TRANSACTIONS OF THE

AMERICAN MATHEMATICAL SOCIETY

Volume 365, Number 6, June 2013, Pages 3151-3191
S 0002-9947(2012)05753-9

Article electronically published on October 3, 2012

HOMOGENEOUS MATCHBOX MANIFOLDS

ALEX CLARK AND STEVEN HURDER

ABSTRACT. We prove that a homogeneous matchbox manifold is homeomor-
phic to a McCord solenoid, thereby proving a strong version of a conjecture of
Fokkink and Oversteegen, which is a general form of a conjecture of Bing. A
key step in the proof shows that if the foliation of a matchbox manifold has
equicontinuous dynamics, then it is minimal. Moreover, we then show that a
matchbox manifold with equicontinuous dynamics is homeomorphic to a weak
solenoid. A result of Effros is used to conclude that a homogeneous matchbox
manifold has equicontinuous dynamics, and the main theorem is a consequence.
The proofs of these results combine techniques from the theory of foliations
and pseudogroups, along with methods from topological dynamics and coding
theory for pseudogroup actions. These techniques and results provide a frame-
work for the study of matchbox manifolds in general, and exceptional minimal
sets of smooth foliations.

1. INTRODUCTION

A continuum is a compact, connected, and non-empty metrizable space. A topo-
logical space X is homogeneous if for every x,y € X, there exists a homeomorphism
h: X — X such that h(z) = y. We recall a result of Bing:

Theorem 1.1 (Bing [9]). Let X be a homogeneous, circle-like continuum that
contains an arc. Then either X is homeomorphic to a circle or to a Vietoris
solenoid.

In the course of the proof of Theorem [[LI] Bing raised the question: If X is a
homogeneous continuum, and if every proper subcontinuum of X is an arc, must X
then be a circle or a solenoid? An affirmative answer to this question was given by
Hagopian [26], and subsequent (simpler) proofs in the framework of 1-dimensional
matchbox manifolds were given by Mislove and Rogers [33] and by Aarts, Hagopian
and Oversteegen [I]. In this paper, we prove the generalization of this result to n-
dimensional matchbox manifolds, for all n > 1.

We introduce some notation required to state our main result precisely. An
n-dimensional solenoid is an inverse limit space

(1) §= 1131 {pev1: Meyr — My},
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3152 ALEX CLARK AND STEVEN HURDER

where for £ > 0, M, is a compact, connected, n-dimensional manifold without
boundary, and the maps py11: Myy1 — M, are proper covering maps. A Vietoris
solenoid is a 1-dimensional solenoid, where each My is a circle.

If all of the defined compositions of the covering maps py are normal coverings,
then S is said to be a McCord solenoid. McCord solenoids are homogeneous [31],
and conversely, Fokkink and Oversteegen showed in [22] that any homogeneous
n-dimensional solenoid is homeomorphic to a McCord solenoid.

An n-dimensional foliated space M is a continuum which has a local product
structure [12] [36]; that is, every point of 9t has an open neighborhood homeomor-
phic to an open subset of R™ times a compact metric space (the local transverse
model). The leaves of the foliation F of 9t are the maximal connected components
with respect to the fine topology on 9% induced by the plaques of the local product
structure. Precise definitions are given in Section

A matchbox manifold is a foliated space 91 such that the local transverse models
are totally disconnected. Intuitively, a 1-dimensional matchbox manifold 9 has lo-
cal coordinate charts U which are homeomorphic to a “box of matches”. Manifolds
and n-dimensional solenoids provide examples of matchbox manifolds.

As remarked above, every homogeneous 1-dimensional matchbox manifold is
homeomorphic to a circle or a solenoid [I]. Our primary result is the generalization
of this 1-dimensional result to n-dimensions, thereby proving a strong version of
a conjecture of Fokkink and Oversteegen [22, Conjecture 4] under a smoothness
assumption, as clarified in Section

Theorem 1.2. Let 9 be a homogeneous smooth matchbor manifold. Then 9N is
homeomorphic to a McCord solenoid. In particular, 9 is minimal.

As a consequence of Theorem and the impossibility of codimension-one em-
beddings of solenoids as shown in [I4], we obtain the following corollary, which is a
generalization of the result of Prajs [39] that any homogeneous continuum in R™*1
which contains an n-cube is an n-manifold.

Corollary 1.3. Let 9t be a homogeneous, smooth n-dimensional matchboxr mani-
fold which embeds in a closed orientable (n + 1)-dimensional manifold. Then M is
a mamnifold.

The work [16] by the authors studies the problem of finding smooth embeddings
of solenoids into foliated manifolds with codimension ¢ > 2. It is an open problem,
in general, to determine the lowest codimension ¢ > 1 in which a given solenoid can
be embedded, either into a compact manifold, or as a minimal set for a C"-foliation
of a compact manifold.

The proof of the main theorem involves drawing an important connection be-
tween homogeneity and equicontinuity, based on the fundamental result of Effros
that transitive continuous actions of Polish groups are micro-transitive [5, [19] 511
52]. As a step in the proof of Theorem [[.2] we show in Theorem that Ef-
fros” Theorem implies that a homogeneous matchbox manifold is equicontinuous.
Combining the results of Theorem and Proposition [[0.I], we obtain:

Theorem 1.4. A smooth matchboz manifold M is homeomorphic to an n-dimen-
sional solenoid if and only if M is equicontinuous.

Examples of equicontinuous smooth matchbox manifolds which are not homoge-
neous are given in Section [I0] showing the results of Theorem and Theorem [[.4]
are optimal.
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HOMOGENEOUS MATCHBOX MANIFOLDS 3153

There is an analogy between Theorem [[L2] and the classification theory for Rie-
mannian foliations [35] [34]. Recall that a Riemannian foliation F on a compact
manifold M is said to be transversally parallelizable (or TP) if the group of foliation-
preserving diffeomorphisms of M acts transitively. In this case, the minimal sets
for F are principal H-bundles, where H is the structural Lie group of the foliation.
Theorem is the analog of this result for matchbox manifolds. It is interest-
ing to compare this result with the theory of equicontinuous foliations on compact
manifolds, as in [4].

However, if 90 is equicontinuous but not homogeneous, then the analogy becomes
more tenuous. Clark, Fokkink and Lukina introduce in [I5] the Schreier continuum
for solenoids, an invariant of the topology of 90, which they use to calculate the end
structures of leaves. In particular, they show that there exist non-McCord solenoids
for which the number of ends of leaves can be between 2 and infinity. It is not known
if such behavior is possible for Riemannian foliations which are not transversally
parallelizable. (See [54] for a discussion of ends of leaves in Riemannian foliations.)

We say that a matchbox manifold 9t is a Cantor bundle if there exists a base
manifold My and a fibration mg: 9% — M, so that for each b € M, the fiber
& = 7y 1 (b) is a Cantor set. The proofs of Theorems [L2] and [L4 are much simpler,
at least technically, if we assume that 9 is a Cantor bundle. In fact, in [I3] the
first author gave a proof of Theorem in the case where 9 is a Cantor bundle
with base an n-torus T", for n > 1. The technical simplifications are due to two
properties of Cantor bundles, one is that for each b € M the fiber §, = Wal(b) cMm
is a transversal to the foliation F of 9. The second simplification is that the local
holonomy maps along leaves of F are the restrictions of global automorphisms of a
fixed fiber §o = 7, ' (bo). The extension of the arguments of [I3] from the case of
a base manifold My = T" to an arbitrary compact base manifold My involves few
technical complications. In the general case, the main technical difficulties arise
due to the absence of given uniform transversals to the foliation F on 9, and the
consequent need for uniform estimates on the domains and dynamical behavior of
the leafwise holonomy maps.

Section 2] introduces the basic concepts of matchbox manifolds, and in Section [3]
the holonomy maps and their properties are considered. Properties of equicontinu-
ous matchbox manifolds are developed in Section [, and properties of homogeneous
matchbox manifolds in Section [B

Section [0l begins the proof of Theorem in earnest, as we develop the notion of
the orbit coding for an equicontinuous matchbox manifold. This leads to a “Borel”
version of the results of the main theorem. Section [7] shows how to obtain the
covering quotient maps associated to the Borel structures obtained in the previous
section. The results of Section B depend upon Theorem [B3] which is fundamental
for the analysis of the general case, but whose proof is quite technical and long,
and thus relegated to the companion work [17].

Finally, in Section [0 we show that the solenoid structure obtained in Section Blis
a McCord solenoid with the additional hypothesis of homogeneity. This completes
the proof of Theorem

Section [I0l gives examples of matchbox manifolds which are equicontinuous but
not homogeneous. Section [II] discusses an application of the main theorem to
codimension-one embeddings of solenoids. Finally, Section [[2] discusses a selection
of open problems.
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3154 ALEX CLARK AND STEVEN HURDER

2. FOLIATED SPACES

In this section, we discuss the basic concepts of foliated spaces. A more detailed
discussion with examples can be found in [I2], Chapter 11] and [36, Chapter 2].

Definition 2.1. A continuum 9 is a foliated space of dimension n if there exists
a compact separable metric space X, and for each x € 9 there is a compact
subset T, C X, open subset U, C 91, and homeomorphism defined on its closure
¢r: Uy — [-1,1]" x T, such that ¢.(z) = (0,w,), where w, € int(%,). The
subspace T, of X is called the local transverse model at x.

Let 7,: U, — T, denote the composition of ¢, with projection onto the second
factor.

For w € T, the set P,(w) = 7, (w) C U, is called a plaque for the coordi-
nate chart ¢,. We adopt the notation, for z € Uy, that P,(2) = Py(7.(2)), so
that z € P,(z). Note that each plaque P,(w) is given the topology so that the
restriction ¢, : Py(w) — [-1,1]™ x {w} is a homeomorphism. Then int(P,(w)) =
e (—11)" x {w}).

Let U, = int(U;) = ¢, ((—=1,1)" x int(T,)). We require, in addition, that if
z € Uy NUy, then int(Py(z)) Nint(Py(z)) is an open subset of both P,(z) and
Py(z).

The collection of sets
Vz{(pgl(Vx {wh) |[zeMm, weZ,, VC(-1,1)" open}

forms the basis for the fine topology of 9. The connected components of the fine
topology are called leaves and define the foliation F of 9. For z € M, let L, C M
denote the leaf of F containing x.

Note that in the above definition, the collection of transverse models {¥, | = €
M} need not have union equal to X. This is similar to the situation for a smooth
foliation of codimension g, where each foliation chart projects to an open subset of
RY, but the collection of images need not cover RY.

A smooth foliated space is a foliated space 9t as above, such that there exists
a choice of local charts ¢, : U, — [~1,1]" x T, such that for all z,y € M with
z € Uy NU,, there exists an open set z € V, C U, N U, such that P,(z) NV, and
P,(z) NV, are connected open sets, and the composition

Yoz = 0y 0 0ot 0a(Pa(2) N VL) = 0y (Py(2) N VL)

is a smooth map, where ¢, (P,(2) NV,) C R™ x {w} = R™ and ¢, (P,(2) NV,) C
R™ x {w'} = R"™. Moreover, we require that the maps v ,.. depend continuously
on z in the C*°-topology on maps.

A closed saturated subset 2t C M of a smooth foliation F of a compact Rie-
mannian manifold M defines a smooth foliated space, but there are many other
types of examples of smooth foliated spaces, as discussed in [I2, Chapter 11] and
also in this paper.

A map f: M — R is said to be smooth if for each flow box ¢, : U, — [-1,1]"xT,
and w € T, the composition y — f o o, (y,w) is a smooth function of y €
(—=1,1)", and depends continuously on w in the C*°-topology on maps of the plaque
coordinates y. As noted in [36] and [I2] Chapter 11], this allows one to define
smooth partitions of unity, vector bundles, and tensors for smooth foliated spaces.
In particular, one can define leafwise Riemannian metrics. We recall a standard
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HOMOGENEOUS MATCHBOX MANIFOLDS 3155

result, whose basic idea dates back to the work of Plante [38] if not before. The
proof for foliated spaces can be found in [12] Theorem 11.4.3].

Theorem 2.2. Let 9 be a smooth foliated space. Then there exists a leafwise
Riemannian metric for F, such that for each x € M, L, inherits the structure
of a complete Riemannian manifold with bounded geometry, and the Riemannian
geometry depends continuously on x. |

In this paper, all foliated spaces are assumed to be smooth, equipped with a
leafwise Riemannian metric as in Theorem

Definition 2.3. A matchbor manifold is a continuum with the structure of a
smooth foliated space 9, such that for each = € M, the transverse model space
T, C X is totally disconnected.

2.1. Metric properties. Bounded geometry on the leafwise metric for F implies
that for each z € 90, there is a leafwise exponential map exp? : T, F — L, which is
a surjection, and the composition ¢ o exp? : T, F — L, C 91 depends continuously
on z in the compact-open topology.

The study of the dynamics of a foliated space 9t requires generalizing various
concepts for flows, and group actions more generally, about the orbits of points in
M, to the properties of leaves L of a foliation F. On a technical level, it is very
useful in developing these generalizations to have a strong local convexity property
for the leaves, generalizing the local convexity of the orbit of a flow.

Another nuance about the definition of foliated spaces, and matchbox manifolds
in particular, is that for given = € 9, the neighborhood U, in Definition 1] need
not be “local”. As the transversal model T, need not be connected, the set U, need
not be connected, and a priori its connected components need not be contained in
a metric ball around .

The following technical procedures ensure that we can always choose the local
charts for a matchbox manifold 9% to satisfy strong local convexity, as well as other
metric regularity properties.

Let dgy: 9 x M — [0, 00) denote the metric on M, and dx: X x X — [0, 00) the
metric on X.

For x € M and € > 0, let Dop(x,€) = {y € M | dm(z,y) < €} be the closed e-ball
about z in M, and Bon(z,€) = {y € M | don(z,y) < €} the open e-ball about x.

Similarly, for w € X and € > 0, let Dx(w,¢) = {w' € X | dx(w,w’) < €} be
the closed e-ball about w in X, and Bx(w,€) = {w’ € X | dx(w,w’) < €} the open
e-ball about w.

Each leaf L C 9t has a complete path-length metric induced from the leafwise
Riemannian metric. That is, for z,y € L define

dr(z,y) =imf {|7] | y:[0,1] = Lis C*, 4(0) =z, 7(1) =y}
and where 7| denotes the path length of the C'-curve (). If x,y € O are not
on the same leaf, then set dz(z,y) = cc.

For each z € M and r > 0, let Dr(z,r) = {y € L, | dr(x,y) < r}. The Gauss
Lemma implies that there exists A, > 0 such that Dx(z, \;) is a strongly convex
subset for the metric dz. That is, for any pair of points y,y" € Dx(x, ;) there
is a unique shortest geodesic segment in L, joining y and y’ and it is contained
in Dr(z,Az) (cf. [10], [I8, Chapter 3, Proposition 4.2]). Note then, that for all
0 < XA < A, the disk Dx(z,\) is also strongly convex.
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3156 ALEX CLARK AND STEVEN HURDER

Lemma 2.4. There exists Ax > 0 such that for all x € M, Dx(x, A\r) is strongly
convez.

