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1. Introduction

A foliated space M of dimension n is a continuum which has a local product structure: every point
x ∈ M has an open neighborhood Ux ⊂ M homeomorphic to an open subset Ux ⊂ Rn times a
compact metric space Tx. The space Tx is called the local transverse model, and the pre-images of
the slices Ux×{w} for w ∈ Tx are called plaques. The leaves of the foliation F of M are the maximal
connected components with respect to the fine topology on M induced by the plaques of the local
product structure. This concept has deep roots in continua theory, with modern treatments in the
spirit of foliated manifolds given in [13, 45]. A foliated space is transitive if there exists at least one
leaf of F which is dense in M, and minimal if every leaf of F is dense in M.

A matchbox manifold is a foliated space M such that all of the local transverse models Tx are 0-
dimensional, or equivalently are totally disconnected [1, 2]. In this case, the leaves of F are simply
the path components of M. Intuitively, a 1-dimensional matchbox manifold M has local coordinate
charts U which are homeomorphic to a “box of matches.” This intuitive description is extended to
higher dimensional leaves with a stretch of the imagination.

One source of examples of transitive foliated spaces is to consider a compact manifold M and leaf L
of a foliation FM of M , then let M = L denote the topological closure of L in M . The topological
space M inherits the structure of a foliated space, where F = FM |M. Zorn’s Lemma implies that
each such closure M = L also contains at least one minimal foliated space. The question we consider
in this note is the converse of these examples:

PROBLEM 1.1. Let M be a minimal matchbox manifold of dimension n. When does there exists a
Cr-foliation FM of a compact manifold M and a foliated topological embedding ι : M→M realizing
M as a foliated subset?

The embedding problem is fundamentally different for the cases of differentiability classes r = 0 and
r ≥ 1. In the case of C0-foliations, Clark and Fokkink [16] obtain some general embedding results
for codimension q ≥ 2. There are no known obstructions to the existence of some embedding of a
minimal matchbox manifold P into some C0-foliated compact manifold.

What makes the embedding problem particularly interesting for r ≥ 2, is that an embedding of M
as a minimal set of a Cr-foliation FM of a compact manifold M is equivalent to a delicate question
concerning the possible holonomy pseudogroups of Cr-foliations [29]. Solutions to this problem
have applications to the study of the homotopy type of the Haefliger classifying space BΓrn for
Cr-foliations [28, 31, 33].

One source of examples of matchbox manifolds is provided by the space of tilings associated to a
given quasi-periodic tiling of Rn, as in [4, 22, 27], and also by the more general case of G-solenoids
as introduced by Benedetti and Gambaudo in [8]. For a few classes of quasi-periodic tilings of Rn,
the codimension one canonical cut and project tiling spaces [22], it is known that the associated
matchbox manifold is a minimal set for a C1-foliation of a torus Tn+1, where the foliation is a
generalized Denjoy example.
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Another class of examples of naturally occurring matchbox manifolds are provided by the “Williams
solenoids”, as introduced in [62, 63] to describe the attractors of certain Axiom A attractors. While
Williams finds embeddings of these matchbox manifolds as attractors of diffeomorphisms of smooth
manifolds such that the path components of these matchbox manifolds are leaves of the unstable
foliation of the corresponding diffeomorphism, it is unknown which of the Williams solenoids can be
embedded as minimal sets for foliations of the entire ambient manifold.

The embedding problem has been solved for the case of Markov minimal sets [14, 41] associated to
pseudogroups of local Cr-diffeomorphisms of the line R. Cantwell and Conlon [15] gave an explicit
construction for realizing any such matchbox manifold as a minimal set for a codimension-one Cr

foliation of a compact manifold.

An important special case of minimal matchbox manifolds are the solenoids studied by McCord in
[42], spaces which admit a presentation as an inverse limit of closed manifolds. This concept greatly
generalizes the classical solenoids introduced by Vietoris [61], which are modeled on the circle S1 .

DEFINITION 1.2. Assume there is given a collection P = {p` : M` →M`−1 | ` ≥ 0}, where each
M` is a connected compact manifold without boundary of dimension n, and p` : M` → M`−1 is a
covering map of degree d` > 1. Then the inverse limit topological space

(1) S = SP ≡ lim
←
{p` : M` →M`−1}

is said to be a solenoid with base space M0, and the collection P is said to be a presentation for S.

If each covering map π` = p1 ◦ · · · ◦ p` : M` →M0 is a normal covering for all ` ≥ 1, then S is said
to be a McCord solenoid [42, 52, 16]. A presentation P is oriented if all manifolds M` are oriented,
and the maps p` are orientation-preserving.

A Vietoris solenoid is an inverse limit space as in Definition 1.2 with base space M0 = S1.

It is fundamental in Definition 1.2 that the bonding maps are covering maps, as this implies that
S admits a fibration π : S → M0 whose fibers are totally disconnected. (In the case of McCord
solenoids, the fibers are Cantor groups.) This implies that a solenoid S is a matchbox manifold,
where the leaves of FS are the path components of S. Each leaf of FS is a smooth manifold of
dimension n, and the restriction of π to a leaf is a smooth covering map of M0. If S is defined by
an oriented presentation P, then S is an oriented matchbox manifold.

DEFINITION 1.3. A matchbox manifold M is a solenoid if there exists a collection of proper
covering maps P ≡ {p` : M` →M`−1 | ` ≥ 0} and a homeomorphism ϕ : M ∼= SP . We then say that
{P, ϕ} (or simply P by abuse of notation) is a presentation for M.

The purpose of this work is to study the embedding Problem 1.1 for solenoids.

A matchbox manifold M is said to be homogeneous if its group of homeomorphisms Homeo(M)
acts transitively. McCord showed in [42] that every McCord solenoid is homogeneous. The converse
was proven by the authors in [18], that an orientable homogeneous matchbox manifold is a McCord
solenoid, in the sense of Definition 1.3. More generally, the same paper shows that if the dynamics of
the foliation of an oriented matchbox manifold M is equicontinuous and has no germinal holonomy,
then M is a solenoid, though not necessarily homogeneous. Thus, the solenoids are a natural
dynamically-defined class of matchbox manifolds to study.

A fundamental point in our analysis of the embedding problem for solenoids, is that a solenoid
admits many presentations, all with homeomorphic inverse limits [21, 39, 42, 49, 50, 52]. This is
well-known for the traditional solenoids of dimension one, where M0 = S1, and the homeomorphism
class is determined by the list of primes with multiplicity which divide the degrees of the covering
maps p`. More generally, one has the following homeomorphism result, which is a special case of
the general fact that the inverse limit of a cofinal sequence of an inverse system is homeomorphic to
the inverse limit of the original inverse system [20, 39]:
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PROPOSITION 1.4. Let P ≡ {p` : M` → M`−1 | ` ≥ 0} be a presentation for a solenoid S.
Given a subsequence {0 = i0 < i1 < · · · < i` < · · · } define bonding maps

p′` : Mi` →Mi`−1
, p′` = pi` ◦ pi`−1 ◦ pi`−2 ◦ · · · ◦ pi`−1+1

Define P ′ = {p′` : Mi` → Mi`−1
| ` ≥ 0}, which is said to be a sub-presentation of P. Then for any

sub-presentation P ′ of P, there is a natural homeomorphism SP′ ∼= SP .

For the general case of an arbitrary M, the existence of a “presentation for M” is discussed in
[19], though now the notion of a presentation must allow for the model spaces M` to be branched
manifolds as in the works of Williams [62, 63].

An important concept we use is the notion of an embedding of a presentation P of the solenoid SP
into a foliated manifold M . Given P ≡ {p` : M` →M`−1 | ` ≥ 0}, an embedding of P is a collection
of homeomorphisms ϕ` : M` → L`, where each L` is a leaf of FM for ` ≥ 0. We also require that
there are covering maps ψ` : L` → L`−1 which are naturally induced by the transverse geometry of
FM , and an embedding ϕ : SP →M , so that the maps ϕ` induce a homeomorphism ϕ∗ between SP
and the inverse limit SF of the collection PF = {ψ` : L` → L`−1 | ` ≥ 0}. Thus, an embedding of
the presentation P of the solenoid SP is an embedding of SP of a very special type.

While this type of embedding has not explicitly been studied in the literature, one finds in the
construction of Markus and Meyer [40] a similar concept. There, for each homeomorphism class of
one-dimensional solenoids, they choose a presentation P of the solenoid SP and the authors identify
in the generic Hamiltonian flow a limit set that is homeomorphic to SP by finding a sequence of
periodic orbits of increasing period related to the presentation P in such a way that these periodic
orbits converge to a minimal set of the flow which is homeomorphic to SP . However, there are no
related results known to the authors for higher dimensional solenoids.

This then leads to a refinement of the embedding Problem 1.1:

PROBLEM 1.5. Let S be an n-dimensional solenoid with presentation P. When does there exists
a Cr-foliation FM of a compact manifold M and an embedding of P realizing S as the inverse limit
of the associated system of leaves?

Our approach to Problem 1.1 in the case where S is a solenoid, is based on the existence of a
sub-presentation P ′ with S ∼= SP′ where P ′ is well-chosen so that the constraints imposed by
the Cr-differentiability requirements on an embedding of P ′ are satisfied. That is, given an n-
dimensional solenoid S with presentation P, and so S ∼= SP , to solve Problem 1.1 for S, it suffices
by Proposition 1.4 to exhibit a sub-presentation P ′ of P and a solution to Problem 1.5 for P ′.

In the case of codimension one embeddings, if ι : S →M is any topological embedding of a solenoid
of dimension n into a compact oriented manifold of dimension n+1, then Clark and Fokkink showed
in [16] that the inverse limit (1) defining S has a finiteness property for its top degree cohomology:
there exists some `0 � 0 such that the Cech cohomology Ȟn(S;R) ∼= Hn(M`;R) for all ` ≥ `0,
which is a contradiction. Thus, in the following, one always assumes that the codimension q ≥ 2.

The existence of 1-dimensional solenoids as minimal sets of smooth flows has an extensive history
in topological dynamics, and we cite only some selected results here [11, 26, 25, 34, 40, 54, 57]. The
existence is generally shown via an iterated perturbation argument, which is essentially folklore.
That is, starting with a closed orbit, M0

∼= S1, it is modified in an open neighborhood of M0 so that
the perturbed flow now has a nearby closed orbit M1

∼= S1 which covers M0 with degree d1 > 1.
This process is inductively repeated for all subsequent closed orbits M` with ` > 1. With suitable
care in the choices, the resulting flow will be C∞ and has a minimal set S homeomorphic to the
inverse limit of the system of closed orbits resulting from the construction. The generalization of
this folklore construction to higher dimensions requires a more precise description of the steps of the
construction, as additional issues arise in higher dimensions, which are discussed in this paper.

Given a Cr-flow ϕ on a compact manifold with solenoidal minimal set Sϕ, the existence of a collection
of closed orbits for ϕ whose limit defines Sϕ is one of the standard “questions”, as such a system may
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or may not exist, depending on the “geometry” of the flow. In the formulation of the embedding
Problem 1.5, such a system of closed orbits (or compact leaves) is part of the assumption.

2. Main Theorems

In this paper we give solutions to the embedding Problems 1.1 and 1.5 for a special class of McCord
solenoids of dimension n ≥ 1, those which have abelian Cantor groups as fibers.

Let S be a McCord solenoid with presentation P = {p` : M` → M`−1 | ` ≥ 0}. Fix a basepoint
x0 ∈M0. Then, inductively choose basepoints x` ∈M` such that p`(x`) = x`−1 for each ` ≥ 1. Set
Γ = π1(M0, x0), and let Γ` = Image{π`∗ : π1(M`, x`)→ Γ}. Let K` = Γ/Γ` be the quotient set, which
is a finite group by the normality assumptions. The fiber of p∗ : S →M0 is then identified with the
inverse limit, K0 ≡ p−1

∗ (x0) ∼= lim
←
{K`+1 → K`}, which is a compact, totally-disconnected, perfect

topological group; that is, a Cantor group. Moreover, by results of McCord [42], S is homeomorphic
to a principle K0-bundle over the base space M0.

Now suppose that M0 is a closed oriented manifold of dimension n with basepoint x0 ∈ M0, and
that there is a surjective map π : Γ = π1(M0, x0)→ Zk for some k ≥ 1. Given a descending chain of
subgroups, ΓP ≡

{
Zk = Γ0 ⊃ Γ1 ⊃ Γ2 ⊃ · · ·

}
, where each Γ`+1 ⊂ Γ` has finite index greater than

one for all ` ≥ 0. Set Γ̃` = π−1(Γ`) and let π` : M` → M0 be the covering corresponding to Γ̃`.

