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Basic Definitions

Definition- A structure M 1s called O-minimal iff every definable
set X € M can be composed 1nto a finite union of points and
intervals, 1.e. X = U @; U Uy I

Monotonicity Theorem: Let f: (a,b) » M be a definable (not
necessarily continuous) function. Then there are breakpoints
ap =a<a; < <ay < agsq =:bin the interval (a, b) such that

on each subinterval (a;, a4, ), the function f is continuous and is

either constant or strictly monotonic (increasing or decreasing, not
both).




Cells, Dimension, and Cell Decomposition

Definition Cells are defined inductively. First, some notation. Let the definable, continuous
functions be denoted

C(X) == {f:M™ - M: f is continuous and definable}.
Let €. (X) = C(X¥)U§—ca,ca}

¢ In M° = {()}, containing just the empty tuple, the only cell is the singleton {()}, which has
dim({()}) = 0.

¢ In M™*1, we define for each previous cell two new ones. Let X € M™ be a cell of dimension

k. Then, for any f-€-C(X), the graphT(f)-is a cell of dimension k. Second, for any-g;h-€
Cs(X), the space between their graphs,

Lopbe Mir e X, d(@) < viehi(e )}

1s a cell with dimension k + 1.




Examples of Cells

In M, the only #ypes of cell are a point or an interval (with +oo allowed in the interval).
In M?, there are four different types of cells, and we classify them by whether each
coordinate increases the dimension (given by a 1 in that coordinate) or maintains the
dimension (given by a 0 in that coordinate). Here are examples of each type.




Cell Decomposition Theorem

Theorem:

1. Given any definable sets 44, ..., A, © M™, there is a finite decomposition of
M™ 1into cells partitioning each of the 4;.

2. For each definable set A € M™ and every definable function f: A - M,
there is a finite decomposition of M™ into cells B; such that for every ¢, f|p,

1S continuous.

Remark: point 2) can be strengthened to say that f1|z;1s, in each coordinate,
either strictly increasing, strictly decreasing, or independent, of that

coordinate. :




Definable Choice and Curve Selection pt. 1

Context: o-minimal expansion of an ordered, divisible, Abelian group.

Definable Representative Let X S M™ be a definable set. Let 1 denote a fixed, positive
element.

i lEn—tiletteCO) bein £ B CXRE X Elseolevd=nf (X e="supix =
X:(a,x) € X}. There are four cases:

PN = eel Sihe e e =2()
2 a=—o,b<oo thene(X):=bh—1

3 —w<a b=+, thene(X):=a+1

b
4 —oo<ab < oo, then e(X) := %

2 For X € M™*! let mX denote the projection of X onto the first n coordinates. For any
b € X, let X}, denote the fiber {c € M: (b,c) € X}. Let a = e(nX). Then, define

e(X) = (a e(Xy).




Example of Definable Choice




Definable Choice and Curve Selection pt. 2

Proposition

1. (Definable Skolem Functions) Let X € M™*™ be a definable set
(parameters in M™) and let m: M™*"™ — M™ be the usual
projection. Then, there is a definable map f: m(X) - M" with

=

Proof: For x € nX, define f (x) := e(X3).




Definable Choice and Curve Selection pt. 3

Proposition (Curve Selection) Let X € M" be a definable set. Then,
for any a € CI(X) \ X, there is some € € M with € > 0 and a
definable, continuous, injective function y: (0,€) — X with
[Tt = a:

>< No definable, injective curve

for an isolated point
) ®

One such non-

. . 11
self-intersecting
curve.




Recent Work of Pablo Guerrero

Definition Let X € M" be a definable set and let 7" be a topology on X. We say that
(X,T) is a definable topological space iff there exists a definable basis i.e. a uniformly
definable family of definable, open sets, {U,:b € B} € M™"*™ where B € M™ is also
a definable set.

Definition A definable topological space 1s called definably separable/has the
definable chain condition iff there does not exist an infinite, definable family of
pairwise disjoint, open sets.

Definition A definable topological space is called definably second countable iff there
exists a definable basis {U,: b € B} such that forall x € X and all b € B,if U, isa
neighborhood of x, then, =

dim{c € B:x € U, € Uy} = dim(B)




His Results

Theorem Let M be an o-minimal expansion of (R, <). Let (X,T) be a
definable topological space. Then, the following are equivalent:

1. (X,T) is definably separable
2 (X,T) is separable

3. (X,T) has the countable chain condition

Theorem Let M be an o-minimal expansion of (R, <). Let (X,T) be a

definable topological space. Then, (X, T) is definably second-countable iff it is
second-countable.




Thank you!
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