MIXING, RESONANCES, AND SPECTRAL GAPS ON GEOMETRICALLY
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ABSTRACT. We study the distribution of the Pollicott-Ruelle resonances for the geodesic flow on
geometrically finite locally symmetric spaces of negative curvature with respect to the Bowen-
Margulis-Sullivan measure of maximal entropy. Our main result shows that the Laplace transform
of the correlation function of smooth observables extends meromorphically to the entire complex
plane in the convex cocompact case and to a strip of explicit size beyond the imaginary axis in the
case the manifold admits cusps. The method is dynamical in nature and is based on constructing
anisotropic Banach spaces on which resolvents of the generator of the flow admit essential spectral
gaps of size depending only on the critical exponent and the ranks of the cusps of the manifold
(if any). A key ingredient is the construction of a Margulis function establishing quantitative
recurrence of orbits to compact sets when the manifold has cusps. Our analysis also yields a large
deviations estimate on the measure of the set of orbits which spend definite proportions of time
outside large compact sets.

1. INTRODUCTION

1.1. Pollicott-Ruelle resonances. Let X be the unit tangent bundle of a quotient of a real, com-
plex, quaternionic, or a Cayley hyperbolic space by a discrete, geometrically finite, non-elementary
group of isometries I'. Denote by g; the geodesic flow on X and by mPMS the Bowen-Margulis-
Sullivan probability measure of maximal entropy for ¢g;. Let ér be the critical exponent of I'. We
refer the reader to Section 2 for definitions.

Given two bounded functions f and g on X', the associated correlation function is defined by

6= [ omgam™,  icn
X

Its (one-sided) Laplace transform is defined for any z € C with positive real part Re(z) as follows:

pra(z) = /0 e pp (1) dt.

Let r denote the critical exponent of I' and define

00, if I" is convex cocompact,

o(l) := (1.1)

min {0, 20r — Kmax, kmin}, Otherwise,
where kpax and ki denote the maximal and minimal ranks of parabolic fixed points of I' respec-
tively; cf. Section 3.1 for the definition of the rank of a cusp.

The following is the main result of the article.

Theorem 1.1. Let r € N. For all f,g € CTT2(X), pyt4 is analytic in the half plane Re(z) > 0 and
admits a meromorphic continuation to the half plane:

Re(z) > —min {r,o(T")/2},

with 0 being the only pole on the imaginary axis. In particular, when I' is convex cocompact and

f,9 € CX(X), prg admits a meromorphic extension to the entire complex plane.
1
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Theorem 1.1 is deduced from an analogous result on the meromorphic continuation of the family
of resolvent operators z — R(z),

R(z) := /000 e #Lydt : Co(X) — C(X), (1.2)

defined initially for z with large enough Re(z), where L, is the transfer operator given by f — fogy;
cf. Theorem 6.4 for a precise statement. Analogous results regarding resolvents were obtained for
Anosov flows in [GLP13] and Axiom A flows in [DG16,DG18] leading to a resolution of a conjecture
of Smale on the meromorphic continuation of the Ruelle zeta function; cf. [Sma67]. We refer the
reader to [GLP13] for a discussion of the history of the latter problem.

1.2. Exponential recurrence from the cusp. Our proof of Theorem 1.1 also yields the following
exponential decay result on the measure of the set of orbits with long cusp excursions, which is of
independent interest. Denote by N the expanding horospherical group associated to g; for ¢ > 0,
the orbits of which give rise to the strong unstable foliation. Let N, be the r-ball around identity
in N (cf. Section 2.5 for definition of the metric on NT). Finally, let Q C X be the non-wandering
set for the geodesic flow; i.e. the closure of the set of its periodic orbits.

Theorem 1.2. Let o(I") be as in (1.1) and let 0 < B < o(I')/2 be given. For every e > 0, there
exists a compact set K C Q and Ty > 0 such that the following holds for all T > Ty,0 < 0 < 1 and
x € Q. Let xg be the indicator function of K. Then,

T
7 <n € N, : / Xk (ginz) dt < (1 — 0)T> LB e ef(ﬁefs)Tug(Nf').
0
The implicit constant is uniform as x varies in any fized compact set.

The reader is referred to Theorem 7.13 for a stronger and more precise statement. Theorem 1.2
implies that the Hausdorff dimension of the set of points in N;"z whose forward orbit asymptotically
spends all of its time in the cusp is at most o(I')/2. This bound is not sharp and can likely be
improved using a refinement of our methods. We hope to return to this problem in future work.

1.3. Outline of the argument. The article has several parts that can be read independently of
one another. For the convenience of the reader, we give a brief outline of those parts.

The first part consists of Sections 2-5. After recalling some basic facts in Section 2, we prove a
key doubling result, Proposition 3.1, in Section 3 for the conditional measures of m®MS along the
strong unstable foliation.

In Section 4, we construct a Margulis function which shows, roughly speaking, that generic orbits
with respect to mPMS are biased to return to the thick part of the manifold. In Section 5, we prove
a statement on average expansion of vectors in linear representations which is essential for our
construction of the Margulis function. The main difficulty in the latter result in comparison with
the classical setting lies in controlling the shape of sublevel sets of certain polynomials in order to
estimate their measure with respect to conditional measures of mPMS along the unstable foliation.

The second part consists of Sections 6 and 7. In Section 6, we define anisotropic Banach spaces
arising as completions of spaces of smooth functions with respect to a dynamically relevant norm
and study the norm of the transfer operator as well as the resolvent in their actions on these spaces
in Section 7. The proof of Theorem 1.1 is completed in Section 7. The approach of these two
sections follows closely the ideas of [GL06, GL0O8, AG13], originating in [BKL02]. Theorem 1.2 is
deduced from this analysis in Section 7.7.
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and the referees for detailed reading of the article and for numerous corrections and comments that
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2. PRELIMINARIES

We recall here some background and definitions on geometrically finite manifolds.

2.1. Geometrically finite manifolds. The standard reference for the material in this section
is [Bow93]. Suppose G is the group of orientation preserving isometries of a real, complex, quater-
nionic or Cayley hyperbolic space, denoted H%, of dimension d > 2, where K € {R,C,H, O}. In
the case K = Q, then d = 2.

Fix a basepoint o € Hﬁ‘é. Then, G acts transitively on Hﬁé and the stabilizer K of o is a maximal
compact subgroup of G. We shall identify H% with K\G. Denote by A = {g; : t € R} a 1-parameter
subgroup of G inducing the geodesic flow on the unit tangent bundle of Hﬂ‘é. Let M < K denote
the centralizer of A inside K so that the unit tangent bundle T'HE may be identified with M\G.
In Hopf coordinates, we can identify T'HE with R x (OHZE x OHE \ A), where OHE denotes the
boundary at infinity and A denotes the diagonal.

Let I' < G be an infinite discrete subgroup of G. The limit set of I', denoted Ar, is the set of
limit points of the orbit I' - 0 on 6Hﬁ‘l<. Note that the discreteness of I' implies that all such limit
points belong to the boundary. Moreover, this definition is independent of the choice of o in view
of the negative curvature of H%. We often use A to denote Ar when I' is understood from context.
We say I is non-elementary if Ar is infinite.

The hull of Ar, denoted Hull(Ar), is the smallest convex subset of Hﬁé containing all the geodesics
joining points in Ar. The convex core of the manifold Hﬁé /T is the smallest convex subset containing
the image of Hull(Ar). We say H% /T is geometrically finite (resp. convex cocompact) if the closed
1-neighborhood of the convex core has finite volume (resp. is compact), cf. [Bow93]. The non-
wandering set for the geodesic flow is the closure of the set of vectors in the unit tangent bundle
whose orbit accumulates on itself. In Hopf coordinates, this set, denoted {2, coincides with the
projection of R x (Apr x Ap — A) mod T'.

A useful equivalent definition of geometric finiteness is that the limit set of I' consists entirely of
radial and bounded parabolic limit points; cf. [Bow93]. This characterization of geometric finiteness
will be of importance to us and so we recall here the definitions of these objects.

A point £ € A is said to be a radial point if any geodesic ray terminating at £ returns infinitely
often to a bounded subset of H% /T'. The set of radial limit points is denoted by A,..

Denote by NT the expanding horospherical subgroup of G associated to g;, t > 0. A point p € A
is said to be a parabolic point if the stabilizer of p in I', denoted by I',, is conjugate in G' to an
unbounded subgroup of MNT. A parabolic limit point p is said to be bounded if (A — {p}) /T is
compact. An equivalent charachterization is that p € A is parabolic if and only if any geodesic ray
terminating at p eventually leaves every compact subset of Hﬁé /T. The set of parabolic limit points
will be denoted by A,,.

Given g € G, we denote by g* the coset of P~g in the quotient P~\G, where P~ = N~ AM is
the stable parabolic group associated to {g; : t > 0}. Similarly, g~ denotes the coset PTg in PT\G.
Since M is contained in P*, such a definition makes sense for vectors in the unit tangent bundle
M\G. Geometrically, for v € M\G, vt (resp. v™) is the forward (resp. backward) endpoint of the
geodesic determined by v on the boundary of Hﬁ‘é. Given z € G/T', we say =& belongs to A if the
same holds for any representative of z in G; this notion being well-defined since A is I invariant.

Notation. Throughout the remainder of the article, we fix a discrete non-elementary geometrically
finite group I' of isometries of some (irreducible) rank one symmetric space H% and denote by X
the quotient G/T", where G is the isometry group of Hﬁé.
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2.2. Standard horoballs. Since parabolic points are fixed points of elements of I', A contains
only countably many such points. Moreover, I' contains at most finitely many conjugacy classes of
parabolic subgroups. This translates to the fact that A, consists of finitely many I' orbits.

Let {p1,...,ps} C BH% be a maximal set of nonequivalent parabolic fixed points under the action
of I'. As a consequence of geometric finiteness of I', one can find a finite disjoint collection of open
horoballs Hy, ..., Hs C H& with the following properties (cf. [Bow93]):

(1) Hi is centered on p;, for i =1,...,s.
(2) H;' N H,;I’ = { for all i # j.
(3) Forallie {1,...,s} and 71,72 € T

Hiyi NHyys # 0 => Hiyi = Hiya, 7y 'y2 € T,
(4) Hull(Ar) \ (U;_; HiT') is compact mod T'.

Remark 2.1. We shall assume throughout the remainder of the article that our fixed basepoint o
lies outside these standard horoballs, i.e.

o¢ LSJ HT.
i=1

2.3. Conformal Densities and the BMS Measure. The critical exponent, denoted dr, is de-
fined to be the infimum over all real number s > 0 such that the Poincaré series

Pr(s,o0) := Z ¢~ sdist(070) (2.1)
~yel

converges. We shall simply write § for r when I' is understood from context. The Busemann
function is defined as follows: given x,y € H% and £ € OH%, let v: [0, 00) — Hﬁé denote a geodesic
ray terminating at £ and define

Pe(z,y) = lim dist(z,~(t)) — dist(y, (t))-

A T-invariant conformal density of dimension s is a collection of Radon measures {Vx tx € H%} on
the boundary satisfying

dvy

Vilg = Vryg, and &) = ePe(@y) Vr,y € Hﬁ'é,f € 8]1-]1%,7 erl.

dv,
Given a pair of conformal densities {p,} and {v,} of dimensions s; and s2 respectively, we can
form a T invariant measure on T'HE, denoted by m#" as follows: for z = (&, &2, t) € TTHE

dm™? (&1, &, t) = esPalom)ts2Be(00) gy (1) du, (&) dt. (2.2)

Moreover, the measure m*" is invariant by the geodesic flow.

When T' is geometrically finite and K = R, Patterson [Pat76] and Sullivan [Sul79] showed
the existence of a unique (up to scaling) I'-invariant conformal density of dimension dp, denoted
{uES 2 € HY}. Geometric finiteness also implies that the measure m#  # descends to a finite
measure of full support on ) and is the unique measure of maximal entropy for the geodesic flow.
This measure is called the Bowen-Margulis-Sullivan (BMS for short) measure and is denoted m®MS.

Since the fibers of the projection from G/T" to TlHﬁ‘é /T are compact and parametrized by the
group M, we can lift such a measure to one G/T', also denoted mPMS, by taking locally the product
with the Haar probability measure on M. Since M commutes with the geodesic flow, this lift is
invariant under the group A. We refer the reader to [Rob03] and [PPS15] and references therein
for details of the construction in much greater generality than that of Hﬁ‘é.
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2.4. Stable and unstable foliations and leafwise measures. The fibers of the projection
G — Tllﬁl]‘fl< are given by the compact group M, which is the centralizer of A inside the maximal
compact group K. In particular, we may lift m®MS to a measure on G /T, also denoted mBMS |
and given locally by the product of mBMS with the Haar probability measure on M. The leafwise
measures of mPMS on Nt orbits are given as follows:

dp(n) = TPt O S () ). (2.3)
They satisfy the following equivariance property under the geodesic flow:
How = € Ad(ge)uptly- (24)
Moreover, it follows readily from the definitions that for all n € N T,
(n).pitty = pt, (2.5)

where (n),uY, is the pushforward of ¥, under the map u — un from N7 to itself. Finally, since M

normalizes N* and leaves mPMS invariant, this implies that these conditionals are Ad(M )-invariant:

fomg = Ad(m)epy, — me M. (2.6)

2.5. Cygan metrics. We recall the definition of the Cygan metric on N*, denoted dy+. These
metrics are right invariant under translation by NT, and satisfy the following convenient scaling
property under conjugation by g;. For all r > 0, if N,I denotes the ball of radius r around identity
in that metric and ¢ € R, then

Ad(ge)(N;5) = N (2.7)
To define the metric, we need some notation which we use throughout the article. For xz € K,
denote by z its K-conjugate and by |z| := v/Zz its modulus. This modulus extends to a norm on

K" by setting
lall® =" il w = (s ) €K
i

We let ImK denote those x € K such that £ = —x. For example, ImK is the pure imaginary
numbers and the subspace spanned by the quaternions 7,7 and k in the cases K = C and K = H
respectively. For u € K, we write Re(u) = (v + @)/2 and Im(u) = (v — u)/2.