Then we obtain a presentation P̃ for a McCord solenoid SP̃ with base space M0. The fiber K0 of
p∗ : SP̃ →M0 is naturally isomorphic to the abelian Cantor group K0 defined by the chain ΓP .

Let Dq denote the closed unit disk in Rq. By Proposition 3.4, a Cr-foliation F̂ on Tk×Dq determines

a Cr-foliation F on M × Dq with the same dynamical properties. A compact leaf of F̂ lifts to a

compact leaf of F , and the same applies for minimal sets of F̂ . Thus, for a solenoid SP̃ with base
M0 obtained in this way, in order to construct an embedding of SP̃ into a Cr-foliation of M ×Dq, it

suffices to construct an embedding of the solenoid SP with base Tk into a Cr-foliation of Tk × Dq.

For any k ≥ 1 and r ≥ 0, and presentation P of a McCord solenoid S with base space Tk, we
give explicit constructions of Cr-foliations which realize sub-presentations P ′ of P. For the case of
k = 1, the construction is simply the classical method, expressed precisely in the language of flat
bundles. For dimensions k ≥ 2, the approach using flat bundles seems fundamental, as the proofs of
Cr-embedding for r ≥ 2 depend upon careful analysis of the holonomy representations of the normal
bundles to the compact leaves created inductively in the construction.

For the classical case of one-dimensional solenoids, each M` = S1 and the bonding maps p` : S1 → S1

are orientation-preserving covering maps with degree d` > 1. The foliation on the inverse limit

space S defines a minimal flow, and K0 is homeomorphic to a ~d-adic Cantor set, for ~d = (d1, d2, . . .).
The solenoid S is a compact abelian topological group, hence by Pontrjagin Duality [5, 36, 47]
is determined up to homeomorphism by the list of primes (with their multiplicities) dividing the
integers d`. (For further discussion, see the remarks at the end of section 8.) In particular, there
are an uncountable number of one-dimensional solenoids which are distinct up to homeomorphism.

For the case where k > 1, and a standard (affine) solenoid S associated to a descending chain ΓP ≡{
Zk = Γ0 ⊃ Γ1 ⊃ Γ2 ⊃ · · ·

}
, the topological type of S is determined by the chain ΓP . Again, there

are an uncountable number of such k-dimensional solenoids which are distinct up to homeomorphism.
Unlike the 1-dimensional case, the isomorphism problem for the solenoids S resulting from such
chains is unclassifiable in the sense of descriptive set theory [36, 58, 59, 30]. Thus, in contrast to
the 1-dimensional case, it is not possible to give a classification for the family of minimal sets we
construct below. In all cases k ≥ 1, our constructions yield an uncountable number of distinct
homeomorphism types of solenoids which admit embeddings into C∞-foliations.

Our strongest results are for C0-embedding problem. Proposition 8.2 yields the following result,
that every presentation of a solenoid with base Tk admits an embedding into a C0-foliation.
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THEOREM 2.1. Let P be a presentation of the solenoid S over the base space Tk, and let q ≥ 2k.

Then there exists a C0-foliation F̂ of Tk × Dq such that:

(1) F̂ is a distal foliation, with a smooth transverse invariant volume form;

(2) L0 = Tk × {~0} is a leaf of F̂ , and F̂ = F0 near the boundary of M ;

(3) there is an embedding of P into the foliation F̂ ;

(4) the solenoid S embeds as a minimal set F̂ .

The embedding problem for solenoids into C1-foliations is the next most general case. While it
is unknown whether smoothness conditions restrict the possible embeddings, new ideas must be
introduced to address the smoothness conditions. In section 8, we introduce the “standard rep-
resentation” for a descending chain ΓP of abelian lattices, and formulate the condition (63) on
the algebraic structure of the chain ΓP . By careful choice of a sub-presentation P ′ of the given
presentation P, Proposition 8.5 then yields:

THEOREM 2.2. Let P be a presentation of the solenoid S over the base space Tk, and let q ≥ 2k.
Suppose that P admits a sub-presentation P ′ which satisfies condition (63). Then there exists a

C1-foliation F̂ of Tk × Dq such that:

(1) F̂ is a distal foliation, with a smooth transverse invariant volume form;

(2) L0 = Tk × {~0} is a leaf of F̂ , and F̂ = F0 near the boundary of M ;

(3) there is an embedding of P ′ into the foliation F̂ ;

(4) the solenoid S embeds as a minimal set F̂ .

Our constructions have applications to the study of dynamical systems defined by foliations. In
particular, we give some “non-stability” results which complement the various forms of the Reeb-
Thurston stability theorems for C1-foliations [38, 55, 60]. The generalized Reeb Stability Theorem
[55, 60] states that if L0 is a compact leaf of a C1-foliation F , such that the first cohomology group
H1(L0,V) = 0, where V is a vector space module over π1(L0, x0), then all leaves of F sufficiently close
to L0 are diffeomorphic to it. Theorem 2 of Langevin and Rosenberg [38] states that if H1(L0;R) = 0
and L0 has a product open neighborhood, then if F ′ is a sufficiently close C1-perturbation of F ,
there is a compact leaf L′0 of F ′ near to L0 which has a product open neighborhood.

In contrast to the assumptions for stability, Corollary 2.4 below assumes that H1(L0,R) 6= 0, and
shows that there exists a perturbation for which there exists a nearby solenoidal minimal set. Thus,
the leaf L0 is highly non-stable. This is based on our construction of Cr-embeddings of solenoids
with base Tk which are arbitrarily close to the product foliation:

THEOREM 2.3. Let L0 be a closed oriented manifold of dimension n, with H1(L0,R) 6= 0. Let
q ≥ 2 and ε > 0. Then there exists a C∞-foliation F of M = L0 × Dq which is ε-C∞-close to the
product foliation F0, such that F is a volume-preserving, distal foliation, and satisfies

(1) L0 = L0 × {0} is a leaf of F ;
(2) F = F0 near the boundary of M ;
(3) F has a minimal set S which is a solenoid with base L0;
(4) S is in the closure of the compact leaves of F .

The manifold M = L0 × Dq with foliation F functions as a “foliated plug”, in the spirit of the
constructions of Wilson [64], Schweitzer [53] and Kuperberg [37]. We may use it to insert a solenoidal
minimal set into a given foliation satisfying local conditions. This leads to the following surprising
result:

COROLLARY 2.4. Let F0 be a C∞-foliation of codimension q ≥ 2 on a manifold M . Let L0 be a
compact leaf with H1(L0;R) 6= 0, and suppose that F0 is a product foliation in some saturated open
neighborhood U of L0. Then there exists a foliation FM on M which is C∞-close to F0, and FM
has an uncountable set of solenoidal minimal sets {Sα | α ∈ A}, all contained in U , and pairwise
non-homeomorphic. If F0 is a distal foliation with a smooth transverse invariant volume form, then
the same holds for FM .
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The minimal sets of an equicontinuous foliation are submanifolds [3], hence if F has a solenoidal
minimal set, then F cannot be equicontinuous. Thus, the minimal set S is parabolic in terms of the
classification scheme of [31, 32].

The construction of the foliation F on M = Tk×Dq in Theorems 2.1 and 2.2 is just a special case of
a more general construction. The key technical idea is to define a type of “plug”, whereby an open
foliated tubular neighborhood of a compact leaf is replaced by a new foliation, which is defined using
modifications of flat bundles over the leaf. In other words, the classical approach where a periodic
orbit of a flow is locally modified so that the orbits of the new flow finitely covers this orbit nearby,
is considered as the simplest case of a plug obtained from a flat bundle with finite holonomy.

Section 3 first discusses the generalities of the construction and properties of flat vector bundles and
their modifications. Section 4 then shows how to use a sequence of such flat bundle modifications to

obtain a sequence of foliations F̂` on Tk ×Dq which approximate an embedding of the first `-stages
of a tower of coverings of Tk. This section is given in very geometric terms, as this motivates the

construction. However, to prove that the sequence of foliations F̂` converge in the uniform Cr-norm,

section 6 reformulates the construction in terms of the global holonomy maps ĥ` : Zk → Diffr(Dq)
of the foliations F̂`. This formulation also makes the comparison of the properties of our examples
with those of the classical examples of actions on the disk more transparent.

The work in sections 3 to 6 assume as given data, that there is given a sequence of representations
α̂ = {α` : Zk → Qm | ` ≥ 1} which determine the flat bundle perturbations at each stage. This

yields a sequence of modified foliations {F̂` | ` ≥ 0} of N̂0 = Tk×Dq as constructed in section 4. The
delicate issues of convergence in the Cr-norm in section 6 determine the smoothness of the limiting

foliation F̂ of the plug Tk × Dq.

Theorems 2.1 and 2.2 do not specify a sequence of representations α̂; this additional data may be
derived from the given data of a tower of coverings P of the base manifold Tk. We give one example
of this, the “standard representations” we introduce in section 8, as direct generalizations of the
1-dimensional method which is presented in section 7.

Section 9 discusses some natural questions concerning solenoidal minimal sets for foliations which
arise from this work.

3. Flat bundles

We recall some of the basic facts about flat vector bundles, and then introduce the basic technique
of using deformations of flat bundles to construct the foliated plugs which are fundamental to our
constructions.

Choose a basepoint x0 ∈ L0, and set Γ = π1(L0, x0). Let Γ act on the right as deck transformations

of the universal cover L̃0 → L0.

Let ρ : Γ → SO(q) be an orthogonal representation. Then ρ defines an action of Γ on the left as
isometries of Rq, defined by ~v 7→ ρ(γ)(~v). Define a flat Rq-bundle by

(2) Eqρ = (L̃0 × Rq)/(ỹ · γ,~v) ∼ (ỹ, ρ(γ)(~v)) −→ L0

For a closed path σγ : [0, 1] → L0 with σγ(0) = σγ(1) = x0 which represents the homotopy class γ,
the holonomy of the bundle Eρ along the path σγ is ρ(γ), as seen via the identification in (2).

For each ~v ∈ Rq, let L̃~v = L̃0 × {~v} be the leaf through ~v of the product foliation on (L̃0 × Rq).
The product foliation is Γ-equivariant, so descends to a foliation denoted by Fρ, and the leaf L̃~v
descends to a leaf denoted by L~v ⊂ Eqρ. The tangent bundle TFρ defines the integrable horizontal
distribution for the flat bundle E→ L0.

The action of Γ on Rq via ρ preserves the usual norm, ‖~x‖2 = x2
1 + · · ·+ x2

q, so for all ε > 0 restricts
to actions on the subsets

Bqε = {~x | ‖~x‖ < ε} , Dqε = {~x | ‖~x‖ ≤ ε} , Sq−1
ε = {~x | ‖~x‖ = ε}
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Recall that Dq = Dq1 and Bq = Bq1.

Let Bqε,ρ → L0 (respectively, Dqε,ρ or Sq−1
ε,ρ ) denote the Bqε -subbundle (respectively, Dqε or Sq−1

ε ) of
Eqρ → L0. The foliation Fρ then restricts to a foliation on each of these subbundles.

The most familiar example is for L0 = S1, where Γ = π1(S1, x) = Z. Given any α ∈ R, define the
representation ρ : Z → SO(2) by ρ(n) = exp(2π

√
−1α · n). Then E2

ρ is the flat vector bundle over

S1, such that the holonomy along the base S1 rotates the fiber by ρ(1) = exp(2π
√
−1α).

In general, the bundle Eqρ → L0 need not be a product vector bundle, and may even have non-trivial
Euler class when q is even [35, 43, 56, 65].

PROPOSITION 3.1. Let ρt : Γ→ SO(q), for 0 ≤ t ≤ 1, be a smooth 1-parameter family of repre-
sentations such that ρ0 is the trivial map, and ρ1 = ρ. Then ρt canonically defines an isomorphism
of vector bundles Eqρ ∼= L× Rq.

Proof: The family of representations defines a family of flat bundles Eqρt over the product space

L × [0, 1]. The coordinate vector field ∂/∂t along [0, 1] lifts to a vector field ~̃v on the product,

Ẽq = (L̃0×[0, 1])×Rq. The group Γ acts on Ẽq via the action of ρt on each slice Ẽqt = (L̃0×{t})×Rq,
and the vector field ~̃v is clearly Γ invariant, as ρt acts on the vector space Rq but fixes the tangent

bundle to [0, 1]. Thus, ~̃v descends to a vector field ~v on Ẽq/Γ. The flow of ~̃v on Ẽq preserves the

fibers, so the flow of ~v acts via bundle isomorphisms on Ẽq/Γ→ L0 × [0, 1].