Proof. M is compact and the leafwise metrics have uniformly bounded geometry.
O

If F is defined by a flow without periodic points, so that every leaf is diffeo-
morphic to R, then the entire leaf is strongly convex, so Ar > 0 can be chosen
arbitrarily. For a foliation with leaves of dimension n > 1, the constant Ar must
be less than the injectivity radius for each of the leaves.

2.2. Regular covers. We next define a “regular covering” of 91 by foliation charts,
which is a finite collection of foliation charts which are well-adapted to the metrics
dop on M and dx on X, and the leafwise metric d». The definition is somewhat
technical, but this seems to be a necessary aspect of working with foliated spaces,
as the usual metric properties of charts which hold for smooth foliations need not
hold in general, and are replaced by the estimates imposed below on the charts.

Lemma 2.5. There exists ex > 0 such that for all x € M, there exists a compact set
U' c M such that Doy (z,3ex) C int(U/), and for each leaf L of F, each connected
component of L N U isa strongly convex subset of L.

Proof. For each x € M, let p,: U, — [~1,1]" x T, be a foliation chart with
vz (z) = (0, w;) as above. Then there exists €, > 0 such that Dop(z,¢,) C Uy. By
the continuity of ¢, and the assumption that w, € int(T,), there exists €/, > 0
such that Dx(w,,€,) C int(%,) and

(2) T: =2 ({0} x Dx(ws,€,)) € Bm(z, ) -
As T is compact and Bop(z, €;) is open, there exists 0 < 8., < Az such that for
each y € T the strongly convex disk Dx(y,d,) C Bop(z,€,). Let

U.=J Dr,0,) C Bm(z,e) .
yeT,

The image ., (U;) C [-1,1]" x T, contains (0, w,) in its interior, so the collection
u = {U; | x € M} forms a covering. Let ¢,” > 0 be a Lebesgue number for this
covering. Set ex = €' /3. a

Next, introduce coordinate charts with diameter bounded above by ex. For each
x €M, let p,: Uy — [—1,1]" x T, be a foliation chart with ¢, (z) = (0,w;) as
above. Then there exists €/ > 0 such that Dx(w,,€)) C int(%;) and

T = ¢. " ({0} X Dx(wy,¢)) C Bam(z,er) -
As T is compact and Bop(z, €£) is open, there exists 0 < 0, < Ax/4 such that
for each y € T the strongly convex disk Dz (y, d,) C Bom(z,ex). Let

yeTy

The restriction of ¢, to U;/ can be smoothly modified to ¢!/ (for example, using
the inverse of the leafwise exponential map followed by a smooth map from the
ry-ball in T, L, to the unit cube) so that ¢ : U;/ — [-1,1]™ X Dx(wg,€)) is a
homeomorphism onto.

Licensed to Univ of Illinois at Chicago. Prepared on Thu Mar 21 16:27:03 EDT 2013 for download from IP 128.248.155.225.
License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



HOMOGENEOUS MATCHBOX MANIFOLDS 3157

Replace T, with Dx(w,,€”), U, with U;’, and ¢, with ¢7. Thus, for each
x € M, we can assume there are given €7, d, > 0, w, € X and a foliation chart
e Up — [=1,1]" x T, such that U, C Bop(z,er), and the plaques of ¢, are
leafwise strongly convex subsets with diameter 24, < Ax/2.

The collection of open sets

(U, = int(U.) = 05" (—1,1)" x Bx(w,, ) | = € M}

x

forms an open cover of the compact space 9, so there exists a finite subcover
“centered” at the points {z1,...,x,}, where ¢, (x;) = (0,w,,) for w,, € X. Set

(4) 67 = min{0z,, ..., 0z, 7}

Each open set U%. can be covered by a finite collection of foliation charts of the
form (3] with leafwise radius &7;. Thus, we can assume without loss that each U,
is defined by (@) where d,, = d;;. This covering by foliation coordinate charts will
be fixed and used throughout, so we simplify notation.

For 1 <i<w,set U =U,,, Uy =U,,, and ¢; = €. Let U = {U,...,U,}
denote the corresponding open covering of 1. Then there are corresponding coor-
dinate maps

0i= 0o, Ui = [-L1]" x Ty, m =m0, U; =%y, N Uy — [=1,1]".

For z € U, the plaque of the chart o; through z is denoted by P;(z) = P;(m;(2)) C
U;. Note that the restriction A;: P;(2) — [—1,1]" is a homeomorphism onto.
Also, define sections

(5) Tie: T = Ui, mig(w) =97 ' (§w) ; mi=7,5 .

)

Note that m;(7; ¢ (w)) = w. Let 7; denote the image of 7; and set T = T1U---UT, C
m.

Let ¥, =%, U---U%, C X, note that T, is compact, and if each T; is totally
disconnected, then T, will also be totally disconnected.

Definition 2.6. A regular covering of a smooth foliated space 9 is a covering
by foliation charts satisfying the above conditions: locality, that is, each U; C
Bon(x;, €x), and local convexity.

We assume that such a covering U = {p;: U; — [-1,1]" x T; | 1 <i < v} of M
has been chosen.

If F is a smooth foliation of a compact manifold M, and 9t C M is a closed
saturated set, then the restriction to 9t of a regular covering for F on M (as defined
for example in [I2, Chapter 2]) provides a regular covering of the foliated space 9t
in the sense of Definition

Lemma 2.7. Suppose that z € U; NU;. Then P;i(z) NPj(z) is a strongly convex
subset of L.

Proof. Our assumptions imply that U; UU; has diameter at most 2e . Hence there
exists U C 901 as in Lemma 25 such that cach plaque P;(z) and Pj(z) is contained in
a strongly convex subset of L, N U. As these sets intersect, they must be contained
in the same connected component of L, N U , which is strongly convex, and thus
Pi(z) N'Pj(z) is also strongly convex. O
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3158 ALEX CLARK AND STEVEN HURDER

Lemma [2.7] eliminates the possibility that one of the charts U; might contain
“very long” leaf segments, which could intersect another chart U; in more than one
connected component.

2.3. Local estimates. We next introduce a number of constants based on the
choices made in Section 2.2], which will be used throughout the paper when making
metric estimates.
Let €4 > 0 be a Lebesgue number for the covering /. That is, given any z € 9
there exists some index 1 < i, < v such that the open metric ball Boy(z, ) C U, .
The local projections m;: U; — T; and sections Tig: T — U, are continuous
maps of compact spaces, so admit uniform metric estimates as follows.

Lemma 2.8. There exists a continuous increasing function p, (the modulus of
continuity for the projections m;) such that:

6) Vi<i<vandz,yecU; dm(z,y)<prle) = dx(m(z),my)) <e.

Proof. Set pr(€) = min{e, min{do(z,y) |1 <i<v, x,y € U; , dx(mi(z),m(y))
> et} O

Lemma 2.9. There exists a continuous function p, (the modulus of continuity for
the sections T; ¢ ) such that:

(1) Vée[-L1]",V1<i<v, Yw,w €%,
dx(w,w') < pr(€) = dom(Tie(w), Tie(w)) <e.

Proof. Set p;(€) = min{dx(w,w’) | £ € [-1,1]" , 1 < i < v, ww' € %,
don (Ti,e(w), Tie(w')) > €}, unless the set of points (w, w’) satisfying these restraints
is empty, in which case we set p.(€) = e. O

Finally, we introduce two additional constants, derived from the Lebesgue num-
ber ¢, chosen above.
The first is derived from a “converse” to the modulus function p,. Set:

®) eZ,—:max{e|V1§i§V, VazeU;, Dn(z,e/2) CU;,
Dx(mi(x),€) C mi(Dom(z, e/2))}.

Note that €/, > p; (e /2).
Introduce a form of “leafwise Lebesgue number”, defined by

(9)

e (y) = sup {e | Vy € M, Dx(y,€) C Don(y, ut/8)} , & = min {; (y) | Vy € M} .
Thus, for all y € M, Dxr(y,e;) C Don(y,ey/8). Note that for all » > 0 and
2" € Dz(z,€;), the triangle inequality implies that Box(2’,7) C Bon(2,7 + €4/8).

3. HOLONOMY OF FOLIATED SPACES

The holonomy pseudogroup of a foliated manifold (M, F) generalizes the dis-
crete cascade associated to a section of a flow. The holonomy pseudogroup for a
matchbox manifold (9%, F) is defined analogously, although there are delicate issues
of domains which must be considered.

A pair of indices (7, j), 1 <1i,j < v, is said to be admissible if the open coordinate
charts satisfy U;NU; # (. For (4, j) admissible, define ®; ; = m;(U;NU;) C T; C X.
Then the closure ©; ; = m; (U, ﬂUj). The hypotheses on foliation charts imply that
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HOMOGENEOUS MATCHBOX MANIFOLDS 3159

plaques are either disjoint, or have connected intersection. This implies that there
is a well-defined homeomorphism h;;: ©; ; — ©;; with domain D(h;;) = D, ;
and range R(h;;) = ©;,. The map h;; admits a unique continuous extension to
hj,ii :Di,j — :Dj,i.

The maps QJ(,_-l) = {h;, | ({,7j) admissible} are the transverse change of coordi-
nates defined by the foliation charts. By definition they satisfy h; ; = Id, h;jl = hji,
and if U;NU; NUy, # 0, then hy joh;; = hy; on their common domain of definition.

The holonomy pseudogroup G of F is the topological pseudogroup modeled on X
1)
=

generated by compositions of the elements of G

A sequence T = (ig,41,...,%4) i admissible if each pair (iyp_1,i¢) is admissible
for 1 < /¢ < a, and the composition
(10) hz =hi, i,y 0 - 0hy i

has non-empty domain. The domain D(hz) is the mazimal open subset of ®;, ;, C
%;, for which the compositions are defined.

Given any open subset U C D(hz) we obtain a new element hz|U € Gr by
restriction. Introduce

(11) G7 = {hz|U | T admissibleand U C D(hz)} C Gr .

The range of g = hz|U is the open set R(g) = hz(U) C ¥;, C X. Note that each
map g € G% admits a continuous extension g: D(g) =U — T;_.

We introduce the standard notation for the orbits of the pseudogroup G, where
for w € X, set

(12) O(w) = {g(w) [g € GF , we D(g)} C T .

Given an admissible sequence Z = (ig,%1,...,%), for each 0 < £ < «, set Z, =
(io,i1,...,i¢) and
(13) hz, =hii,_, © -0 hiy g -
Given ¢ € D(hz) we adopt the notation & = hz,(§) € T;,. So & = £ and hz(§) =
o

Given ¢ € D(hz), let © = xg = 73, (&0) € Ly. Introduce the plaque chain

Pz(&) = {Piy(£0), Pir (&1)5 - -+, Pi (§a) } -

For each 0 < £ < a, we have int(P;,(&)) Nint(Ps,, (§e+1)) # 0. Moreover, each
Pi, (&) is a strongly convex subset of the leaf L, in the leafwise metric dr. Recall
that P;, (x¢) = Pi, (&), so we also adopt the notation Pz(x) = Pz(&).

Intuitively, a plaque chain Pz () is a sequence of successively overlapping convex
“tiles” in L starting at xg = 74,(&o), ending at z, = 75 (&4), and with each P;, (&)
“centered” on the point z, = 7;,(&).

3.1. Leafwise path holonomy. A leafwise path is a continuous map v: [0, 1] —
M with image in some leaf L of 7. The construction of the holonomy map h,
associated to a leafwise path « is a standard construction in foliation theory ([40],
[25], [11], [I2, Chapter 2]). We describe this in detail below, paying particular
attention to domains and metric estimates.

Let Z be an admissible sequence. We say that (Z,w) covers 7 if there exists a
partition 0 = 59 < 81 < -+ < 84 = 1 such that for the plaque chain Pr(w) =
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3160 ALEX CLARK AND STEVEN HURDER

{Piy(wo), Pi, (w1), ..., Pi,

(14) v([ses 80+1]) T int(Py,(we)) , 0< Ll <, & (1) € int(P;, (wy)).
It follows that wy = m;,(v(0)) € D(hz).

(wq)} we have

Now suppose we have two admissible sequences, Z = (ig,41,...,iy) and J =
(Jo,J1,---»78), such that both (Z,w) and (J,v) cover the leafwise path v: [0,1] —
M. Then

7(0) € int(Pi, (wo)) Nint(Pjy(vo)), (1) € int(Py, (wa)) Nint(Pj, (vg))-
Thus both (i, jo) and (i, jg) are admissible, and vo = hj, 4, (o), Wa = hi, js (v5).

Proposition 3.1. The maps hz and h
domains.

iasis © N7 © Njyiy agree on their common
Proof. Let & € D(hz) N D(hi, j; 0 hg o hjyi,). Set & = hz(§), ¢ = hj,.i,(§) and
¢' = hz(¢). We must show that & = h,,__;,(¢').

Let 0 =859 <s1 <+ <spa=1land 0=1r9g <7 <--- <rg =1 be the partitions
associated to Z and J, respectively. Condition (I4) is open, so without loss of
generality, we can assume that the two partitions have no points in common except
endpoints. Let 0 =ty < t; < --- < t, = 1 be the partition obtained by forming
the common refinement of the two partitions: for each /¢, either t;, = s, for some
0<m<a,ort;=ry for some 0 <m’' < 8.

For each 0 < ¢ < w we are given that v(ty) € U;, . ﬁUJ 2 where my is the largest
m with s, <, and m} is the largest m’ with r,,/ S ty. Remdex the plaque chains
Pr(€) and P (C) as follows:

Let § = &m, = hz,,,(§), so that P;,, (&) denotes the plaque of Uime correspond-
ing to &, .

Let (¢ = (y = h‘ym2 (¢), so that ’ij}((jg) denotes the plaque of Ujmz corre-
sponding to Cp; . ‘

We inductively construct a plaque chain P = {730,731, . ,73w} which covers
both plaque chains Pz(§) and Pz ((), so that P;, (§a) U Pj,(¢s) C P,, and thus
f/ = hiu;jﬁ (C/)

For ¢ = 0, the plaques Pz(§) NP7 (¢o) # 0 as & € D(hj,.iy). Thus, the diameter
of the set U;, UU j, is at most 26]: By Lemmam there exists a coordinate chart
Uo such that UZO U Uj0 C mt(Uo). Let 730 be the plaque of Uo containing the
connected set Pz (&) UP7(Co).

Now proceed by induction. Assume that coordinate charts {(/]\0,[71,...7[%}

have been chosen so that U;, UU;, C mt(Ug) for 0 < £ < k, and a plaque chain
{7’0,731, .. Pk} defined Wlth P, C Ug and for 0 < ¢ < k,

Pi,  Ee=1) U P, (C-1)UPi,, (§) UP;,, (C) C P .