The Lie algebra n™ of N* splits under Ad(g;) into eigenspaces as n} @n;a, where néra =0 if and
only if K = R. Moreover, we have the identification n} = K9~! and nJ, = Im(K) as real vector
spaces; cf. [Mos73, Section 19]. We denote by |-||" the following quasi-norm on n*:

1/4
4
I )= (lall +1s) " (u,s) €nf @, (2.8)
With this notation, the distance of n := exp(u, s) to identity is given by:

dy+(n,1d) == ||(u, 5)]|". (2.9)
Given ni,ny € NT, we set dy+(n1,n2) = dN+(n1n2_1,id).

2.6. Local stable holonomy. We recall the definition of (stable) holonomy maps. We give a
simplified discussion of this topic which is sufficient in our homogeneous setting. Let x = u~y for
some y € Q and u~ € N . Since the product map N~ x A x M x N* — G is a diffeomorphism
near identity, we can choose the norm on the Lie algebra so that the following holds. We can find
maps p~ : N7 — P~ = N"AM and u* : N;f = N7 so that

nu” =p (n)ut(n), Vn € N5 . (2.10)
Then, it follows by (2.3) that for all n € N, we have

dpl(ut (n)) = ¢ Pt (W n) g u ),
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Moreover, by further scaling the metrics if necessary, we can ensure that these maps are diffeomor-
phisms onto their images. In particular, writing ®(nz) = u™(n)y, we obtain the following change
of variables formula: for all f € C(N,),

/ f(n) du(n / F((u ))ePat s (U ETEm) gy, (2.11)

Remark 2.2. To avoid cluttering the notation with auxiliary constants, we shall assume that the
N~ component of p~(n) belongs to N, for all n € N~ whenever v~ belongs to N; .

2.7. Notational convention. Throughout the article, given two quantities A and B, we use the
Vinogradov notation A < B to mean that there exists a constant C' > 1, possibly depending on
I' and the dimension of G, such that |A| < C'B. In particular, this dependence on I' is suppressed
in all of our implicit constants, except when we wish to emphasize it. The dependence on I' may
include for instance the diameter of the complement of our choice of cusp neighborhoods inside 2
and the volume of the unit neighborhood of Q. We write A <, B to indicate that the implicit
constant depends parameters z and y. We also write A = O,(B) to mean A <, B

3. DOUBLING PROPERTIES OF LEAFWISE MEASURES

The goal of this section is to prove the following useful consequence of the global measure formula
on the doubling properties of the leafwise measures. The result is an immediate consequence of
Sullivan’s shadow lemma in the case I' is convex cocompact. In particular, the content of the
following result is the uniformity, even in the case €2 is not compact. The argument is based on the
topological transitivity of the geodesic flow when restricted to €.

Define the following exponents:

A :=min {5, 20 — kmax; kmin} )
Ay = max{d,20 — kmin, kmax | - (3.1)

where knax and ki denote the maximal and minimal ranks of parabolic fixed points of I' respec-
tively. If T has no parabolic points, we set kpax = kmin = 0, so that A = A, =4.

Proposition 3.1 (Global Doubling and Decay). For every 0 < o <5, x € Ny Q and 0 < r <1,
we have

u(NH) o p(NF) Yo<o<1,0<r<1,
o2+t (NF) Yo >1,0<r <5/0.

Remark 3.2. The above proposition has very different flavor when applied with ¢ < 1, compared
with ¢ > 1. In the former case, we obtain a global rate of decay of the measure of balls on the
boundary, centered in the limit set. In the latter case, we obtain the so-called Federer property for
our leafwise measures.

Remark 3.3. The restriction that < 5/0 in the case o > 1 allows for a uniform implied constant.
The proof shows that in fact, when o > 1, the statement holds for any 0 < r < 1, but with an
implied constant depending on o.

3.1. Global Measure Formula. Our basic tool in proving Proposition 3.1 is the extension of
Sullivan’s shadow lemma known as the global measure formula, which we recall in this section.
Given a parabolic fixed point p € A, with stabilizer I'), C I, we define the rank of p to be twice
the critical exponent of the Poincaré series Pr, (s,0) associated with I'y; cf. (2.1).
Given ¢ € OHZ, we let [0f) denote the geodesic ray. For t € R, denote by £(t) the point at
distance ¢ from o on [0€). For z € H%, define the O(z) to be the shadow of unit ball B(x,1) in H&
on the boundary as viewed from o. More precisely,

Oz) == {g € OHY : [o€) N B(x, 1) # (z)} .
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Shadows form a convenient, dynamically defined, collection of neighborhoods of points on the
boundary.

The following generalization of Sullivan’s shadow lemma gives precise estimates on the measures
of shadows with respect to Patterson-Sullivan measures.

Theorem 3.4 (Theorem 3.2, [Sch04]). There exists C = C(I',0) > 1 such that for every £ € A and
all t >0,
C—l < MOPS(O f(t))) <C
= e 0tedt)(k(E(t)—0) = 77

where

d(t) = dist(&(¢),T - 0),
and k(&£(t)) denotes the rank of a parabolic fixed point p if £(t) is contained in a standard horoball
centered at p and otherwise k(§(t)) = 0.

A version of Theorem 3.4 was obtained earlier for real hyperbolic spaces in [SV95] and for complex
and quaternionic hyperbolic spaces in [New03].

3.2. Proof of Proposition 3.1. Assume that o < 1, the proof in the case ¢ > 1 is similar.
Fix a non-negative C'*° bump function ¢ supported inside Nfr and having value identically 1 on
N;;Q. Given € > 0, let ¥-(n) = ¥ (Ad(g—10gc)(n)). Note that the condition that ¥, (id) = ¥ (id) =1

implies that for x € X with 2% € A,
e (he) >0, Ve > 0. (3.2)

Note further that for any r > 0, we have that x N+ St <X N
First, we establish a uniform bound over x € . Consider the following function f, : Q@ — (0, 00):

_ t(Yor)
fol@) = 0?:21 P ()

We claim that it suffices to prove that
fo(z) < 0, (3.3)

uniformly over all x € Q and 0 < ¢ < 1. Indeed, fix some 0 < r <1 and 0 < ¢ < 1. By enlarging
our implicit constant if necessary, we may assume that o < 1/4. From the above properties of v,
we see that

Ha(NG) < HE(Wiao) () € 02 1E(Wrya) < a2 HE(N,T).

Hence, it remains to prove (3.3). By [Rob03, Lemme 1.16], for each given r > 0, the map
x = u(Yer)/pl(1hy) is a continuous function on 2. Indeed, the weak-x continuity of the map
x — p2 is the reason we work with bump functions instead of indicator functions directly. Moreover,
continuity of these functions implies that f, is lower semi-continuous.

The crucial observation regarding f, is as follows. In view of (2.4), we have for t > 0,

_ P (Por) _
o) = S0 sty =T

Hence, for all B € R, the sub-level sets Q0-p := {f, < B} are invariant by g; for all ¢ > 0. On
the other hand, the restriction of the (forward) geodesic flow to Q is topologically transitive. In
particular, any invariant subset of €2 with non-empty interior must be dense in 2. Hence, in view
of the lower semi-continuity of f,, to prove (3.3), it suffices to show that f, satisfies (3.3) for all =
in some open subset of 2.

Recall we fixed a basepoint o € H% belonging to the hull of the limit set. Let z, € G denote
a lift of o whose projection to G/I" belongs to Q. Let E denote the unit neighborhood of z,. We
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show that F N Q C { fo < O'A}. Without loss of generality, we may further assume that o < 1/2,
by enlarging the implicit constant if necessary.
First, note that the definition of the conditional measures p* immediately gives

M;|N4+ = MoPS’(NI,x)Jm Ve E.
It follows that
1> (N - 2) ) < () < pip (N3 - ) ),
for all 0 <r <2 and x € E. Hence, it will suffice to show that for all 0 < o < 1,
po> (Ng - 2)™)
PES((N; - 2)*)

To this end, there is a constant C; > 1 such that the following holds; cf. [Cor90, Theorem 2.2]".
For all x € F, if ¢ = x| then, the shadow S, = {(nz)" : n € N,;I} satisfies

O(&(|logr| + Ch)) € S, CO(&(|logr| — C1)), VO<r <2 (3.4)
Here, and throughout the rest of the proof, if s < 0, we use the convention
O(&(s)) = O(¢(0)) = OH.

Fix some arbitrary z € F and let £ = . To simplify notation, set for any ¢, > 0,

< o>,

ty := max {|logor| — Cy,0}, t, = |logr|+ Cq,
d(t) = dist(£(8), T - o), k() = k(E(D),

where k(£(t)) is as in the notation of Theorem 3.4.
By further enlarging the implicit constant, we may assume for the rest of the argument that

—logo > 2C4.

This insures that ¢, > t, and avoids some trivialities.

Let 0 < r < 1 be arbitrary. We define constants o9 := 0 < 01 < 09 < 03 := 1 as follows. If
&(ty) is in the complement of the cusp neighborhoods, we set o1 = 0. Otherwise, we define o1 by
the property that (| logoyr|) is the first point along the geodesic segment joining £(t,) and £(¢,)
(traveling from the former point to the latter) meets the boundary of the horoball containing (¢, ).
Similarly, if (¢,) is outside the cusp neighborhoods, we set 0o = 1. Otherwise, we define o9 by
the property that £(|logoar|) is the first point along the same segment, now traveling from £(¢,)
towards £(t,), which intersects the boundary of the horoball containing £(t,). Define

toy = to, toy = tr, ty; = |logoyr| fori=1,2.
In this notation, we first observe that k(t,,) = k(t5,) = J. In particular, Theorem 3.4 yields
1
,UES(SUU‘) g1
PS(g <\
Ho ( 027’) 02

Note further that since geodesics in H% are unique distance minimizers, we have that the distance
between {(t,,) and {(ts,., ) is equal to |t,, —1s,,,|, for i = 0,2. Moreover, by our choice of basepoint
o and standard horoballs (cf. Remark 2.1), we have that

S
I'-on U H j= 0.
Jj=1
1The quoted result in [Cor90] is stated in terms of the so-called Carnot-Caratheodory metric d.. on N T, which enjoys

the same scaling property in (2.7). In particular, this metric is Lipschitz equivalent to the Cygan metric in (2.9) by
compactness of the unit sphere in the latter and continuity of the map n — dec(n, id).
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Let H(op) denote the element of the collection of standard horoballs I - H;, j = 1,...,s, which
contains the point {(t,,) if the latter point is inside a cusp neighborhood, and otherwise set H (o)
to be the unit ball around o. Then, there is a constant C'y > 1, depending only on on the constant
(7 as well as the distance between the orbit I' - 0 and the standard horoballs H}, such that

d(ts,) < dist(&(tsy ), O0H (00)) + dist(0H (09), I - 0)
< dist(&(toy), € (tey ) + dist(0H (09), I - 0) < —log(oo/01) + Co,
where 0H (0g) denotes the boundary of H (o). Similarly, we also get that
d(tyy) < dist(&(tsy ), E(toy)) + Co < —log(oa/03) + Co.

Hence, it follows using Theorem 3.4 and the above discussion that

PS ] T L CL
/’Lo (SO'O"") < (UO> ed(too)(k(too)_a) < (Ul>6 lf k(tUO) 2 6’
PS
o> (Sor) o1 (%) otherwise.
Similarly, we obtain
S\ Kltog)
MES(SO'ZT‘) < (0'2) e—d(ta3)(k(to3)—5) < <U§>6 if k(tcm) <9,
o> (Soar) 73 (g—g) otherwise.

In all cases, we get for ¢ = 0, 1,2 that

PSS, . A
,Uo(cnr) <<(UZ) :

NOPS(S@HT) Oit+1

where A is as in the statement of the proposition. Therefore, using the following trivial identity

NES(SUT) _ MoPS(Soor) NES(SUW) NoPS(Sazr)
NoPS(ST) MES(SJM) N(F;S(Sazr) MES(ST) ’

we see that f(z) < ¢®. As x € E was arbitrary, we find that E C {fg < UA}, thus concluding
the proof in the case o < 1. Note that in the case o > 1, the constants o; satisfy o;/0;41 > 1,
so that combining the 3 estimates requires taking the maximum over the exponents, yielding the
bound with A, in place of A in this case.

Now, let r € (0, 1] and suppose z = u~y for some y € Q and v~ € N, . By [Cor90, Theorem 2.2],
the analog of (3.4) holds, but with shadows from the viewpoint of z and y, in place of the fixed
basepoint o. Recalling the map n + u™(n) in (2.10), one checks that this implies that this map is
Lipschitz on Nf with respect to the Cygan metric, with Lipschitz constant < C;. Moreover, the
Jacobian of the change of variables associated to this map with respect to the measures pg and py,
is bounded on Nj", independently of y and u~; cf. (2.11) for a formula for this Jacobian. Hence,
the estimates for x € N, ) follow from their counterparts for points in €.