The time-one flow of ~v defines an isotopy between the bundles Eqρ0 and Eqρ1 , which induces a bundle
isomorphism between them. The initial bundle Eqρ0 is a product, hence the same holds for Eqρ1 . �

The key point is that the bundle isomorphism between Eqρ0 and Eqρ1 is canonical, and in particular,
depends smoothly on the path ρt. In general, a representation ρ need not be homotopic to the trivial
representation, so the hypotheses of Proposition 3.1 is very strong.

If ρ : Γ→ SO(q) factors through either a free abelian group Zk, or a free non-abelian group Fk, then
one can construct an explicit isotopy ρt of ρ to the identity. For the case where

ρ = α ◦ π : Γ
π−→ Zk α−→ SO(q)

we give the construction of the the isotopy ρt in detail. Let m be the greatest integer such that
2m ≤ q. For q = 2m, identify Rq ∼= Cm via the map

~x = (x1, x2, . . . , x2m−1, x2m)↔ ~z = (z1, . . . , zm)

where zi = x2i−1 +
√
−1 ·x2i. For q = 2m+1, identify Rq = R2m×R ∼= Cm×R in the same fashion.

The m-torus Tm is written as

Tm = {~w = (w1, . . . , wm) | wi ∈ C , |wi| = 1, for all 1 ≤ i ≤ m}

Identify Tm with a maximal torus in SO(q) via its action by coordinate multiplication, for ~z ∈ Cm,

~w · ~z = (w1 · z1, . . . , wm · zm) , q = 2m(3)

~w · (~z, x2m+1) = (w1 · z1, . . . , wm · zm, x2m+1) , q = 2m+ 1

Given ~a = (a1, . . . , am) ∈ Rm, set

(4) exp(~a) = (exp(2π
√
−1 · a1), . . . , exp(2π

√
−1 · am)) ∈ Tm

Define a parametrized family of representations, for 0 ≤ t ≤ 1,

(5) ραt : Γ→ Tm ⊂ SO(q) , ραt (γ)(~v) = exp(t · α(γ)) · ~v ; set ρα = ρα1

PROPOSITION 3.2. Each representation α : Γ→ Rm defines a foliation Fα of L0 × Sq−1
ε whose

leaves cover L0. Moreover, if the image of α is contained in the rational points Qm ⊂ Rm, then all
leaves of Fα are compact.
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Proof: Given α : Γ→ Rm, then the family ραt is an isotopy from ρα to the trivial representation, so
Sq−1
ε,ρ → L0 is bundle-isomorphic to the product bundle L0×S. If the image of α is contained in Qm,

then the image of ρα is a finite subgroup of SO(q), hence each leaf of Fρ is a finite covering of L0

hence is compact. Let Fα denote the foliation which is the image of Fρα under the fiber-preserving
diffeomorphism Sε,ρ ∼= L0 × Sq−1

ε induced by the isotopy ραt . �

In the case where q = 2, SO(q) ∼= S1 and L0 = S1, then α : Z→ R is determined by the real number
α = α(1), and Fα is the foliation of the 2-torus T2 by lines of “slope” α. Note that for the abstract
flat bundle Eρ the holonomy is rotation of the fiber S1 by the congruence class of α modulo Z.
However, using the isotopy ραt we are able to define the slope of the leaves Fα due to the explicit
product structure. A similar phenomenon holds for the general case of ρα defined by α : Γ → Rm,
although it is not as immediate to imagine the foliation Fα on the product space L0×Sq−1

ε . However,
there is a standard observation which obviates this problem.

For a vector ~x ∈ Rk let [~x] ∈ Tk = Rk/Zk denote the coset of ~x ∈ Rk. Let [~0] denote the basepoint

defined by the origin in Rk. The fundamental group π1(Tk, [~0]) acts on the universal cover Rk via
translations, so is canonically identified with the integer lattice Zk.

PROPOSITION 3.3. Suppose that H1(L0,R) ∼= Rk for k ≥ 1. Then there is a surjective map

π : Γ = π1(L0, x0) → Zk. Moreover, there is a smooth map τ : L0 → Tk with τ(x0) = [~0] ∈ Tk, and

π = τ∗ : π1(L0, x0)→ π1(Tk, [~0]).

Proof. The map τ is just the period map for L0. More precisely, choose closed 1-forms {η1, . . . , ηk}
on L0 whose cohomology classes are a basis for the image H1(L0,Z) → H1(L0,R). Identify the

universal cover L̃0 with the end-point fixed homotopy classes of paths σ : [0, 1]→ L0 with σ(0) = x0.
Each homotopy class of paths admits a smooth representative, so we may assume that σ is smooth.

Then define τ̃ : L̃0 → Rk by

τ̃(σ) =

∫
σ

(η1, . . . , ηk) dt ∈ Rk

If σ(1) = x0, then τ̃(σ) ∈ Zk, and so set π([σ]) = τ̃(σ). This yields a well-defined map π : Γ → Zk,

called the period map. Pass to the quotient of L̃0 by the deck translation action of Γ to obtain the
map τ . (See [10] for details.) �

PROPOSITION 3.4. Given a foliation F̂ of Tk × Dq which is transverse to the factor Dq, then
a smooth map τ : L0 → Tk induces a foliation F on L0 × Dq whose global holonomy map is the

composition of τ∗ with the holonomy map hF̂ : Zk → Diff(Dq) of F̂ .

Proof. This follows by the standard transversality techniques [12, 44]. �

Propositions 3.3 and 3.4 are invoked to obtain a foliation of M = L0 × Dq given a foliation of
N0 = Tk×Dq. Thus, it suffices to construct the examples for this special case Tk×Dq. We introduce
the basic notations used in the constructions of sequences of such foliations in the following section.

Given α = (α1, . . . , αm) : Zk → Rm, there is a unique linear extension to Rk, also denoted by
α : Rk → Rm. The extension α is used to define a diagonal action

Tα : Rk × (Tk × Tm) → (Tk × Tm)(6)

Tα(~ξ)([~x], [~y]) = ([~x+ ~ξ], [~y + α(~ξ)])

for ~ξ ∈ Rk. The orbits of Tα define a foliation Fα on Tk × Tm where the leaf through (x, y) =
([~x], [~y]) ∈ Tk × Tm is

(7) L(x,y) = {([~x+ ~ξ], [~y + α(~ξ)]) | ~ξ ∈ Rk}

This is just the standard “linear foliation” of Tk+m by k-planes, whose “slope” is defined by the
map α. If we have a smooth family of representations, αt : Zk → Rm, 0 ≤ t ≤ 1, then we obtain a
smooth family of foliations Lαt on Tk × Tm.
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The linear representation α : Rk → Rm can be composed with the group embedding of Tm into
SO(q) described above (3). We thus obtain an isometric action ρα of Rk on Rq, which restricts
to actions on each of the subsets Dqε , Bqε and Sq−1

ε of Rq, and thus obtain diagonal actions on the
corresponding product spaces. The product actions are also denoted by Tα. For example, we have

(8) Tα : Rk × (Tk × Dqε)→ (Tk × Dqε)

The orbits of Tα define a foliation of Tk × Dqε , again denoted by Fα. Note that the action of Tα
preserves the spherical submanifolds Tk × Sq−1

ε′ for 0 ≤ ε′ ≤ ε.

4. Constructing the plug

In this section, we inductively define a sequence of foliations F̂` of Tk ×Dq, for ` ≥ 0. In Section 6,

we give criteria for this sequence to converge to a Cr foliation F̂ .

We first establish some notations. Let ~ej = (0, . . . , 1, . . . , 0) ∈ Zk be the standard basis vector,
where the sole non-zero entry is in the jth-coordinate. Then {~e1, . . . , ~ek} is called the standard basis.

Let α0 denote the trivial representation, with α0(~ej) = ~0 for all 1 ≤ j ≤ k. Then for each ` ≥ 1,
choose a representation α` : Zk → Qm. Let α̂ = {α` | ` ≥ 0} denote the sequence of representations.

Set α`(~ej) = ~a`,j = [a`,j,1, . . . , a`,j,m]t ∈ Qm.

We let ‖| · ‖| denote the sup-norm of any collection of real numbers. For example, we have

(9) ‖|α` ‖| = max{|a`,j,m| | 1 ≤ j ≤ k, 1 ≤ k ≤ m}

In this case, the quantity ‖|α` ‖| is a measure of the “maximum slope” of the flat bundle foliation
obtained from the representation ρ` ≡ ρα` = exp(α`).

Define representations ρ` = ρα` : Zk → Tm ⊂ SO(q) as in (5), setting

(10) ρ`(γ)(~v) = exp(α`(γ)) · ~v , for γ ∈ Zk , ~v ∈ Rq

Let ∆` ⊂ Qm denote the image of α`. Then the image of ρ` is isomorphic to the finite subgroup,
G` ≡ ∆`/Zm ⊂ Qm/Zm. Let d` = #G` denote the order of G`. Note that G0 is the trivial group,
as the image of α0 is all of Zk. We assume that all other subgroups G` for ` ≥ 1 are non-trivial.

Let Λ` = ker{ρ` : Zk → SO(q)} ⊂ Zk. Then G` ∼= Zk/Λ`, where Λ` is free abelian with rank k.

For each ` ≥ 1, choose a set of generators {e`1, . . . , e`k} ⊂ Λ` with positive orientation for Λ`, which

determine an isomorphism φ` : Zk → Λ` given by φ`(c1, . . . , ck) =
∑k
j=1 cje

`
j . Let φ` : Rk → Rk also

denote the extension of φ` to a linear isomorphism of Rk. The induced isomorphism on quotients is
denoted by φ` : Tk = Rk/Zk → Rk/Λ`.

The collection of subgroups Λ` ⊂ Zk gives rise to a descending chain as follows. For ` ≥ 1, define

(11) Φ` ≡ φ1 ◦ · · · ◦ φ` : Zk → Zk ; Γ` = Image{Φ`} ⊂ Zk

Set Γ0 = Zk. Then for each ` ≥ 0, Γ`+1 ⊂ Γ`. Note that Γ1 = Λ1. For ` ≥ 1, we have the quotient
Γ`−1/Γ` ∼= Λ`. It follows that Γ` is a subgroup of finite index, q` ≡ [Γ` : Zk] = d1 · · · d`.

Set M` = Rk/Γ`, and let p` : M` →M`−1 be the quotient map, which is a locally isometric covering
map of degree d` with Galois group Λ`. The composition of covering maps, π` : Rk/Γ` → Rk/Γ0,
has Galois group k` = Γ0/Γ` which has index q`.

The initial step in our construction is to realize a given representation ρ` as the holonomy restricted
to an invariant disk bundle, for a foliation on Tk×Dq which is a product near the boundary. For this,
we introduce the non-linear aspect of the construction. Choose a non-increasing smooth function
µ : [0, 1]→ [0, 1] such that

(12) µ(s) =

{
1 if 0 ≤ s ≤ 2/3

0 if 3/4 ≤ s ≤ 1
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For each ` ≥ 1, we extend the representation α` : Zk → Qm to a continuous family α`,t : Zk → Rm,
0 ≤ t ≤ 1, by setting α`,t(~ej) = µ(t) · ~a`,j for 1 ≤ j ≤ k. Define a smooth family of representations,

(13) ρ`,t : Zk → Tm , ρ`,t,j(~v) = ρ`,t(~ej)(~v) = exp(µ(t) · ~a`,j) · ~v

Note that for 3/4 ≤ t ≤ 1, ρ`,t is the identity I ∈ SO(q), and for 0 ≤ t ≤ 2/3 the action of ρ`,t,j is
multiplication by exp(~a`,j), hence ρ`,t has image isomorphic to G`.

A point ~v ∈ Rq is generic for ρ` if ρ`(γ) ·~v 6= ~v for all γ 6∈ Λ`. Let O` ⊂ Rq denote the generic points
for ρ`. The fix-point set for an isometry ρ`(γ) of Rq is a proper subspace of Rq if γ 6∈ Λ`, and as G`
is a finite group, the set of non-generic points in Rq is a finite union of proper subspaces. Thus, O`
is an open and dense subset.

We now begin the inductive construction of foliations {F̂` | ` ≥ 0} on Tk ×Dq. Define F̂0 to be the

product foliation on Tk × Dq. We present the construction of F̂1 from F̂0 before giving the general
inductive step, as this case is technically simpler than the general case.

