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Matrices and Vectors

A real n-by-m matrix A € R"™™ has n rows and m columns:

a1 A2 o Am

a1 ap - am ?U'EIR’
A:[a,-,j]: . i . . R /:1,2,...,n,

: j=12,....m

an1 dp2 -+ dnm

Vectors are by default column vectors, n-by-1 matrices, b € R":
by
by
b=| . |, beR

b
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Matrix Operations

Operations on matrices:

@ Scalar multiplication: r- A= [r-a;j], r € R,
is a componentwise operation, done on every component of A.

@ Addition/subtraction of two matrices:

A, B e Rnxm A= [a,-J-], B = [b,'J] A+ B= [a,-,/- + b,"j].

A and B must have the same number of rows and columns.
@ Multiplication of A € R™™ and B € R™P: C = Ax B € R"™P,

m
C=lcijl, cij=_ ak- bk
k=1

The number of columns of A must equal the number of rows of B.
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properties of matrix multiplication

The product of two square matrices does not commute:
There are A,B € R™": Ax B+ Bx A.

Exercise 1: Construct two 2-by-2 matrices A and B so that
AxB# BxA.

A matrix A = [a; ] is upper triangular if all elements below the diagonal
are zero, i.e.: @;; =0 for all i > j.

Exercise 2: Show that the product of two upper triangular matrices is
again an upper triangular matrix.
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Matrix-Vector Multiplication
A linear system of n equations in m unknowns:

a1 Xy +aipXo + -+ amXm = by
a1Xy +aoXo+ -+ a8 mXm = bo
an1X1 +apaXe + -+ anmXm = bn

is written in matrix form as

aq a2 - aim X4 by
a4y apo -+ am X2 by
an1 @ap2 - danm Xm bn

and abbreviated in matrix notation as
Ax=b, AcR™™ xcR"” becR"
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solving upper triangular linear systems
An upper triangular matrix U € R"™", U = [u; ], u;; # 0, for all i,
and right handside vector b defines a linear system Ux = b.

Uy U2 U3 Xy by Uy 1 X1 + Uy 2Xo + Uy 3X3

0 o Ugs X | =] b Up 2Xo + Up 3X3
0 0 W3 X3 bs U3 3X3

The last equation is an equation in one variable:
UsaXs =bs = Xx3=Db3/us3
and we can then solve the second to last equation for xo:
UppXo + UpgXs = by = Xo = (b2 — Up3X3)/Uo 2,

and then we solve for x4:

F&E

Ui 1X1 + UiaXe + Ui 3X3 = by = Xy = (b1 — Ur2X2 — U1 3X3) /U1 1.
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general back substitution formulas
Assume all u;; # 0, for all /, in the linear system

Uit X1 + UpaXo + U1 3X3 + -+ + Ut m1Xp—1 + Ut pXn = by

UpoXo + Up3Xg + -+ Upp_1Xp_1 + U pXn = bo
Up—1,n—1Xn—1 + Upn—1.nXn = bp_1

UnnXn = bn

then the formulas below solve the linear system:

Xn = bn/Un,n
Xp—1 = (bn—1— Un—1,an)/Un—1,n—1
Xo = (b2—Ux3X3— "+ — UzpXn)/Up2
X1 = (b1 —UjaXo — U1 3X3 — -+ — U1 nXn) /U1 1.
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the back substitution algorithm

Xn = bn/Un,n

Xp—1 = (bn—1— Un—1,an)/Un—1,n—1
Xo = (bp—Ux3Xg — - — UppXn)/U22
X1 = (bt —UiaXo— - — Ui nXn)/Us 1.

Input: U € R™", U= [ujj], ujj #0,i=1,2,...,m,
b € R", a right hand side vector.
Output: x € R" so that Ux = b.

fori=nn—1,...,1do
X,':=b,'
forj=i+1,i+2,...,ndo
Xj = Xj — Ujj* X
Xj .= X,'/U,",'.
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cost of the back substitution algorithm

fori=nn—1,...,1do
X,'::b,'
forj=i+1,i+2,...,ndo
Xi = Xj — Ujj* X
Xj = X,'/U,'v,'.

We count the number of operations of the innermost loop:

i=n-1, f=n : 1

i=n-2, j=n—-1n . 2
i=2, j=34,....n : n-2
i=1, j=2,3,....n : n—1

1T+2+--+(n-2)+(n-1) = n(n-1)/2

Numerical Analysis (MCS 471) Introduction to Linear Algebra L-8 9 September 2022 11/32



the cost is quadratic in the dimension

The cost to solve a linear system of dimension n by back substitution:
@ n(n— 1)/2 subtractions,
@ n(n— 1)/2 multiplications, and
@ ndivisions.