4. MARGULIS FuNcTIONS IN INFINITE VOLUME

We construct Margulis functions on €2 which allow us to obtain quantitative recurrence estimates
to compact sets. Our construction is similar to the one in [BQ11] in the case of lattices in rank 1
groups. We use geometric finiteness of I' to establish the analogous properties more generally. The
idea of Margulis functions originated in [EMMO98].

Throughout this section, we assume I' is a non-elementary, geometrically finite group containing
parabolic elements. The following is the main result of this section. A similar result in the special
case of quotients of SLa(R) follows from combining Lemma 9.9 and Proposition 7.6 in [MO23].
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Theorem 4.1. Let A > 0 denote the constant in (3.1). For every 0 < 8 < A/2, there exists a
proper function Vg : Ni Q — Ry such that the following holds. There is a constant ¢ > 1 such that
forallz € Ny Q andt > 0,
1 / ey
— Va(gine) dpg(n) < ce A Va(z) + c.
pi(NT) *
Our key tool in establishing Theorem 4.1 is Proposition 4.2, which is a statement regarding

average expansion of vectors in linear represearntations of G. The fractal nature of the conditional
measures [y poses serious difficulties in establishing this latter result.

4.1. Construction of Margulis functions. Let p1,...,pq € A be a maximal set of inequivalent
parabolic fixed points and for each ¢, let I'; denote the stabilizer of p; in I'. Let P, < GG denote the
parabolic subgroup of G fixing p;. Denote by U; the unipotent radical of P; and by A; a maximal
R-split torus inside F;. Then, each U; is a maximal connected unipotent subgroup of G admitting
a closed (but not necessarily compact) orbit from identity in G/I'. As all maximal unipotent
subgroups of G are conjugate, we fix elements h; € G so that hiUih;1 = NT. Note further that G
admits an Iwasawa decomposition of the form G = K A;U; for each i, where K is our fixed maximal
compact subgroup.

Denote by W the adjoint representation of G on its Lie algebra. The specific choice of repre-
sentation is not essential for the construction, but is convenient for making some parameters more
explicit. We endow W with a norm that is invariant by K.

Let 0 # vy € W denote a vector that is fixed by N*. In particular, vy is a highest weight vector
for the diagonal group A (with respect to the ordering determined by declaring the roots in Nt to
be positive). Let v; = h;vg/ ||hivol|. Note that each of the vectors v; is fixed by U; and is a weight
vector for A;. In particular, there is an additive character y; : A; — R such that

a-v; = eXi(a)vi, Ya € A;. (4.1)

We denote by A;r the subsemigroup of A; which expands U; (i.e. the positive Weyl chamber deter-
mined by U;). We let «; : A; — R denote the simple root of A; in Lie(U;). Then,

1, if K=R
i = XK, =9 . ’ 4.2
Xi = e XK {2 if K = C, H, 0. (42)

Given 8 > 0, we define a function V3 : G/T' — R, as follows:
Va(gl) :=  max  |lw||P/x=, (4.3)

welJ;—; gl v;
The fact that V3(gI') is indeed a maximum will follow from Lemma 4.6.

4.2. Linear expansion. The following result is our key tool in establishing the contraction esti-
mate on Vg in Theorem 4.1.

Proposition 4.2. For every 0 < g < A/2, there ezists C = C(S) > 1 so that for all t > 0,
x € Ny Q, and all non-zero vectors v in the orbit G - vg C W, we have

; || 7B/ Xk 7,0 < (o Bt —B/xx
) o N eI i) < CemP

We postpone the proof of Proposition 4.2 to Section 5. Let w4 : W — W™ denote the projection
onto the highest weight space of g;. The difficulty in the proof of Proposition 4.2 beyond the case
G = SL(R) lies in controlling the shape of the subset of N on which ||m(n - v)]|| is small, so that
we may apply the decay results from Proposition 3.1, that are valid only for balls of the form N .
We deal with this problem by using a convexity trick. A suitable analog of the above result holds
for any non-trivial linear representation of G.
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The following proposition establishes several geometric properties of the functions Vg which are
useful in proving, and applying, Theorem 4.1. This result is proved in Section 4.4.
Proposition 4.3. Suppose Vs is as in (4.3). Then,
(1) For every x in the unit neighborhood of 2, we have that

inj(z) " < V3P (@),

where inj(x) denotes the injectivity radius at x. In particular, Va is proper on €.
(2) Forallg € G and allx € X,

_ —118
lgll ™" Va(z) < Vs(gz) < |lg7]|” Vs(a).
(3) There exists a constant g > 0 such that for all x = gI" € X, there exists at most one vector
v e, 9T - v; satisfying ||v|| < eo.

4.3. Proof of Theorem 4.1. In this section, we use Proposition 4.3 to translate the linear ex-
pansion estimates in Proposition 4.2 into a contraction estimate for the functions V3.
Let tg > 0 be be given and define

wo := sup max{HgtonHl/XK,

nENl7L

(gton)il H UXK} )

where ||-|| denotes the operator norm of the action of G on W. Then, for all n € N;" and all z € X,
we have
wy Va(x) < Vilgryna) < woVi(w), (4.4)
where Vi = Vg for § = 1.
Let €g be as in Proposition 4.3(3). Suppose z € X is such that Vi(z) < wp/eo. Then, by (4.4),
for any 8 > 0, we have that

1 / 2_—1\8
— Vi(gtonz) dus(n) < By = (wje . 4.5
Now, suppose = € Ny € is such that Vi(z) > wp/ep and write 2 = gI" for some g € G. Then,

by Proposition 4.3(3), there exists a unique vector v, € |J,; gI" - v; satisfying Vi(z) = HU*HA/XK.

Moreover, by (4.4), we have that Vi (gi,,nx) > 1/gq for all n € N;. And, by definition of wy, for
alln € N, || gronv. || X% < £9. Thus, applying Proposition 4.3(3) once more, we see that gy, nv, is
the unique vector in (J; g¢,ngI - v; satisfying

Va(gionz) = |lginodl| X<, Wn e N

Moreover, since the vectors v; all belong to the G-orbit of vg, it follows that v, also belongs to
G - vp. Thus, we may apply Proposition 4.2 as follows. Fix some 5 > 0 and let C' = C(f) > 1 be
the constant in the conclusion of the proposition. Then,

1 / 1 —6/ o |1, 1|5/ —pt
—_— Vgnxdug:/ Gty X dus < Ce P v X& = Ce PoVg(x).
) o Vet = s [ e o] (@)
Combining this estimate with (4.5), we obtain for any fixed to,

5 )
Vs(giyna) du(n) < Ce PVy(x) + By, (4.6)
pi(Ny) Iy ’

for all x € Q. We claim that there is a constant ¢; = ¢1() > 0 such that, if ¢y is large enough,
depending on 3, then

1 / k —Bkt
Vi (grt,nx) dus(n) < cfe Bkto v/, (2 + 3¢1 By, 4.7
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for all k € N. By Proposition 4.3, this claim completes the proof since Vs(g:y) < V3(g(4/t,t,%), for
all t > 0 and y € X, with an implied constant depending only on tg and /.

The proof of (4.7) is by now a standard argument, with the key ingredient in carrying it out
being the doubling estimate Proposition 3.1. We proceed by induction. Let £ € N be arbitrary and
assume that (4.7) holds for such k. Let {n; € Ad(grs,)(N;") : i € I'} denote a finite collection of
points in the support of /ﬁngtOQC such that Nl+ n; covers the part of the support inside Ad(gks, ) (V7).

We can find such a cover with uniformly bounded multiplicity, depending only on NT. That is
ZXN+ <<XUN+ (n), VneNT.
i€l
Let z; = nigr,x. By (4.6), and a change of variable, cf. (2.4) and (2.5), we obtain
6kt0/ Va(9(k+1)tonT) dpty < Z/ V(gionz:) dpy, < Z/% (N (Ce Plos (a )+Bo).
i€l iel

It follows using Proposition 4.3 that py (N WValy) < [ N V(ny) dpy(n) for all y € X. Hence,

/N Va(9rrnone) dug(n) < e WOZ/ (Ce™0Va(nas) + Bo) dyit, (n).

1 el

Note that since g; expands Nt by at least e, we have

Ak = Ad(g-kt,) (U me) C Ny .

i
Using bounded multiplicity property of the cover, for any non-negative function ¢, we have
u
Z/ nazz Cl'IJJm = / ngkto Z XN+ d,ugkt z <K / N Qp(ngktox) dﬂ’gktox‘
el N+ =3 U; Ny ni
Changing variables back so the integrals take place against p, we obtain

‘MOZ/ (Ce™PVy(nz;) + Bo) dp, <</

iel Ak

< Ce0 [ Vilgugne) dit+ Bt ().
N2

<C’e*’3t° Vs (grtone) + Bo) duy

To apply the induction hypothesis, we again pick a cover of N; by balls of the form N1+ n, for a
collection of points n € N;r in the support of p¥. We can arrange for such a collection to have a
uniformly bounded cardinality and multiplicity. By essentially repeating the above argument, and
using our induction hypothesis for k, in addition to the doubling property in Prop. 3.1, we obtain

Ce [ Vilguna) dut + Bob(NF) < (Cehe 100V, (a) 4 2BuCe ™ + B (NY),

Ny

where we also used Prop. 4.3 to ensure that Vs(nz) < Vj(x), for all n € N3-. Taking ¢; to be
larger than the product of C with all the uniform implied constants accumulated thus far in the
argument, we obtain

1
i (NT)

This completes the proof.

/+ Va(ger1ytgna) dpi(n) < e PEFDOVL (1) 4 261670 By + ¢1 By.
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4.4. Geometric properties of Margulis functions and proof of Proposition 4.3. In this
section, we give a geometric interpretation of the functions Vg which allows us to prove Proposi-
tion 4.3. Item (2) follows directly from the definitions, so we focus on the remaining properties.
The data in the definition of V3 allows us to give a linear description of cusp neighborhoods as
follows. Given g € G and 4, write g = kau for some k € K, a € A; and u € U;. Geometrically, the
size of the A component in the Iwasawa decomposition G = K A;U; corresponds to the value of the
Busemann cocycle |3,,(Kg,0)|, where Kg is the image of g in K\G; cf. [BQ16, Remark 6.5] and
the references therein for the precise statement. This has the following consequence. We can find
0 < g; < 1 such that
|Ad(a)|Liey)|| < &i = Kg € Hy,, (4.8)

where H,, is the standard horoball based at p; in HE: 2 K\G.
The functions V() roughly measure how far into the cusp « is. More precisely, we have the
following lemma.

Lemma 4.4. The restriction of Vg to any bounded neighborhood of €1 is a proper map.

Proof. In view of Property (2) of Proposition 4.3, it suffices to prove that Vs is proper on (.
Now, suppose that for some sequence g, € G, we have g,I" tends to infinity in 2. Then, since
I" is geometrically finite, this implies that the injectivity radius at g,I" tends to 0. Hence, after
passing to a subsequence, we can find «, € I' such that g,v, belongs to a single horoball among
the horoballs constituting our fixed standard cusp neighborhood; cf. Section 2.2. By modifying v,
on the right by a fixed element in I if necessary, we can assume that Kg,v, converges to one of
the parabolic points p; (say p1) on the boundary of H& = K\G.

Moreover, geometric finiteness implies that (Ar \ {p1})/I'1 is compact. Thus, by multiplying
gnYn by an element of T'y on the right if necessary, we may assume that (g,7v,)~ belongs to a fixed
compact subset of the boundary, which is disjoint from {p; }.

Thus, for all large n, we can write ¢g,v, = knanun,, for k, € K, a, € A; and u, € U;, such
that the eigenvalues of Ad(a,) are bounded above; cf. (4.8). Moreover, as (g,7,)~ belongs to a
compact set that is disjoint from {p1} and (g,7.)" — p1, the set {u,} is bounded. To show that
Va(gnI') = o0, since U; fixes v; and K is a compact group, it remains to show that a, contracts v;
to 0. Since g,V is unbounded in G while k,, and u, remain bounded, this shows that the sequence
ap is unbounded. Upper boundedness of the eigenvalues of Ad(a,) thus implies the claim. O

Remark 4.5. The above lemma is false without restricting to 2 in the case I" has infinite covolume
since the injectivity radius is not bounded above on G/I". Note also that this lemma is false in the
case I is not geometrically finite, since the complement of cusp neighborhoods inside 2 is compact
if and only if I' is geometrically finite.

The next crucial property of the functions Vj is the following linear manifestation of the existence
of cusp neighborhoods consisting of disjoint horoballs. This lemma implies Proposition 4.3(3).

Lemma 4.6. There exists a constant eg > 0 such that for all x = gI" € X, there exists at most one
vector v € |J; g - v; satisfying ||v|| < eo.

Remark 4.7. The constant ¢ roughly depends on the distance from a fixed basepoint to the cusp
neighborhoods.

Proof of Lemma 4.6. Let g € G and i be given. Write g = kau, for some k € K, a € A; and u € U;.
Since Uj; fixes v; and the norm on W is K-invariant, we have ||g - v;|| = ||a - v;|| = eX:(®); cf. (4.1).
Moreover, since W is the adjoint representation, we have

|Ad(a) ey

and the implied constant, denoted C', depends only on the norm on the Lie algebra.

