the Discrete Fourier Transform

0 The Discrete Fourier Transform
@ roots of unity
@ definition of the DFT

e Convolutions and the DFT
@ convolutions become componentwise products
@ applying the discrete Fourier transform

e Interpolation by the DFT
@ the DFT interpolation theorem
@ applied to filter design

MCS 472 Lecture 9
Industrial Math & Computation
Jan Verschelde, 29 January 2024

Industrial Math & Computation (MCS 472) the discrete Fourier transform L-9 29 January 2024 1/31



the Discrete Fourier Transform

@ The Discrete Fourier Transform
@ roots of unity

Industrial Math & Computation (MCS 472)

the discrete Fourier transform



roots of unity

The eight roots of unity, generated by w = e~27/8 = g=/7/4 are

efi67r/4

e—i57r/4

e—i47r/4

o—i37/4

e—i27r/4

w=e ™% = cos(n/4) — isin(r/4), i=+/—1, (Eulersformula)
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roots of unity and primitive roots

Definition (roots of unity)
The number z is an nth root of unity if z" — 1 = 0.

Definition (primitive root of unity)

An nth root of unity is primitive
if it is not a kth root of unity for any k < n.

Exercise 1:
For n = 8, write all nth roots that are primitive.

Verify that for each primitive root z,
all other eight roots can be generated by taking powers.
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sums of powers of the nth root of unity
For n > 0, the nth primitive root of unity is w = e~27/".
w is a root of the equation

x"-1=0,

the other n — 1 roots are the powers w*, k =2,3,...,n,
with w” = w0 = 1.

The root 1 makes the polynomial x” — 1 factor:
W —1 :(w—1)<1 +w+w2+---+wn_1> =0.
For w # 1, we have then

T+wtw?+---+u™ =0
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sums of the powers of the roots of unity

As the other n — 2 roots are powers w*, k =1,2,....,n—1:
1T+wk o gDk =,
For kK = n, we have
T+w+w? 40— 41414 1 =n

Proposition (the Gauss relation)
Let w be a primitive n root of unity and let k be an integer.

"qujk_ n ifk/nis an integer,
o | 0 otherwise.
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the Discrete Fourier Transform

@ The Discrete Fourier Transform

@ definition of the DFT
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the discrete Fourier transform

Definition (the Discrete Fourier Transform (DFT))
Let X = [xo, X1, ..., Xy,—1]" be an n-dimensional vector.

The Discrete Fourier Transform of X is'y = [yo, ¥1,- - -, Yn-1]",

where
ijwjk W = 127r/n

Industrial Math & Computation (MCS 472) the discrete Fourier transform L-9 29 January 2024 8/31



the matrix representation

For example, for n = 8, in matrix form the DFT is
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The n-by-n matrix in this representation is the Fourier matrix.
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the Fourier matrix

For w = e~ /27/7_the Fourier matrix is

1
Fr=——
" Vn

wo wo wo e wo
WO ! W2 T
WO w2 o L2(n—1)

W0 w1 w2(n—1)

W12

Then for x and y two n-dimensional vectors for which

y:an7

we have that y is the DFT of x.
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the inverse of the Fourier matrix

[ w WO w
w w! w
w w2 w

_wo w1 w2(n—1)

has as inverse (by the Gauss relation):

Observe: F; ' = F,, the complex conjugate of F.
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w wo wo
w w’1 wfz
w w_z w_4

_wo w— (=1 ,—2(n-1)

the discrete Fourier transform

WO
w1
w2(n—1)
1P
wO
wf(nf‘l )
w—((n=1))
w-(/;_1)2
w = e—i27r/n
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the inverse discrete Fourier transform

Definition (the inverse Discrete Fourier Transform (iDFT))

Lety = [yo, ¥1,...,¥n_1]" be an n-dimensional vector.
The inverse Discrete Fourier Transform of y is X = [xg, X1, . . . ,xn_1]T,
x=Fy,

where F, is the n-by-n Fourier matrix.

Componentwise, we have the formulas:

n—1 :
szﬁg(w—k)’yk, w=e /N =01, n-1.
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verify with Julia functions

Exercise 2:

@ Write a Julia function FourierMatrix with takes on input n and
which returns the Fourier matrix Fj,.