There are now two cases: either my # my41 and mk = mkH, or My = Mg41
/ ! : T7 _T7. .
and my, # mj_,,. Consider the first case, so that Ujm% = UJm;H and P, (&) N

Pimy ., (Eit1) # 0. We also have y(tyt1) € U, N Ujm%“, from which it follows
that the union {U;, UU;, UU;

ips1 U Ujk+l} is connected with diameter at most

3er. By Lemma 23] there exists a coordinate chart ﬁkJrl containing the union in
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its interior. Let ﬁk+1 be the plaque of fij containing the connected set

Py, (§k) U Py (Ck) U Pi, ., (E41) U Py (Crt1) C Prya -

+1

This completes the induction. The resulting plaque chain {ﬁo,ﬁl, e ,7/5w} thus
covers both plaque chains Pz(¢) and P7(¢). In particular,

Pia (fa)UPjB (CB)Z’PWQ(UM U _jﬂ) = Pia (fa)mpjﬁ (Cﬁ) = ,PWO(U% OUJ'B) 7& 0.
Now, &' = 7, (Pi, (§a)) and (" = m;,(P;,(Cs)), s0 & = hy, j,(¢') follows. O

The interested reader can compare the above argument to the proof of [12]
Proposition 2.3.2], where it is shown that the germinal holonomy along a path is
well-defined. The two proofs are essentially the same, yet a detailed proof of Propo-
sition 311 is included, as the study of equicontinuous maps depends fundamentally
on having equality on domains of fixed size, and not just germinal equality.

3.2. Admissible sequences. Given a leafwise path v: [0,1] — 9%, we next con-
struct an admissible sequence Z = (ig, %1, .. .,%q) with w € D(hz) so that (Z,w)
covers v and has “uniform domains”.

Inductively, choose a partition of the interval [0,1], 0 =89 < 81 < -+ < 84 =1
such that for each 0 < ¢ < a, ¥([s¢, s04+1]) € Dr(ze,€)), where x, = v(s¢). As a
notational convenience, we let s411 = S4, so that ¥([Sa, Sa+1]) = Za-

For each 0 < ¢ < «, choose an index 1 < iy < v so that Bo(z¢, e4) C U;,. Note
that, for all s, <t < spy1, Ba(y(t),eu/2) C U, so that xey1 € Uy, NU;,,,. It
follows that Z, = (io,%1,...,%q) is an admissible sequence. Set h, = hz . Then
hy(w) = w', where w = m;(z9) and w' = 7;_(xq).

The construction of the admissible sequence Z., above has an important special
property. For 0 < ¢ < «, note that z,41 € D]—‘(.’E(+1,€Z'§) implies that for some
s¢ < 8,1 < Sg41, we have that 7([5’Z+1,35+1]) - Df(x[+1,€5). Hence,

(15) By (v(t),eu/2) C Ui, NU;,,, , forall sy, <t <spyq .

Then for all sy, ; <t < sg41, the uniform estimate defining GZ; > 0 in (®) implies
that

(16) BX(T‘—N (W(t))v EZ;) C :Die,ie-u and Bx(ﬂ—iz-u (V(t))v 6;) C :Die+1,iz‘

For the admissible sequence Z,, = (ig, i1, . . ., ia), recall that 2y = v(s¢) and set wy =
7, (2¢). Then by definition (I0) of hz, condition (IG) implies that Dx(wy,€/;) C
D(hy).

That is, hz, is the composition of generators of G which have uniform estimates
on the radii of the metric balls contained in their domains, where EZ{— is independent
of ~.

There is a converse to the above construction, which associates to an admissible
sequence a leafwise path. Let Z = (ig, i1, .. .,%,) be admissible, with corresponding
holonomy map hz, and choose w € D(hz) with z = 7, (w).

For each 1 < ¢ < «, recall that Z, = (ig,1,...,%¢), and let hz, denote the
corresponding holonomy map. For ¢ = 0, let Zy = (ip,4). Note that hz, = hz and
hIO =1Id: To — To.

For each 0 < ¢ < a, set wy = hz,(w) and ¢ = 7;,(wy). By assumption, for £ > 0,
there exists zp € Pp_1(we—1) N Pe(we).

Let ve: [(¢ — 1)/, £/a] — Ly, be the leafwise piecewise geodesic segment from
xg—1 to z¢ to x;. Define the leafwise path v%: [0, 1] — Ly, from ¢ to z, to be the
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concatenation of these paths. If we then cover 77 by the charts determined by the
given admissible sequence Z, it follows that hz = h.z.

Thus, given an admissible sequence Z = (ig,%1,...,%o) and w € D(hz) with
w’ = hz(w), the choices above determine an initial chart ¢;, with “starting point”
x = 1(w) € U, C M. Similarly, there is a terminal chart ¢;, with “terminal
point” z' = 7;_(w') € U;, C M. The leafwise path ¥ constructed above starts at
x, ends at z’, and has image contained in the plaque chain Pz(z).

On the other hand, if we start with a leafwise path ~: [0,1] — 90, then the
initial point # = 7y(a) and the terminal point 2’ = ~(b) are both well-defined.
However, there need not be a unique index jo such that x € Uj, and similarly for
the index jg such that ' € U;,. Thus, when one constructs an admissible sequence
J = (Jo,---,jg) from ~, the initial and terminal charts need not be well-defined.
This was already observed in the proof of Proposition [3.I, which proved that

hI|U = h; o hj 9] hj01i0|U for U= D(hI) ﬁD(h O hj o hjo,io)'

TayJB tayJB
We introduce the following definition, which gives a uniform estimate of the effect
of this ambiguity.

Lemma 3.2. There exists a continuous function k: (0,00) — (0,00) such that for
all admissible (i,7) there is a uniform estimate:

(17) dx(hji(w), hji(w") < k(1) for all w,w' € D; ; with dx(w,w') <7 .
Moreover, lin% k(r) =0.

Proof. For (i, j) admissible, the holonomy map h;; extends to a homeomorphism of
the closure of its domain, hj it D5 — Qj i Thus, for r > 0, the product map hj i X

h;,i is continuous on the compact set SBT = {(w,w") | w,w’ € D;; , dx(w,w’) <

r}. Hence we obtain a finite upper bound

(18)  k(r) = max {dx(h;i(w), hji(w")) | (i,5) admissible , (w,w') € B} ;} .

Note that lin(l) k(r) = 0 follows from continuity of the maps hi7 j- O
T

We conclude this discussion with a useful observation which yields a key technical
point, that the holonomy along a path is independent of “small deformations” of
the path. First, we recall a standard definition:

Let h: U — V be a homeomorphism, where U,V C T, are open subsets, and
let w € U. Let a second homeomorphism h': U’ — V'’ be a homeomorphism,
where U’, V' C ¥, are also open subsets, with w € U’. Then define an equivalence
relation, where h ~ h' if there exists an open set w € V. C U N U’ such that
hlV =R|V.

Definition 3.3. The germ of h at w is the equivalence class [h],, under this relation,
which is also called the germinal class of h at w. The map h: U — V is called a

representative of [h],,. The point w is called the source of [h],, and denoted s([h]),
while w’ = h(w) is called the range of [h],, and denoted r([h]).

Let Z = (ig,41,-..,is) be admissible, with associated holonomy map hz. Given
w,u € D(hz), then the germs of hz at w and v admit a common representative,
namely hz. Thus, if v, 4" are leafwise paths defined as above from the plaque chains
associated to (Z,w) and (Z,u), then the germinal holonomy maps along v and ~'
admit a common representative by Proposition 3.l This is the basic idea behind
the following technically useful result.
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Lemma 3.4. Let v,~": [0,1] — 9N be leafwise paths. Suppose that x = v(0),2' =
7'(0) € Ui and y = y(1),y" =+'(1) € U;. If dm(7(t),7'(t)) < e/4 for all 0 <
t < 1, then the induced holonomy maps h~,h, agree on their common domain
D(hy) N D(hy) C T;.

Proof. Choose a partition of the interval [0,1], 0 = sp < 81 < -+ < 84 = 1 such
that for each 0 < ¢ < «, both paths satisfy the conditions

don ((5¢0),7(se41)) < €, dom (¥ (50),7 (se41)) < -

Set xp = v(s¢) and x}, = v/(s¢) for 0 < ¢ < @, and where for notational convenience,
we let Sq41 = Sa-
Then note that for all s,_1 <t < s441 We have
(19)
don (7(5a),7' (') < dom(v(sa), 7' (sa)) + dm(Y'(sa), 7 () < e /4 + eu/8 < eu/2.

For each 0 < ¢ < a, choose an index 1 < iy < v so that Boy(zs, ) C Us,.

Then for all sy <t < Sp+1, Bgm(’y(t),éu/Q) C Uiz, so that Tyl € Ui[ N Ui£+1'
follows that Z = (io, ?1,...,%) is an admissible sequence. Set h, = hz.

Also, by ([I9) we have v'([s¢—1, Se+1]) C Bam(v(s¢), €/2) so that Z is also an
admissible sequence defining h.» = hz. Thus, z,2’ € D(hz) C T;,.

As the domains for h and h.s are defined to be the maximal subsets of T;, where
the maps are defined, this shows they agree on the subset D(hz) C D(hy)ND(hy/),
so we are done by Proposition Bl O

It

3.3. Homotopy independence. Two leafwise paths ,~": [0,1] — 99t are homo-
topic if there exists a family of leafwise paths ~,: [0,1] — 9 with 79 = v and
7 = v'. We are most interested in the special case when 7(0) = 4/(0) = z and
v(1) = +'(1) = y. Then v and +' are endpoint-homotopic if they are homotopic
with 74(0) = z for all 0 < s < 1, and similarly v4(1) = y for all 0 < s < 1. Thus,
the family of curves {v;(¢) | 0 < s < 1} are all contained in a common leaf L,. The
following property then follows from an inductive application of Lemma 3.4

Lemma 3.5. Let v,7': [0,1] — 9 be endpoint-homotopic leafwise paths. Then
their holonomy maps h~ and h. agree on some open subset U C D(hy) N D(hy) C
T In particular, they determine the same germinal holonomy maps.

Proof. Let H(s,t): [0,1] x [0,1] — 9% with H(0,t) = ~v(¢), H(1,t) = v/(¢), and
1

H(s,0) = v(0), H(s,1) = v(1). Choose a partition of the interval [0,1], 0 = tp <
ty < --- < to = 1 such that for all 0 < s < 1 the leafwise distance estimate holds,

dgm(H(S,t[), H(SthJrl)) < 65'

Then choose a partition 0 = sg < 57 < --- < sg = 1so that forall 0 < ¢ < 3 we
have the uniform estimate

dgm(H(Sg,t),H(Sg.i_l,t))SEL{/4 for all 0§t§1

Then apply Lemma B4 inductively to the paths ¢t — H(s;,t) and t — H(sp41,t)
for 0 < ¢ < B, and the conclusion follows. O

Licensed to Univ of Illinois at Chicago. Prepared on Thu Mar 21 16:27:03 EDT 2013 for download from IP 128.248.155.225.
License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use
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The following is another consequence of the total convexity of the plaques in the
foliation covering:

Lemma 3.6. Suppose that v,~": [0,1] — I are leafwise paths for which v(0) =
v (0) = z and v(1) = v/ (1) = 2, and suppose that don(v(t),7'(t)) < ey /4 for all
a<t<b. Then~y,v:[0,1] — M are endpoint-homotopic. a

Given g € G5 and w € D(g), let [g],, denote the germ of the map g at w. Set
(20) Lrw=Alglw|9€GF, weD(g), g(w) =w}

Given = € U; with w = m;(z) € T, the elements of 'z, form a group, and by
Lemma there is a well-defined homomorphism hr ;: m1(Lg, ) = I'r,, which
is called the holonomy group of F at x.

3.4. Non-trivial holonomy. Note that if y € L;, then the homomorphism hr,
is conjugate (by an element of G3) to the homomorphism hr,. A leaf L is said
to have non-trivial germinal holonomy if for some = € L, the homomorphism hr ,
is non-trivial. If the homomorphism hr , is trivial, then we say that L, is a leaf
without holonomy. This property depends only on L, and not the basepoint = € L.
The foliated space 9t is said to be without holonomy if for every x € 91, the leaf
L, is without germinal holonomy.

Lemma 3.7. Let MM be a foliated space without holonomy. Fix a regular covering
for M as above. Let T, J be two plaque chains such that w € Dom(hz) N Dom(hz)
with hz(w) = w' = hg(w). Then hz and hy have the same germinal holonomy at
w. Thus, for each w’ € O(w) in the G orbit of w, there is a well-defined holonomy
germ Ny .

Proof. The composition g = h}l o hz satisfies g(w) = w, so by assumption there
is some open neighborhood w € U for which g|U is the trivial map. That is,
hI|U = hJ|U O

We introduce a mild generalization of the notion of a foliation without holonomy.

Definition 3.8. The foliated space 90 is said to have finite holonomy if there is a
(compact) foliated d space without holonomy M with foliation .7-" and a finite-to-one
foliated map II: M — M which is a surjection, and the restrictions of II to leaves
of F are covering maps onto leaves of F.

Finally, we recall a basic result of Epstein, Millet and Tischler [21] for foliated
manifolds, whose proof applies verbatim in the case of foliated spaces.

Theorem 3.9. The union of all leaves without holonomy in a foliated space M is a
dense G subset of M. In particular, there exists at least one leaf without germinal
holonomy. (Il

4. MATCHBOX MANIFOLDS AND EQUICONTINUITY

Let 91 be a matchbox manifold. Then the local transverse models for F are
totally disconnected, and the leaves of F are defined to be the path components for
the induced fine topology on 9. These remarks are the basis for several elementary
but important observations.

Lemma 4.1. Every continuous map ~: [0,1] — M is a leafwise path.
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Proof. Let a < ¢ < band choose alocal chart ¢;: U; — (—1,1)"x%,; with v(c) € Us.
The image path m;((t)) € T; must be constant for ¢ near to ¢, as T, is assumed to
be totally disconnected. Thus, by standard arguments, () lies in the leaf L, of F
containing the initial point z = y(a). O

Corollary 4.2. Let X be a path connected topological space, and h: X — M a
continuous map. Then there exists a leaf Ly, C M for which h(X) C Ly,.

Proof. Let © € X and Ly, be the leaf of F containing h(x). Then apply Lemma .11
O

Corollary 4.3. Let M and M’ be matchbox manifolds, and h: M’ — M a contin-
uous map. Then h maps the leaves of F' to leaves of F.

Proof. The leaves of ' are path-connected, so their images under h are contained
in leaves of F. O

Corollary 4.4. A homeomorphism h: 9 — M of a matchbox manifold is a foliated
map. ([l

Let H (1) denote the group of homeomorphisms of M, and H(9M, F) the sub-
group of H (M) consisting of homeomorphisms which preserve the foliation F; that
is, every leaf of F is mapped to some leaf of F. Then Corollary [£.4] states that

H(IM) = H(M, F).