We have thus proven the following theorem.

Theorem
The cost to solve an upper triangular system of dimension n is O(n?). J
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forward substitution to solve lower triangular systems

A lower triangular system is defined by a lower triangular matrix L,
L = [¢; ], where all elements above the diagonal are zero: /;; = 0 for
all j > i, and a right hand side vector b € R".

011Xy = by
lo1X1 + L2 2Xo = b
lpaXy +LnoXo + -+ LlppXn = bp

Exercise 3: Write formulas to solve a lower triangular linear system.
Exercise 4: Turn the formulas of Exercise 3 into an algorithm.

Exercise 5: Show that the cost to solve a lower triangular linear system
of n equations in n variables is O(r?).
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solving a random linear system in Julia

julia> A = rand(2,2)

2x2 Array{Float64,2}:
0.28993 0.756795
0.00655962 0.382648

julia> b = rand(2,1)
2x1 Array{Float64,2}:
0.901888
0.347995

julia> x = A\b

2x1 Array{Float64,2}:
0.771342

0.896217

Julia> Axx

2x1 Array{Float64,2}:
0.901888

0.347995

Numerical Analysis (MCS 471) Introduction to Linear Algebra

L-8 9 September 2022

14/32



computing the norm

To compute the accuracy of the result x,
we compute the residual, or backward error.

For this we need norm of the LinearAlgebra module.
The session of the previous slide continues ...

julia> using LinearAlgebra

julia> norm (b—-Axx)
0.0

In mathematical notation, we compute ||b — Ax||.

The || - || is a vector norm (for more see L-9),
it measures the length of a vector.
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Introduction to Linear Algebra

9 Gaussian Elimination
@ row reduction to upper triangular form
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row reduction

The linear system Ax = b, for Ac R™" x € R”, and b € R”

ai 1
a 1

an,1

is reduced to an upper triangular system

Uy 1
0

0

ai 2
a o

an,2

Ui 2
Uz 2

0

ai,m X4
asm X2
anm | [ Xn

Utm X
U m X2
Unm | | Xn

by
bs

bn

)4
Y2

Yn |

for an upper triangular matrix U € R"*" and some vector y € R”".
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an example
To reduce A = 3 4 to an upper triangular matrix,

take the second row R, and substract from R the first row Ry times 3.

1 2 R> := R, — 3Ry 1 2
A=l ) =10 %]

The operation R, := Ry, — 3Ry can be written as a matrix multiplication

we 43) wea[ 32 [3 2] [5 3]0

The inverse of R, := R> — 3Ry is R> := R, + 3Ry so we have

w3 0] as[ad]-[s 1) [6 %]

as M~"x (Mx A= U)implies A= M~ x U.
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LU factorization

Definition

Given A € R™", the LU factorization of A writes A as L x U, where
@ L is a lower triangular n-by-n matrix, and
@ U is an upper triangular n-by-n matrix.

Application: solve Ax = b for b € R".
@ Compute L and U so that A= L« U, then:

A=LxUimplies Ax=b <« (LxU)x

=b
< L(Ux)=Db.

© Denote Ux by y and solve Ly = b.
© Solve Ux =Y.
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determinants

Another application of LU factorization is

the computation of the determinant of a matrix A, denoted by det(A).

We have the following properties of det(-):
@ For a lower triangular matrix L = [¢; ], ¢;; = 0 for all j > i:
det(L) = €1’1 . 6272 cee én,n.
@ For an upper triangular matrix U = [u; ], u;; = 0 for all j < i
det(U) = Uy - U2~ Unp-
© For a product for two square matrices A and B:
C = Ax B = det(C) = det(A) - det(B).

For an LU factorization of A, A= L x U, det(A) = det(L) - det(V).
det(A) = {11 Lo lnn Ui 1 U2 Upp.
For any b, Ax = b has a unique solution if and only if det(A) # 0.
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more exercises

Exercise 6: Consider

4 -2 1
A=| -3 -1 4
1 -1 3

@ Compute the three multiplication matrices needed to reduce A to
an upper triangular matrix. Use exact rational arithmetic.

@ Shows that the product of the inverses of the multiplication
matrices, multiplied in the correct order, gives the L in the LU
factorization of A.