= eXila),
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Let 0 < &; < 1 be the constants in (4.8) and define g¢ := min; ;/C. Let z = gI' € G/I". Suppose
that there are elements 71,72 € I' and vectors v;,,v;, in our finite fixed collection of vectors v;
such that H 9vj ~vin < gg for 5 = 1,2. Then, the above discussion, combined with the choice of
g; in (4.8), imply that Kgv; belongs to the standard horoball H; in H% based at p;;. However,
this implies that the two standard horoballs Hivy; L and Hovyy !intersect non-trivially. By choice of
these standard horoballs, this implies that the two horoballs H jfyj_l are the same and that the two
parabolic points p;; are equivalent under I'. In particular, the two vectors v;,,v;, are in fact the
same vector, call it v;,. It also follows that ~; Lo sends H to itself and fixes the parabolic point it
is based at. Thus, v, Ly, fixes v, by definition. But, then, we get that

972 - Vie = g1 (V1 12) < vig = g1 - Vi

This proves uniqueness of the vector in [ J; gI" - v; of norm < gy, if it exists, and concludes the proof.
O

The following lemma verifies Proposition 4.3(1) relating the injectivity radius to V3.
Lemma 4.8. For all x in the unit neighborhood of 1, we have
inj(z)~! <r VBXK/ﬁ(:):),
where xx is given in (4.2).

Proof. Let x € Q and set &g = Kz. Let 9 € K\G = H% denote a lift of £g. Then, xy belongs to
the hull of the limit set of I'; cf. Section 2.

Since inj(-)~! and Vj are uniformly bounded above and below on the complement of the cusp
neighborhoods inside €2, it suffices to prove the lemma under the assumption that zg belongs to
some standard horoball H based at a parabolic fixed point p. We may also assume that the lift zq
is chosen so that p is one of our fixed finite set of inequivalent parabolic points {p;}.

Geometric finiteness of I' implies that there is a compact subset K, of JHE\ {p}, depending
only on the stabilizer I', in I', with the following property. Every point in the hull of the limit
set is equivalent, under I',, to a point on the set of geodesics joining p to points in K,. Thus,
after adjusting xo by an element of I'j, if necessary, we may assume that zo belongs to this set.
In particular, we can find g € G so that xg = Kg and g can be written as kau in the Iwasawa
decomposition associated to p, for some k € K,a € A, and u € Up2 with the property that Ad(a)
is contracting on U, and u is of uniformly bounded size.

Note that it suffices to prove the statement assuming the injectivity radius of x is sufficiently
small, depending only on the metric on G, while the distance of zy to the boundary of the cusp
horoball H), is at least 1. Now, let v € I' be a non-trivial element such that xyy is at distance
at most 2inj(x) from xy. Then, this implies that both xy and z¢y belong to Hy. Let v = v —id.
In view of the discreteness of I', we have that ||v|| > 1. Since the exponential map is close to an
isometry near the origin, we see that

dist(gyg~,id) < |lgvg~" —id| = [lgug~"|| = [|Ad(au) (v) ]| > =@ [[Ad(u)(v)],

where xk is given in (4.2) and we used K-invariance of the norm. Here, o is the simple root of A,
in the Lie algebra of U, and eXx(a) js the smallest eigenvalue of Ad(a) on the Lie algebra of the
parabolic group stabilizing p. Note that since z¢ belongs to H,, a(a) is strictly negative.

Recalling that u belongs to a uniformly bounded neighborhood of identity in G and that ||v|| > 1,
it follows that dist(gyg~!,id) > exx(a)  Since  was arbitrary, this shows that the injectivity radius
at x satisfies the same lower bound.

2The groups A, and U, were defined at the beginning of the section.
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Finally, let v, € {v;} denote the vector fixed by U,. Using the above Iwasawa decomposition,
we see that Vﬁl/ﬁ(x) > ||cwp||*1/’<]K = e (9)/X% where Y, is the character on A, determined by v,,
cf. (4.1). This concludes the proof in view of (4.2) and the fact that x, = xxa. O

Finally, we record the following useful quantitative form of Lemma 4.4 which follows by similar
arguments to those discussed in this section. We leave the details to the reader.

Lemma 4.9. For all z in a bounded neighborhood of Q, we have edst(@:0) « Vg(m)oﬁ(l).

5. SHADOW LEMMAS, CONVEXITY, AND LINEAR EXPANSION

The goal of this section is to prove Proposition 4.2 estimating the average rate of expansion of
vectors with respect to leafwise measures. This completes the proof of Theorem 4.1.

5.1. Proof of Proposition 4.2. We may assume without loss of generality that ||v|| = 1. Let W+
denote the highest weight subspace of W for A, = {g; : t > 0}. Denote by 7 the projection from
W onto W. In our choice of representation W, the eigenvalue of A, in W is eXk!, | where yi is
given in (4.2). It follows that
1 / 8/ —pr_ 1 ~6/

= [ gl T dpg(n) < e s |l (n-w) TP dpg (n).

e (NT) vy v e (NT) It :
Hence, it suffices to show that, for a suitable choice of 3, the integral on the right side is uniformly
bounded, independently of v and x (but possibly depending on ).

For simplicity, set Sk = 3/xk. A simple application of Fubini’s Theorem yields

o0
[ st o = [T (e N st 0% <0 a
N 0
For v € W, we define a polynomial map on Nt by n — p,(n) := |74 (n - v)||* and set
S(v,¢e) := {n € NT:py(n) < E} )

To apply Proposition 3.1, we wish to efficiently estimate the radius of a ball in N containing the
sublevel sets S (1), =2/ *BK) N N;". We have the following claim.

Claim 5.1. There exists a constant Cy > 0, such that, for all € > 0, the diameter of S(v,&) N N1+
is at most 0051/4XK.

We show how this claim concludes the proof. By estimating the integral over [0, 1] trivially, we
get

[ wt (e N o <07t ) s v + [ (s an) a6
0 1

Claim 5.1 implies that if 4% (S(v,e) N N;') > 0 for some € > 0, then S(v,e) N Ny is contained
in a ball of radius 2Cyel/*Xx centered at a point in the support of the measure s N Recalling
that Sx = B/xk, we thus obtain

/ Ly (S(v,tz/ﬁK) N Nf) dt < / sup Ly (BN+ (n, QCotl/z’B)) dt, (5.2)
1 1

nesupp(pg)NN;

o0

where for n € Nt and r > 0, By+(n,r) denotes the ball of radius r centered at n.
To estimate the integral on the right side of (5.2), we use the doubling results in Proposition 3.1.
Note that if n € supp(uY), then (nz)* belongs to the limit set Ap. Since x € Ny by assumption,
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this implies that nz belongs to N, Q for all n € N1+ in the support of p¥; cf. Remark 2.2. Hence,
changing variables using (2.5) and applying Proposition 3.1, we obtain for all n € supp(u%) N Ny,

p <BN+ (n, zcotl/%)) = (BN+ (id,200t1/25)> < AP (N).

Moreover, for n € Nfr , we have, again by Proposition 3.1, that
Hna(N17) < g (VD7) < pg (V7).
Put together, this gives

/ sup [y (BN+ (n,2COt1/2ﬁ)> dt<<MZ(N1+)/ 028 gy
! 1

nesupp(ug)NN;

The integral on the right side above converges whenever 5 < A/2, which concludes the proof.

5.2. Preliminary facts. Towards the proof of Claim 5.1, we begin by recalling the Bruhat de-
composition of G. Denote by P~ the subgroup M AN~ of G.

Proposition 5.2 (Theorem 5.15, [BT65]). Let w € G denote a non-trivial Weyl “element” satis-
fying wgyw=" = g_;. Then,
G=P N'| |Pw. (5.3)

We shall need the following result, which is yet another reflection in linear representations of GG
of the fact that G has real rank 1.

Proposition 5.3. Let V be a normed finite dimensional representation of G, and vg € V be any
highest weight vector for g; (t > 0) with weight e for some A > 0. Let v be any vector in the orbit
G - vg and define

1
G, V<Mg)) = {g € G Jim Og”ftg“” < )\}.

Then, there exists g, € G such that

G(v, VM) C P gy

Proof. Let h € G be such that v = hvg and let g € G(v,V<*(g;)). By the Bruhat decomposition,
either gh = pn for some p € P~ and n € NT, or gh = pw for some p € P~ and w being the
long Weyl “element”. Suppose we are in the first case, and note that N1 fixes vy since it is a
highest weight vector for g;. Moreover, Ad(g;)(p) converges to some element in G as t tends to
o0. Since gigv = eMAd(g¢)(p)vo, we see that log |lgigv|| /t — A as ¢ tends to oo, thus contradicting
the assumption that g belongs to G(v, V<*(g;)). Hence, gh must belong to P~w. This implies the
conclusion by taking g, := wh™ L.

]

The following immediate corollary is the form we use this result in our arguments.

Corollary 5.4. Let the notation be as in Proposition 5.3. Then, Nt N G(v,V<*(g;)) contains at
most one point.

Proof. Recall the Bruhat decomposition of G in Proposition 5.2. Let g, € G be as in Proposition 5.3
and suppose that ng € P~ g, N N*. Let pg € P~ be such that ng = pog..
First, assume g, = p,n, for some p, € P~ and n, € NT. Then, ng = pop,n, and, hence,
nony ' € P~ NNt = {id}. In particular, ng = n,, and the claim follows in this case.
Now assume that g, = p,w for some p, € P, so that ng = pop,w € P~w N NT. This is a
contradiction, since the latter intersection is empty as follows from the Bruhat decomposition.
d
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5.3. Convexity and proof of Claim 5.1. Let By C Lie(N ™) denote a compact convex set whose
image under the exponential map contains Nl+ and denote by By a compact convex set containing
Bj in its interior.

Define nj” to be the unit sphere in the Lie algebra n* of NT in the following sense:

nf = {uent :dy+(exp(u),id) =1},
where dy+ is the Cygan metric on Nt; cf. Sec. 2.5. Given u,b € n™, define a line ¢,; : R — n™ by
lyp(t) :==tu+ b,

and denote by L the space of all such lines £, ; such that u € nf. We endow £ with the topology
inherited from its natural identification with its nj” x n™. Then, the subset £(Bj) of all such lines
such that b belongs to the compact set B is compact in L.

Recall that a vector v € W is said to be unstable if the closure of the orbit G - v contains 0.
Highest weight vectors are examples of unstable vectors. Let A/ denote the null cone of G in W,
i.e., the closed cone consisting of all unstable vectors. Let N7 C N denote the compact set of unit
norm unstable vectors. Note that, for any v € N, the restriction of p, to any ¢ € L is a polynomial
in t of degree at most that of p,. We note further that the function

p(v, £) == sup {py (£()) : £(t) € Ba}
is continuous and non-negative on the compact space N7 x £(Bj). We claim that
px = 1nf {p(v,£) : (v,£) € N1 x L(By)}

is strictly positive. Indeed, by continuity and compactness, it suffices to show that p is non-
vanishing. Suppose not and let (v, ) be such that p(v,¢) = 0. Since Bj is contained in the interior
of By, the intersection

I(0) :={t e R:((t) € Ba}

is an interval (by convexity of By) with non-empty interior. Since p,(¢(-)) is a polynomial vanishing
on a set of non-empty interior, this implies it vanishes identically. On the other hand, Corollary 5.4
shows that p, has at most 1 zero in all of n*, a contradiction.

Positivity of p, has the following consequence. Our choice of the representation W implies that
the degree of the polynomial p, is at most 4y, where yk is given in (4.2). This can be shown by
direct calculation in this case.® By the so-called (C, «)-good property (cf. [Kle10, Proposition 3.2]),
we have for all e > 0

[ {t € 1(6) : pu(€(1)) < £} | < Cale/pa) ¥ |1(0)],

where Cy > 0 is a constant depending only on the degree of p,, and | - | denotes the Lebesgue
measure on R.

To use this estimate, we first note that the length of the intervals I(¢) is uniformly bounded over
L(B1). Indeed, suppose for some u = (uq,u2,),b € 0t and ¢ = £, ), € L(B1), I(¢) has endpoints
t1 < t9 so that the points (¢;) belong to the boundary of By. Recall that the Lie algebra nt of N*
decomposes into g; eigenspaces as n} @ nj_, where nj, = 0 if and only if K = R. Set 1 = £(t1)
and zo = {(t3). Since N7 is a nilpotent group of step at most 2, the Campbell-Baker-Hausdorff
formula implies that exp(z2) exp(—x1) = exp(Z), where Z € n™ is given by

1 1
J =x9— T+ §[$2, —:El] = (tg — tl)u—l— §(t2 — tl)[b, u]

3In general, such a degree can be calculated from the largest eigenvalue of g; in W; for instance by restricting the
representation to suitable subalgebras of the Lie algebra of G that are isomoprhic to sla(R) and using the explicit
description of sl3(R) representations.



18 OSAMA KHALIL

Note that since nj,, is the center of n™, [b,u] = [b, u,] belongs to nj,. Hence, we have by (2.9) that

2) 1/4

Since exp(u) is at distance 1 from identity, at least one of ||uy| and ||uge|| is bounded below by
10~!. Moreover, we can find a constant 6 € (0,1072) so that for all b € By and all y, € n} with
1Yol < 6 such that ||[b, ya]|| < 1072, Together this implies that

1
U9e + i[b’ ul

dn+(exp(z1), exp(72)) = <(t2 —t1)* lual* + (83 — £1)?

min {tQ (2 - t%)l/Q} < diam (By),

where diam (Bp) denotes the diameter of B;. This proves that [I({)| = to —t; < 1, where the
implicit constant depends only on the choice of B;. We have thus shown that

[{t € I(0) : p,(U(t)) < e} | < e/ Hxx, (5.4)

We now use our assumption that v belongs to the G orbit of a highest weight vector vg. Since
vo is a highest weight vector, it is fixed by NT. Hence, the Bruhat decomposition, cf. (5.3) with
the roles of P~ and P71 reversed, implies that the orbit G - vy can be written as

G-v0:P+-v0|_|P+w'v0,

where w is the long Weyl “element”. Recall that P™ = N*TMA, where M is the centralizer of
A = {g:} in the maximal compact group K. In particular, M preserves eigenspaces of A and
normalizes NT. Recall further that the norm on W is chosen to be K-invariant.