4.1. Equicontinuous pseudogroups. The following is one of the main concepts
used in this work.

Definition 4.5. The holonomy pseudogroup Gr of F is equicontinuous if for all
€ > 0, there exists 0 > 0 such that for all g € G%, if w,w" € D(g) and dx(w,w’) < 0,
then dx(g(w), g(w")) < e.

We note that equicontinuity is a strong hypothesis on a pseudogroup. In partic-
ular, as noted by Plante [37, Theorem 3.1], Sacksteder proved:

Theorem 4.6 (Sacksteder [45]). If Gr is an equicontinuous pseudogroup modeled
on a compact Polish space X, then there exists a Borel probability measure p on X
which is Gr-invariant. O

We also introduce the notion of a distal pseudogroup. While not used directly
in this work, we refer to this in discussing open questions in Section

Definition 4.7. The holonomy pseudogroup Gz of F is distal if for all w,w’ € ¥,
if w # w’, then there exists d,,,» > 0 such that for all g € G5 with w,w’ € D(g),
then dx(g(w), g(w')) > uw uwr-

Distal and equicontinuous pseudogroups are closely related [3, 20, 24] 29, (3].

We next prove the fundamental result, that the equicontinuity hypothesis on Gr
gives uniform control over the domains of arbitrary compositions of the generators
of G5.

Proposition 4.8. Assume the holonomy pseudogroup Gr of F is equicontinuous.
Then there exists 52,— > 0 such that for every leafwise path ~y: [0,1] — 9N, there
is a corresponding admissible sequence I, = (ig,i1,...,iq) s0 that Bx(wo, &) C
D(hz,), where x = v(0) and wy = 7;,(x).
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Moreover, for all 0 < €1 < EZ; there exists 0 < §; < 52,— independent of the path
7, such that hz (Dx(wo,01)) C Dx(w',€1), where w' = m; (7(1)).
Thus, GF 1is equicontinuous as a family of local group actions.

Proof. Recall that GZ; > 0 is defined by (8). Let 52,— > 0 be the modulus associated
to € = ez:r, by Definition Note that 52,— < eZ; as G contains the identity map
for every open subset of T,.

Given v: [0,1] = 9, let 0 = 59 < 81 < -+ < 84 = 1 be a partition of the interval
[0,1] as in Section B] so that for each 0 < ¢ < «, y([s¢, S¢41]) C D (e, €f;), where

x¢ = v(s¢). Moreover, for the associated admissible sequence Z, = (ig,%1,...,%a),
we have that for all 0 < ¢ < 1, Bon(y(t), 3eu) C Uj,.
For each 1 < ¢ < o/, set x4 = y(s¢) and let wp = m;, (x¢). Set Zp = (io, i1, ..., %)

with corresponding holonomy map hz,. Then hz,(wg) = we. Let hy = h
that h[ o hIe = h1[+1 and ho = hIl-

We use induction on ¢ to show that Bx(wo,&)) C D(hz,). First, note that
8 < €, implies Bx(wo,d),) C Bx(wo,€/;). By the remarks following (I5) we
have that Bx(wo,e€/;) C D(ho) = D(hz,). By the definition of §/, we have that
hz, (Bx(wo,87,)) C Bx(wi,€))). Then Bx(wi,€f;) C D(hy). Thus Bx(wo,€,) C
D(hz,).

Suppose that Bx(wo,¢/;) C D(hz,). As before, we have that

hz,(Bx(wo,)) C Bx(we, efy) € D(he).

Thus, Bx(wo, €/;) C D(hz,,,) and hz,,, (Bx(wo, &) C Bx(wei1, ;).
This completes the induction. The last assertion on the existence of §; given €;
is just a restatement of equicontinuity for hz_. O

ioq1,0e SO

Note that similar techniques can be used to prove the following, which implies
that equicontinuity is a property of the foliation F of 9t and does not depend on
the particular covering chosen:

Proposition 4.9. Let 9 be a foliated space, with a reqular covering U such that
Gr is an equicontinuous pseudogroup. Then for any other choice of reqular covering
U of M, the resulting pseudogroup G will also be equicontinuous. O

We say that 9 is equicontinuous if for some regular covering of 9, the groupoid
Gr is equicontinuous.

4.2. Minimal foliations.
Definition 4.10. A foliated space 9 is minimal if each leaf L C 9t is dense.
The following is an immediate consequence of the definitions:

Lemma 4.11. A foliated space M is minimal if and only if for some reqular cov-
ering of M, the holonomy pseudogroup Gr of F is minimal; that is, for all w € T,
the Gz orbit O(w) of w is dense.

A standard argument shows that equicontinuity of the action of Gz on ¥, implies
that for each w € T, the closure O(w) of its orbit is a minimal set. This argument
also applies in the case of an equicontinuous foliation of a compact manifold M
(see []) and implies that the ambient space M is a disjoint union of minimal
sets. However, as seen from the case of Riemannian foliations, where the closures
of the leaves in M can form a non-trivial fibration, this does not imply that the
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foliated manifold itself is minimal. Thus, the following result is, at first glance,
very surprising: An equicontinuous action of the holonomy pseudogroup G on the
totally disconnected transverse space associated to matchbox manifolds is minimal.
This has been previously shown in the context of flows on homogeneous matchbox
manifolds in [I, page 5], and for homogeneous R™-actions in [I3] page 275], and
previously a version for equicontinuous group actions on compact Hausdorff spaces
appears in J. Auslander [2]. The proof below is a technical generalization of these
proofs and extends the previous results to an equicontinuous action of a holonomy
pseudogroup G of F for a matchbox manifold. In fact, the result can be thought
of as a partial generalization to foliated spaces of a well-known result of Sacksteder
[45] for codimension-one foliations.

Theorem 4.12. If9 is an equicontinuous matchbox manifold, then I is minimal.

Proof. The assumption that 91 is a continua implies that it is connected. Thus,
if 91 is the disjoint union of open saturated subsets U, V', then one of them must
be empty. As the F-saturation of disjoint open subsets of T, are disjoint and
open in 91, this implies that a clopen subset W C ¥, which is Gr-invariant must
be all of T,. We show below that if there exists a Gr-invariant open non-empty
proper subset W C T, then T, contains a proper clopen subset, which contradicts
that 9 is connected. Thus, if w € T, and its orbit closure O(w) # T, then the
complement W =%, — W is an open, non-empty proper subset, which leads to
a contradiction. Thus, the closure of every orbit of G must be all of %,.

Let W C %, be a Gr-invariant open proper subset and w € W. Let ¢, be an
index such that w € ¥;_ . The assumption ¥, that is totally disconnected implies
that its topology has a basis of clopen subsets. Thus w has a neighborhood system
consisting of sets which are both open and closed, hence compact.

Let Wy C WNE,, be a clopen neighborhood of w. The Gr-saturation of Wy is
the set

(21) OWo) = J {9(Won D(g)) | g € G5 , D(g) N Wy # 0} C T..

Since each map g: D(g) — R(g) is a homeomorphism, and D(g) is open, the set
O(W)y) is open.

We claim that O(W)) is closed. If not, then there exists w, € O(Wy) —O(Wy) C
%« Choose {w, € O(Wy) | £ =1,2,...} such that lim_, o wy = w,. For each £ > 1,
there exists an admissible sequence 7O and & € WonN D(hzw) C %, such that
we = hzw (&). As T, is the finite union of the compact sets {¥; | i =1,...,v}, by
passing to a subsequence, we can assume that there exists an index ig such that
we € Ty, for all £ > 1. Moreover, as Wy is compact, we can also assume without
loss of generality, that limy ., & = & € Wy.

Let 52,— > 0 be the constant of Proposition L8 As W, is open, there exists
0< e < GZ such that Bx (&, 2¢1) C Wy. Let 0 < §; < 5{5 be the constant of
equicontinuity for the action of G% corresponding to €; which exists by Proposi-
tion 4.8 as well.

Let -y, denote the leafwise path from y, = 7;, (w¢) to x¢ = 7;,(£¢) determined by
the reverse of the admissible sequence Z). Thus, v,(0) = y, and v,(1) = x,. By
Proposition &.8] for each ¢ > 1, the path 7, defines an admissible sequence 7 such
that hj(z) (wg) =&y, Bx(wg,(sz;) C D(hj(e)) and hj(e) (Bx(wg, 61)) C B(fg, 61).
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Choose ¢y sufficiently large so that ¢ > {4, implies dx(&, &)
< €1 and dx(ws,wy) < §1. Then dx(w., we) < §; implies w, € Bx(wy,d1), and
dx (&4, &) < € implies Bx(&r,€1) C Wo.

Thus, h 7w (Bx(we, 61)) C Wo, so h e (wy) € Wo; hence w, € O(Wy), contrary
to its choice.

Thus, O(W)) is a clopen subset of W and is proper in T, as W is proper. (]

5. HOMOGENEOUS MATCHBOX MANIFOLDS

We next draw a connection between the homogeneity of a matchbox manifold and
the dynamics of its associated foliation. To do so, we first recall a fundamental result
of Effros [19], presented in the spirit of [5 [51]. All topological spaces considered
here are assumed to be separable and metrizable.

5.1. Micro-transitive actions. Let G be a topological group with identity e. An
action A of G on the space X is a continuous map A(g,z) = gz from G x X to X
such that ex = x for all x € X, and f(gx) = (fg)x for all f,g € G and z € X.
For UC Gandz € X, let Uz = {gz | g € U}. An action of G on X is transitive
if Gz = X for all x € X. It is micro-transitive if for every x € X and every
neighborhood U C G of e, Uz is a neighborhood of z. According to the theorem
of Effros, if a completely metrizable group G acts transitively on a second category
space X, then it acts micro-transitively on X. This result is a form of the “Open
Mapping Principle” [51].

Now consider the homeomorphism group H(X) of a separable, locally compact,
metric space X with the metric dy on H(X) induced by the metric dx on X:

dy (f,9) = sup {dx (f(x),9(2)) |z € X} +sup {dx (f ' (2),97'(2)) | v € X}.

With this metric, H(X) is complete and acts continuously on X in the natural
way: for h € H(X) and = € X, he = h(xz). Notice that X is homogeneous if
and only if this action is transitive. Effros’ Theorem applied to this action states
that if it is transitive, then it is also micro-transitive. In the special case that X
is compact, we obtain that for any given ¢ > 0 there is a corresponding § > 0 so
that if dx(z,y) < d, there is a homeomorphism h: X — X with dy(h,idx) < €
and h(x) = y.

Let the homeomorphism group H(9) have the metric dy induced from the
metric dop. Then H(9) is complete, so we can apply the theorem of Effros to
obtain:

Corollary 5.1 (Effros). Let 9 be a homogeneous foliated space. Given ¢* > 0,
there is a corresponding 0 < 6* < €* so that for any x,y € M with do(z,y) < 6%,
there is a homeomorphism h : MM — M with dy(h,idom) < € and h(z) = y. O

5.2. A key application. The papers [I} 4, 50] give applications and examples of
Effros” Theorem related to the dynamics of flows. The fact that H(9M) = H(IM, F)
by Corollary B4l is a key fact in these applications, and for the following application
to foliated spaces.

Theorem 5.2. If 9 is a homogeneous matchbox manifold, then M is equicontin-
UOUS.

Proof. The idea of the proof is simple in principle, though somewhat technical to
show precisely. Basically, given a point w € ¥, and an element hz € G with

Licensed to Univ of Illinois at Chicago. Prepared on Thu Mar 21 16:27:03 EDT 2013 for download from IP 128.248.155.225.
License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



HOMOGENEOUS MATCHBOX MANIFOLDS 3169

w € D(hz), let v be a path defining the admissible sequence Z. Then for a point
n € D(hz), the value of hz(n) is defined by a path v, starting at n and shadowing
the path . Using Corollary Bl for ¢ > 0 given, and 7 sufficiently close to w,
we can find such a path v, = +" starting at  which is a conjugate of v by a
homeomorphism h of 9 which is € close to 7. It follows that the endpoint of 4" is
within € of hz(w); hence the action is equicontinuous. We give the details below.

Fix a regular cover of 9, and let G be the associated groupoid, with notation
as above.

Let € > 0 be given. Recall that « as defined by ([I8) satisfies lim,_,¢ x(r) =0, so
there exists ro > 0 so that for all 0 < r < ry we have k(r) < e. Choose 0 < € < ¢
so that k(¢') < e.

Set €* = min{p(¢’), e/ /4}, where p, is the uniform modulus of continuity func-
tion for the projections m; introduced in Lemma [Z8

Let 6* be determined by €* as in Corollary Bl and also assume that 0* < €*.
Let 6 = p,(6*), where p, is the uniform modulus of continuity function for the
sections 7; introduced in Lemma

Let g € G5 be defined by an admissible sequence Z = (ig,...,%). That is, g =
hz|U for some open U C D(hz). We show that for w, & € D(hz) with dx(w, &) < 9,
then dx(w’,£’) < e. where w' = hz(w) and &' = hz(§).

Let ¢ = 7;,(w) and y = 7,(€). Then z,y € U,, and do(z,y) < §* < €/2 by
the definition of p, in Lemma Then set 2’ = 7;_(w') and y' = 7 (&’) so that
2y eU,,.

Let 4%: [0, 1] — 9 be a leafwise piecewise geodesic path from z to ' determined
by the plaque chain Pz(z), as in SectionBl Let 0 = sp < s1 < --- < sg = 1 be

a partition, and J = (jo,...,Jjs) an admissible sequence covering 77 so that by
equation (I3,
(22) Bm(’y%(t),eu/Q) C Uje for all sp <t < Sp41-

Proposition ] implies that hz|U = h
D(hig js © hg © hjg io)-

For s = 0, by ([22) we have that =,y € Uj,; hence z,y € U;, NUj,. Also, 2’ € Uy,
by construction.

Let n = 7, (y) = hjy.i,(§) and w” = 75, (') = hy, 4, (w').

The essence of the proof of Theorem is the following.

o hg ohj, i, |U, where U = D(hz) N

iaajﬂ

Lemma 5.3. Letn € D(hy). Set n’ = hy(n). Then dx(w”,n') < €.

Proof. As dyn(x,y) < 6%, by Corollary 5] there exists h € H(IM) with h(z) = y
and dy (h,idom) < €*.

By Corollary 4l the composition v2(t) = h o ¥%(t) is a leafwise path from
y = h(x) to z = h(z'), which satisfies

(23) don (V2 (1)), ¥E(t)) < € < /4, forall 0 <t < 1.

The conditions dop (h(V4(t)),73(t)) < ey /4 forall 0 <t < 1, and Bon(v¥(t), €/ /2)
C Uj, for each sp <t < s¢41, imply that Y2 ([se, 8041)) C Uj, for all 0 <t < 1.
Thus, n € D(hy) and the trace of ¥2(¢) is contained in the plaque chain P7(y).