It is helpful to keep in mind that the following constructions of maps generalizes the standard con-
struction for dyadic solenoids, and the algebraic steps we describe all have geometric interpretations,
albeit in higher dimensions. The figure below is the standard illustration of the imbedding of the
solid 2-torus T2 into itself; or in the language to follow, this represents the map Ψ1 : N1 → N0.

Figure 1. Embedded solid torus

For ` = 0, set ε0 = 1, ε′0 = 2/3 · ε0 and ε′′0 = 3/4 · ε0. Then set

ρ0 ≡ Id , Φ0 ≡ Id , Γ0 ≡ Λ0 = Zk , N0 ≡ Tk × Dqε0 = Tk × Dq1 , K0 ≡ Dqε0 = Dq1

For step ` = 0, we make the following formal definitions. Set N̂0 = N0 and let Ψ0 : N0 → N̂0 be the

identity map. The foliation F0 of N0 is the product foliation, and define F̂0 on N̂0 to be the image of

F0 under Ψ0. Then L̂0 = Ψ0(Tk ×~0) ⊂ N̂0 is the leaf of F̂0 through ~z0 = ~0. Set K̂0 = Ψ0([~0]×K0).

For ` = 1, we next construct the foliation F̂1 of N̂0. To begin, there is a continuous decomposition

(14) N0 =
⋃

0≤r≤ε0

Tk × Sq−1
r

For each 0 ≤ r ≤ ε0, let F1 restricted to Tk × Sq−1
r be the foliation defined by the representation

ρ1,t where t = r/ε0. The foliation F1 of N0 is smooth, as ρ1,t depends smoothly on t.

The family {ρ1,t | 0 ≤ t ≤ 1} is an isotopy between ρ1 and the trivial representation ρ0. The
foliation F1 restricted to Tk × (Dqε0 − Bqε′′0 ) is the product foliation; F1 restricted to Tk ×Dqε′0 equals

Fρ1 whose holonomy is given by multiplication by the complex vectors ρ1(γ) ∈ Tm, for γ ∈ Zk. For
ε′0 < r < ε′′0 , the foliation restricted to Tk × Sq−1

r is the suspension of an isometric action.

Note that F1 is a distal foliation. Given any two points z 6= z′ ∈ Sq−1
r the holonomy action of F1 on

these points is isometric, hence stay a bounded distance apart. On the other hand, if z ∈ Sq−1
r and

z′ ∈ Sq−1
r′ for 0 ≤ r < r′ ≤ ε0 then their orbits remain on distinct spherical shells Sq−1

r and Sq−1
r′ ,

hence remain a bounded distance apart.

We have now constructed the foliation F1 on N0, which is the “standard solid torus”. Let F̂1 be

the foliation of N̂0 which is the image of F1 under Ψ0 : N0 → N̂0. As Ψ0 is the identity, this step is
again purely formal.
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The inductive step for ` = 1 includes several further choices of data.

Let ~z1 ∈ Sq−1
ε0/2
∩ O1 ⊂ Bqε′0 ∩ O1 be a generic point for ρ1. For γ ∈ Zk set ~z1,γ = ρ1(γ)(~z1). The

ρ1-orbit {~z1,γ | γ ∈ Zk} of ~z1 is finite with order d1, so there exists ε1 > 0 such that the closed disk
centered at ~z1 satisfies

(15) Dqε1(~z1) ≡ {~z ∈ Rq | ‖~z − ~z1‖ ≤ ε1} ⊂ Bqε′0 ∩ O1

and the translates under the action of ρ1 are disjoint. That is, if γ ∈ Zk satisfies γ 6∈ Λ1 then

Dqε1(~z1) ∩ ρ1(γ) · Dqε1(~z1) = Dqε1(~z1) ∩ Dqε1(~z1,γ) = ∅

Note that ‖~z1‖ = ε0/2 and Dqε1(~z1) ⊂ Bqε′0 ∩O1 implies that ε1 < ε0/6 and hence Dqε0/3 ∩D
q
ε1(~z1) = ∅.

The finite union of the translates of Dqε1(~z1) under the action ρ1 is denoted by

(16) K1 =
⋃
γ∈Zk

Dqε1(~z1,γ) ⊂ K0 = Dq1

Here is an illustration of the set K1 in the case q = 2 and G1 = Z/6Z the cyclic group of order 6.
The points z1,i label the orbit of ~z1 under ρ1.

Figure 2. Invariant family of disks

Let N ′1 denote the Tα1 -saturation of the set [~0]× Dqε1(~z1) ⊂ N0. That is,

(17) N ′1 =
⋃
~ξ∈Rk

[~ξ]× ρ1(~ξ) · Dqε1(~z1) ⊂ N0 = Tk × Dq1

Finally, we put the foliation F1 of N ′1 into “standard form” in preparation for the next stage of the
induction. Define a Tα1

-equivariant map, for ξ ∈ Rk

ϕ1 : Rk/Λ1 × Dqε1 −→ N ′1

ϕ1([~ξ], ~z) = [~ξ]× ρ1(~ξ)(~z + ~z1)(18)

This is well-defined since Λ1 = ker ρ1. Note that the product foliation on Rk/Λ1 × Dqε1 is mapped
by ϕ1 to the restriction of F1 to N ′1.

Recall that φ` : Rk → Rk is the extension of the homomorphism φ` : Zk → Λ` defined by the choice
of basis for Λ`, and φ` : Tk = Rk/Zk → Rk/Λ` is the induced map on quotients. For ` = 1, extend
this to a diffeomorphism

(19) φ1 : N1 ≡ Tk × Dqε1 → Rk/Λ1 × Dqε1 , ([~x], ~y) 7→ (φ1[~x], ~y)

Let ψ1 = ϕ1 ◦ φ1 : N1 → N ′1, and set Ψ1 = Ψ0 ◦ ψ1 : N1 → N̂0 which maps the product foliation on

N1 to the restriction of F̂1 to N̂1. We have the diagram:

(20) Ψ1 : N1 ≡ Tk × Dqε1
φ1−→ Rk/Λ1 × Dqε1

ϕ1−→ N ′1 ⊂ N0 = Tk × Dqε0
Ψ0−→ N̂0

Let N̂1 denote the image of Ψ1 and set K̂1 = N̂1 ∩ K̂0, which is the union of d1 closed disks.

Let L1 ⊂ N ′1 be the leaf which is the Tα1
-orbit of [~0]× ~z1, then L̂1 = Ψ0(L1) = Ψ1(Tk ×~0) is a leaf

of F̂1 and N̂1 is the closed ε1-disk bundle about L̂1. This concludes step ` = 1.
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Now assume that the foliation F̂` of N̂0 has been constructed, and we construct the foliation F̂`+1.

Assume that points {~z1, . . . , ~z`} ⊂ Dqε0 have been chosen, as well as the sequence 0 < ε` < · · · < ε1 < 1
where εk+1 < εk/6 for 1 ≤ k < `. Let ε′k = 2/3 · εk and ε′′k = 3/4 · εk for 1 ≤ k ≤ `.

By the inductive hypotheses, we are also given Ψ` = Ψ`−1 ◦ ψ` such that

(21) Ψ` : N` ≡ Tk × Dqε`
φ`−→ Rk/Λ` × Dqε`

ϕ`−→ N ′` ⊂ N`−1 = Tk × Dqε`−1

Ψ`−1−→ N̂0

where N̂` denotes the image of Ψ` and K̂` = N̂` ∩ K̂0, which is the union of q` closed disks.

The foliation F̂` of N̂0 restricted to N̂` is the image under Ψ` of the product foliation on N`.

The composition (21) realizes an important technical aspect of our construction. The image of the

core leaf Tk × {0} of the product foliation on N` is mapped by Ψ` to a leaf of F̂`. Moreover, Ψ`

also maps the trivial framing of the disk bundle to a twisted framing (or synchronous) framing of
a tubular neighborhood of the image leaf. This allows us to make the “foliated surgery” described
below on a product bundle, which reduces to a problem exactly analogous to the case ` = 1.

Topologically, the manifold with boundary N̂` ⊂ N̂0 is the `th-iteration of an embedding of a solid

torus in the initial solid torus N̂0. For k = 1, this is visualized as the iteration of the embedding in
Figure 1. For k > 1, the embedding depends upon the sequence of vectors αi ∈ Hom(Zk,Rm) for
1 ≤ i ≤ `, and is essentially impossible to visualize.

The first step in the construction of F̂`+1 is to construct the foliation F`+1 on N` with the property
that its restriction to an open neighborhood of ∂N` is the product foliation. We proceed as for the
case ` = 1. There is a continuous decomposition

(22) N` =
⋃

0≤r≤ε`

Tk × Sq−1
r

For each 0 ≤ r ≤ ε`, let F`+1 restricted to Tk × Sq−1
r be the foliation defined by the representation

ρ`+1,t where t = r/ε`. This defines the smooth foliation F`+1 of N` and we check its properties.

The family {ρ`+1,t | 0 ≤ t ≤ 1} is an isotopy between ρ`+1 and the trivial representation ρ0. Thus,
the foliation F`+1 restricted to Tk × (Dqε` − Bqε′′` ) is the product foliation.

The restriction of F`+1 to Tk × Dqε′` is the foliation Fρ`+1
, whose holonomy action on [~0] × Dqε′` is

given by multiplication by the complex vectors ρ`+1(γ) ∈ Tm, for γ ∈ Zk.

For ε′` < r < ε′′` , the foliation restricted to Tk × Sq−1
r is the suspension of an isometric action. Thus,

as before, F`+1 is a distal foliation of N`.

Define the foliation F̂`+1 on N̂0 to be F̂` on N̂0 − N̂`, and F̂`+1 on N̂` is the image of F`+1.

By the inductive hypothesis, the image under Ψ` of the product foliation on N` equals the restriction

of F̂` on N̂`, hence the image under Ψ` of F`+1 on N̂` agrees with F̂` on an open neighborhood of

∂N̂`, and so F̂`+1 is a smooth foliation of N̂0.

It remains to set up the remaining data for the induction.

Let ~z`+1 ∈ Sqε`/2 ⊂ Bqε′` ∩ O`+1 be a generic point for ρ`+1. Then set

(23) ~z`+1,γ = ρ`+1(γ)(~z`+1) , γ ∈ Zk

The ρ`+1-orbit {~z`+1,γ | γ ∈ Zk} of ~z`+1 is finite, so there exists ε`+1 > 0 such that the closed disk
centered at ~z`+1 satisfies

(24) Dqε`+1
(~z`+1) ⊂ Bqε′` ∩ O`+1

and the translates under the action of ρ`+1 are disjoint. Note that Dqε`+1
(~z`+1) ⊂ Bqε′` ∩O`+1 implies

that ε`+1 < ε`/6 and hence Dqε`/3∩D
q
ε`+1

(~z`+1) = ∅. The finite union of the translates of Dqε`+1
(~z`+1)
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under the action ρ`+1 is denoted by

(25) K`+1 =
⋃
γ∈Zk

Dqε`+1
(~z`+1,γ)

Then K`+1 is the disjoint union of d`+1 closed disks, each of radius ε`+1, so that K`+1 ∩ Dqε`/3 = ∅.

Let N ′`+1 denote the Tα`+1
-saturation of the set [~0]× Dqε`+1

(~z`+1) ⊂ N`. That is,

(26) N ′`+1 =
⋃
~ξ∈Rk

[~ξ]× ρ`+1(~ξ) · Dqε`+1
(~z`+1) ⊂ N`

Define a Tα`+1
-equivariant map, for ξ ∈ Rk

ϕ`+1 : Rk/Λ`+1 × Dqε`+1
−→ N ′`+1(27)

ϕ`+1([~ξ], ~z) = ([~ξ], ρ`+1(~ξ)(~z`+1 + ~z))

This is well-defined precisely because Λ`+1 = ker ρ`+1. The product foliation on Rk/Λ`+1 ×Dqε`+1
is

mapped by ϕ`+1 to the restriction of F`+1 to N ′`+1.

Extend the map φ` : Tk = Rk/Zk → Rk/Λ` above to a diffeomorphism

(28) φ`+1 : N`+1 ≡ Tk × Dqε`+1
→ Rk/Λ`+1 × Dqε`+1

, ([~x], [~y]) 7→ (φ`+1[~x], [~y])

Let ψ`+1 = ϕ`+1 ◦ φ`+1 : N`+1 → N ′`+1 ⊂ N`. Set Ψ`+1 = Ψ` ◦ ψ`+1 : N`+1 → N̂0. The image of

Ψ`+1 is denoted by N̂`+1 which is a closed subset of N̂0. Then Ψ`+1 maps to product foliation on

N`+1 to the restriction of F̂`+1 to N̂`+1. Set K̂`+1 = N̂`+1 ∩ K̂` = N̂`+1 ∩ K̂0 which is a union of
q`+1 = d1 · · · d`+1 closed disks, each with radius ε`+1.