First, we consider the case v € PTw - vg and has unit norm. For ' € W, we write [v] for its
image in the projective space P(W). Then, since w - vg is a joint weight vector of A, we see that
the image of Ptw - vg in P(W) has the form NTM - [w - vp]. Setting vy := w - vy, we see that

S(nm -v1,e) = S(muvy,e) -n~t = Ad(m 1) (S(v1,¢)) - n71, (5.5)

where we implicitly used the fact that M commutes with the projection 71 and preserves the norm
on W. Since the metric on N7 is right invariant under translations by N* and is invariant under
Ad(M), the above identity implies that it suffices to estimate the diameter of S(vi,) N Ny in
the case v € PTw - vy. Similarly, in the case v € PT - vy, it suffices to estimate the diameter of
S (U(), 8) NN 1+ .

Let S(v,e) = log S(v,€) denote the pre-image of S(v,¢) in the Lie algebra n* of N* under the
exponential map. By Corollary 5.4, for any non-zero v € N, either S(v,¢) is empty for all small
enough ¢, or there is a unique global minimizer of p,(-) on NT, at which p, vanishes. In either
case, for any given v € A"\ {0} in the null cone, the set S(v,¢) is convex for all small enough € > 0,
depending on v. Let sg > 0 be such that S(v, g) is convex for v € {vg,v1} and for all 0 < e < 5.

Fix some v € {vg,v1} and € € [0,50]. Suppose that z; # 29 € S(v,e) N By. Let r denote the
distance dy+ (21, 22). Let ' = 9 —x1, u = «'/r and b = x;. Set ¢ = {,,;, and note that ¢, ;(0) = 21
and ¢, p(r) = x2. Since Bj is convex, the set S(v,e) N By is also convex. Hence, the entire interval
(0,7) belongs to the set on the left side of (5.4) and, hence, that r < £'/#X<, Since 2; and zo were

arbitrary, this shows that the diameter of S(v,e) N By is O(e'/*%) as desired.

6. ANISOTROPIC BANACH SPACES AND TRANSFER OPERATORS

In this section, we define the Banach spaces on which the transfer operator and resolvent asso-
ciated to the geodesic flow have good spectral properties.
The transfer operator, denoted L, acts on continuous functions as follows:

Lif = fog, felCX),teR. (6.1)
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For z € C, the resolvent R(z) : Co(X) — C(X) is defined formally as follows:

R(z)f = /OOO e FLf dt.

If I" is not convex cocompact, we fix a choice of 3 > 0 so that Theorem 4.1 holds and set V' = Vj.
If " is convex cocompact, we take V = V3 =1 and we may take 3 as large as we like in this case.
Note that the conclusion of Theorem 4.1 holds trivially with this choice of V. In particular, we
shall use its conclusion throughout the argument regardless of whether I' admits cusps.

Denote by C5¥T1(X)M the subspace of C¥+1(X) consisting of M-invariant functions, where M is
the centralizer of the geodesic flow inside the maximal compact group K. In particular, C*+1(X)M
is naturally identified with the space of Cf‘H functions on the unit tangent bundle of H%/I’;
cf. Section 2. The following is the main result of this section.

Theorem 6.1 (Essential Spectral Gap). Let k € N be given. Then, there exists a seminorm ||-||,
on CF1 (XM | non-vanishing on functions whose support meets Q, and such that for every z € C,
with Re(z) > 0, the resolvent R(z) extends to a bounded operator on the completion of C*1(X)M
with respect to ||-||, and having spectral radius at most 1/Re(z). Moreover, the essential spectral

radius of R(z) is bounded above by 1/(Re(z) + o¢), where
oo :=min {k, 5} .

In particular, if I' is convex cocompact, we can take og = k.

By the completion of a topological vector space V' with respect to a seminorm ||-||, we mean the
Banach space obtained by completing the quotient topological vector space V/W with respect to
the induced norm, where W is the kernel of ||-||.

The proof of Theorem 6.1 occupies Sections 6 and 7.

6.1. Anisotropic Banach Spaces. We construct a Banach space of functions on X containing
C® functions satisfying Theorem 6.1.

Given r € N, let V- denote the space of all C" vector fields on Nt pointing in the direction of
the Lie algebra n~ of N~ and having norm at most 1. More precisely, V,~ consists of all C" maps
v: Nt = n~, with C" norm at most 1. Similarly, we denote by V? the set of C" vector fields
v: Nt — a:= Lie(A), with C" norm at most 1. Note that if w € a is the vector generating the
flow g4, i.e. gy = exp(tw), then each v € VY is of the form v(n) = ¢(n)w, for some ¢ € C"(N+) such

that HqﬁHcr(Nﬂ < 1. Define
V, =V, uV.
For v € Lie(G), denote by L, the differential operator on C'(X) given by differentiation with
respect to the vector field generated by v. Hence, for p € C1(G/TI),

) = lim p(exp(sv)x) — p(z)

s—0 S

Lyp(x

For each k € N, we define a norm on C*(N*) functions as follows. Letting V* be the unit
ball in the Lie algebra of N*, 0 < ¢ < k, and ¢ € CF(N1), we define ¢;(¢) to be the supre-
mum of |Ly, -+ Ly, (¢)] over Nt and all tuples (vi,...,v,) € (VT).. We define |¢||ox to be

Z?:o ce(9)/(20Y). One then checks that for all ¢y, ¢ € CF(NT), we have
[p102llcr < l[@1llen [|@2llcn - (6.2)
Following [GL06, GLOS], we define a norm on C¥*!(X) as follows. Given f € C*(X), k,¢
non-negative integers, v = (y1,...,7) € V£+e (i.e. £ tuple of C**¢ vector fields) and 2 € X, define

1 “u 1
Vi) " e (VY

ek,é,w(fQ T) =

o Qb(n)L'yl(n) T L'yg(n)(f) (gs’rll‘) d/j;(n) ) (63)
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where the supremum is taken over all s € [0, 1] and all functions ¢ € C*+*(N;") which are compactly
supported in the interior of N;" and having HQZ’”C’C“(N{”) <1.

For v € V1€+€+1’ we define eﬁwﬁ(f;x) analogously to ey ¢~ (f;x), but where we take s = 0 and
take the supremum over ¢ € C*+1(NT_ ) instead? of C¥+(N;"). Given r > 0, set

1/10
Q. =N Q. (6.4)
We define
ekt (f) = sup epey(f;2), ere(f) = sup exeq(f) (6.5)
zeQy YEV L,
Finally, we define || f||, and | f||} by
o= gpsencds) Wlhom 2, s ool i) (6.6)

Note that the (semi-)norm || f||;, is weaker than || f||, since we are using more regular test functions
and vector fields, and we are testing fewer derivatives of f.

Remark 6.2. Since the suprema in the definition of ||-||, are restricted to points on 7, |||,
defines a seminorm on C**1(X)M. Moreover, since ] is invariant by g; for all ¢ > 0, the kernel of
this seminorm, denoted Wy, is invariant by £;. The seminorm ||-||, induces a norm on the quotient
CH1(X)M /W), which we continue to denote [|-||,..

Definition 6.3. We denote by Bi the Banach space given by the completion of the quotient
CH1(X)M /W), with respect to the norm |||, where CE+1(X)M denotes the subspace consisting
of M-invariant functions.

Note that since [|-||}, is dominated by |||, |||}, descends to a (semi-)norm on C*1(X)M /W
and extends to a (semi-)norm on By, again denoted |-||}..

The following is a reformulation of Theorem 6.1 in the above setup.

Theorem 6.4. For all z € C, with Re(z) > 0, and for all k € N, the operator R(z) extends to
a bounded operator on By with spectral radius at most 1/Re(z). Moreover, the essential spectral
radius of R(z) acting on By, is bounded above by 1/(Re(z) + 0¢), where

oo :=min{k,8}.
In particular, if I' is convexr cocompact, we can take og = k.

6.2. Hennion’s Theorem and Compact Embedding. Our key tool in estimating the essential
spectral radius is the following refinement of Hennion’s Theorem, based on Nussbaum’s formula.

Theorem 6.5 (cf. [Hen93] and Lemma 2.2 in [BGKO07]). Suppose that B is a Banach space with
norm ||-|| and that ||-||" is a seminorm on B so that the unit ball in (B,]-||) is relatively compact in
|-, Suppose R is a bounded operator on B such that for some n € N, there exist constants r > 0
and C' > 0 satisfying

IR ]| < 7 [lol| + Clo]l, (6.7)
for all v € B. Then, the essential spectral radius of R is at most r.

The following proposition, roughly speaking, verifies the compactness assumption of Theorem 6.5

for |||, and |[-[[}.-
Proposition 6.6. Let K C X be such that

sup{V(z): 2 € K} < 0.

Then, every sequence f, € C*Y(X)M | such that f, is supported in K and has || foll, < 1 for all
n, admits a Cauchy subsequence in ||-||}..

4The restriction on the supports allows us to handle non-smooth conditional measures; cf. proof of Prop. 6.6.
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6.3. Proof of Proposition 6.6. We adapt the arguments in [GL06,GL08] with the main difference
being that we bypass the step involving integration by parts over NT since our conditionals u%
need not be smooth in general. The idea is to show that since all directions in the tangent space
of X are accounted for in the definition of |-||, (differentiation along the weak stable directions
and integration in the unstable directions), one can estimate |-}, using finitely many coefficients
er(f;x;). More precisely, we first show that there exists C' > 1 so that for all sufficiently small
£ > 0, there exists a finite set = C Q so that for all f € C**1(X)M, which is supported in K,

1 < CoNfll+ Coup [ 6wy Luyf di, (68)
1

where the supremum is over all 0 < ¢ < k—1, all (vy,...,v¢) € V£+Z+1’ all functions ¢ € Ck“'“l(]\q)
with ||¢||ckresr < 1 and all z; € 2.

First, we show how (6.8) completes the proof. Let f, € C*¥1(K) be as in the statement.
Let ¢ > 0 be small enough so that (6.8) holds. Since C¥T*1(N,) is compactly included inside
CFH(N,), we can find a finite collection {¢; : 7} C C***(N,") which is e dense in the unit ball of
CFHHY(NS). Similarly, we can find a finite collection of vector fields {(vf",...,v") : m} C Vi,
which is € dense in V,f 441 in the Ck++1 topology. Then, we can find a subsequence, also denoted
fn, so that the finitely many quantities

{/ @jLop -+ Lop fo dps, :i’j’m}
N

converge. Together with (6.8), this implies that
Hfm - fnz”;g <&,

for all large enough n1,ng, where we used the fact that || f,||, < 1 for all n. As e was arbitrary, one
can extract a Cauchy subequence by a standard diagonal argument. Thus, it remains to prove (6.8).

Fix some f € C*1(X)™ which is supported inside K. Let an arbitrary tuple v = (vy,...,v) €
Vl£+é+1 be given and set

w:L’Ul '”vaf'
Let ¢ € CkMH(Nf/lO) and write Q = N1710' To estimate €} ,_(f;z) using the right side of (6.8),
we need to estimate integrals of the form
1 1
— (n)y(nz) dug(n), (6.9)
V(z) p2 (NT) Iy :
for all z € 91_/2'

Denote by p : X — [0,1] a smooth function which is identically one on the 1-neighborhood Q!
of Q and vanishes outside its 2-neighborhood. Note that if f is supported outside of Q!, then the
integral in (6.9) vanishes for all z and the estimate follows. The same reasoning implies that

loflle = IFlles sl = 11£1% -

Hence, we may assume that f is supported inside the intersection of K with Q'. In particular, for
the remainder of the argument, we may replace K with (the closure of) its intersection with Q!.
This discussion has the important consequence that we may assume that K is a compact set in

light of Proposition 4.3. Let K; denote the 1-neighborhood of K and fix some z € K1 N Q;/z' By
shrinking €, we may assume it is smaller than the injectivity radius of K;. Hence, we can find a
finite cover By,..., By of K1N Ql_/2 with flow boxes of radius € and with centers = := {z;} C 91_/2‘

Step 1: We first handle the case where z belongs to the same unstable manifold as one of the
x;’s. Note that we may assume that ) intersects the support of p% non-trivially, since otherwise
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the integral in question is 0. Let u € @ be one point in this intersection and let x = uz. Thus,
by (2.5), we get

[ o) o = [ o) dnti = [ oo o)

Let ¢u(n) := ¢(nu). Then, ¢, is supported inside Qu~'. Moreover, since u € Q, Q, = Qu~ ' is a
ball of radius 1/10 containing the identity element. Hence, Qu~! C Nl+ and, thus,

[ o) (o / bu(n)(nz) dia(n).