Set z = ~2(1) = h(2'), and note that ' = m;,(z). Then by (Z3) we have
that dop(2',2) < € < pr(¢’), so by the definition of p, we have dx(w”,n’)
dx(mj,(2"),7;,(2)) < €. This completes the proof of the lemma.

ol

Licensed to Univ of Illinois at Chicago. Prepared on Thu Mar 21 16:27:03 EDT 2013 for download from IP 128.248.155.225.
License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



3170 ALEX CLARK AND STEVEN HURDER

By Lemma, and Proposition B.J] we have that

€ = hz(§) = Py js © hg © hjoio(§) = Piy gy © hg () = hiy s (1)
Since w’ = h (w') by the definition of x and €, we have that
dx(w', &) < k(dx(w”,n") < k() <e.

This completes the proof of Theorem |

iaajﬂ

We make another observation about the dynamics of homogeneous foliated
spaces, which imposes further restrictions on which matchbox manifolds can be
homogeneous.

Lemma 5.4. If 9 is a homogeneous foliated space, then F is without holonomy.

Proof. By Theorem the set of leaves without holonomy is a dense Gy; hence
there exists at least one leaf L, without holonomy. Given any other leaf L’ of
F, choose basepoints z € L, and y € L’. As 9 is homogeneous, there exists a
homeomorphism h of 9t such that h(z) = y, and h is a foliated map by Corollary [£4]
Then the restriction h: L — L’ is a homeomorphism; hence L’ also is without
holonomy. ([l

6. TRANSVERSE HOLONOMY AND ORBIT CODING

Let 91 be an equicontinuous matchbox manifold. In this section, we show that
the orbits of the equicontinuous pseudogroup associated to F admit finite codings,
which is the basis for the proof of Theorem [[L4l The techniques are inspired by
the paper of Thomas [49] which showed a similar result for equicontinuous actions
of group Z on a Cantor set. For matchbox manifolds with dimension n > 2, this
requires extending the basic ideas from group actions to pseudogroup actions.

Fix a regular covering U = {p;: U; — [~1,1]"xT; | 1 <i < v} and pseudogroup
Gr as in Section Bl Let 527; > 0 be the constant of Proposition .8 such that for
every leafwise path v: [0,1] — 9, we have Bx(wo,d7;) C D(h,) for the holonomy
map h, € G%, where wy € T; corresponds to v(0).

Theorem {.12limplies that for any open subset W C ¥, the Gr-saturation O(W),
as defined in (21]), is all of .. We study the dynamics of G restricted to sufficiently
small clopen subsets of T,.

6.1. Holonomy groupoids. Fix a coordinate transversal, say %1, and a basepoint
wo € int(%1).

Choose W C Bx(wp, &, /4) C T1 such that W is clopen and wy € int(W) = W.
The leaf L,,, of F through wy is dense in 2, so by the minimality of F, the union
of all images of W under the holonomy along L,,, is all of ¥,. The goal is to choose
a sequence of clopen subsets

(24) wop€---CcVicVTlc...cvlicvicw,

all which contain wy, and such that the Gx-orbits of each V¢ have a “finite order
periodic coding”.

Let R C ¥, x ¥, denote the equivalence relation on ¥, induced by F, where
(w,w") € Rz if and only if w,w’ correspond to points on the same leaf of F.

Let (w,w') € Rr, and v = 754 [0,1] — 9 denote a path from = = 7;, (w)
to 2’ = 7;_,(w'). Recall from Definition 3.3] that [h,], denotes its germinal class,
which by Lemma [3.5] depends only on the endpoint-fixed homotopy class of . The
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holonomy groupoid Iz of F is the collection of all such germs, and the source and
range maps from Definition define a groupoid map s x r: I'r — Rx.

Given an element g € I'x with s(g) = w and r(g) = w’, there exists a path
Y = Yoot [0,1] = M from z = 7, (w) to &’ = 7, (w'), where w € W, so that
g = [hy, ,/Jw- Note that by Proposition (L8] there is a plaque chain covering y
such that W C D(hn,zyx,) for the associated holonomy map hvm/' As the constant
(55 > 0 is independent of the choice of the path 7, given g € I' # we abuse notation,
and let v denote the holonomy map h,__, whose germ is g and satisfies this domain
condition. Then given such a vy and any u € W, let v, denote the germ of v at w.
Thus, v, = g for example.

We have previously introduced in (20) the germinal holonomy subgroups Iz .,
(s x 7)"H(w,w) for w € T,. Also, consider the following subsets of T'z:

'y = {’YuEF]:|’U,€W},
Iy = {welrlueW, r(y) €W},
Y = {welrlu=w, r(y.) € W}.

Note that F% is a subgroupoid of 'z, with object space W. For each wyg € W,
let *,,, denote the constant path at wy, and by abuse of notation, also let *,,, € I’fo)
denote the germ of the identity map at wy. The composition rule for I' # is defined
by the concatenation of paths. In the case where G% is equicontinuous, a stronger
form of composition holds.

Lemma 6.1. There is a well-defined composition law, *: I‘% X I‘% - Tw.

Proof. Let vy,7, € T'w with w,u € W. Then w’ = r(vy,) € W, so w’ € Dom(v');
hence w” = +/(w') is well-defined. Then define

(25) Y * Y = [Y 07]w  so that (v, *7,,) = w". O

The composition law ([25)) has a natural intuitive definition in terms of the def-
inition of the holonomy along paths, which yields a slightly stronger conclusion.
The holonomy map 7’ is defined as the holonomy along a leafwise path 7?’“!, be-
tween y = 71 (u) and y' = 71(u’). The action of 7' on the point w’ is defined by
a leafwise path ¢ ., between § = 71(w') and {’ = 71 (w”) which “shadows” v, ..
Form the concatenation of the two paths, 7, ., = ¥ ¢ * V2 Which is a leafwise
path between = = 71 (w) and 2" = ¢ = 71(w”). Then the product v, * ~,, is the
germinal holonomy along the path ’y‘,;”z,,. We will use this geometric description
of the composition law in later arguments. Note that by Proposition .8 there is
a representative for h.» with W C D(h.~). However, there is no assertion that
by (W) =W.

6.2. Coding functions. We use the equicontinuity of G and that ¥, is totally
disconnected to define the subsets V¥ C W in ([24)), for which the holonomy action
of I’wWO on V¥ has “uniform return times”. This procedure corresponds to the
procedure in Thomas’ work, in the case where F is defined by a flow, where the
section W is partitioned into sets with uniform return times.

We begin the inductive construction of the clopen sets V¢ C W for £ > 1.

Let ¢ = 1 and set ¢ = 65/4. Choose a partition of W into disjoint clopen
subsets,

(26) Wi ={W},....Wg}, W=WU---UWj, woe W,
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where each W} has diameter (in X) less than €;. If ¢; > diamy (W), one can choose
Wi = W and B; = 1. However, in the later stages of the inductive construction,
e — 0 80 By — oo. Introduce the first code space C; = {0,1,..., 51}

Let 71 = min {dx (W, T, — W), dx (W}, jl) |i % j} >0, which is positive as W
is clopen in X.

Let 0; > 0 be a constant of equicontinuity for Gz corresponding to 7;.

Next, introduce the coding function corresponding to the partition W;.

Definition 6.2. For w € W, the C},-code of u € W is the function C}, ,: -
defined as, for vy € TV :

1 () = i if y(u) € Wi,
w0 i y(u) € T — W

The function Cij . encodes the terminal point for the path starting at u, and
shadowing the path v from w to w’ = r(v,) € O(w). In particular, Cy, () = 0
corresponds to those points u € W such that y(u) ¢ W. Thus, if W is invariant
under G5, then the code value C}, ,(v) = 0 never occurs.

Lemma 6.3. Let w,u € W and v € TW. Set w' = r(y') and suppose that
u =~'(u) € W. Then

(27) Coywr(7) = Chy (Y%7 for all y € T,

Proof. The function C’i},,u, codes for a path =,/ .~ starting at v’ and shadowing the
path v = 4w from w' to w” = r(y) € O(w') = O(w). Precompose the path
Yw' w With 4" to obtain paths

" " _ / w
’yw,w” Yw’ w' * P)/w Jw’ € Pw ) IYu,u” = Yu! u * IYu,u’ € Pu )

where the latter shadows the former. We then have v(u’) = v 0 4/(u), from which
17 follows. O

Lemma 6.4. If u,v € W with dx(u,v) < 61, then C,, ,(v) = Cy}, ,(v) for all
v € TW. Hence, the function CL defined by CL(u) = C}

wu 18 locally constant, and
so V1 is open.

Proof Let v € T'WY.,, and suppose that u,v € W with dx(u,v) < &;. Set u' = y(u)
and v' = y(v). By the equicontinuity of Gz, dx(u,v) < §; implies dx (v, v") < 1.
Assume that v’ = y(u) € W}. Then dx(v/,v'") < dx(W, T, — W) implies v/ € W.
Moreover, dx(u',v') < dx(W},W}) for all j # i implies that ' € W;'. Thus,

Cou(7) = Cy (7). O
We now begin the construction of the coding partitions. For the first stage,
{ =1, set:
(28) vt = {ueW\ wou( ) = Cry e () for ally € T
= ﬂ{h |7€Fw0,7(w0 EWil}CWf.

Note that wy € V!, so that V! is non-empty, and it is open by Lemma [6.4
For v € FZZ) we have y(wg) € W by definition of TY ,» and the function u —
Clhou(7) is constant on V!5 hence (V') C W. Moreover the image v(V1) c W is

open for each v € I‘ZJ‘;
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Lemma 6.5. Lety € I} and set V.) =~(V'). If VIN V! #0, then V' = V.

Proof. By assumption, there exists u’ = y(u) € VI n Vvl for some u € V1. We
first show that all points v’ € V71 have the same code function as v’ € V!, so that
v' € V' hence V! C V1.

Let w' = y(wg) € W}

Given v’ € V1 there exists v € V! with v/ = y(v). Then wy,u,v € V! implies
by ([28) that we have Chon(¥) =Chyo(v) = CL, o, () so that v" and « lie in the
same partltlon Wl

For o/ € T} we claim that C}, ,(7') = Cy,, (7). Let 3’ be a path starting at
w’ shadowing +’.

Define v = 5"+ v € I'}}. Then by Lemma [6.3] we have
(29)

CLy (7)) = Cha o (7)) = Ch (7 #79) = Oy Wi 57) = Ol (7) = Ly (7).

where we also use that the holonomy along the path ~ starting at wy and the path
5 starting at w’ agree by Lemma 3.4l Thus, Vvl c V%
The reverse inclusion V' C V.} follows by the same arguments applied toy~". [

Lemma 6.6. Let v,0 € Ty, and V! = y(V'), V} = o(V'). If dx(V],V}) < 61,
then V1 vy

Proof. By assumption, there exists £,{ € V' such that & = ~(¢) € V! and ¢/ =
a(¢) € V! such that dx(&',¢’) < 61. In particular, if & € W}, then also ¢/ € W
Set w’ = ~(wp). Then by Lemma G4 for all v € T} we have C, (7)) =
Co oo ()
Set & = o7 (¢') = o7 oy(€). Then for all v/ € I'}} we have Cy .. (") =
Coro.c(?"). As ¢ € V! this implies " € V' and thus V' No~ o*y(Vl) # 0. By
Lemma [63] this implies V! = o~ oy(V"); hence V,} = V! as was to be shown. [

To complete the construction for the first stage, note that V! is an open set.
Hence the minimality of F implies that for each £ € W, we have O(§) NV #
(. Hence there exists o € T'[}; with & = o(§) € V!. So for v = o~ ! we have
¢ e Vvl. Thus, the set {y(V?!) |~y € F}X)} of all F}X]—translates of V! is an open
cover of the clopen set W. As W is compact, the cover admits a finite subcover
V= {Vll,.. anl}

Moreover, VZ1 N le = () for i # j by Lemma As V) is a finite covering of
the compact set W by disjoint open sets, each of the sets V! is also closed, hence
is clopen.

For each 1 < i < ny choose v} € T}/ so that V;' = ~4}(V*'). Without loss of
generality, we can assume that 7] = x,, is the constant path, so that V! = V1.
Set w} =~} (wo).

Note that by definition of the coding function used to define V!, we have V! C
W}, where j = Cj, . (7). In particular, diamy(V;') < diamx (W) < e by
construction.

Thus, the collection V; is a finite partition of W by clopen subsets of diameter
less than €7, which refines the initial partition ;. This concludes the construction
for the initial inductive step ¢ = 1.
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Now consider the general inductive step, for £ > 1. Assume that for each 1 <
A < £ there is given:
e a constant €y with 0 < ey < ex_1/2,
e a clopen set V* with wy € VA ¢ VA1,
e a collection {77,..., 9, } C IV with 77 = %y,
such that Vy = {VA =42 (V*) | 1 < < ny} is a finite partition of W by disjoint
clopen sets with V; = V*, and the diameter of each V* is less than €,. Moreover,
we assume that the holonomy maps {”yf‘ [1<i<n A} are such that the collection
Vi = {VzA |1<j< a,\} is a partition of the clopen set V* into disjoint clopen sets.
Furthermore, the covering V) is assumed to be given by the union of the translates
of the partition V§ by the maps {'y;\_l | 1 < j <nx_1}. That is, the covering Vy
is a refinement of the covering Vy_; obtained by partitioning V*~! into the clopen
subsets of V5 and then translating them to obtain the covering Vy of W. It follows
that n) = a) - ny_1 for some integer ay > 1.
We begin the construction of the next partition V, = {Vif = v5(V) | 1 <i < ny},
given the above data. First, set

1
(30) € = 5 min {diamx (V") [1<i <mp1} <ex, /2.

Let €, > 0 be a constant of equicontinuity for Gz corresponding to €.
Next, choose a partition of V¥~! into disjoint clopen subsets, W; = {Wf, ceey
Wéé}’ where wy € W{ and each W/ has diameter less than ¢,. As in the case £ = 1,

this partition of V*~! need not be “compatible” with the dynamics of Gr. The
partition will be “pruned” using the coding map, as in the case £ = 1, to obtain a
partition that is “compatible” with the dynamics of Gr.

Extend the partition W; of V=1 to all of W, setting Wy = W} U---U W,
where W; = {’yf_l(Wg) [1<j< a%} is itself a partition of V=t = 4/~ (V1)
into clopen sets.

Note that by the choice of €, each set Vf_l has diameter at most €;. Define
(31)  Wi=~"'(W)),where k=j+(i—1)-a;, 1<j<aj, 1<i<ng .

That is, we relabel the collection W, using a lexicographical ordering. Set 5, =
aj - ng—1, and define the code space C; = {1,..., B¢ }.

The corresponding coding function is defined as before:

Definition 6.7. For w € W, the C -code of u € W is the function Cﬁ;,u: ¢
defined as: for y € T} set Cf, () = k if v(u) € W}. Then define

(32) Vi={ue W cV | CL .(7) = Chy () forall y €T}
Note that y(V*) C W for all vy € T} .

Let n; = min {dx (W, W{) |1 <k #k < B¢} > 0. Let 6 > 0 be a constant of
equicontinuity for G corresponding to 7,. Then the following results are proved
exactly as for the case £ = 1.