Let L`+1 ⊂ N ′`+1 be the leaf of F`+1 given by the Tα`+1
-orbit of [~0]×~z`+1, and set L̂`+1 = Ψ`(L`+1) =

Ψ`+1(Tk ×~0). Then L̂`+1 is a leaf of F̂`+1 and N̂`+1 is a closed ε`+1-disk bundle about L̂`+1.

This completes the induction. Note that we obtain as a result:

(1) a sequence of nested compact (k + q)-dimension submanifolds with boundary,

Tk × Dqε0 ≡ N̂0 ⊃ N̂1 ⊃ · · · ⊃ N̂` ⊃ · · ·

(2) a sequence of nested compact q-dimension submanifolds with boundary, K̂` = N̂` ∩ K̂0,

K̂0 ⊃ K̂1 ⊃ · · · ⊃ K̂` ⊃ · · ·

Moreover, K̂` is a union of q` closed disks, each with radius ε` ≤ 6−`.

(3) a sequence of smooth foliations F̂` of N̂0 such that F̂`′ = F̂` | (N̂0 − N̂`) for all `′ > `.

The intersection S =
⋂
`≥0 N̂` is homeomorphic to a solenoid as defined in Definition 1.2, and the

intersection K∗ =
⋂
`≥0 K̂` = S ∩ K̂0 is a Cantor set.

Note that at each stage of the induction, the restriction of F̂` to the embedded torus Ψ`

(
Tk × Dqε`/3

)
is a foliation with all leaves compact.

5. Cr-norms

For a vector-valued function f defined on an open subset U ⊂ Rq, let ∇jf = ∇~ejf denote the partial
derivative in the direction of the basis vector ~ej for 1 ≤ j ≤ q. Given a string J = (j1, j2, . . . , jr)
with values 1 ≤ jk ≤ q, denote the corresponding partial derivative of order |J | ≡ r by

∇Jf = ∇jr ◦ · · · ◦ ∇j1f

If r = 0, so J is the empty string, then ∇J is just the identity map.
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Introduce the uniform Cr-semi-norms ‖f‖′r and norm ‖f‖r on U , defined by

(29) ‖f‖′r = sup
~x∈U

{
max
|J|=r

‖∇Jf(~x)‖
}
, ‖f‖r = sup

~x∈U

{
max
|J|≤r

‖∇Jf(~x)‖
}

The construction in section 4 are based on a “standard deformation”:

(30) for ~a ∈ Rm , g~a(~z) =


exp(~a) · ~z if 0 ≤ t ≤ 2/3

exp(µ(t) · ~a) · ~z if 2/3 < t < 3/4

~z if 3/4 ≤ t ≤ 1

, t = ‖~z‖

Note that g~a is the identity outside of Dq3/4, and is the constant “rotation” by exp(~a) on Dq2/3. The

function µ : [0, 1] → [0, 1] is assumed to be smooth, and vanishes for t ≤ 2/3, so the composition
µ̂(~z) ≡ µ(‖~z‖) is smooth on the compact disk Dq. Introduce constants Bk = ‖µ̂ ‖′k for all k ≥ 0.

The following is the key technical estimate, which along with appropriate rescaling arguments, is

used to estimate the Cr-norms of the sequence of foliations {F̂` | ` ≥ 0}.

LEMMA 5.1. For all integers r ≥ 0, there exists Cr > 0 such that for ‖|~a ‖| ≤ 1,

(31) ‖g~a − Id‖′r ≤ Cr · ‖|~a ‖|
For the special cases C0 = 2π and C1 = 2π(1 +B1), there is no restriction on ‖|~a ‖| . In general set,

(32) Ĉ` ≡ max{C0, C1, . . . , C`}

Proof. Note that for ‖~z‖ > 3/4 we have g~a − Id = 0, so the result is trivial in this case.

For ‖~z‖ = t ≤ 3/4, using the observation that for all s ∈ R, ‖ exp(2π s)− exp(0)‖ ≤ 2π |s|, then

‖g~a(~z)− ~z‖ = ‖exp(µ(t) · ~a) · ~z − ~z ‖ ≤ 2π ‖|~a ‖| · ‖~z‖ ≤ 2π ‖|~a ‖|

Thus, C0 = 2π satisfies (31) for r = 0. Next, observe that for 1 ≤ j ≤ q,
(33) ∇j(g~a)(~z) = ρ~a,t · ~ej + 2πaj · ∇j µ̂ · ρ~a,t · ~z

(34) ‖∇j(g~a − Id)‖ ≤ ‖ρ~a,t · ~ej − ~ej‖+ 2π ‖|~a ‖| ·B1 ≤ 2π(1 +B1) ‖|~a ‖|
Thus, we may take C1 = 2π(1 +B1). The general case for ‖J | = r > 1 proceeds similarly:

∇J(g~a − Id)(~z) = ∇Jg~a(~z) = ∇jr ◦ · · · ◦ ∇j1 (g~a(~z))

= ∇jr ◦ · · · ◦ ∇j2 (ρ~a,t · ~ej1 + 2πaj1 · ∇j1 µ̂ · ρ~a,t · ~z)
= ∇jr ◦ · · · ◦ ∇j3 (2πaj2 · ∇j2 µ̂ · ρ~a,t · ~ej1 + 2πaj1 · ∇j2∇j1 µ̂ · ρ~a,t · ~z + 2πaj1 · ∇j1 µ̂ · ∇j2(ρ~a,t · ~z))

Observe that each term in parentheses in the last expression contains a factor of a component of ~a,
and the other factor involves derivatives of µ̂. Thus, continuing on with the expansion, we obtain
an expression where every term contains at least one factor aj for some 1 ≤ j ≤ q, and the other
factor involves derivatives of µ̂ times products of the components of ~a. By assumption, ‖|~a ‖| ≤ 1
so all products of components of ~a are likewise bounded above by 1. It follows that there exists Cr
depending only on the estimates Bk on the derivatives of µ̂ so that ‖∇J(g~a− Id)‖′ ≤ Cr · ‖|~a ‖| . �

6. Cr-estimates

The foliations F̂` constructed on N̂0 = Tk×Dq in section 4 are transverse to the factors [~x]×Dq for
[~x] ∈ Tk, and so can be alternately described in terms of their global holonomy maps, which define

group actions ĥ` : Zk → Diff∞(Dq). We give explicit formulae for the maps ĥ`,j = ĥ`(~ej), 1 ≤ j ≤ k,
which are the generators of the Zk-action. This yields criteria on the maps which are sufficient to

guarantee that for each j, the limit ĥj = lim
`→∞

ĥ`,j is a Cr-diffeomorphism of Dq.

In the inductive construction of F̂`+1, the modification of F̂` to obtain F̂`+1 is supported on N̂`,

so the holonomy maps of F̂` and F̂`+1 agree on K̂0 − K̂`. We obtain formulae for the holonomy of
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F̂`+1 induced on K̂` using that the foliation F̂`+1 is defined on the manifold N` and then mapped

to N̂` ⊂ N̂0 = Tk × Dq via the map Ψ` defined by (21). The map Ψ` “twists” the product foliation

on N` so that it agrees with the restriction of F̂` to N̂`. Estimates of the derivatives of differences

ĥ`+1,j − ĥ`,j on K̂` then follow from calculus.

The proof of the following key result is almost “intuitively obvious”, as it is based on the effect
of rescaling on the Cr-norm, but the dependence on the quantities ‖|α′`+1(~ej) ‖| is perhaps less
obvious.

PROPOSITION 6.1. For all r ≥ 0 and ` ≥ 0, then for ‖|~a ‖| ≤ 1,

(35) ‖ĥ`+1,j − ĥ`,j‖′r ≤ Cr · ε1−r` · ‖|α′`+1(~ej) ‖|

where Cr is defined by Lemma 5.1, and α′`+1 = α`+1 ◦Υ` is defined below.

Proof. Identify Dq with the section K̂0 = Φ0([~0]× Dqε0) = Φ0([~0]× Dq).

Recall that the holonomy generators of F`+1 were specified on π1(N`, x`) ∼= Zk.

The inclusion Ψ` : N` → N̂` ⊂ N̂0 defined by (21) induces the map as Φ` defined by (11),

Φ` : Zk ∼= Γ` = π1(N̂`, x̂0) ⊂ Γ0 = π1(N̂0, x̂0) ∼= Zk

We extend the holonomy of F`+1 from maps on the subgroup Γ` ⊂ Γ0 to all of Γ0

First, extend Φ` to an isomorphism Φ` : Qk → Qk, which has inverse Υ` ≡ Φ−1
` : Qk → Qk . The

isomorphism Υ` is represented by a matrix with rational entries, with l.c.d. q` = det(Φ`).

Intuitively, for γ ∈ π1(N̂0, x̂0) the rational number Υ`(γ) is the lift of a path representing γ to a

“fractional part” of a closed path in the embedded torus Tk ∼= L̂` ⊂ N̂` ⊂ N̂0 = Tk × Dq1. The lift
need not be a closed curve, unless Υ`(γ) ∈ Zk, but has initial and terminal points in the section Dq.

For each ` ≥ 0, α`+1 : Zk → Qm admits a unique extension α`+1 : Qk → Qm. Set α′`+1 = α`+1 ◦Υ`.
The rational number α′`+1(γ) is the “fractional rotation” contributed by the representation α`+1

along the “fractional loop” Υ`(γ). Define

(36) β`+1 : Zk → Qm , β`+1 = α′1 + α′2 + · · ·+ α′`+1 , β`+1,j = β`+1(~ej) ∈ Qm

(37) Θ`+1 : Zk → SO(q) , Θ`+1(γ) = exp(β`+1(γ)) for γ ∈ Zk , Θ`+1,j = Θ`+1(~ej) = exp(β`+1,j)

The next step is to give a formula for the centers {ẑ`+1,γ | γ ∈ Zk} of the disks of radius ε`+1 which

comprise K̂`+1 ⊂ K̂0. We proceed by induction.

First note that for all ~z ∈ Dqε′0 = Dq2/3 the holonomy action h1(γ) defined by (18) is equal to scalar

multiplication by Θ1(γ). In particular, given the choice of generic vector ~z1 the centers of the ε1-disks

comprising K̂1 are the points

ẑ1,γ = Θ1(γ) · ~z1 ∈ Dq

and the action of ĥ1(γ′) on K̂1 is also given by multiplication by Θ1(γ′).

The centers of the disks comprising K̂2 are obtained from the centers for K̂1 by adding on the

rotation of the generic point ~z2 by the action of ρ2. In terms of the fundamental group π1(N̂0, x̂0),
these points are given by

(38) ~z2,γ = ρ2(Υ1(γ))(~z2) = exp(α′2(γ)) · ~z2 ∈ Dqε1 , for γ ∈ Γ1 ⊂ Zk

We use formula (38) to extend this action to all γ ∈ Zk, but note that we must also multiply by the

term Θ1(γ) which accounts for the rotation of K̂1 by Θ1(γ). Note that Θ1(γ) = Id for γ ∈ Γ1 by
definition, so this term does not appear in the formula (38). We then have, for all γ ∈ Zk,

(39) ẑ2,γ = ẑ1,γ + exp(α′2(γ))exp(α′1(γ)) · ~z2 = Θ1(γ) · ~z1 + Θ2(γ) · ~z2 ∈ Dq
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The action of ĥ2(γ′) on K̂2 is a linear isometry, where for ẑ2,γ + ~v ∈ K̂2 with ‖~v‖ ≤ ε2 we have

(40) ĥ2(γ′)(ẑ2,γ + ~v) = Θ1(γ + γ′) · ~z1 + Θ2(γ + γ′) · (~z2 + ~v)

For ` ≥ 2, with the choice of the generic points ~zj+1 ∈ Sqεj/2 ⊂ Bqε′j ∩ Oj+1 for the action ρj+1, for

1 ≤ j < `, we then have, for all γ ∈ Zk,

(41) ẑ`,γ = Θ1(γ) · ~z1 + Θ2(γ) · ~z2 + · · ·+ Θ`(γ) · ~z` ∈ Dq

Note that for γ′ ∈ Γ` we have ~z`,γ+γ′ = ~z`,γ . In particular, ~z`,γ′ = ~z`,0 = ~z`. It follows that

(42) K̂` =
⋃
γ∈Zk

Dqε`(ẑ`,γ) ⊂ K̂` ⊂ K̂0 = Dq

The action of ĥ`(γ
′) on K̂` is a linear isometry, where for ẑ`,γ + ~v ∈ K̂` with ‖~v‖ ≤ ε` we have

(43) ĥ`(γ
′)(ẑ`,γ + ~v) = Θ1(γ + γ′) · ~z1 + · · ·+ Θ`(γ + γ′) · (~z` + ~v)

The last ingredient needed for the description of the holonomy maps ĥ`+1,j in terms of ĥ`,j is a
family of rescaling maps for each of the disks in (42). For each γ ∈ Zk, set

(44) λ`,γ : Dq → Dqε`(ẑ`,γ) , λ`,γ(~z) = ε` · ~z + ẑ`,γ

We now give formulae for the holonomy maps ĥ`. First, ĥ0,j : Dq → Dq is the identity map for all

1 ≤ j ≤ k, as F̂0 is the product foliation.

