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The substitution method for solving recurrences consists of
two steps:

@ Guess the form of the solution.

® Use mathematical induction to find constants in the
form and show that the solution works.

In the previous lecture, the focus was on step 2.

Today we introduce the recursion-tree method to generate a
guess for the form of the solution to the recurrence.
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Consider the recurrence relation

expanding the

recurrence into a tree

T(n) =3T(n/4) +cn? for some constant c.

We assume that n is an exact power of 4.

In the recursion-tree method we expand T (n) into a tree:

T(n) — cn

T(@) T3 T3
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Applying T(n) = 3T(n/4) + cn? to T(n/4) leads to
T(n/4) = 3T(n/16) + c(n/4)?, expanding the leaves:
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3T(n/4) +cn? to T(n/16) leads to

3T(n/64) + c(n/16)2, expanding the leaves:
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We sum the cost at each level of the tree:

cn?
/ \ = cn?
/c<z>2 + /C(Ei + /C(Z)Zfecnz
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3 3
———— T - 24~ en? = 24 ...
(n) cn” + 16" + (16) cn” +
3

3 2
using a recursion — 1 + — + —+ -
16 16

The --- disappear if n = 16,
or the tree has depth at least 2 if n > 16 = 42.

For n = 4%, k = log,(n), we have:

=¥ ()
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Consider a finite sum first;

Sn_1+r+r Zr

To find an explicit form of the solution we do

rSn — r + I’2 —|— + rn + rn+1
~Shn = 1 +r + 12 4+ .. 4 q"

So the explicit sum is

rn—i—l -1

S, =
"1
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log,(n)+1
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Instead of T (n) < dn? for some constant d, we have

nwecosa# |Og n)+1
eachlevgel‘h o (%) 4( ) - 1

applying the T(n) == an 1

substitution method

3
16 — 1
Recall
log,(n) i
T(n) =cn? Z ( > .
To remove the log,(n) factor, we consider

T(n) < Cn2i<%>i

< dn?, for some constant d.
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Let us see if T(n) < dn? is good for T (n) = 3T (n/4) + cn?.

Applying the substitution method:

T(n) = 3T(n/4)+cn?
< 3d (2)2+cn2

_ 3 2
= (Ed +c>n

3 (d +1—60> n?

16 3
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< 16(2d)n, |fd_3c
< dn?
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2. Consider T(n) =T(n/3) +T(2n/3) +cn.

cn =cn
iy / \
c] + cq =cn
'093/2(n)/ . / \
2n —
+ ¢ o+ cB o+ ¥ =cn

/\ /NN N

= O(nlogy(n))
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We covered 8§4.4 of Introduction to Algorithms, 3rd edition
by Thomas H. Cormen, Clifford Stein, Ronald L. Rivest, and
Charles E. Leiserson.

Assignments:

@ Consider T(n) = 3T(n/2) + n. Use a recursion tree to
derive a guess for an asymptotic upper bound for T (n)
and verify the guess with the substitution method.

@® Same question as before for T (n) = T(n/2) + n?.
© Same question as before for T(n) = 2T (n — 1) + 1.

Last homework collection on Monday 29 November:
#1 of L-30, #1 of L-31, #3 of L-32, #2 of L-33, #1 of L-34.

Final exam on Tuesday 7 December, 8-10AM in TH 216.