Fix some € > 0 We may assume that ¢ < 1/10. Note that = belongs to the 1-neighborhood of
K. Then, z = uqy L4, for some i and some us € N, -, by our assumption in this step that z belongs
to the unstable manifold of one of the z;’s. By repeating the above argument with z, u, x, @ and
¢ replaced with x, us, z;, @, and ¢, respectively, we obtain

Sulnne) diitm) = [ ou(mua)(ney) dit (),
Ny Quuy '
Note that @, is contained in the ball of radius 1/5 centered around identity. Since up € NI and
e < 1/10, we see that Quugl C Ny Tt follows that

ulmybtoe) dy () = [ ouaal)in) dis (),
Nl

where ¢u2u(n) = ¢u(nu2) = d’(anu) The function ¢u2u satisfies ||¢u2u”ck+é+1 = ||¢”Ck+@+1 <1
Finally, let ¢1, 02 : N* — [0, 1] be non-negative bump C° functions where ; = 1 on Nl+ and while
9 is equal to 1 at identity and its support is contained inside N;". Since y — ty (i) is continuous
for i = 1,2, by [Rob03, Lemme 1.16], and is non-zero on €7, we can find, by compactness of K, a
constant C' > 1, depending only on K (and the choice of @1, 2), such that

1/C <py (NF)<C,  WyeK Ny (6.10)

Hence, recalling that ¢ = L,, --- L,, f and that V(z) > 1, we conclude that the integral in (6.9) is
bounded by the second term in (6.8).

Step 2: We reduce to the case where z is contained in the unstable manifolds of the z;’s. Let
7 be such that z € B;. Set z1 = z and let zp € (Ng+ - ;) be the unique point in the intersection of
N7 - z; with the local weak stable leaf of 21 inside B;. Let p; € P~ := MAN~ be an element of
the € neighborhood of identity P~ in P~ such that z; = p; zo.

We will estimate the integral in (6.9) using integrals at zp. The idea is to perform weak stable
holonomy between the local strong unstable leaves of 2y and z;. To this end, we need some notation.
Let Y € p~ be such that p; = exp(Y) and set

p; =exp(tY), 2t = py; 20,
for t € [0,1]. Let us also consider the following maps u;" : Nt — Nt and p; : N;t — P~ defined
by the following commutation relations
np; = p, (n)u; (n), Vn € Ny

Recall we are given a test function ¢ € CF+1(NT

11 10)- We can rewrite the integral we wish to

estimate as follows:

[ ot o / o(n)i(npy 20) du (n / $(n ut (n)z0) du (n).
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Let U;” C Nt denote the image of u;7. Note that if ¢ is small enough, U, C N, for all ¢ € [0, 1].
We may further assume that ¢ is small enough so that the map u; is invertible on U, for all
t € [0, 1] and write ¢; := ¢ o (u;")~1. For simplicity, set

pr (n) = By () (n)).
Write my(n) € M and b, (n) € AN~ for the components of p; (n) along M and AN~ respectively
so that
py (n) = mi(n)b; (n).

We denote by J; the Radon-Nikodym derivative of the pushforward of p¥, by u;” with respect to

py,; cf. (2.11) for an explicit formula. Thus, changing variables using n + uf (n), and using the

M-invariance of f, we obtain
o) dit, = [ ormler mnza) ) dut, = [ 1) (br (n)nzo) () di,

where QZ)t is given by
Y= Lgg - Ly f, 0H(n) == Ad(my((w) 7 (n))) (wi((uf) " (n))-

Here, we recall that Ad(M) commutes with A and normalizes N~ so that ! is a vector field with
the same target as v;.

Let b~ denote the Lie algebra of AN~ and denote by 1, : U, x [0,1] — b~ the vector field
tangent to the paths defined by b, . More explicitly, w; is given by the projection of tY to b~.

Denote w;(n) := Ad(m(n))(w}(n)). Then, using the M-invariance of f as above once more, we
can write
(b (n)nzp) — Y (nz)) / 8t n)nzp) dt = /01 L, () (p; (n)nzo) dt.
To simplify notation, let us set w; = w; o u;", and
Foi= Ly Lipout f

Using a reverse change of variables, we obtain for every t € [0, 1] that
/ ¢1(n) L, () (py (n)nzo)J1(n) dut, = / (611) 0 uf (n) Lo, (F) (57 (n)ui” (n)20) ;" (n) dpi,
= [(@h)owl () Lu(F)nzr) - I ) it (o),

where we used the identities p; (n)u;" (n) = np; and z = p; zp. Let us write

®y(n) := (¢1.1) ouf (n) - J; ' (n),

which we view as a test function®. Hence, the last integral above amounts to integrating ¢ + 1

weak stable derivatives of f against a C*t¢ function. Moreover, since ¢ is supported in N1+/10, we

may assume that ¢ is small enough so that ®; is supported in N;~ for all ¢ € [0,1], and meets
the requirements on the test functions in the definition of || f||,. Smce z = 21 belongs to Q2 , by

assumption, we may further shrink e if necessary so that the points z; all® belong to Q7. Thus,
decomposing wy into its A and N~ components, and noting that ||w;|| < &, we obtain the estimate

/‘Pt(n) L (Fy) (nz2) dpz, (n) < e ||f 1, V(z)nz, (N]). (6.11)

5The Jacobians are smooth maps as they are given in terms of Busemann functions; cf. (2.11).
6This type of estimate is the reason we use stable thickenings €2, of € in the definition of the norm instead of €.
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To complete the argument, note that the integral we wish to estimate satisfies

1
[ otz dit, = [ ai,+ [ @) LB du o) de. (612
1
Moreover, recall that zg belongs to the same unstable manifold as some x; € Z. Additionally, since
¢ is supported in N;;lo, by taking e small enough, we may assume that ¢; is supported inside N1J75.
Hence, arguing similarly to Step 1, viewing ¢1J1 as a test function, we can estimate the first term
on the right side above using the right side of (6.8).
The second term in (6.12) is also bounded by the right side of (6.8), in view of (6.11). Here we
are using that y — ,uZ(Nfr ) and y — V(y) are uniformly bounded as y varies in the compact set
Ki; cf. (6.10). This completes the proof of (6.8) in all cases, since ¢ and z were arbitrary.

7. THE ESSENTIAL SPECTRAL RADIUS OF RESOLVENTS

In this section, we study the operator norm of the transfer operators £; and the resolvents R(z)
on the Banach spaces constructed in the previous section. These estimates constitute the proof of
Theorem 6.1. With these results in hand, we deduce Theorem 1.1 at the end of the section.

7.1. Strong continuity of transfer operators. Recall that a collection of measurable subsets
{B;} of a space Y is said to have intersection multiplicity bounded by a constant C' > 1 if for all
i, the number of sets Bj in the collection that intersect B; non-trivially is at most C. In this case,
one has

The following lemma implies that the operators £; are uniformly bounded on By for ¢ > 0.

Lemma 7.1. For every k,£ € NU{0}, v € V,i_w t>0, and z € Q,

erony(Lefsx) <g e Dlep o (f)e P +1/V (2)),

where £(y) > 0 is the number of stable derivatives determined by ~y. In particular, e(v) = 0 if and
only if £ =0 or all components of v point in the flow direction.

Proof. Fix some z € Q and v = (v1,...,v¢) € V,fH. Since the Lie algebra of N~ has the orthogonal
decomposition g_, @ g_24, where « is the simple positive root in g with respect to g;, we have that
gt contracts the norm of each stable vector v € V,_, , by at least e~t. Tt follows that for all v € Vi
and w € VISM,

Lo(Lef) (@) = e Lt (f)(gew),  Luw(Lef) (@) = Lu(f)(9e2), (7.1)
for all f € C*1(X)M where v' = Ad(g;)(v) and ot = etvt if v € Viye and 2 =o' if v € VD,
Moreover, we have

0% < e vl < e

Let ¢ be a test function, f € C*1(X)M and set ¢ = Lﬁi e Lﬁzf. Then, we get

G(n) Ly, -+ Lo, (Lo f) (nx) dpl(n)| = e ="

. (n)(genz) dp(n)| .
Nl

¢
Ny

Let {p; : i € I'} be a partition of unity of Ad(g;)(N;") so that each p; is non-negative, C*°, and
supported inside some ball of radius 1 centered inside Ad(g;)(N;"). Such a partition of unity can
be chosen so that the supports of p; have a uniformly bounded multiplicity”, depending only on

"Note that the analog of the classical Besicovitch covering theorem fails to hold for N with the Cygan metric when
N7 is not abelian; cf. [KR95, pg. 17]. Instead, such a partition of unity can be constructed using the Vitali covering
lemma with the aid of the right invariance of the Haar measure. To obtain a uniform bound on the multiplicity here
and throughout, it is important that such an argument is applied to balls with uniformly comparable radii.
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N*. Denote by I(A) the subset of indices i € I such that there is n;, € N in the support of the
measure fg . with the property that the support of p; is contained in Nf' - n;. In particular, for
i € I'\ I(A), pipig,, is the 0 measure. Then, using (2.4) to change variables, we obtain

Z /N ¢(g-tngt)(ngex) dpg,,(n).

/ (g—imge)(ngez) dp o (n
Ad(ge)(N}F) ieI(A

Setting x; = n;g;x and changing variables using (2.5), we obtain

- ¢(n)(ginz) dpy(n) = e > / pi(nng)p(g—ennige ) (nai) dug, (n). (7.2)

i€I(A)

The bounded multiplicity of the partition of unity implies that the balls Nfr -m; have intersection
multiplicity bounded by a constant Cp, depending only on N*. Enlarging Cj if necessary, we may
also choose p; so that ||p;||ce+e < Co. In particular, Cy is independent of ¢ and .

For each i, let ¢;(n) = pl(nnz)gb(g tnn;gy). Since p; is chosen to be supported inside N n;, then
¢; is supported inside N;". Moreover, since p; is C°°, ¢; is of the same dlﬁerentlablllty class as
¢. Since conjugation by g_; contracts NT, we see that ||¢ o Ad(g—¢)||cree < ||@]lcrse < 1 (note
that the supremum norm of ¢ o Ad(g—¢) does not decrease, and hence we do not gain from this
contraction). Hence, since ||p;||cxre < Co, (6.2) implies that Héiuckw < Cp.

First, let us suppose that ¢ > 1. Then, using Remark 2.2, since x € N; €2, one checks that z;
belongs to N; {2 as well for all <. Hence, we obtain

<e‘5tz

i€l(A)

< Coer(f) ¢ 0 Ad(g—¢)|| cnre €70 Z (s (NTV (). (7.3)
zEI

, S v(genz) dug
Nl

By the log Lipschitz property of V provided by Proposition 4.3, and by enlarging Cj if necessary,
we have V (x;) < CoV (nz;) for all n € N;. It follows that

z:,ugEZNJr wZ<COZ/ V(nx;) dug,(n).

el (A i€l (A

Recall that the balls N1+ -n; have intersection multiplicity at most Cy. Moreover, since the support
of p; is contained inside Ad(g:)(N;"), the balls Nj'n; are all contained in N, Ad(g:)(N;"). Hence,
applying the equivariance properties (2.4) and (2.5) once more yields

> [ vz

V(ngix) dig,,(n) < Coe&/ V(ginx) duZ(n).
ieI(A NS Ad(g¢)(N7) a

N3

Here, we used the positivity of V and that Ad(g—¢)(Ny )N, € N;7. Combined with (7.2) and the
contraction estimate on V', Theorem 4.1, it follows that

| lgma) dyiy < Gi(ee™™V (@) + e (NS Jewen (),

for a constant ¢ > 1 depending on 8. By Proposition 3.1, we have MZ(N;) < Cpd(Ny"), for a
uniform constant C7 > 1, which is independent of z. This estimate concludes the proof in view
of (7.1).
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Now, let s € [0,1] and ¢ > 0. If ¢ + s > 1, then the above argument applied with ¢ + s in place
of ¢ implies that

(n)Lvl e ng (Etf)(gsnl') dﬂg <<ﬁ e_e(v)tek,é,v(f)(E_Btv(x) + 1):“;(Nl+)>

¢
N

as desired. Otherwise, if ¢ + s < 1, then by definition of ey ¢, we have that

()L, - Lu, (Lef)(gsnx) dpit| < epeq(FV (2)pg(NY).

¢
Ny

Since t is at most 1 in this case, the conclusion of the lemma follows in this case as well.
O

As a corollary, we deduce the following strong continuity statement which implies that the
infinitesimal generator of the semigroup L; is well-defined as a closed operator on By with dense
domain. When restricted to C**1(X)M | this generator is nothing but the differentiation operator
in the flow direction.

Corollary 7.2. The semigroup {L; :t > 0} is strongly continuous; i.e. for all f € By,
lim ||L¢f — =0.
i ILef = Flly
Proof. For all f € C*1(X)M  one easily checks that, since V(-) > 1 on any bounded neighborhood
of Q, then
1Lef = Flliy < sup [[Logsf — Lsfllorxy -
0<s<1

Moreover, since f belongs to C**1, the right side above inequality tends to 0 as ¢t — 0 by the mean
value theorem.

Now, let f be a general element of Bj, and suppose that ||£;f — f||, = 0. Then, there is t,, — 0
such that || Ly, f — fll, = ¢ # 0. For every j € N, let f; € C¥1(X)M be such that ||f — f;], < 1/j.

For each j, let n; be large enough such that H'Ctnjfj — f]Hk < 1/j. Then,

|2, s = 1|, < ||£0st = Loy, + | 200y i = 53], + 155 = 11

The last two terms on the right side are each bounded by 1/j by construction. By Lemma 7.1, we
also have that Hﬁtnjf - ﬁtnj f]Hk is O(||f — f;ll,)- It follows that Hﬁtnjf — fHk < 1/j — 0, which
contradicts the hypothesis that || L, f — fl|, = ¢ # 0.