Lemma 6.8. If u,v € W with dx(u,v) < &, then C () = C§ ,(7) for all
v € TW. Hence, the function C% defined by C% (u) = Cﬁ,’u is locally constant, and
so V't is open.

Lemma 6.9. Let v € I} and set Vf =~(VH. If Vin Vf £ 0, then V¢ = Vf.
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Lemma 6.10. Let v,0 € I'},, and Vf =V, VE=o(VY. If dx(v,f, VEH < &y,
then Vf =VE

The completion of the ¢-th stage of the induction proceeds as for £ = 1. Note
that V¢ is an open set. Hence the minimality of F implies that for each & € W,
we have O(€) NV* # (). Hence there exists o € Tl with ¢ = o(¢) € V*. So for
v =0"" we have { € V.

Thus, the set {y(V*) |y eV} of all I''Y -translates of V* is an open cover
of the clopen set W. As W is compact, the cover admits a finite subcover V, =
Vi, Vi)

Moreover, Vf NV} =0 for i # j by LemmalB.6l As V; is a finite covering of the
compact set W by disjoint open sets, each of the sets Vf is also closed, hence is
clopen.

From the definition of V¢ and the coding function ij’u we have V¢ C W{.
Moreover, if Vf = ~y(VH NV £ (), then Vf C V¢! by Lemma B8, following
that of Lemma [6.4l Thus, the collection

Vi={Vi|vel ,Vinv: 0}
is a partition of V=1 by clopen sets. Hence there is a finite collection {*yf, e ,fygz}
C Il so that for ij = ij = 7;(V*) we have V; = {Vf | 1< j < ag} is a partition
of V¥~ by disjoint sets. As before, we can assume that Y} = *u, SO that Vi=V¢

Recall that W, = {Wf, R Wﬁz} is the chosen partition of V*~! into disjoint
clopen subsets, so by the definition of V¥, we have ’yf(Vl) C W{, where 1 <
k= Ch,w, (1) < aj. Thus, V; is a refinement of the partition W; of V=1, In
particular, note that oy > a@.

Finally, extend the partition V; of V¥~ to all of W, setting V, = V}U---UV,* 7,
where V} = {'yf_l(Vf) |1 <j < ay}isapartition of Vi | = ~1(V!~1) into clopen
sets. Note that by the choice of €, each set 7571(‘/;.5) has diameter at most e,.

Set ny = ay -ny_1, and for 1 < k < ny relabel the collection V, using a lexico-
graphical ordering,

Vi =7 '(Vf)where k=j+(i—1)-az, 1<j<ap, 1<i<ne.

Thus, the collection Vy is a finite partition of W by clopen subsets of diameter
less than e, which refines the initial partition W,. Set w! = ~¢(wp).

This concludes the general inductive step of the construction of the partitions
Ve={V{| 1<k <ng}.

7. EQUICONTINUITY AND THOMAS TUBES

Let 91 be an equicontinuous matchbox manifold. In this section, we show how
the partitions Vy of the transversal space X, for £ > 1, introduced in Section [G] give
rise to a “presentation” of 9t by what we call the Thomas tubes. In Section [} we
derive the solenoidal structure of 9t from this data.

Suppose that the equicontinuous matchbox manifold 9 is a Cantor bundle,
mo: M — My, as discussed in Section[Il That is, we assume there exists a compact
manifold My, finitely presented group I' = m (My, by), Cantor set § = 7, ' (b), and
a minimal, equicontinuous action ¢: I' X §, — §p so that 91 is homeomorphic to
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the suspension of the action ¢. Consider V¢ C §, = T, and introduce the subgroup
Le={yel|pMmMV)=V}.

Then the “Thomas tube” associated to V* is homeomorphic to the suspension of
the action of I'y on V¢, which is a Cantor bundle over the covering space M; — M
associated to I'y C T.

The complication which arises for the more general case is that one requires a
“foliated product theorem” in place of the suspension construction, as the leaves of
JF are not given as covering spaces of a given fixed base manifold M. We introduce
the notion of foliated microbundles in the context of matchbox manifolds to obtain
such a product theorem.

7.1. Foliated microbundles. The “foliated microbundle” associated to a leaf in
a foliated space is one of the most basic concepts, originating with the first works of
Reeb (see Milnor [32] for a discussion). Its construction is a generalization of that
for the holonomy map hz associated to a leafwise curve v, as in Section B.2] in
that it follows essentially the same procedure, but uniformly for all paths in a given
leaf. We give this construction for foliated spaces; then for the case where L, is
dense and F is equicontinuous, it provides a framework for analyzing the structure
of M.

Recall that wg € int(%1) is the fixed basepoint of SectionBl Let xg = 71 (wp) € Uy
and Lo be the leaf through zo. Let hr 5, : m1 (Lo, z0) — G£° denote the holonomy
homomorphism of Ly, whose kernel Ko C 71 (Lg,, zo) of hr 4, is a normal subgroup.
Let II: EO — Lg be the covering associated to Ky and choose Zy € EO such that
m(Zo) = xo. By definition, given any closed path 7: [0,1] — Ly with basepoint
Zo =7(0) = (1), the image of 7 in Ly has trivial germinal holonomy as a leafwise
path in 9. It follows that the holonomy map defined by a path 7 in ZO starting at
Zo is determined by the endpoint ¥(1).

The construction of the foliated microbundle associated to Ly begins with the
selection of a collection of points in Lo which are “sufficiently dense in Ly to
capture the holonomy of Ly. This is assured by choosing a suitably fine net in Lg
and then lifting this to a net in ZO.

Definition 7.1. Let (X,dx) be a complete separable metric space. Given 0 <
e1 < eg, a subset N C X is an (e, ea)-net (or Delone set) if:
(1) N is ej-separated: for all y # z € N, e1 < dx(y, 2);
(2) N is ex-dense: for all z € X, there exists some z € N such that dx (z,2) <
€.

It is a standard fact that given a separable, complete metric space X and any
es > 0, there exists 0 < e; < eg and a (e, ex)-net N' C X.
Recall that €/, defined by (@) was chosen so that every leafwise disk of radius

¢/, is contained in a metric ball of 9 of radius €,/2. That is, for all y € I,

D]:(y, 65) - ng(y, 61,[/2).

Let ey = 65/4. Then choose Ny C Lg an (eq, ez)-net for Ly for some 0 < e <
€/, /4. We can assume without loss of generality that zo € Nj. Condition (TI(2))
implies that the collection of leafwise open disks {Br(z,€/,/2) | z € Ny} is a
covering of L.

For each z € Ny, choose an index 1 < i, < v so that Boy(z,€y) C U;,. Without
loss, we can assume that Box(zo,€ey) C Up. Then note that for all 2’ € Dx(z,€)),
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we have 2’ € Bon(z, €4/2), so the triangle inequality implies that
(33) Dx(?,¢;) C Bon(2',€/2) C Bon(z, ) C Ui..

Lemma 7.2. The collection {U;_ | z € Ny} is a subcover for 9, with Lebesgue
number €y /3.

Proof. Let y € M. Then Ly is dense, so there exists y' € Ly with don(y,y’') < e/6.
Let z € Ny with dx(y/, z) < €/;/2. Then y’ € Bon(z,€4/2). Hence y € Bop(z, ) C
U;, by B3). Therefore, Bon(y, €,/3) C U;. . O

Let N = I~(Np), which is an (eq, ez)-net for Lo with the Riemannian metric
lifted from Lg. The points of ./\70 are denoted by z, where II(2) = z € Ny. In
particular, Zo € Ny as II(Zo) = zo € Np.

For each Z € N, let z = II(2) and set Us = U,;. x {z}. For (z,%) € Us define
II: Us — U,;. by U(z,2) =z. For 2 £ 7 € Ny Wlth I1(2) = II(Z') = z, the sets Uz
and Uz are disjoint by definition, though their pI‘O_]eCthIlS to 901 agree.

For Z € N and § = (x,%) € Uz, let P=(§) = Pi.(x) x {Z} denote the plaque of
Us containing §. If z € P;_(z), then we abuse notatlon and identify 73~(A7 with the
plaque of Lo containing Z. Note that Bz (Z, ¢/;) C P=(?) for each % € No, so the

collection {Px(2) | 2 € Ny} is a \ covering of Lo.

One thinks of the plaques P=(%) as “convex tiles”, and the collection {Pz(3) |
zZ € No} as a “tiling” of Lo The interiors of the plaques need not be disjoint,
so this is not a proper tiling in the usual sense (for example, see [6, 8, 23, 48], or
[12, §11.3.C]). In particular, the combinatorics of the covering of Lo by plaques is
not a consequence of the geometry of the “tiles”, but rather is determined by the
dynamical properties of the leaf L. (See [7, 28] for a discussion of this point of
view.) The net J\/O can also be used to generate Voronoi decompositions of Lo7 as
in the work [17].

The foliated microbundle of Ly is the foliated space My = { U Us}/ ~ , where

EL
J € Uz and § € Uz are identified if II(§) = II(§7) and Pz(3) NPz (Z) # 0. Let F
denote the foliation whose leaves are the path components of s3’(0

For each Z € Ny, let Tz = T;.. The composition gz = ¢;_oll: Us — [-1,1]"x %>
defines a foliated coordinate chart on ‘ﬁo for F. Let 7 Tz U — %5 be the normal
coordinate, and )\Z. Us — [—1,1]™ be the leafwise coordinate.

Given Z € Ny, subset V C Tz and ¢ € [-1,1]™, we obtain a local section for F
by

(34) Tog: Vo Us s Tre(w) = 371 (6 w) = ('€ w), 2).

The foliated microbundle can be viewed as constructing, in a uniform setting,
all of the holonomy maps for paths in the leaf ZO. To be precise, we say that a
path 7: [0,1] — Ly is nice if there exists a partition a = 59 < 51 < - < §q = b
such that for each 0 < ¢ < a«, the restriction 7: [sg, sp41] — Zo is a geodesic
segment between points Zp = J(s¢), Ze+1 = Y(Se+1) € ./\70 with dz(Ze, Zi11) < 65
Then 7 = (iz,,...,iz, ) is an admissible sequence for both F and F, and so defines

holonomy maps hI for F and hy for F. Clearly, hy is just the lift of hz, and hz
is the holonomy map for the leafwise path v = Il o ¥ constructed in Section [Bl
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As before, we note that hr depends only on the endpoints of Z. For z € J\~/0 let
hz denote the holonomy along some nice path 7z from Z to z, considered as a
transformation of the space ‘f, which is the disjoint union of the local transversals
T5. Let hz denote the holonomy along the projected path, vz = Il o 73.

Recall that W C Bx(wo, 8, /2) C T is the clopen neighborhood of wg chosen in
Section [Bl

Lemma 7.3. Let 3: [0,1] — Lo be a nice path with 5(0) = Zo. Then W C D(hz).
Proof. This follows directly from Proposition f8 and the definition of J7. O

7.2. Thomas tubes. For each ¢>1,1let V¢ C W be the clopen subset defined by
B2). For z € Ny define

(35) VE=h:(V) Cc %, VE=h(V') = VE x {3} C T=.

z

The union of the sets IN/; is just the saturation of V% under the action of the
pseudogroup § z.

Lemma implies that if V£ N V4 # 0, then V¥ = VZ although this need not
imply that 2 = 2’ if Ly has non-trivial germinal holonomy. The sets V; and V;, are
disjoint if Z # 2.

Also, introduce the local coordinate chart saturation of each of these sets:

(36) Y= (VH) CT. , W=7 (VE) =1 x {3} C U5,
Then ilé is the union of the plaques in ﬁiz through the points of V;.

Definition 7.4. The Thomas tube associated with V% is the subset of the mi-
crobundle g,

37) - U
EGJ\Nfo

In the case that £ = £y note that ‘)N’tgo = ‘)N’to. For all £ > {;, the image H(‘ftg) cm
is the saturation by F of the clopen set V*; hence II(9%,) = M.

Note that ‘)N’Ig is a (non-compact) foliated space whose leaves L are coverings of
corresponding leaves of F. That is, the restriction 1I: L — L is a smooth covering
map, which is a local isometry for the induced leafwise metric on N,. Also, the leaf
space for My is homeomorphic to V¢ by construction, and for # > ¢ the inclusion
VY c V¢ induces a natural inclusion ;ﬁz/ C ‘ﬁz.

8. SOLENOIDAL STRUCTURE FOR EQUICONTINUOUS FOLIATIONS

In this section, we show that if 9t is an equicontinuous matchbox manifold, then
it has a presentation as an inverse limit, and thus is homeomorphic to a generalized
solenoid as in ().

The strategy of the proof begins with an observation, that if we assume that 9t
is homeomorphic to a solenoid S, then the bonding maps pg41: M1 — My induce,
for each £ > 0, a map gy: 9 — M, which is a fibration [3I]. For each = € M, the
fiber K¢(z) = g, () is an embedded Cantor set in 9%, and the fibration structure
implies that the family of Cantor sets {K,(x) | x € M,} forms what we call a
Cantor foliation transverse to F. Moreover, the property q@ = pr41 © qe1 of a
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solenoid implies that the Cantor foliations associated to g, and gyy1 are naturally
related. We show that, given these consequences, 91 is homeomorphic to a solenoid.

We begin with a definition. Recall that we assume there is a fixed regular
covering {U; | 1 < i < v} of M by foliation charts, as in Definition [Z8] with charts
Vi U, — [-1,1]" x ¥;, where T; C X is a clopen subset. By construction, each
chart admits a foliated extension @;: (71 — (=2,2)" x T;, where U; C [71 C Xis an
open neighborhood of U; and @|UZ =@

Definition 8.1. Let 9t be a matchbox manifold. We say that 9t admits a Cantor
foliation H transverse to F if there exists an equivalence relation =~ on 91 such
that:

(1) for x € M the class Hy, = {y € M | y = z} is a Cantor set;

(2) for each z € U; with w = m;(x) € ¥, there exists a clopen neighborhood
w €V, C %; and a homeomorphism ®,: [-1,1]" x V, — U, such that, for
each ¢ € [~1,1]", the image ®,({¢} x V) C U; is a complete equivalence
class.

The leaves of the “foliation” H are defined to be the equivalence classes of .

We call V,, the model space for H at x. For a standard foliation, the space V,
would be homeomorphic to (—1,1)", while for a Cantor foliation, it is homeomor-
phic to a Cantor set.

Condition BI)1) implies the leaves of H are Cantor sets, and Condition [B1[2)
states that these leaves are “vertical” segments for a regular coordinate chart, after
reparametrization by the maps ®,. In other words, every point x € 9t admits what
is sometimes called in the foliation literature, a “bi-foliated neighborhood”, where
the leaves of F correspond to the “horizontal” Euclidean slices of [—1,1]™ x V, and
the leaves of H correspond to the “vertical” Cantor set slices.