Exercise 7: Use the LU factorization of Exercise 6 to compute det(A).
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Introduction to Linear Algebra

e Gaussian Elimination

@ the Doolittle algorithm
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deriving the formulas for LU factorization

We have choice and set the diagonal elements of L to one.
Consider a general three dimensional matrix:

a A a3 1 0 O Ug U U3

a1 ap a3 = by 1 0| x| 0 o U3

a1 a2 4as3 l31 f3o 1 0 0 w3
Uy 4 Uy 2 U133

= loqury LlopqUip+  Usp f2qU13+  U23
l3qU11 {31U12+l30Uop {31U13+ {30Up3+ U33

The first column in the product looks simple.
Start with the first column, then move to the second colum.
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deriving the formulas for LU factorization continued

arn a2 ars Ui 4
a1 dop a3 | =
az1 d32 asa

U273 :

lo Uy 1
U3 1U1 1
ai 1
=a /U4
=as /U1
a2

ap —loqUy

= (agp —l31U12)/ /U2

=az3

a3 —loqUi3

Uz :=azsz —{31U13 —{32U>3

Numerical Analysis (MCS 471)

Uy 2
loUy 2 +
l3qUy 2+ l32U2 2

Introduction to Linear Algebra

ui3
o113+  Uz3
l31U1 3+ l32Up3 + U3 3

Uz 2
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the algorithm for the LU factorization

o U1 = a4
loq = a21/Uq 1
(34 = a1 /U1

forj=1,2,...,ndo
fori=1,2,...,jdo

Uij = aij
Q upi=ap fork=1,2,...,i—1do
Upo = app — lo U2 Upj = u,~j — U U j
30 :=(az2 — l3,1U12)/ U2 for i :j+ 1,...,ndo
Q uizi=as lij = aj,
Uz 3 2=3273—£2,1U1,3 fork=1,2,. ..,j—1
Uzz:=asz —l31U13 — (32U23 Cij=Lij— likUkj

Cij="Lij/uj,

Note that the L and the U fit in the matrix A,
the numbers a; ; may be replaced by ¢; ; and u; ;.
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a Julia function

nnn

Returns the matrices L and U in an LU factorization of A.
won
function lufac(mat::Array{Float64})
nbrows, nbcols = size(mat)
low = eye (nbrows, nbcols)
upp = zeros (nbrows, nbcols)
for j=l:nbcols
for i=1:3
uppli, j] = mat[i, ]
for k=1:1i-1

uppli, j1 = uppli,j] - lowli,k]*upplk, j]
end
end
for i=j+l:nbrows
low[i, Jj] = matl[i, J]
for k=1:j-1
low[i, j] = low[i, J] - low[i, k]lxupplk, 7]
end
low([i, 3] = low([i, 31/uppl3], 3]
end

end
return (low, upp)
end

u]
]
I
ul
it
<
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the cost of the LU factorization

forj=1,2,...,ndo
fori=1,2,...,jdo
U,'yj ::a,-J-
fork=1,2,...,i—1do
U,'J' = U,'J' —E,-7kuk7j
fori=j+1,...,ndo
f,"/' =4
fork=1,2,...,j—1
Cij = Lij— kU,
5,'4' = ﬁ,',j/UjJ

The first loop runs from 1 to n and the inner second loop takes / from 1
to j and then from j + 1 to n, thus / also runs from 1 to n.

The second inner and third loops take n(n — 1) /2 steps, following the
same arguments used in computing the cost of the back substitution.
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the cost of the LU factorization continued
n(n — 1)/2 multiplied with n gives an O(n®) cost, so we have:
Theorem

The cost of an LU factorization of a matrix of dimension n is O(n®). J

To solve an n-dimensional system Ax = b, with A = LU:
(LU)x=b = L(UX)=b = Ilety=Uxthenly=b.

So Ax = b is reduced to solving Ly = b and Ux =y.
© Compute L and U so that A = L x U costs O(n®).
@ Solving Ly = b is O(r?).
© Solving Ux =y is O(n?).

Theorem
The cost of solving an n-dimension system is O(n®). }
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verification with a Julia session

1 .
We make a system that has [ 1 ] as a solution:
julia> using LinearAlgebra
julia> A = [4.0 2.0; 1.0 3.0]; x = ones(2,1); b = Axx;

julia> L, U = lu(d)
LU{Float64,Array{Float64,2}}
L factor:
2X2 Array{Float64,2}:

1.0 0.0

0.25 1.0
U factor:
2X2 Array{Float64,2}:

4.0 2.0

0.0 2.5
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the Julia session continued

Given Land U: A= LU, we solve Ax = b in two steps:

@ solvely=Db
©Q solve Ux =y

julia> y = L\b

2x1 Array{Float64,2}:
6.0

2.5

julia> U\y

2x1 Array{Float64,2}:
1.0
1.0
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computing the inverse

The inverse A~ satisfies AA~! = |,
where / is the identity matrix with columns eq, e», .. ., €.

Let X4, X», ..., X, denote the columns of A~ 1.

Computing A~ requires the solving of n linear systems:
Ax;=e;, i=1,2...,n

The LU factorization of A needs to be computed only once,
so the cost of computing A= is O(n®).
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