5

7.2. Towards a Lasota-Yorke inequality for the resolvent. Recall that for all n € N,

o) n—1
R(2)" = /0 (Tf_ 1)!6_2t£t dt, (7.4)

as follows by induction on n. The following corollary is immediate from Lemma 7.1 and the fact
that

[e.9] tnfl ot o0 t'rl,fl _R.
z < v e(2)t -1 n )
/0 e dt' /0 e = 1 Re) (7.5)

for all z € C with Re(z) > 0.
Corollary 7.3. For all n,k, € NU{0}, f € CK*L(X)M and z € C with Re(z) > 0, we have

T -1
ek,g(R(z)”f; x) <3 ew(f) ((Re(z)1+ 3y + Eé(i)”) <3 ek,g(f)/Re(z)”.

In particular, R(z) extends to a bounded operator on By with spectral radius at most 1/Re(z).
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Note that Lemma 7.1 does not provide contraction in the part of the norm that accounts for the
flow direction. In particular, the estimate in this lemma is not sufficient to control the essential
spectral radius of the resolvent. The following lemma provides the first step towards a Lasota-Yorke
inequality for resolvents for the coefficients ej o when ¢ < k. The idea, based on regularization of
test functions, is due to [GL06]. The doubling estimates on conditional measures in Proposition 3.1
are crucial for carrying out the argument.

Lemma 7.4. For allt > 2 and 0 < /¢ < k, we have
ene(Lof) <pp e Mepo(f) + eholf)-

Proof. Fix some 0 < ¢ < k. Let € Qi and ¢ € C*¥™(N{"). Let (v;); € Vf,, and set F =
Ly, --- Ly, f. We wish to estimate the following:

sup [ p(n)F(gipsna) du.
0<s<1JN

To simplify notation, we prove the desired estimate for s = 0, the general case being essentially
identical.

Let € > 0 to be determined and choose 1. to be a C°° bump function supported inside N~ and
satisfying |[¢)e||c1 < 7!, Define the following regularization of ¢

e

where du denotes the right-invariant Haar measure on N . Recall the definition of the coefficients
¢r above (6.2). Let 0 <m < k+ £ and (w;) € (V7)™. Then,

Ly, (0)(n) — Luy, -+ Lu,, (9) (un)[¢he (u) du
J e(u) du
[ dist(n, un).(u) du
J ¥e(u) du '
Now, note that if 1.(u) # 0, then dist(u,id) < e. Hence, right invariance of the metric on N*
implies that ¢y, (¢ — Mc(9)) < ecm+1(9).

Moreover, we have that ¢,;,,(M:(¢)) < ¢n(p) for all 0 < m < k + £. It follows that cxyp(d —
M (¢)) < 2cx1¢(¢). Finally, given (w;) € (V)1 integration by parts gives

Lw1 ... ka+£+l(M€(¢))(n) _ fN+ sz ... Lu‘?;f;(jzi()u;g . Lw1 (1/15)(10 du.

In particular, since [|¢:[ o1 < €71, we get cpipp1(Me(@)) < e tege(d). Since g, expands N T by
at least e, this discussion shows that for any ¢ > 0, if ||¢||qrse < 1, then

Loy -+ Ly, (6 — Me(6)) ()] < 12

< cmr1(9)

k+0—-1 ot —(k+0)t

e e~ (k+0)

(6 = Me(9)) 0 Ad(g—)llense < & Y S + gz
m=0

kb p—mt =1 = (k1)
IMe(9) 0 Ad(g-1) [ oneen < D, o + g (7.6)

m=0

kt

Then, taking e = e™"*, we obtain

0 F(gma) dut = [ o(n)F(gume) du
Nl

- / (6 — Me(6))(n) Fginz) dp + / Me()(m)Fgena) dyc. (7.7)
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To estimate the second term, we recall that the test functions for the weak norm were required

to be supported inside N1 /10" On the other hand, the support of M.(¢) may be larger, but still

inside Nf .- To remedy this issue, we pick a partition of unity {pi:i €I} of ]\72+ , so that each
pi is smooth, non-negative, and supported inside some ball of radius 1/20. We also require that
| pill cr+esr < 1. We can find such a partition of unity with bounded cardinality and multiplicity,
depending only on N* (through its dimension and metric).

Similarly to Lemma 7.1, we denote by I(A) C I, the subset of those indices 7 such that there is

some n; € Nt in the support of of p¥ so that the support of p; is contained inside Nl 10 M- In
particular, for ¢ € I'\ I(A), p;ul is the 0 measure.
Now, observe that the functions n + p;(nn;)M.(¢)(nn;) are supported inside N, . Thus,

1/10°
writing z; = n;g1x, using a change of variable, and arguing as in the proof of Lemma 7.1, cf. (7.3),
we obtain

/M F(ginx) dplt = e Z /Pz )) © Ad(g—1)(n) F(g—1ng1) dpg, ,
i€l (A
< e o) Y 1(piM(@)) 0 Ad(g—) | gress - V(i) iy, (NT).
1€I(A)

The point of replacing z with g1z is that since x belongs to N {2, g1z belongs to N, /2(2 which

satisfies the requirement on the basepoints in the definition of the weak norm.
Note that the bounded multiplicity property of the partition of unity, together with the doubling
property in Proposition 3.1, imply that
D mi (NT) < g (N5) < g (NY).
iel
Moreover, combining the Leibniz estimate (6.2) with (7.6), we see that the C*T**1 norm of

(piMc(d)) o Ad(g—¢) is Og(1). Hence, by properties of the height function V' in Proposition 4.3, it
follows that

/ Me(@)(n)F(gunz) du <, € o())V (@) (N7 ).

Using a completely analogous argument to handle the issues of the support of the test function,
we can estimate the first term in (7.7) as follows:

1 / —kt
T a0 = M) () Fgin) dpy <i, e e ()
V(@) (NY) vy
Since (v;) € Vl€+£7 z € Q] and ¢ € C*(N") were all arbitrary, this completes the proof. O

It remains to estimate the coefficients ey ;. First, the following estimate in the case all the
derivatives point in the stable direction follows immediately from Lemma 7.1.

Lemma 7.5. For all v = (v;) € (Vy;)¥, we have

ek ke (R(2)"f) <p exk(f)-

1
(Re(z) + k)™
Proof. Indeed, Lemma 7.1 shows that

ek (Lif) < e e r(f).

Moreover, induction and integration by parts give | [ t"= e~ (4Rt /(n — 1)dE| < 1/(Re(z) + k).
This completes the proof. O
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To give improved estimates on the the coefficient ey, in the case some of the components
of v point in the flow direction, the idea (cf. [AG13, Lem. 8.4] and [GLP13, Lem 4.5]) is to take
advantage of the fact that the resolvent is defined by integration in the flow direction, which provides
additional smoothing. This is leveraged through integration by parts to estimate the coefficient
€k,k DY €k k—1-

To see how such estimate can be turned into a gain on the norm of the resolvents, follow-
ing [AG13], we define the following equivalent norms to ||-||,. First, let us define the following
coefficients:

€k 0</t<k,
€k ls ‘=

su e > ) Chkw = sup €k k,y-
Pre(vy )k by , YEVEN(Var)*

Given B > 1, define

k

erts(f) o (f)

1l 5,s = Z Bsg ’ 1l 5w = Bwk .
=0

Finally, we set

Hf”k,B = ”fHk,B,s + HfHk,B,w' (7.8)
Lemma 7.6. Let n,k € N and z € C with Re(z) > 0 be given. Then, if B is large enough,
depending on n,k, 8 and z, we obtain for all f € C*1(X)M that

n 1
HR(Z) f’ k,B,w < (Re(z) + k4 1)n Hf”k,B :

Proof. Fix an integer n > 0. We wish to estimate integrals of the form

oo yn ,—zt
o)L+ Lo ([ Lnf ) (u) di)
Nt 0

n!
ootne—zt
— [ ot [T
N1+ 0 n.:

with 0 < s <1 and at least one of the v; pointing in the flow direction.

First, let us consider the case v points in the flow direction. Then, vg(u) = ¥ (u)w, where w
is the vector field generating the geodesic flow, for some function vy, in the unit ball of C2¢(NT).
Hence, for a fixed v € Nfr , integration by parts in ¢, along with the fact that f is bounded, yields

Lv1 e ka (*Ct-‘rsf) (ux) dt d/fzt (u),

[e'e) tnefzt
/0 B Loy Luy - Loy (Lo f) ) e

o) tn—le—zt

00 ne—zt
=)z [ Ly L (G ) dt =) [ L L (G ) )

n! 0
= Y (u)zLy, -+ Loy (LsR(2)" ™ f)(uz) = Yg(w) Ly, - - Loy, (LsR™(2) f) (uz).

Recall by Lemma, 7.1 that e, (R(2)" f) <3 ex(f)/Re(z)" for all n € N; cf. Corollary 7.3. It follows
that

e (R(™1) < ensa (R + Elensa (R < (ol ) ewsca(h),

In the case vy points in the stable direction instead, we note that Ly Ly = Ly Ly + Ly, ) for any
two vector fields v and w, where [v, w] is their Lie bracket. In particular, we can write Ly, - - - Ly, as
a sum of at most k terms involving k£ — 1 derivatives in addition to one term of the form L., - - - Ly, ,
where wy, points in the flow direction. Each of the terms with one fewer derivative can be bounded
by err—1(R(2)" 1 f) <p exr—1(f)/Re(z)"t1, while the term with k derivatives is controlled as in
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the previous case. Hence, taking the supremum over v € Vé“k \ (]/Q_k)”C and choosing B to be large
enough, we obtain the conclusion. O

7.3. Decomposition of the transfer operator according to recurrence of orbits. In order
to make use of the compact embedding result in Proposition 6.6, we need to localize our functions
to a fixed compact set. This is done with the help of the Margulis function V. In this section, we
introduce some notation and prove certain preliminary estimates for that purpose.

Recall the notation in Theorem 4.1. Let Ty > 1 be a constant large enough so that e70 > 2.
We will enlarge Ty over the course of the argument to absorb various auxiliary uniform constants.
Define Vj by

Vo = 70, (7.9)

Let py, € C°(X) be a non-negative M-invariant function satisfying py;, = 1 on the unit neighbor-
hood of {z € X : V(z) <V} and py, =0 on {V > 2Vp}. Moreover, we require that py, < 1. Note
that since Ty is at least 1, we can choose py;, so that its C?* norm is independent of Tj.

Let 91 = py, and 92 =1 — 1;. Then, we can write

Ly f = L1f + Lof,
where £;f = Lr, (i f), for i € {1,2}. Tt follows that for all j € N, we have

J
EjTOf = Z Zwl T Ew]f = Z EjTo (¢wf)7 w‘w = H ¢wz © g—(j—i)To' (710)

we{1,2}9 wef{1,2}9 i=1
Note that if w; = 1 for some 1 < ¢ < j, then, by Proposition 4.3, we have

sup  V(x) < ePl=Toy, Io.=j—-max{1<i<j:w;=1}. (7.11)
x€supp(Yer)

The following lemma estimates the effect of multiplying by a fixed smooth function such as . To
formulate the lemma, we need the following definition.

Definition 7.7. Given ¢ € C"(X), we use the notation [|1||» to denote the C"-norm of ) along
the unstable foliation. More precisely, we set

. =3 S (7.12)

2i4! 7
i=0

where ¢ (1) denotes the maximum of the sup norm of all order-i derivatives of ¢ along directions
tangent to Nt.

Lemma 7.8. Let ¢ € C?*(X) be given. Then, if B > 1 is large enough, depending on k and
Y| 2x, we have

10f k5,5 < 219Gk x) 1 k.5,
where ||¢||faex) is defined in (7.12).

Proof. Given 0 < /¢ <k and 0 < s <1, we wish to estimate integrals of the form

v+ ¢(n)Lv1 . 'ng (wf)(gsm?) d/‘g(n)-

The term Ly, - - - Ly, (¢ f) can be written as a sum of 2¢ terms, each consisting of a product of an
order-i derivative of 1 by an order-(¢ — i) derivative of f, for 0 < i < ¢. Viewing the product of ¢
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by an order-i derivative of 1 as a C¥T#=% test function, and using (6.2) to bound the C*+*~% norm
of such a product, we obtain a bound of the form

/-1
_ _ 0\ _
B eugaf) < B Cus 3 () B ewiald) + B [l enal )
i=0
l—1 .
< BTChy2" Y B leki(f) + BT llgan eres(f),
i=0
for a suitably large constant depending on k and the C%*-norm of v. Here, we note that the terms
that contribute to the ey s(f) term in the above sum all have the form [+ ¢¥ Ly, - - - Ly, (f) dpk.
1
Summing over ¢, we obtain
k (-1

k
1 _ i u
19 F s =D Feenes@f) < BT'Cru2" Y Y B enis(£) + 1901 1l ps
=0

£=0 i=0
< (B7'Chu2"k + [911E2) 1f 1k, s -
Taking B large enough completes the proof of the lemma. O

The above lemma allows us to estimate the norms of the operators £;, for i = 1,2 as follows.

Lemma 7.9. There exists a constant Cy g > 1, depending only on B and ||pv;| o2k, such that for
all large enough B > 1, we have

A ] —BT,
ol g, = ol ], < o™,

Proof. The first inequality follows by Lemmas 7.1 and 7.8. The second inequality follows similarly
since
¢2(9Tonw) #0= V(gTon‘r) > V.