@ Write a Julia function inverseFourierMatrix with takes on
input n and which returns the inverse Fourier matrix F, .

© Verify for n = 8 that the product of the output of your
FourierMatrix(n) with the output of your
inverseFourierMatrix(n) is indeed the identity matrix.
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the Discrete Fourier Transform

9 Convolutions and the DFT
@ convolutions become componentwise products
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filters and convolutions

Up Uy Uz -+ H yi Yo ys -

A linear, time invariant, causal filter is determined by the impulse

response {hk} and the transfer function is H(z Z hz ™k

For input u, the k-th element in the output y is

k
Yk = hyto + hx_quy + - - + hyug_1 + houg = Z hg—ju;.
j=0

The convolution is denoted by the operator x, as y = hx u.
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filtering a periodic signal

Up, Uy, Us, U3, Up, ... — (hOah1ah27h3) — Yo, Y1,Y2, Y3, Yo, - --

k
Let us compute y = hx u, applying yx = Z hk_ju;:
j=0
Yo = houg+ h_quq + h_sus + h_zus.

By the periodicity: h_1 = hz, h_» = ho, and h_3 = hy.

Yo = houg+ hsuy + hoto + hyus
Y1 = hyug + houy + hsuo + hous
Yo = houg+ hyuy + hous + hsus
Y3 = hsug+ houy + hius + hous
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the Discrete Fourier Transform

9 Convolutions and the DFT

@ applying the discrete Fourier transform
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applying the discrete Fourier transform
n—1

1 . .
Apply yix = N > xw!¥, forn=4, k=1,0n (yo, 1,2, ys) as input:
j=0

~

n= \}71 <YOWO +y1w' + yow® + }’3w3> .

Multiply the formulas with powers of w:

Py = wChotp + wChsty + Chotin + wChyus
Wy = wihuy +w'hoty + w' hatio + w' hous
WZJ/Z = w2h2u0 +w?hiuy —|—w2h0U2 +w2h3u3
wlys = wihaup +wihouy + wBhytp + wihgus

Adding up the above left hand sides leads to

Wy +wlys +w?ye + Wlys = 2y.
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collecting terms

WOy = wOhotp +wlhauy + wPhotp + wOhyus
w'yr = wlhiu +w'houy + w'hgts + w'hous
Wiy = wlholp + w?hyuy + w?hous + w?hsus
wys = w3hglp + w3 houy + w3hytp + w3 hous

Adding up the above right hand sides and collecting terms gives
U (woho +w'hy + w?ho + w3h3)

+ ur (wOhs+w'ho + wPhy + )

+ W (wohz +w'hs + w?hy + w3h1)

(¢ )

+ U3 Oh1 +w1h2 +w2h3 +w3h0

Industrial Math & Computation (MCS 472) the discrete Fourier transform L-9 29 January 2024 19/31



the Fourier transform of hg, hy, ho, hs

n—1
Apply yix = % > xw!¥, forn=4, k=1, 0n (ho, hy, ho, hg) as input:
=0

/I’\H = L (howo + h1w1 + h2w2 + h3w3> .

V4
Now we can rewrite the added right hand sides:
Up <w0h0 + w1h1 + wzhg + w3h3> = U 2//;1

Uy 0h3 +w1h0 +w2h1 +w3h2 = U 2//'\71 w'

C )
+ U (wohg + W' hs + wzho + w3h1> = U 2//;1 w?
+ (w ) = Us 2//'\)1 w3

Us Oh1 + w1h2 + w2h3 + w3h0
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the Fourier transform of ug, uy, Us, Us

n—1

Apply yx = % ijw/", forn=4, k =1, on (up, uy, U, Uz) as input:

j=0
~ 1 0 1 2 3
u = —(Uow + Uw + Usw™ + Ugw )
Va
So we found
2?1 = U 2//’\11 + Uy 2//’\11 w! + Uo 2/1’\71 w? + us 2/1’\71 w3

= 2//:'1 (Uo + U1(,udI + u2w2 + U3w3)
= 2hs20,

or, more in general: R
Y1 =vnh,
where y = DFT(y), h = DFT(h), and U = DFT(u).
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the DFT convolution property

Up Uy Uz -+ H i Yo ¥z - .
The filter H has impulse response {hk}k:o'
y=hxu DFT y=vnh-u
convolution componentwise product

where § = DFT(y), h = DFT(h), and U = DFT(u).