For example, if 7: 9T — M is a Cantor bundle over a compact manifold M, then
the fibers of 7 define a Cantor foliation of 9t which is transverse to the foliation F
of M. As a Cantor bundle need not be a solenoid, the existence of the transverse
foliation H is clearly not sufficient to show that 9t is homeomorphic to a solenoid.
What is required, in addition, is that there exists a sequence {H; | ¢ > (o} of
nested Cantor foliations, which in our situation is provided by constructing Cantor
foliations adapted to the Thomas tubes of Definition [7.4]

For ¢ > 1, let ‘ﬁg be the Thomas tube with transversal model V¥, with notation
as in Section [[l Recall that the foliated space 9, contains the holonomy covering
LO of the leaf Ly C 9 corresponding to wq. Also, for £/ > £ we have Dty C My is a
foliated subspace.

Peﬁnition 8.2. We say that a transverse Cantor foliation H, on 91 is adapted to
Ny if, for each z € Ny and x € ilé C M, we can choose V,, = VEZ in Definition [B11(2).

Note that if H, is adapted to {th[, then for each foliated coordinate chart L~l£
for ]—" the leaves of H, form complete transversals to the image of the restriction
1I: SJZ — SJZ It follows that H, induces a transverse Cantor foliation Hg on ‘ﬁg
Actually, thls is evident from the definitions as well.

Given such Hy, let =4 denote the equivalence relation on 9t defined by its leaves,
and by a small abuse of notation, we also let ~; denote the corresponding equiva-
lence relation on ‘f’(g.
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Observe that for ¢/ > ¢, the restriction of =, to the foliated subspace ;ﬁg/ C ‘J~"(g
defines an equivalence relation, which is denoted by ~,. The Cantor foliation He
of {ﬁg/ defined by =2 is the lift of an adapted transverse Cantor foliation H, on 1.
The model sets V/ for Hy are given by the collection of translates {VZ | Z € No}.

If m: 9 — My is an equicontinuous Cantor bundle over a compact manifold My,
then the fibers of m define a Cantor foliation of 9t which adapts to each Thomas
tube ‘:Tvtg, for £ > 1. For example, this is the case studied in the work [I3] by the first
author, for My = T™. In general, the existence of an adapted transverse Cantor
foliation on 97 is not “obvious”, though in fact one can show:

Theorem 8.3 ([I7]). Let M be an equicontinuous matchboxr manifold. Then for
some £y > 1, there exists a transverse Cantor foliation He, on I adapted to Ny, .

The idea of the proof of this result is straightforward enough. For each foliated
coordinate chart, U; or a subchart ilg C Uj, there is a natural “vertical” foliation
whose leaves are the images of the transversals 7z ¢. The problem is that on the
overlap of two charts, these vertical foliations need not match up, as the requirement
on a foliation chart for F is that the horizontal plaques match up. The exception is
when 90 is given with a fibration structure, then the coordinates can be chosen to
be adapted to the fibration structure, and so the fibers of the bundle are compatible
on overlaps.

For the general case, the idea is then to subdivide the horizontal plaques into
small enough regions, and restrict the diameters of the model set V, = VEZ, so that
the vertical leaves become sufficiently close on overlaps, so that they can be made
compatible on overlaps. More precisely, one constructs a uniform triangulation of
the leaves of F on 9 so that the triangles have sufficiently small diameter and
in “general position”, so that they are stable in transverse directions, for small
perturbations. Then, the vertical foliations are defined using barycentric coordi-
nates based on each simplex in the triangulation. The functions @, introduced in
Condition B)(2) are the adjustments to the vertical foliation needed to make the
foliations match up. The requirement that the images of the maps ®, be allowed
to take values in the open neighborhood [71 is due to the fact that on the bound-
ary points of U;, the leaves of the foliation H need not have constant horizontal
coordinate \;.

A uniform triangulation of the leaves (satisfying the required stability conditions
above) is constructed as the Delaunay simplicial complex associated to a very fine
Voronoi tessellation of the leaves. The proof that all this can be done is quite
tedious, and uses only “elementary techniques”, along with effective estimates in
each stage of the process. The details as given in [I7] are quite lengthy and involved.

Given Theorem R3], we complete the proof of Theorem[[4l Let 91 be an equicon-
tinuous matchbox manifold. Assume that ¢; is such that there exists an adapted
transverse Cantor foliation H,, on 9. Let ~; denote the restricted equivalence
relation on 2 adapted to {ﬁ[. For each ¢ > /{j, introduce the quotient spaces
]\74 = ‘JN’IZ/ ~p and My = M/ ~,. Given a point x € M, let [x], € M, denote its
~2y equivalence class.

Proposition 8.4. Let 9 be an equicontinuous matchbox manifold, with £y as spec-
ified in Theorem B3l Then for all £ > £y, My is a closed n-dimensional topological
manifold.
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Proof. For each x € 9, the equivalence class [z], is compact; for the quotient
topology, M, is a Hausdorff topological space. As 97 is compact and connected,
My is also compact and connected.

For 5 € Ny and = € UL N U, recall that Pz(z) is an open plaque of F con-
taining . The restriction Q¢: Ps(x) — M, is a homeomorphism onto its image by
Condition RI}(2). We define the composition

(88) ¢z : (~L1)" = (L) xmiz(2) C (=L, 1)" x V£ 55 P(a) <5 Qu(Ps(a)),

which is a coordinate neighborhood of [z],. Moreover, if there exists 2’ such that
S }.lgﬂ}.lg, NU;., then the change of coordinate map ¢z o ¢z is a homeomorphism,
as each of the maps ®;. and ®;_, in Condition BI{2) are homeomorphisms. Thus,
M, has the structure of a topological manifold. O

We observe a basic point about the transverse foliations ﬁg induced on the
Thomas tube H,.

Lemma 8.5. The inclusion map induces a homeomorphism ty: Eo = 7?[5/ .

Proof. Each leaf LcC ’ﬁg intersects each transversal leaf of 7-lg in exactly one point,
so the map ¢y induced by the inclusion is a 1-1 onto map. The equivalences classes
for =~ in H, are compact, so the quotient topology is Hausdorff. The map ¢, is

continuous as it is induced by the inclusion of plaques; hence it is a homeomorphism.
O

Let Qg: 9 — My, given by Q¢(x) = [z],, denote the quotient map.

Lemma 8.6. For all £ > {y, the restriction T, = Qg|z0: EO — My is a covering
map.

Proof. The map 7p: ZO — My is a homeomorphism when restricted to each plaque
P:(Z), so the map is a local homeomorphism of a complete Hausdorff topological
space; hence is a covering map. O

Lemma 8.7. For all ¢! > £ > {y, there is a covering map qp¢: My — M, such
that, for q¢ = qe.e,, the maps satisfy qo = qe © Qe ¢-

Proof. For ¢! > £ > {y define 71, = ¢, o II: EO — My. By the definitions of the
equivalence relations ~, on 9 and A, the map 7, can be factored as a composition

(39) Lo — Ny — M/ ~p= My — M/~ = M.
Define go ¢ : M/ ~p— M/ = to be the natural quotient map. Then gy =
qeoqe e follows. 0

Recall that the inverse limit of the sequence of maps {qe¢y1: Moy1 — My | £ >
£y} is the topological space
(40)

S{aeers Mo — My} = {w = (Wegswrgt15--) € [[ Me | quiesr(wesr) = we} :
(=to

Proposition 8.8. Let 9 be an equicontinuous matchbox manifold, with £y as spec-
ified in Theorem B3 Then there is a homeomorphism q: M — S{qe¢r: My — M}
of foliated spaces.
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Proof. For x € M define

9(z) = ([#leos [2leo 41, -+ ) € S{quers Moy — My},

which is well-defined by Lemma 87 The map to each factor, z — qo(z) = [z]y, is
continuous by Lemma and (40); hence the map ¢(z) is continuous.

Finally, let ,y € 9 such that g(x) = ¢(y). Then g¢(x) = qe(y) for all £ > £.
That is, x =y y for all £ > ¢y. Define

(41) pe = max {don(z,y) |z ~=ey, x,y € M}.

For all Z € Ny the diameter of VZZ C %, C X is bounded above by ¢, by the
inductive construction in Section [l of these sets. By Lemma 2.9 the diameters of
the sections 7;.(V¥) are bounded above by p,(€;). As ¢, — 0 as £ — oo, we also
have that their diameters p,(e;) — 0 as £ — oco. Finally, there is a finite collection
of maps ®;. which arise in Condition [B2) for the fixed ¢y; hence they have a
uniform modulus of continuity. Thus py — 0 as £ — oo and consequently, the map
q is injective. O

Combining the above results, we obtain:

Theorem 8.9. Let 9 be an equicontinuous matchboxr manifold, let £y be defined
by Theorem B3], and let M, be defined as above. Then M is homeomorphic to the
solenoid S{qp ¢ : My — My} defined by the bonding maps qee41: Mep1 — M,. O

9. HOMOGENEOUS MATCHBOX MANIFOLDS

An equicontinuous matchbox manifold 9 has the structure of a solenoid by
Theorem B9 although it need not be a McCord solenoid. In this section, we
consider the case where 90t is homogeneous, and therefore is equicontinuous and
without germinal holonomy. The homogeneous hypothesis, and Corollary Bl of the
Effros Theorem, implies special normality properties for the conjugation actions of
the fundamental groups in the solenoidal tower (see ([@3]) below), which then implies
Theorem [[L2 that 91 is homeomorphic to a McCord solenoid.

Note that Theorem follows directly from Theorem 3 in Fokkink and Over-
steegen [22], that a homogeneous solenoid is McCord, and the proof we give is
“essentially” the same. We include the proof for matchbox manifolds here, as the
key idea follows naturally from our previous results.

Let 9t be a homogeneous matchbox manifold. We follow the notation of the
previous sections. Recall that xy € 9 is the fixed basepoint, and Lg is the leaf in
M containing xy. As F has no holonomy, we can identify its holonomy covering EO
with Ly. We assume that the equivalence relations ~, as in Section [} have been
defined for all £ > ¢y. Then the basepoint for M, is the equivalence class [xg]s. For
£ > Ly, set Hy = m1(My, [10]e).

The bonding maps of the solenoid S{gs ¢ : My — M,} induce homomorphisms
of fundamental groups,

(42) Qe = Geo0: He — Hyy, pe: Hp— He1,  qe = qe—1 0Dy,
so we obtain a tower of groups for £ > /g,

(43) i Hypy "B Hy — - — Hy,.
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HOMOGENEOUS MATCHBOX MANIFOLDS 3183

Let He = qe(He) C Heo, = Hy,, which results in a descending chain of subgroups
of finite index,

(44) o CHep1r CTHe C oo CHipggr1 C Heye

Each manifold M, is then naturally homeomorphic to the covering of M,, defined
by the subgroup H;, and the homeomorphism type of S{q¢ ¢ : My — M} is deter-
mined by the chain (44)).

The claim of Theorem is that 91 is homeomorphic to a McCord solenoid,
and this is an essential point, as we use a well-known criterion for when two inverse
limit spaces with the same base space My, are homeomorphic.

Theorem 9.1. Suppose that M = S{qpe: My — M} with subgroups He C He,
for £ > £y defined as above. Suppose there is given a second chain of subgroups of
finite index,

(45) - CHyyy CHy, Coo- CHy oy CHy = M

such that there exists {1 > fo so that for every £ > {1 there exists vy > vy with
H/w C He, and for every v > vy there exists £, > €1 with He, C H.,. Then the

inverse limit space defined by the covering spaces My — My, associated to the chain
of subgroups [@3) is homeomorphic to M.

The proof of this result and its applications can be found in many sources [10,
22, [301, 311, [42], [43], 47].

Thus, to show Theorem [[.2] it suffices to produce ¢1; > £ and a chain of normal
subgroups N; C H,, which satisfy the criteria of Theorem The existence of
these normal subgroups follows from a geometric argument using the homogeneous
hypothesis.

First, we recall a basic notion of group theory. Let H C G be a subgroup. Then
the normal core of H, or the core for short, is the largest subgroup N C H so that
N is normal in G. We use the notation Cg(H) = N. It may happen that Cq(H)
is the trivial subgroup. If H has finite index in G, then for a set {g1,...,9m} C G
consisting of a representative of each residue class of G/H, then the core of H is
the subgroup

Ce(H) = ﬂ 9; 'Hy;.
1<i<m
Thus, if G is an infinite group and H has finite index in G, then Cg(H) is always
an infinite group, with finite index in H.
For ¢ > ¢y introduce the sections

(46) Gr=p; (0,VHCTiCU,.

Note that g € &, C &y, , and for any « € &, we have [x]y = [z¢]e. For £/ > £ > £y,
the covering maps gy ¢ : My — M, are induced by expanding the equivalence classes
of ~y to those of ~,.

Corollary 5] implies there exists dop so that for any z,y € MM with doy(z,y) <
d9m, there is a homeomorphism 6 : M — M with h(x) = y and dy (0, idom) < e /4.

Recall the constants €, defined in ([B0) with diamx(V*) < €, and where ¢, — 0
monotonically. Let ¢; > ¢ be chosen so that &y, C Ban(zo,0m). It follows that
for any £ € &, there exists a homeomorphism 6 : 0t — 9 with dy (6, idom) < /4
and 6(¢) = xo. Note that this condition implies that the map 6 is homotopic to a
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map commuting with the quotient projections Qg: 9t — M, for ¢ > 1, which is
the condition used in the work [22].

Proposition 9.2. Let £ > (1. Then there exists {' > £ such that Hy C Cyy, (He)-

Proof. Recall the constants 7, = min {dx (W}, W) |1 <k # K < B¢} > 0 defined
in Section

The subgroup H, has finite index in Hy,, so we can choose {g1,...,9m,} C Hy,
consisting of a representative of each residue class of Hg, /H¢. Let {v1,...,7vm,} be
leafwise paths so that for 1 <1i < my we have:

Yi(0) = z0 , vi(1) =& € &, , [vile, = 9i € H,.
Let h; denote the holonomy transformation defined by the path ;. Note that by
Proposition B8 and the choice of £y, we can assume that V% C V%  D(h;) for
1 <7 < m. Note that the inverse map h; ! is defined by transport along the reverse
path v, 1(t) = 7:(1 — t) and that [y; '], = g; ' € Hy,.

For 1 < i < my, choose a homeomorphism 6; : 9 — M with 6;(§;) = xo and
dq.[(gz,ldgm) § 61,{/4.

Let 5, > 0 be the constant of Lemma such that Bx(wo,d;) C V¢ C %,
Set €, = px(d¢), where the modulus function p,(e) for the transverse coordinate
projections was defined in Lemma

Each map 6; for 1 < i < my is uniformly continuous, so there exists ; > 0 so
that if £, &' € &, satisfies don (&, &) < 05, then do(0;(£),0:(&)) < €.

Now choose ¢ > £ so that &y C Boy(z0,9;). We claim that Hy C Cr,, (He).

Given g; € {g1,--,9m,} and b € Hy we show that b € g; ' Hyg;. Equivalently,
we show that the class g;bg; ' € Hy, is represented by a path o;: [0,1] — 9 such
that 0;(0) = ¢ and 0;(1) = £ € &, and thus gibgfl € Hy.