Recall that F̂` and F̂`+1 are equal on N̂0 − N̂`, so ĥ`,j and ĥ`+1,j agree on the set Dq − K̂`. On the

set N̂` recall that the map Ψ` : N` → N̂` defined in (21) maps the product foliation on N` to the

restriction of F̂` to N̂`. The foliation F̂`+1 is obtained from F̂` by “twisting” the product foliation
on N` to a new foliation F`+1, and pushing the new foliation forward by Ψ`.

For Dqε`(ẑ`,γ) ⊂ K` and γ′ ∈ Zk, set

(45) ĝ`,γ(γ′) = λ`,γ ◦ gα′`+1(γ′) ◦ λ−1
`,γ : Dqε`(ẑ`,γ)→ Dqε`(ẑ`,γ)

Thus, for ~v ∈ Dqε`(ẑ`,γ) ⊂ K` and γ′ ∈ Zk, the formula for the holonomy of F̂`+1 is given by

(46) ĥ`+1(γ)(~v) = ĥ`,γ′ ◦ ĝ`,γ(γ′)(~v)

Finally, we prove the estimate (35). Restrict to a set Dqε`(ẑ`,γ) ⊂ K` then we have

(47) ‖ĥ`+1,j − ĥ`,j‖′r = ‖ĥ`,~ej ◦ {ĝ`,γ(~ej)− Id}‖′r = ‖ĝ`,γ(~ej)− Id‖′r

where we use that ĥ`,~ej acts via linear isometries on K̂` so preserves Cr-norm. Then we have

(48) ‖ĝ`,γ(~ej)− Id‖′r = ‖λ`,γ ◦ (gα′`+1(~ej) − Id) ◦ λ−1
`,γ‖
′
r

The map λ`,γ is affine, so by the Chain Rule and Lemma 5.1 we obtain

(49) ‖ĥ`+1,j − ĥ`,j‖′r = ε1−r` · ‖(gα′`+1(~ej) − Id)‖′r ≤ ε1−r` · Cr · ‖|α′`+1(~ej) ‖|

This completes the proof of Proposition 6.1. �

Proposition 6.1 gives Cr-norm estimates on the holonomy maps h` associated to a sequence of
representations α̂ = {α` : Zk → Qm | ` ≥ 0} in terms of the quantities ‖|α′`+1 ‖| for each extended
representation α′`+1 = α`+1 ◦ Υ`. If these norm estimates converge sufficiently rapidly, so that the
sequence of maps {h` | ` ≥ 0} are Cauchy in the Cr-norm, then their limit defines a Cr-action, and

hence the foliations F̂` converge to a Cr-foliation F̂ .
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We introduce a quantity which measures this “total twisting” for the data α̂′ ≡ {α′` | ` ≥ 0}, which
depends upon both the sequences of representations α̂ and associated bases {e`1, . . . , e`k} for the
subgroups Γ` they inductively determine. Set

(50) ‖| α̂′ ‖| =

∞∑
`=0

‖|α′` ‖|

There are three cases to consider, each with a distinct flavor: when r = 0, r = 1 and r =∞.

THEOREM 6.2. Let α̂ = {α` : Zk → Qm | ` ≥ 1} be an arbitrary sequence of representations.

Then there exists a sequence {ε` > 0 | ` ≥ 0} such that the sequence of foliations {F̂` | ` ≥ 0}
converge in the C0-topology to a foliation F̂ on Tk × Dq with minimal set Sα̂.

Proof. By the case r = 0 of the estimate (35) in Proposition 6.1, we have

‖ĥ`+1,j − ĥ`,j‖0 ≤ 2π · ε` · ‖|α′`+1(~ej) ‖|
where C0 = 2π by Lemma 5.1. For each ` ≥ 0 choose

ε`+1 ≤ min
{

1/6`+1 , 1/(2`+1 ‖|α′`+1 ‖| )
}

Then the holonomy maps ĥ`,j form a Cauchy sequence in the C0-norm for each 1 ≤ j ≤ k. �

This result is confirming the intuitively clear fact that any sequence of coverings p` : L` ∼= Tk → Tk
can be realized as the minimal set of a C0-foliation. This is in accord with the results of [16].

Next, consider the case of C1-embeddings:

THEOREM 6.3. Let α̂ = {α` : Zk → Qm | ` ≥ 1} be a sequence of representations such that
‖|α` ‖| ≤ 1 for ` sufficiently large, and that bases {e`1, . . . , e`k} for the associated subgroups Γ` have
been chosen so that

(51) ‖| α̂′ ‖| =

∞∑
`=1

‖|α′` ‖| <∞

Then the sequence {F̂` | ` ≥ 0} converges in the C1-norm to a C1-foliation F̂ on Tk × Dq with
minimal set Sα̂.

Proof. By Theorem 6.2 there exists a choice of diameters ε` → 0 such that F̂` → F̂ in the C0-
topology. Then, by the case r = 1 of the estimate (35) in Proposition 6.1, for ` sufficiently large, we
have the estimate on the holonomy maps

‖ĥ`+1,j − ĥ`,j‖1 ≤ 2π(1 +B1) · ‖|α′`+1(~ej) ‖|

where C1 = 2π(1 +B1) by Lemma 5.1, and B1 = ‖µ̂ ‖′1. Then by (51) the sequence {ĥ`,j | ` ≥ 0}
is Cauchy in the C1-norm for each 1 ≤ j ≤ k. �

Again, the hypothesis (51) is intuitively correct, based on the principle that rescaling a map does

not change its C1-norm. Thus, for the sequence {F̂` | ` ≥ 0} to be Cauchy in the C1-norm, it is
required that the slopes of the modifications should be summable, which is (51).

For the smooth case, we require that the foliations F̂` converge in the Cr-norm for all r ≥ 0. Naive
intuition suggests that if the slopes of each successive modification tend to zero “very quickly” then
the presentation P = {p` : Tk → Tk | ` ≥ 0} can be realized as the compact leaves of a smooth
foliation, limiting to an embedded solenoid homeomorphic to SP .

On the other hand, the estimate (35) in Proposition 6.1 for the Cr-norms ‖ĥ`+1,j − ĥ`,j‖′r has a

factor ε1−r` , and for r > 1 this tends to infinity as ε` → 0. Thus, a convergence criteria for r > 1 is
more subtle than in the previous two cases r = 0 and r = 1. To the authors’ knowledge, the results
in the literature only discuss the case r ≤ 1 in detail, but do not address the more delicate issues of
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convergence for r > 1, even in the case of dimension-one solenoids. We formulate below an existence
theorem for a C∞ embedding, sufficient for our application to the proof of Theorem 2.2.

THEOREM 6.4. Let α̂ = {α` : Zk → Qm | ` ≥ 1} be a sequence of representations such that

‖|α` ‖| ≤ 1 for ` sufficiently large, and that radii {ε1, . . . , ε`} and bases {e`′1 , . . . , e`
′

k } for the associ-
ated subgroups Γ`′ have been inductively chosen for `′ ≤ `. Then assume that

(52) ‖|α′`+1 ‖| ≤ (ε`)
`/(2` · Ĉ`+1)

where Ĉ` is defined by (32). Then for all r ≥ 0, the family {F̂` | ` ≥ 0} converges in the Cr-norm

to a foliation F̂ on Tk ×Dq. Thus, F̂ is a smooth foliation with minimal set Sα̂ which is a solenoid
with presentation P, formed by the coverings of Tk associated to the tower of subgroups {Γ` | ` ≥ 0}.

Proof. For each r ≥ 0, estimate (35) and hypothesis (52) imply that {‖ĥ`+1,j − ĥ`,j‖r | ` ≥ 0} is a

Cauchy sequence. Thus, the limit foliation F̂ is Cr. �

We make two remarks concerning the hypotheses (52). First, it implies that the bounds ‖|α′`+1 ‖| on

the slopes of each modification of F̂` to obtain F̂`+1 tend to zero very rapidly, at least exponentially.

Secondly, the choice of each subsequent radius ε`+1 is made after the choice of α`, while the bound
(52) for `+ 1 depends only on the prior choices of radii, {ε1, . . . , ε`}. Thus, one can use this latitude
to successively choose the representations α` so that (52) is satisfied for all ` ≥ 0. These ideas are
the basis for our constructions in section 8.

7. Cr-embedded 1-dimensional solenoids

We consider first the traditional case of dimension-one solenoids, where many of the estimates in
section 6 are greatly simplified. This is the most familiar and intuitive case, for which there is an
extensive literature (see, for example [11, 23, 25, 26, 34, 40, 46, 57]). Of course, the main point of
this paper is to give an explicit construction which yields smoothly embedded higher dimensional
solenoids, but examining this simplest case first illustrates the steps of the induction in sections 4
and 6. The higher dimensional cases are considered subsequently.

Let k = 1 and q = 2. The case for q > 2 is handled in a similar fashion, and is left to the reader.

Assume there is given a presentation P = {p` : S1 → S1 | ` ≥ 1} as in Definition 1.2. We assume the
maps are oriented, thus p` is determined up to isotopy by its degree m` > 1. Thus, we will assume
the maps are in standard form, with p`(z) = zm` , where z is the complex coordinate for S1 ⊂ C.
The inverse limit solenoid SP is then determined up to homeomorphism by the set {m1,m2, . . .}.

For each ` > 0 we require a representation ρ` : Z→ SO(2) with kernel Γ` = m` · Z, and its lift to a
representation α` : Z→ Q. This is equivalent to the choice of a` = α`(1) ∈ Q such that a` mod Z is
a root-of-unity of order m` in Q/Z. For the following, we make the “standard” choice of a` = 1/m`

and so α`(i) = i/m` ∈ Q. Note that for each ` > 0, there is an infinite number of possible choices at
this stage of the construction. On the other hand, there is a unique choice e`1 = m` ·1 of the oriented
generator of Γ` = m` · Z which is the kernel of ρ`. Introduce the notation α`(r) = α`(e

`
1)(r).

We assume there is given an infinite string of pairs {(m`, a`) | ` = 1, 2, . . .}, where the positive
integers {m`} determine the homeomorphism type of the solenoid SP , and the rational numbers
{a`} determine the embedding of SP into S1 × D2.

Following the notation of Section 6, the map φ` : R → R is given by φ`(r) = m` r, inducing the
diffeomorphism φ` : R/Z → R/m` Z. The map Φ` : Z → Z is then given by Φ`(r) = d` · r, where
d` = m1 · · ·m`. The inverse Υ` : Q→ Q is simply Υ`(s) = s/d`. Then

(53) α′`+1(r) = α`+1 ◦Υ`(r) = a`+1 r/d` = r/d`+1

β`(r) =

{
1

m1
+

1

m1m2
+ · · ·+ 1

m1m2 · · ·m`

}
· r = β`,1 · r
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The choices of the radii ε` are dictated by the conditions (24). Given the choice of a generic point
~v` ∈ D2

ε`
with ‖~v`‖ = ε`/2, the distance between the translates of ~v` by the rotation group of order

m` ≥ 2 is bounded below by ε`/4m`. Thus, it suffices to require that ε`+1 ≤ ε`/8m` in order to
ensure that the translates D2

ε`+1
⊂ D2

ε′`
under the rotation group of order m`+1 are disjoint, and also

to satisfy the condition that the action of ρ`+1
t is affine on the disks. Inductively, we see this implies

ε` ≤ 1/8`d` is a sufficient condition on the radii for the disks to be disjoint.