Theorem (the DFT convolution property)

The discrete Fourier transform of h« u is v/n times the componentwise
product of the discrete Fourier transforms of h and u.
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verify numerically and symbolically

Exercise 3:
Verify the DFT convolution property
on two random vectors x and y, for n = 8.
@ Use your FourierMatrix of Exercise 2
to compute the DFT of x and y, X = DFT(x) and y = DFT(y).
@ Verify that /8 times the componentwise product of X and y
equals the DFT of x x y.

Exercise 4:
We derived the statement of the DFT convolution property
forn=4and k =1.

Verify the DFT convolution property
by symbolic calculation for n =4 and k = 2.
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the DFT convolution theorem

Theorem (the DFT convolution property)

Letx andy be two n-dimensional vectors.

The discrete Fourier transform of x x y is \/n times the componentwise
product of the discrete Fourier transforms of x and'y.

Theorem (the DFT convolution theorem)

Letx andy be two n-dimensional vectors.
The convolution x x y can be computed as

X xy = iDFT(v/n DFT(X) - DFT(y)),

where DFT is the discrete Fourier transform and
iDFT is the inverse discrete Fourier transform.
- Is the componentwise product of two vectors.
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the Discrete Fourier Transform

e Interpolation by the DFT

@ the DFT interpolation theorem
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the DFT interpolation theorem

Theorem (the DFT Interpolation Theorem)
Consider n points t; = j/n, for j = 0,1,

co,n—1.
Letx = [Xo, X1,...,Xn—1]", ¥ = FnX, where F, is the Fourier matrix.
Then
1 2mkt
f(t)= — e'er
=0
satisfies f(t;) = x;, forj =0,1,...,n—1.

The coefficients yj of the discrete Fourier transform are the
coefficients of an interpolating function f(t) in a trigonometric basis.
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proof by the inverse DFT

y:anv f(t):

Proof: we use x = F;

)(j:

Industrial Math & Computation (MCS 472)

s

1
\/,_7 Z yk6127rkt’
k

ly, forj=0,1,...

n—
=0

,n—1:

(w—k>jyk’ w — g—i2x/n

f)=x.t=j/n, j=0,1,...

Q.E.D.
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the 8th roots of unity again

Exercise 5:
Verify the DFT interpolation property for n = 8.

@ Generate a random vector x of size 8.

© Compute y = Fpx, with your FourierMatrix of Exercise 2.
© Define the function f(t).

Q Verify that f(j/n) = x;, forj=0,1,...,n—1.
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the Discrete Fourier Transform

e Interpolation by the DFT

@ applied to filter design
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applied to filter design

Theorem (amplitude gain and phase shift of filter)

Let H(z Z hkz~¥ be the transfer function of a filter F.

k=0
For input u = {uk = sin(wkT)}k o

y = {yk = rsin(wkT + qS)}:O:O is
the output, where (w = 2rwn, T is the sampling rate),

@ r = |H(e“T)| is the amplitude gain, and

@ ¢ = argH(e™T) is the phase shift.

Filter design in three steps:
@ Make the desired gain r = r(t) and phase shift ¢ = ¢(t).

@ Evaluate the desired gains and phase shifts at equidistant angles
O € [0,27], 1 = r(Bk), ok = d(0k), Pk = rke®x.

@ h=iDFT(h) is the impulse response, which defines H(z).
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summary and bibliography

We defined the Discrete Fourier Transform (DFT), derived the DFT
Convolution Theorem and proved the DFT Interpolation Theorem.

The main references for this lecture:
@ Charles R. MacCluer:

Industrial Mathematics. Modeling in Industry, Science, and
Government. Prentice Hall, 2000.

We started Chapter 4.

@ Timothy Sauer: Numerical Analysis,
second edition, Pearson, 2012.

Chapter 10 deals with the discrete Fourier transform.

the discrete Fourier transform L-9 29 January 2024

31/31



	The Discrete Fourier Transform
	roots of unity
	definition of the DFT

	Convolutions and the DFT
	convolutions become componentwise products
	applying the discrete Fourier transform

	Interpolation by the DFT
	the DFT interpolation theorem
	applied to filter design