Choose a leafwise path 7;: [0,1] — 91 so that:

(0) =20 , va(1) =& € &p , [l =b € Hy.

The endpoint & € &y C Sy, so we can define a path v/ which shadows ~;
as in Lemma B4 with v/(0) = & and ~/(1) = &. Note that & ~p x¢ and ho-
lonomy transport along any path preserves the coding decomposition Vy; hence
& = hi(&) =e hi(wo) = &;.

Form the concatenation o} = v/ %7, v, *: [0,1] — Lo which satisfies o} (0) =
& € 6y, and o (1) =&, € &4, As the endpoints of the path o} are ~ equivalent,
we obtain a class [0f]y € m1 (M, [€]e) which is a representative for the lift of the
element gibgfl € Hy,.

Now define the leafwise path o; = 6; o o} for each 1 < ¢ < my. Note that

0i(0) = 0;(7i(1)) = 0:(&) = w0, 0i(1) = 0: (7 (1)) = 0:(&) = &'
As &, & € Sp C Bon(xo,6}), by the choice of ¢, §; and €, we have that & ~; xo.
Moreover, the leafwise paths satisfy dop(o;(t), 07 (t)) < /4 for all 0 < ¢t < 1.

Hence by Lemma [B.4] they determine the same holonomy transformations on their
common domain and are homotopic when projected to M,. (Il

Now apply Proposition inductively. Let ¢1 > ¢y be defined as above. Take
¢ = {1+ 1 and let £ = ¢ be defined using Proposition Then repeat, let
¢ = {5 and set £3 = ¢/, and so forth. Define the normal subgroups of H,, by
M = CHll (/Hgi), where Hli+1 C ./\/Z

By Theorem [0.1] this completes the proof of Theorem
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10. TWO NON-HOMOGENEOUS EXAMPLES

Every equicontinuous matchbox manifold is homeomorphic to a solenoid by The-
orem [[L4] but it need not be a McCord solenoid and homogeneous. In this section,
we give two general constructions of examples to illustrate this point. Before giving
the examples, we first establish a basic result.

Proposition 10.1. An n-dimensional solenoid is an equicontinuous foliated space.

Proof. Let § = lim {pg41: Me11 — M} be an n-dimensional solenoid. Recall that
<

by definition, we assume that each bonding map py is a proper covering.

For ¢/ € N, let ¢;: S — M, denote projection onto the ¢—th factor. Fix a point
o in My and let qp: (]\/4\0,;?0) — (My, zg) be the universal covering. Now let Uy
be a neighborhood of zy homeomorphic to an open ball that is evenly covered
by go and let U be the component of é\o_l(Uo) that contains 7o, and for u €
Uy, let © denote the point of 170 with go(u) = u. We see that qo_l(xo) x Uy is
homeomorphic to the open set ¢, 1(UO) in § by considering the homeomorphism
h: gy H(xo) x Uy — ¢ *(Up) constructed as follows. For a given f = (fs) € q5 *(x0),
let Qo[ f]: (J/M\o7 Zo) — (My, f¢) be the universal covering satisfying pj o- - -opgoge[f] =
ao. Then

h((f;w) = (@l f](w))

is the desired homeomorphism. The fiber g, ! (x0) is homeomorphic to a Cantor set,
and so if we choose an appropriate open cover of M consisting of sets evenly covered
by Gy, we see that S meets the definition of a matchbox manifold. Also notice that
My is path connected and that for a given f = (fe) € q5*(x0), (q}(f)(]\//fo» is a
path connected and dense subset of S. Thus, the path components of S are dense
and S is a minimal foliated space. (See also [22] Lemma 11 ff.].)

To show that the foliation of F is equicontinuous, we show equicontinuity with re-
spect to a pseudogroup Gr determined by a foliation atlas of the form {gg tw),...,
g " (V)}, where {Vi, ..., Vy} is an open cover of My and the inverse of each chart
is of the form h;: qal(a:i) x Vi = qal(Vi) as above, where each z; € V; and z; # x;
for i # j. Thus, 7; = gy ' (;) and T are subspaces of S. We identify the transverse
space X with T, but in X we view the distances between points in distinct 7; as
being 1. Now let 0 < e < 1. For ¢ € N let

€0 = max{diam(q, '(z)) |z € M,}.

Then ¢, — 0. Choose k with €, < € and let d be the degree of the covering
pro---opg. Foreachie {1,...,N} let

{yiv e 7y(zi} = (pl - Opk)il(z’i)
and define § > 0 to be the minimum of all the distances in X between the compact
pairwise disjoint sets ¢, ' (%) for (i,5) € {1,..., N} x {1,...,d}.

Suppose that w = (wy), z = (z¢) € T, are within ¢ and that both are contained in
the domain of g € Gr. As w and z are within §, we must have that wy = z, = y; for
some (i,7) € {1,...,N}x{1,...,d}. Let T = (ig, . .., i) be the admissible sequence
associated to g. Let vy,7v2: [0, 1] = S be paths from w to g(w) and z to g(z) covered
by (Z,w) and (Z, z) respectively and constructed such that go o v, = go 0 y.. As
the covering py o - - - o py lifts the path gg o v, = qo © 7. to the paths g o v, and
qr © 77, that agree on the initial point y; in Mj, the paths must agree on their
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endpoints gx o g(w) = qr © V(1) = qx ©v:(1) = qx o g(z). Thus, the distance
between g(w) and g(z) is less than or equal to €; < ¢, as required to show that Gr
is equicontinuous. (|

10.1. Non-homogeneous solenoids. Observe that Proposition [[0.1]implies that
the existence of an n-solenoid without holonomy which is not homogeneous yields
an equicontinuous, minimal, matchbox manifold that is not homogeneous.

The first example of a solenoid that is not homogeneous was provided by Schori
[47]. This example is formed by taking a specific sequence of non-normal three-to-
one coverings of orientable surfaces of increasing genus.

A simpler construction of a non-homogeneous solenoid was constructed by
Fokkink and Oversteegen in [22] Theorem 35], which gives an example with simply
connected path components. We briefly describe this example.

Let S, denote the p-adic solenoid of dimension one, considered as an abelian
topological group. The example can be described as the orbit space of an involution
I on 83 x S35. To describe I, consider Sz X S35 to be the inverse limit of an inverse
sequence of tori T2 = R?/Z? with single bonding map represented by the matrix
( g 305 ) . The involution (z,y) — (z + 3, —y) of T? then induces the involution
I on S3 x S35. As the orbit space of the involution of the torus described above is
the Klein bottle, this space could also be described as a solenoid over Klein bottles.
This example is similar to an example of Rogers and Tollefson [43], which could be
described as the orbit space of the analogously defined involution on S* x Ss.

10.2. Matchbox manifolds with holonomy. We give a construction of a class of
examples of equicontinuous matchbox manifolds having leaves with infinite germinal
holonomy groups. The method is very general though abstract.

Let Ay = {g1,...,gx) be a finitely generated group, K; a Cantor set with metric
dy, and let p;: Ay — Homeo(K ) define a minimal equicontinuous action of A; on
K.

Let Ky C [0,1] be the “standard” middle-thirds Cantor set, with coordinate
0 <t<1, with 0 € Ky. Let dy be the metric inherited from the interval [0,1]. Let
A act on K x K via the second coordinate, where for g € A; and (z,y) € Ko x K3
we set g(z,y) = (z,gy). Now let

K= (KO X Kl)/{O} X Kl,

¢

where we collapse the “vertical slice” {0} x K; to a point, denoted by wy € K.
Note that K is again a Cantor set. The action of A; on Ky x K; descends to a
continuous action on K.

Define the warp product metric dx on K by setting, for (z,y), (2’,y’) € Ko x K3
and letting [z, y], [z, y'] € K denote their equivalence classes,

(47) dK(['/Ea y]a [xlv yl]) = dO('/Ea J"/) + max{a:, xl} : dl (ya y/)
Then the induced action of Ay on K is equicontinuous for this metric, but not
minimal.

Let K5 be a Cantor set, and ¢o: Z — Homeo(K>3) be any minimal equicontinu-
ous action. Choose a homeomorphism ®: Ky — K and let ¢: Z — Homeo(K) be
the conjugate homeomorphism. Then the action ¢ of Z on K is also equicontinuous,
as K is compact.
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Let M = Y41 be a surface of genus m = k + 1, choose a basepoint by € M and

a surjection
A=m(M,by) = Z = {f1,- - [rs frr1)

onto the free group on m generators. Then define a surjection of Z*™ onto the free
product A; % Z, sending f; — ¢;, for 1 < i < k, and f,,, — 1 € Z. In this way,
we obtain a minimal equicontinuous action of A on K. Furthermore, note that the
subgroup of A corresponding to the first generators, (fi,..., fx), fixes the point
wo € K, yet acts non-trivially on open neighborhoods in K of this point.

Suspend the action thus constructed of the fundamental group A on K to obtain
a 2-dimensional matchbox manifold, which is equicontinuous, hence minimal, and
has very large infinite holonomy group for the leaf determined by the point wg in
the transversal K.

11. CODIMENSION ONE

If 91 is a minimal matchbox manifold, any homeomorphic copy of 9 that occurs
as an invariant subset of a foliation F of the same leaf dimension as 9 must in fact
be a minimal set of F since 9t would then be the closure of each of its leaves.

As follows from a famous theorem of Denjoy and its generalization to folia-
tions, any sufficiently smooth foliation of the 2-dimensional torus is either minimal
or has compact (circular) leaves. Reeb [I] conjectured that sufficiently smooth
codimension-one foliations on closed manifolds could not have exceptional leaves.
However, Sacksteder and Schwartz [46] constructed a C'' codimension-one foliation
on a closed 3-manifold that has a 2-dimensional minimal set. This was improved to
a C'™ example by Sacksteder in [44] and to an analytic example by Hirsch in [27].
Thus, smoothness alone poses no obstacle to the existence of exceptional minimal
sets in codimension one. Reeb [41] and Sacksteder [45] did, however, find added
conditions on the foliation that eliminate the possibility of exceptional leaves. Per-
haps most notable of these conditions is that the foliation be defined by a locally
free action of a connected Lie group ([45]).

Alternatively, one could view the Denjoy dichotomy purely topologically. The
exceptional Denjoy minimal sets of foliations of the torus are known to be not
homogeneous; see, e.g., [1, Example 4]. Hence, any homogeneous minimal set of a
foliation of the torus is a circle or the torus itself. As indicated below, our results
imply that this statement generalizes in a natural way. Thus, while smoothness
does not force the regularity of minimal sets, a natural topological condition does.

We recall the definition of an orientable foliated space [12, Definition 11.2.14].

Definition 11.1. A smooth foliated space X is orientable if its tangent bundle is
an orientable vector bundle over X.

Theorem 11.2. Let F be a smooth codimension-one transversely orientable folia-
tion of a closed orientable manifold M. If M is a homogeneous minimal set of F,
then 9 is a manifold.

Proof. Suppose 9 is a homogeneous minimal set of F that is neither a closed leaf
nor all of M. Then 901 is an exceptional minimal set, which in the codimension-
one case is well known to have the structure of a matchbox manifold in which the
transverse space can be taken to be the Cantor set; see, e.g., [I1, III, Theorem 7].
As 9t is homogeneous, Theorem applies to allow us to conclude that 2 is a
McCord solenoid. By our assumption that F is transversely orientable and that M
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is orientable, the plane field associated to F is orientable; see, e.g., [I1] II, Theorem
5]. It then follows that the manifolds M; formed by collapsing the tubes in Section [§
are orientable. By Lemma 2 of [I4], 9 does not embed (even topologically) in M,
a contradiction. |

However, there are many examples of codimension n > 2 foliations with ex-
ceptional homogeneous minimal sets. For example, it is not difficult to construct a
smooth flow on a three manifold without fixed points that has the dyadic solenoid as
a minimal set. As the Denjoy exceptional minimal set shows, without the condition
of homogeneity the above theorems fail.

This definition implies that an orientable foliated space admits a foliation atlas
in which all the leafwise transition maps have Jacobians with positive determinant.
If the matchbox manifold 9 is orientable when regarded as a foliated space and
if 9 is at the same time a McCord solenoid, then there exists an inverse limit
expansion for 9 in which all the manifolds are orientable. As a consequence of
this and the impossibility of codimension-one embeddings of solenoids as shown
in [I4], we obtain the following corollary, which is a generalization of the result of
Prajs [39] that any homogeneous continuum in R"*! which contains an n-cube is
an n-manifold.

Corollary 11.3. Any orientable homogeneous n-dimensional matchboxr manifold
embedded in a closed, orientable (n + 1)-dimensional manifold is itself a manifold.

12. PROBLEMS

We state three open problems, motivated by the results of this work and [I6].
The first two are in the spirit of Corollary [[1.3], as they concern the consequences
of a matchbox manifold being the minimal set for a smooth foliation.

Problem 12.1. Let 97 be an equicontinuous matchbox manifold embedded as a
minimal set of a C?-foliation F of a closed manifold. Show that there exists a
finite foliated covering II: M — M, as in Definition B8] such that M is a McCord
solenoid.

In [I6] we find embeddings of solenoids as minimal sets of smooth foliations.
In all of these examples, the Galois groups of the covers in a presentation of the
solenoid are abelian. This leads to the following problem, which is an even stronger
form of Problem [T2T]

Problem 12.2. Let S be a McCord solenoid embedded in a C?-foliation F of a
compact manifold. Show that S admits a presentation in which all the covers are
abelian.

Finally, we formulate some questions about the relationship between a matchbox
manifold and its group of homeomorphisms. Note that Fokkink and Oversteegen
ask a related question at the conclusion of their work [22]. Define the normal
closed topological subgroup of Homeo(90) consisting of all leaf-preserving homeo-
morphisms

Inner(M) = {h € Homeo(M) | h(L) = L for all L C M}.

In analogy with geometric group theory constructions, introduce the group of outer
automorphisms of a matchbox manifold 9%, which is the quotient topological group

(48) Out(9) = Homeo (M) /Inner(9MN).

Licensed to Univ of Illinois at Chicago. Prepared on Thu Mar 21 16:27:03 EDT 2013 for download from IP 128.248.155.225.
License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



HOMOGENEOUS MATCHBOX MANIFOLDS 3189

One can think of Out(9M) as the group of automorphisms of the leaf space 91,
and thus should reflect many aspects of the space 9: its topological, dynamical
and algebraic properties. Very little is known, in general, concerning some basic
questions in higher dimensions:

Problem 12.3. Let 9t be a matchbox manifold with foliation Foy.

(1) If Out(9M) is not discrete, must it act transitively? If not, what are the
examples?

(2) If Out(9M) is discrete and infinite, what conditions on 9 imply that it is
finitely generated?

(3) Suppose that 9 is minimal and expansive; must Out(91) be discrete?

(4) For what hypotheses on 9t must Out(9) be a finite group?
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