The hypotheses of Theorem 6.2 are satisfied for all choices as above, including for all choices of
a` = α`(1) ∈ Q such that a` mod Z is a root-of-unity of order m` in Q/Z. Thus, we see that every
“standard” 1-dimensional solenoid admits an embedding, along with its given presentation, into a

C0-foliation F̂ of S1 × D2.

Next, consider the embedding problem for a given presentation P of a solenoid S ∼= SP into a
C1-foliation. The hypotheses of Theorem 6.3 are simply that a` ≤ 1 for ` sufficiently large, and that

(54) ‖| α̂′ ‖| =

∞∑
`=1

‖|α′` ‖| =

∞∑
`=1

1

m1 · · ·m`
<∞

It is assumed that each m` > 1, so condition (54) is satisfied by all choices as above. Thus, given

the simple assumption that the embedded tube N̂`+1 ⊂ N̂` has slope less than 1 for ` sufficiently
large, it follows that every 1-dimensional solenoid SP admits an embedding, along with its given

presentation P, into a C1-foliation F̂ of S1 × D2.

Lastly, for the case of a smooth embedding, the hypotheses of Theorem 6.4 are not automatically
satisfied for every presentation of a given solenoid. Recall the hypotheses of the theorem are sufficient
conditions for the existence of an embedding, which are that an inductive condition be satisfied:

(55) ‖|α′`+1 ‖| ≤ (ε`)
`/(2` · Ĉ`+1})

where the constant Ĉ`+1 is defined by (32). Choose ε` = 1/8`d`, then this simplifies to the condition

(56) m`+1 ≥
√

2`8`2(d`)`−1 · Ĉ`+1

Given a presentation P for a solenoid S ∼= SP , there exists a sub-presentation P ′ of P for which
condition (55) is satisfied. Thus, we see that the homeomorphism class of each 1-dimensional solenoid
admits an embedding into a smooth foliation of codimension 2. The differences between the C1-
embedding condition (54) and the C∞-embedding condition (56), is a restriction on the lengths of
the approximating periodic orbits for the flow in which the minimal set is realized as a minimal set.

Note that the orders {m` | ` ≥ 1} of the holonomy groups of the inserted disks tend to infinity quite
rapidly. It is also worth noting that, none the less, there are an uncountable number of sequences
{m` | ` ≥ 1} which satisfy the inductive criteria (56).

8. Cr-embedded higher-dimensional solenoids

Recall that the given a compact manifold M0 of dimension n and surjection π1(M0, x0) → Zk,
the construction of a Cr-foliation of Tk × Dq with a solenoidal minimal set yields a Cr-foliation of
M0×Dq with a solenoidal minimal set. In this section, given a presentation P for a minimal set SP
over Tk, for k ≥ 2, we consider the problem of constructing Cr-foliations of Tk × Dq with minimal
sets homeomorphic to SP .

Let S be a solenoid with base space Tk and presentation P = {p` : Tk → Tk | ` ≥ 0}. By the results
of McCord, the solenoid is determined up to homeomorphism by the Cantor group bundle structure.
Thus, we can assume that each map p` is affine with p`([~0]) = [~0], and there are inclusion maps

p`∗ : Zk ∼= π1(Tk, [~0])→ Zk ∼= π1(Tk, [~0])

with each image a proper subgroup of finite index. Define π` = p1 ◦ · · · ◦ p` : Tk → Tk and set
Γ` = Image

{
π`∗ : Zk → Zk

}
. Then Γ` is a proper subgroup of finite index, hence is torsion-free of
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rank k. The presentation P defines a descending chain

(57) ΓP ≡
{
Zk = Γ0 ⊃ Γ1 ⊃ Γ2 ⊃ · · · ⊃ Γ∞

}
where each inclusion Γ`+1 ⊂ Γ` has finite index greater than one for all ` ≥ 0, and Γ∞ =

⋂
`≥0

Γ`.

Our approach to constructing an embedding for the solenoid SP into Tk × Dq via flat bundles
as in section 4, is to obtain representations of each of the quotient groups G` ∼= Γ`/Γ`+1 into
Tm ⊂ SO(q). In section 4, G` = ∆`/Zm ⊂ Qm/Zm was defined as the image of the representation

ρ` = ρα` : Zk → Tm. As shown is section 6, the smoothness of the resulting foliation F̂ on Tk × Dq
depends upon the properties of these representations, as well as the “positioning” of the subgroups
Γ` ⊂ Γ0 = Zk. The next part of our analysis of a tower ΓP analyzes this process in more detail.

In addition to the above data, the construction of an embedding of SP also requires choices of the
representations ρ` ∈ Hom(G`,Tm), for ` ≥ 1, and lifts α` : Γ` → Qm such that the estimates of
section 6 are satisfied. The “Simultaneous Bases Theorem” for free abelian groups, as given for
example in [51, Theorem 10.21], provides one method for choosing the data α` and ρ`.

THEOREM 8.1 (Simultaneous Bases Theorem). Let H be a subgroup of finite index in a free
abelian group F of finite rank k. Then there exist bases {f1, . . . , fk} of F and {h1, . . . , hk} of H
such that hi = mi · fi for all 1 ≤ i ≤ k, where mi ≥ 1.

We apply Theorem 8.1 to the chain ΓP . For all ` ≥ 0, there exists a basis B` ≡ {g`1, . . . , g`k} ⊂ Γ`
and positive integers ~m`+1 = (m`+1,1, . . . ,m`+1,k) such that ~m`+1 ·B` = {m`+1,i · g`i | 1 ≤ i ≤ k} is
a basis for Γ`+1.

Define a sequence of “standard representations” α̂ = {α` : Zk → Qk} by α`(~ej) = 1
m`+1,j

· ~ej . Then

for q = 2k, we obtain the associated representations ρ` = ρα` : Zk → SO(q) as in (10). The basis B`

defines an isomorphism φ` : Zk → Γ` and the composition ρ` ◦ φ−1
` : Γ` → SO(q) has kernel Γ`+1.

The sequence of data {(α`,B`) | ` ≥ 0} as above is called a standard representation for the chain
ΓP . Note that this sequence of data need not be uniquely determined by the chain ΓP , as the choice
of simultaneous basis B` for each pair Γ`+1 ⊂ Γ` need not be unique.

We use this standard representation to show that every presentation P embeds in a C0-foliation of
codimension q = 2k. The constructions are easily modified to embed in any codimension q ≥ 2k:

PROPOSITION 8.2. Let P be a presentation of the solenoid SP over the base space Tk, and let

q = 2k. Then there exists a C0-foliation F̂ of Tk ×Dq such that there is an embedding of P into F̂ .

In particular, SP is homeomorphic to a minimal set M for F̂ .

Proof. We assume a standard representation {(α`,B`) | ` ≥ 0} has been chosen for P. Each basis
B` defines an isomorphism φ` : Zk → Γ` and the composition ρ` ◦φ−1

` : Γ` → SO(q) has kernel Γ`+1.

Then choose a sequence of radii ε` as in the proof of Theorem 6.2. We obtain a sequence of foliations

{F̂` | ` ≥ 0} on Tk × Dq converging C0 to a foliation F̂ such that P embeds into F̂ with minimal
set M homeomorphic to SP . �

It is known that a non-trivial solenoid cannot be embedded as a codimension 1 submanifold, due
to cohomology considerations (see [16, 48]), so in particular cannot be embedded as a minimal set
for a codimension 1 foliations. It is unknown if the conclusion of Proposition 8.2 can possibly be
extended for some 1 < q < 2k. More likely, it may be possible to prove the non-embedding in this
range, possibly based on properties of higher order linking invariants of an embedding, modeled on
the classical linking invariants, discussed as in [17, 24].

There is no a priori control of the size of the integers {m`+1,j | ` ≥ 0} which arise in a standard
representation of P, so the estimates (51) and (52) need not be satisfied for a standard representation,
and the embedding of Proposition 8.2 need not be C1. In general, to obtain a Cr-embedding
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of the solenoid SP , it is necessary to consider sub-presentations of P, or equivalently a sequence
0 = `0 < `1 < `2 < · · · which determines the subchain

ΓP′ = {Zk = Γ0 ⊃ Γ`1 ⊃ Γ`2 ⊃ · · · }

We formulate an algebraic condition on a chain ΓP′ such that SP ∼= SP′ admits a Cr-embedding.

For ` ≥ 0, for each pair Γ`+1 ⊂ Γ` for ` ≥ 0, let B` ≡ {g`1, . . . , g`k} ⊂ Γ` be a simultaneous basis with
associated degree vectors ~m`+1. Define S0 ∈ SL(Zk) to be the matrix such that S0 · ~ej = g0

1 where
{~e1, . . . , ~ek} is the standard basis for Zk. Set m(0; i) = 1 for 1 ≤ i ≤ k, so ~m0 = (1, 1, . . . , 1) ∈ Zk.

For each ` ≥ 0, the group Γ`+1 has bases, ~m`+1 ·B` and B`+1, and so there exists S`+1 ∈ SL(Zk)

such that S`+1 · (m`+1,i · g`i ) = g`+1
i . The descending chain of subgroups ΓP is then completely

determined by the data

(1) a sequence of matrices S` ∈ SL(Zk) for ` ≥ 0
(2) degree vectors ~m` = (m`,1, . . . ,m`,k) with m`,i ≥ 1, for ` ≥ 1, 1 ≤ i ≤ k

Introduce the matrix Ŝ` which defines the total change of framing (or the “total twisting”) in passing
from the simultaneous framings B0 for Γ0 and B` for Γ`:

(58) Ŝ` = S` · S`−1 · · ·S0 ∈ SL(Zk)

Also, introduce the diagonal matrices with entries to product of multipliers:

(59) M̂` = Diag(m̂(`; 1), . . . , m̂(`; k)) , m̂(`; i) = m`,i ·m`−1,i ·m1,i

Then we have the fundamental identity:

LEMMA 8.3. For ` ≥ 0, B` = Ŝ` · M̂` ·B0.

Proof. We must show that g`i = Ŝ` · m̂(`; i) · ~ei for each 1 ≤ i ≤ k. This follows by noting that

S`+1 ·m`+1,i · g`i = g`+1
i and applying induction. �

We adapt this data to the subchain ΓP′ defined by Γ′j ≡ Γ`j . For each j ≥ 1, set

(60) S′j ≡ S`j · S`j−1 · · ·S`j−1+1 ∈ SL(Zk) , m′j;i = m`j ,i ·m`j−1,i ·m`j−1+1,i

(61) Ŝ′j = Ŝ`j ∈ SL(Zk) , M̂ ′j = M̂`j , B′j = B`j

Then Lemma 8.3 directly implies that B′j = Ŝ′j · M̂ ′j ·B0.

Define a sequence of representations α′j : Zk → Qk by α′j(~ei) = 1
m′j+1,i

· ~ei for 1 ≤ i ≤ k, with

associated representations %j = ρα
′
j : Zk → SO(q) as in (10). The basis Bj defines an isomorphism

φ′j : Zk → Γ′j and the composition %j ◦ (φ′j)
−1 : Γ′j → SO(q) has kernel Γ′j+1.

Let α̂′ denote the data {(S′j , ~m′j | j ≥ 1} which call a standard representation of ΓP′

Recall that Φ` : Zk → Zk with image Γ` was defined in (11). In terms of the above, we have:

LEMMA 8.4. For ` ≥ 1, Φ′j = Φ`j is represented by the matrix Ŝ′j · M̂ ′j. �

Let Υ′j denote the inverse to Φ′j which is represented by the matrix (Ŝ′j)
−1 ∈ SL(Zk).

Set α′′j+1 = α′j+1 ◦Υ′j : Zk → Qk.

Also, set m̂∗(j) = min {m̂(`j , i) | 1 ≤ i ≤ k} and m̂∗(j) = max {m̂(`j , i) | 1 ≤ i ≤ k}.

Note that α′′j+1(~ei) = m̂(`j+1, i)
−1 · (Ŝ′j)−1 · ~ei so that

(62) ‖|α′′j+1 ‖| = max
{
‖|α′′j+1(~ei) ‖| | 1 ≤ i ≤ k

}
≤ 1

m̂∗(j + 1)
· ‖(Ŝ′j)−1‖
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Note that the quantity ‖|α′′j+1 ‖| depends only on the algebraic structure of the sub-chain ΓP′ and
the choice of the simultaneous bases at each stage. Note the analogy between the estimate (62) and

that obtained from (53) for the case k = 1. In the estimate (53), the matrix Ŝ′j = ±Id while the

term d`+1 is the diagonal entry of the 1× 1 matrix M̂`, which is m̂(``+1, 1).

