =1}
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Define an isometric R-action on S?"*! by

d+([205 -+, 2n]) = [62”“0“/?1,20, .. ,62”0‘““/?12:”].

The orbits of ¢; define the leaves of the foliation Fz. With the assumption that

the numbers {1, aq, - - - , @, } are linearly independent over Q, then the leaves of F
are defined by the action of the compact abelian group T?*! = S! x ---S! acting
diagonally.

There are precisely n 4+ 1 locally minimal Fz-isotopy classes, corresponding to
the orbits of the points € = [0,...,1,...,0], which are isolated circles. Thus,
catg (ST, Fz) > n+ 1. It is also easily seen that for each point € there is a
flow-equivariant retraction of the open set U; = {[20,...,2n] € S*"* | z; # 0} to
the orbit of €. Hence catq (S*"*1, Fz) =n + 1.

It is possible to construct a wide variety of variations on this example, based
on the general setup where G is a connected, compact Lie group and K C G is a
closed subgroup, and we set M = G/K. Let n denote the R-rank of G, so there is
a locally free action ®; : R” x G — G whose orbit through the identity e € G is a
maximal torus T C G.

Choose 1 < p < n and a real matrix AP*" such that AAT is invertible. Then
A defines an injective map A: RP — R™, and thus yields an isometric affine action
o4 RP x T — T

For © € RP and « € G/K, define the action ¢4 (z,7) = P¢(x, p4(7)) so that we
obtain a p-dimensional foliation F4 on the homogenous space G/K.

The closure of the orbit of ¢4 through the identity is a compact k-torus ']I‘fz cT
for some p < k < n. The foliation £4 — defined by the closures of the leaves of F4
— is given by the orbits of the closed subgroup T on G/K.

Note that in this generality there is no assurance that F4 has any compact leaves,
hence generically one has catq, (G/K, Fa) = oo. On the other hand, catf (G/K, Fa)
equals the equivariant category of G/K for the left action of the compact Lie
subgroup T% C G. The calculation of catg, (G/K,F4) then follows by methods of
the theory of compact Lie groups, and has applications to the residue theory for
the secondary classes of F4 [38|, 48|, 49} [T}, [72].

Example 10.3. Products.

If (My,Fy) and (M, F») are Riemannian foliations of compact manifolds with
leaf dimensions p; and ps, respectively, then the product manifold M = M; x M,
has a Riemannian foliation F = F; X Fy whose leaves have dimension p = p; + ps.

For example, suppose that My = T™ has a linear foliation as in Example 10.211
with all leaves dense. Then for any Riemannian foliation (M, ;) the product
foliation F on M; x T™? has no compact leaves, hence catp (M, F) = oo. On the
other hand, catfh (M, F) = cat?n (M, Fr).

Example 10.4. Suspension and compact Lie group actions.

Given an action of a finitely generated group on a compact g-dimensional man-
ifold, a: I' Xx N — N, the suspension construction yields a foliation F, of codi-
mension ¢ whose transverse holonomy group is globally defined by the action (for
example, see [8 [9]). When the given action is isometric, this yields a Riemannian
foliation, and provides a large class of examples. We use this construction to realize
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the orbit structure of every compact Lie group action as the transverse geometry
of some Riemannian foliation.

Example 10.4.1. Let {v1,...,74} be a set of generators for I'. A left isometric
action of I' on N is equivalent to a representation « : I' — Isom(N), where each
a(7;) acts isometrically on the left on N.

Let B be a compact connected Riemannian manifold with basepoint by € B
such that the fundamental group II = 71 (B, by) admits a surjection 8 : I — I". For
example, one can let B = ¥, be a closed Riemann surface with genus d. There is
a surjection II — F¢ = Z % - - - * Z onto the non-abelian free group on d generators.
The choice of the generators for I' defines a surjection F¢ — I', and the composition
B+ 1l — I' is then a surjection.

The universal cover B — B has a right isometric action by II, acting via deck
transformations. B B

Consider the product manifold B x N with the product foliation F whose leaves
are the “horizontal slices” B x {z} for x € N. The Riemannian metrics on B and
N define the product metric on B x N.

Define an action of IT on B x N by specifying, for A € II, (b,z) - A = (b- \,a 0
BT - ). ~

Both the product foliation and the product Riemannian metric on B x N are
invariant under this action, so the product foliation descends to a Riemannian
foliation F, of M = B x11 N. Note that there is an embedding ¢o: N — M given
by ¢(z) = [bo, x] where [b, 2] represents the equivalence class of the pair (b,x) in M.
Let Ny C M denote the image of this map.

The group of isometries Isom(N) is compact, so the closure G = a(T) C
Isom(N) is a compact Lie subgroup. Let &, denote the singular Riemannian
foliation of M by the closures of the leaves of F,. Then the leaves of £, N Ny are
precisely given by the orbits of G.

Example 10.4.2. Let G be a compact connected Lie group, and ¢ : G x N — N
a smooth isometric action on a compact Riemannian manifold N of dimension q.
The orbits of ¢ define a singular Riemannian foliation £, of N [33] 134} [56, [57].
Ken Richardson [62] showed that there always exists a Riemannian foliation F,
of a compact manifold M such that the singular Riemannian foliation defined by
the closures of the leaves of F, is transversally equivalent to &£,. We recall this
argument.

Let I' C G be a finitely generated dense subgroup; such a subgroup always exists
by a clever argument of Richardson [62]. The restriction of ¢ to the subgroup
defines a representation « : I' — Isom(N).

Use the suspension construction as in Example [[0.412 to obtain a Riemannian
foliation (M, F,) such that the image a(I") C Isom(N) has closure precisely the
compact Lie subgroup G. The orbit type stratification of the G-action on N equals
the stratification of the transversal Ny induced by the closures of the leaves of F.,.

There is a particular case of this construction which yields some very interest-
ing examples. Let G = SU(n) be the group of n x n special unitary matrices.
Let N = SU(n) be the group itself, and let the action ¢ be the adjoint, so that
©(A) : SU(n) — SU(n) is given by ¢(A)(B) = A~!BA. Let F, denote the result-
ing suspension foliation. Then catf, (M, Fo) = n, based on the calculations of [38].
Note that the codimension of F,, is the dimension of SU(n) so that ¢ = n? — 1.
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The suspension of the adjoint action of SU(n) on itself yields a foliation with
no exceptional orbits. This is not the case with the groups SO(n). In fact, for this
case, there are isolated exceptional orbits, so by Colman’s results, the transverse
category of the suspended foliation will be infinite. However, the essential transverse
category will be finite, and its calculation is a very important problem, as it yields
estimates for the category of the groups SO(n) themselves [38].
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