Now define a quantity which depends only only on the algebraic structure of the sub-chain ΓP′

(63) ‖|ΓP′ ‖| = inf


∞∑
j=0

‖|α′′j+1 ‖| | α̂′ is a standard presentation for P ′


The following now follows from our previous constructions and results. Note that the C1-norm
estimate (51) is independent of the radii ε`j chosen, so they do not appear in the hypotheses.

PROPOSITION 8.5. Let P ′ be a sub-presentation of the solenoid SP over the base space Tk, and

let q = 2k. If ‖|ΓP′ ‖| < ∞, then there exists a C1-foliation F̂ of Tk × Dq such that there is an

embedding of P ′ into F̂ . In particular, SP is homeomorphic to a minimal set M for F̂ .

Likewise, the above estimates for a sub-presentation P ′ can be applied to obtain smooth embeddings.
In this case, it is necessary to also have an estimate for the radii εj appearing in the estimates (52).

To obtain these, we note that at each stage of the construction of the plug N̂j in section 4, the
representation ρ′j+1 is a product of 1-dimensional representations. Thus, the minimum distance
between points in an orbit of ρ′j+1 can be estimated as in section 7, to obtain that it suffices to let

εj+1 = 1/8jm̂∗(j), where now we use the maximum of the exponents, m̂∗(j), for our estimate.

The estimate (52) assumes that ‖|α′′j+1 ‖| ≤ (εj)
j/(2j · Ĉ`j+1) so by (62) it suffices to require that

1

m̂∗(j + 1)
· ‖(Ŝ′j)−1‖ ≤ (εj)

j/(2j · Ĉ`j+1)

Then the following now follows from our previous constructions and results:

PROPOSITION 8.6. Let P be a presentation of the solenoid S over the base space Tk, let q = 2k.
Suppose that there exists a sub-presentation P ′ of P and standard representation α̂′ for P ′ such that

(64) m̂∗(j + 1) ≥ (8jm̂∗(j))j · 2j · Ĉj+1

m̂∗(j + 1)‖(Ŝ′j)−1‖

holds for all j sufficiently large. Then there exists a Cr-foliation F̂ of Tk ×Dq such that there is an

embedding of P ′ into F̂ . In particular, SP is homeomorphic to a minimal set M for F̂ .

The unwieldy formula (64) can be viewed as a prescription for constructing towers P for which
the corresponding inverse limit SP embeds into a smooth foliation of Tk × Dq. Start with the
standard group Γ0 = Zk, and choose a basis B0 for Γ0. Then choose any vector ~m1 such that all
entries m1,i ≥ 1. Then let Γ1 be the subgroup generated by ~m1 · B0. Choose a basis B1 for Γ1,
or equivalently a matrix S1 ∈ SL(Zk) so that B1 = S1 · ~m1 · B0. Then repeat as long as desired,
though at some stage in the construction, it is necessary to require that subsequent choices of the

multipliers ~m` are sufficiently large so that (64) holds for all j →∞. The resulting foliation F̂ will
then be smooth, by Theorem 6.4.

Note that if all choices of the multiplier vectors ~m` in the above construction scheme have all

components sufficiently large, then the resulting foliation F̂ will be arbitrarily close to the product
foliation on Tk × Dq.

The claims of Theorem 2.3 now follow from these remarks and our previous constructions.

Finally, we indicate how Corollary 2.4 is derived from Theorem 2.3. First, observe that for an n-
dimensional solenoid S as presented in Definition 1.2, the n-th Čech cohomology group Ȟn(S;Z)
is isomorphic to the direct limit lim−→ {d` : Z → Z}, where d` is the degree of the covering map p`.

This is a torsion-free group of rank one. Without loss of generality, one may assume that any such
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group is presented as lim−→ {p` : Z → Z}, ` ≥ 1, where each map p` is multiplication by a prime p`.

According to Baer’s classification of such groups [5, 36], two such groups, which are determined by
the sequences of primes P = (p1, p2, . . . ) and Q = (q1, q2, . . . ), are isomorphic if and only if it is
possible to remove finitely many of the terms from each of the sequences P and Q to obtain new
sequences P ′ and Q′ in such a way that each prime number occurs with the same cardinality in P ′

and Q′, see e.g. McCord [42]. Thus, by choosing these degrees appropriately, and tending to infinity
very rapidly, it is clear that there is an uncountable number of topologically distinct solenoids based
on a given L0 which embed smoothly as minimal sets of C∞-foliations, as in Theorem 2.3.

At each stage of our construction, the foliated plug constructed in section 4 has a central disk
which is invariant, and on which the leaves remain compact without holonomy under all subsequent

modifications. Thus, the limiting foliation H1 = F̂ contains open saturated sets, foliated by compact
leaves with trivial product structure nearby. Thus, inside the plug M = L0 × Dq, one can select a
finite set of compact leaves without holonomy for H1, and then apply the construction of this paper
to these leaves individually. Each of these modifications is restricted in its construction only by the
fact that the radii of the tubes used must decrease by some proportion. The result is a foliation
H2. Note that every leaf of H2 is again a covering of the base leaf L0. Now, H2 is again a foliation
which contains open saturated sets, foliated by compact leaves with trivial product structure nearby.
Thus, the process can be repeated for another collection of compact leaves without holonomy of H2

to yield a foliation H3. Repeat this process inductively, to obtain a limiting C0-foliation H∞ which
is distal and preserves a smooth transverse volume form. If the choices for the data used to construct
each foliation H` are appropriately chosen, then estimates as used in section 6, show that H∞ will
also be Cr for a specified 1 ≤ r ≤ ∞. Note that if the number of leaves chosen at each stage is
greater than one, then the resulting foliation H∞ will contain an uncountable number of solenoidal
minimal sets. By the above remarks, one can even achieve that all of these solenoidal minimal sets
with base L0 are pairwise non-homeomorphic.

9. Remarks and Questions

In the following, L0 denotes a closed oriented connected manifold of dimension n ≥ 1, and M =
L0 × Dq is the product disk bundle over L0 for q ≥ 2. Note that Hn(L0;Z) ∼= Z.

Markus and Meyer have shown [40] that the generic Hamiltonian flow of a compact manifold of
dimension at least four contains as a limit set a one-dimensional solenoid from each homeomorphism
class. Can a similar result be true for solenoids which occur as minimal sets of foliations?

QUESTION 9.1. Let F̂ be a Cr-foliation of a compact manifold M with leaves of dimension n ≥ 2.
Suppose that L0 is a compact leaf of F without holonomy. Does there exists a Cr-perturbation of F
such that F has an uncountable number of solenoidal minimal sets, which realize every homeomor-
phism class of solenoid with base L0?

If we restrict the question only to solenoids of product type over L0 which has abelian fundamental
group, then the iterative construction above, and the result of Markus and Meyer [40] cited above,
suggests the answer may be yes. On the other hand, there are also uncountably many solenoids over
L0 which are not of product type, so the problem is also about whether all of these non-product
types can be realized by methods similar to those of this paper.

This leads directly to an important question, unresolved by the constructions using the standard
representations in section 8.

QUESTION 9.2. Does every solenoid S with base Tk, for k ≥ 2, admit an embedding into a

C∞-foliation F̂ of M = Tk × Dq, where q ≥ 2k, so that its leaves are covers of the zero section
L0 × {0} ⊂ M? If not, is there a natural invariant of a solenoid with base Tk, which determines
whether S admits such an embedding?

It seems plausible, based on our methods, that there may be solenoids of dimension greater than
one such that no presentation of S can be embedded smoothly. One approach to identify such an S
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would be to find some invariant of S which implies that it is not possible to find some presentation P
for which the inductive methods of this paper yield a smooth embedding. Here is a related problem:

QUESTION 9.3. Let S be a solenoid with base Tk, for k ≥ 2. Assume that S admits an embedding

into a C1-foliation F̂ of M , where q ≥ 2k, so that its leaves are covers of the zero section L0×{0} ⊂
M . Is there some 1 ≤ r ≤ ∞ such that S admits a Cr-embedding, but not a Cr+1-embedding?

Finally, our methods leave the following question completely unresolved:

QUESTION 9.4. Let S be a solenoid with base Tk, for k ≥ 2. Does S always admit an embedding
in a codimension q = 2 foliation? More generally, for q ≥ 2, find an invariant of S which guarantees
that S admits an embedding into a codimension q foliation.

We show in this work, that one can always embed S into codimension q = 2k1 where k1 ≥ 1 is the
“rank” of the compact abelian Cantor group K0 which is the fiber of S → Tk.

Question 9.4 would be solved if we had a complete understanding of the relation between the Cantor
group fiber of a McCord solenoid and the codimension of possible embeddings. This suggests another
line of questions, again equally unknown.

QUESTION 9.5. Let S be a McCord solenoid with base L0 and Cantor group fiber K0. Does S
always admit an embedding into a C1-foliation F̂ of M , so that its leaves are covers of the zero
section L0 × {0} ⊂ M? Are there invariants of the algebraic or topological structure of the fiber
K0 which determine whether such an embedding exists and the possible codimension for such an
embedding?

For C2-embeddings, we expect the answer to Question 9.5 is negative:

CONJECTURE 9.6. Let S be a McCord solenoid with base L0 and Cantor group fiber K0. If

S admits an embedding into a C2-foliation F̂ of M , then K0 admits a clopen neighborhood of the
identity which is an abelian subgroup.

The above questions primarily concern how the internal structure of a solenoid S impact on the
problem of finding an embedding of S as a minimal set of a Cr-foliation, for 1 ≤ r ≤ ∞. The last
set of questions concern the external geometry and topology of such an embedding.

In general there is a significant difference in the types of possible minimal sets as the codimension
varies, and there is a change in how the minimal sets can occur. In [7, 57] it is shown that in any
neighborhood of a one-dimensional solenoid occurring as a minimal set of continuous flow in R3

there will be periodic orbit, while the same is not true in R4 as shown by Bell and Meyer [7]. Thus,
we do not expect to generally find closed leaves in neighborhoods of higher dimensional solenoids
embedded in foliation where the codimension is greater than 2, although it is an open problem to
give constructions of such examples. In our plug, in any neighborhood of the minimal solenoid there
will be closed leaves. This leads to the following question.

QUESTION 9.7. If a solenoid S embeds as a minimal set of a codimension two Cr-foliation, for
r ≥ 1, does every neighborhood of the embedded solenoid contain a compact leaf?

More generally, suppose the Cantor group fiber K0 of a McCord solenoid S has rank k, is there a
minimal codimension q, depending only on k, such that every embedding of S has the “compact leaf”
property?

Note that a positive solution to Question 9.7, or its modified version, implies that we can recover
a presentation of S from such an embedding. For ` ≥ 1, let U` be the open neighborhood of S
consisting of points of M which are distance less than ε` = 1/` from S. Then choose a compact leaf
L` ⊂ U1 ∩ · · · ∩ U`, and the sequence {L` | ` ≥ `0} is a presentation for S for `0 sufficiently large.

Our results show that any homeomorphism class of a one-dimensional solenoid can be embedded as
a minimal set of a C∞ foliation in R3, but we have not completely answered Problem 1.5 even in the
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one-dimensional case, and so it remains largely open. In [25] restrictions are given for how “twisted”
the presentation of a C1 embedded presentation of a one-dimensional solenoid can be in a solid
torus. One can supplement Problem 1.5 by requiring various cohomological conditions reflecting the
twisting of the compact leaves Li, leading to an entire family of related problems.
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Abbildungen, Math. Ann., 97:454–472, 1927.

[62] R.F. Williams, One-dimensional non-wandering sets, Topology, 6:473–487, 1967.

[63] R.F. Williams, Expanding attractors, Inst. Hautes Études Sci. Publ. Math., 43:169–203, 1974.
[64] F.W. Wilson, On the minimal sets of non-singular vector fields, Ann. of Math. (2), 84:529–536, 1966.

[65] J.W. Wood, Bundles with totally disconnected structure group, Comment. Math. Helv., 46:257–273, 1971.

Alex Clark, Department of Mathematics, University of Leicester, University Road, Leicester LE1 7RH,

United Kingdom

E-mail address: adc20@le.ac.uk

Steven Hurder, Department of Mathematics, University of Illinois at Chicago, 322 SEO (m/c 249), 851 S.
Morgan Street, Chicago, IL 60607-7045

E-mail address: hurder@uic.edu