By Proposition 4.3, this in turn implies that, whenever ¥s(gp,nz) # 0 for some n € N;', then
V(z) > €870, by choice of 4. O

7.4. Proof of Theorems 6.1 and 6.4. Theorem 6.1 follows at once from 6.4. Theorem 6.4
will follow upon verifying the hypotheses of Theorem 6.5. The boundedness assertion follows by
Corollary 7.3. It remains to estimate the essential spectral radius of the resolvent R(z).
Write z = a + ib € C. Fix some parameter 0 < 6§ < 1 and define
o :=min {k, 560} .
Let 0 < € < 0/5 be given. We show that for a suitable choice of r and B, the following Lasota-Yorke
inequality holds:
1f1x,5

(a+ o0 —2¢)rtl

where C’,;’ 8.B.rT, = 1 is a constant depending on the parameters in its subscript, while ¥, 9 : X —

HR(Z)T—HfHk’B < + C]/C,,B,B,T,TO H\I'T,an;g? (7'13)

[0,1] is a smooth function vanishing outside a sublevel set of the Margulis function V', and whose
support depends on r and 6.

First, we show how (7.13) implies the result. Hennion’s Theorem, Theorem 6.5, applied with the
norm |[|-[| = |-, p and the semi-norm ||| = [|¥,ge|,, implies that the essential spectral radius of
R(z), with respect to the norm |[|-[[,, g, is at most 1/(a + o — 2¢). Equivalence of the norms |||,
and |||, 5 implies that the same estimate also holds for the essential spectral radius pess(R(z))
with respect to ||-||,. Note that the compact embedding requirement follows by Proposition 6.6
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again by equivalence of the norms [|-[|; and |-[[; . Since € > 0 was arbitrary, this shows that
Pess(R(2)) < 1/(a+ o). Finally, as 0 < § < 1 was arbitrary, we obtain that

1
Pess(R(2)) < Re(2) + 00’

completing the proof.
To show (7.13), let an integer > 0 be given and J, € N to be determined. Using (7.10) and a
change of variable, we obtain

1 [ee) trefzt
R(=) 1S = /0 Lof dt

r!
To {re—?t 9] {re—2t Jr (J+1)To {re—?t
:/ < ﬁtfdt+/ ¢ Etfdt+2/ Cr.f d.
0 T. (Jr"rl)TO T. = iTo T.

First, by Lemma 7.6, if B is large enough, depending on 7,k and z, we obtain

1
1B g < st M s

It remains to estimate |R(z)" ™ f||, 5 . Note that fOTO tri_!at dt < Tyt /rl. Hence, taking r large

enough, depending on k, a, 8 and Ty, and using Lemma 7.1, we obtain for any B > 1,

To {2t To tre—at 1
Lo f dt < / dt < .
| gt <l [ S S o Wl

r!
Similarly, taking J,. to be large enough, depending on k, a, 8, and r, we obtain for any B > 1,

[ee) tre—zt [e’e) tre—at 1
/ o <slils [

< |
Jr+1)TO 7"! (Jr+1)TO 7’! (a —+ k’ + 1)T+1

[ fllk, -

k,B,s

To estimate the remaining term in R(z)"*1f, let 1 < j < J, and w = (w;); € {1,2} be given.
Let 6, denote the number of indices ¢ such that w; = 2. Then, it follows from Lemma 7.1 and
induction on Lemma 7.9 that

1esit WDl 5 1570 W)y = || 00 Ly ]| < CLpem®=T0 ]

k,B,s >
(7.14)

where C}, g is the constant provided by Lemma 7.9. We shall assume that Cj, 5 is taken than the
implicit constant in the first inequality.

Suppose 05 > 05. Then, by taking Ty to be large enough so that C’,Z;,l < 910 we obtain

I1Cerim (W)l s < €070 |

The case 0 < 05 is addressed in the following lemma. Its proof is given in Section 7.4.1 below and
is an application of Lemmas 7.1, 7.4, and 7.8.

k,B,s *

Lemma 7.10. Assume B > 1 is chosen large enough, depending on k and r, and that Ty > 1 is
chosen large enough depending k,3 and €. Then, there exists a sublevel set K, g of the Margulis
function V' and a smooth function U, g : X — [0, 1] vanishing outside the unit neighborhood of K, g

so that the following hold. For all1 < j < J,, and all @ € {1,2} with 05 < 0], we have

Hﬁt""jTo (1/1wf)\|k7375 < e~ (k=€)(t+35To) If

for a suitably large constant Cy g g, 1, > 1.

k5.5 T Crp Bt [Yrofll),
lkpstC 190 fll:
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Putting the above estimates together, we obtain

JT (.7+1)T0 tre—zt JT TO (t+ - r_—at

g iTo)"e
> / ) ——Lof dt <3 e $ S L (e Dl
j=1"710 kBs 71 wef12y 7"

Jr To (t+ . r —at
lato—e)j JTo)"e
< ||f” e (ato 6)]T0/ dt
k,B,st; 0 !

To (t—i—jTo)Teiat

dt
r!

Jr
+ Crppr [Orfll} Y 2em 70 /
j=1 0

JIr tre—(a—i-o—e)t

< Il [T Ol 190

where we take Cj, 8.BrT, = 1 tO be a constant large enough so that the last inequality holds.
Next, we note that

JIr tref(a#»crfe)t 00 tref(a+afe)t 1
R dt = -
1 7'! 0 ’I"! (a + o — €)T+

Thus, taking r to be large enough depending on a and 7y, and combining the estimates on
Rz f||,. ., and ||R(2)"T1f]|, 5 ., we obtain (7.13) as desired.

7.4.1. Proof of Lemma 7.10. Let w € {1,2} be such that 65 < 0j. By Lemma 7.4, for all
0 < /¢ < k, we have
ek t(Lisjy (W f)) <ig e e (Yo f) + €f (Vs f),

where we may assume that Ty is at least 2 so that the hypothesis of Lemma 7.4. For the coefficient
exk, Lemma 7.1 shows that for any v € (V,)*, we have

et tory (Loa iy (W f)) g e P ep 1 (4 f).

Hence, summing over ¢, we obtain

1Ce+im (W)l g, < Crge T W fly, ps + Crps VSl

for suitable constants Cj 3 > 1 and Cj 33 > 1 depending on the parameters in their respective
subscripts.

Our next task is to remove the dependence over w in the right side of the above estimate. By
taking B large enough, depending on the maximum over 1 < j < J, and w € {1,2}’ of the
C?F_-norm of the functions 1, we may apply Lemma 7.8 to get

[V fllrps < 2 [1¥llcan 1 lk5,

where the unstable norm |[|-|| e« is defined in (7.12).

By the formula (7.10) for ¢, the functions 1, are given by a product of j functions of the
form py, and 1 — py;, composed by g_; for suitable ¢ > 0. Since composition by g_;, t > 0, is
non-expanding on the unstable norm |-|| ¢z, we get

1 llGar < llove e -

By enlarging the constant C} g if necessary, we may assume it is larger than 2 ||py; || c2x. Thus, we
obtain the bound:

i1 —k(t+j
L1570 W Pl ps < CLE €T Fll 5 s + Crop i [0 £ -

To put the term ||t f ||;c in a form where we can apply Hennion’s Theorem 6.5, we take advantage
of the bound 6, < 6j. To this end, note that the bound 6, < €5 and the formula (7.11) for the
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support of 15 imply that there is a sublevel set K, g of the Margulis function V', depending only
on 0 and J,, such that the following holds. For every 1 < j < J, and all w € {1, Q}j with 6, < 67,
the function 15 is supported inside K, 9. Let ¥, 5 : X — [0,1] denote a smooth bump function
which is identically 1 on K, g and vanishes outside the unit neighborhood of K, y. Then, for every
w with 05 < 07, we have that 1 = ¥V, 9. Hence, arguing as in the proof of Lemma 7.8 with
|[I% in place of Il 5.s» We obtain

1Vl = 1Yo fly <kzo.a, 1Yo fll) -
Here, the dependence of the implicit constant arises from the norm |[¢z||2r. Hence, taking Tp
large enough so that Cf; < ek(t+3T0) - and combining the above estimates, we obtain

|Leimo W Dl ps < € F" VNl g o + Crop b 1ra £,

for a suitably large constant Cj g g, 7, > 1.

7.5. Proof of Theorem 1.1. Recall the notation in the statement of the theorem. We note that
switching the order of integration in the definition of the Laplace transform shows that

prae) = [ RE)g S, Re(z) >0

In particular, the poles of jr 4 form a subset of the set of poles the resolvent R(z).

On the other hand, Corollary 7.2 implies that the infinitesimal generator X of the semigroup L;
is well-defined as a closed operator on By with dense domain. Moreover, R(z) coincides with the
resolvent operator (X —zid)~! associated to X, whenever z belongs to the resolvent set (complement
of the spectrum) of X.

We further note that the spectra of X and R(z) are related by the formula o(X) = z—1/0(R(z)).
In particular, by Theorem 6.4, in the half plane Re(z) > —oy, the poles of R(z) coincide with the
eigenvalues of X. In view of this relationship between the spectra, the fact that the imaginary axis
does not contain any poles for the resolvent, apart from 0, follows from the mixing property of the
geodesic flow with respect to mPMS as shown in Lemma 7.11 below.

Finally, we note that in the case I has cusps, 5 was an arbitrary constant in (0, A/2), so that
we may take oo in the conclusion of Theorem 6.4 to be the minimum of k£ and A/2 in this case.
This completes the proof of Theorem 1.1.

7.6. Resonances on the imaginary axis. In this section, we study the intersection of the spec-
trum of X with the imaginary axis.

Lemma 7.11. The intersection of the spectrum of X with the imaginary azis consists only of the
etgenvalue 0 which has algebraic multiplicity one.

First, we need the following lemma relating our norms to correlation functions.

Lemma 7.12. For all f,¢ € C2(X)™, we have that [ f - dmBMS <, | f||}, where the implied
constant depends on ||¢||o2 and the injectivity radius of its support.

Proof. Using a partition of unity, we may assume ¢ is supported inside a flow box. The implied
constant then depends on the number of elements of the partition of unity needed to cover the
support of ¢. Inside each such flow box, the measure mPMS admits a disintegration in terms of
the conditional measures pl averaged against a suitable measure on the transversal to the strong
unstable foliation. Thus, the lemma follows by definition of the norm by viewing the restriction of
© to each local unstable leaf as a test function. g

Proof of Lemma 7.11. In what follows, we endow elements ¢ of C2(X) with the norm [|¢||¢2 given
by multiplying the C?-norm of ¢ with a suitable power of the reciprocal of the injectivity radius of
its support so that [|¢| 2 dominates the implicit constant depending on ¢ in Lemma 7.12. Such
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power exists by the proof of the lemma. The dual space C?(X)* is endowed with the corresponding
dual norm.

First, we note that, since By, C B; for all k > 1, it suffices to prove the lemma for the action
of X on By. Let ® : B; — C%(X)* denote the linear map which extends the mapping f ~
(o = [ f dnBMS) from C2(X)M to the dual space C?(X)*. The fact that this mapping extends
continuously to By follows by Lemma 7.12. We claim that ® is injective. This claim is routine in
the absence of cusps, and we briefly outline why it also holds in general.

To prove this claim, note first that the coefficients e o(+;z) and eq1(+;x) extend from C? to
define seminorms on B;. In particular, given any f € By and f,, € C?(X)M tending to f in B,
we have eq ¢(f;2) = limy 00 €1,¢(fn; ) for £ = 0,1 and for every z € Ny €. Since the coefficient
e1¢(f) is defined by taking a supremum over z, it follows that we can find a sequence z,, € N~Q
such that e ¢(f;xm) converges to ey ¢(f). In particular, we obtain

617€(f> = nlgnoo nhﬂnolo el,f(fn§ xm) (715)

Now, suppose f € Bj is in the kernel of ® and let f, € C?(X)M be a sequence of functions
converging to f. By continuity, ®(f,,) tends to 0 in C?(X)*. One then checks that this implies that
for every fixed z € Ny 2, we have that® e; o(f,;2) — 0 as n — oo. Hence, by (7.15), we get that
e10(f) = 0. Since ||f||} < e10(f), this shows that ||f||] = 0, and hence ® is injective as claimed.

We now show that this injectivity implies the lemma. Via the relationship between the spectra
of X and the resolvents (cf. Section 7.5), Theorem 6.4 implies that the intersection of the spectrum
o(X) with the imaginary axis consists of a discrete set of eigenvalues. Similarly, finiteness of the
multiplicities of each of these eigenvalues is a consequence of quasi-compactness of the resolvent.

Let b € R be such that ib is one such eigenvalue with eigenvector 0 # f € By and note that this
implies that £;f = ¢ f. We show that ®(f) is a multiple of the measure mPMS, This implies that
b = 0 by injectivity since mPMS is the image of the constant function 1 under ®. To do so, we
use the fact that the geodesic flow is mixing? with respect to mPMS by work of Rudolph [Rud82]
and Babillot [Bab02]. Let ¢ € C2(X) be arbitrary and let 6,, = [ f, dmP®MS and ¢ = [ ¢ dmBMS.
Then, for every t > 0 and n € N, we have

D)) — bt < ]@(fma) - [ otusu dm™e . (7.16)

+ ‘ / oL1fp dmPMS — 6,

By mixing, for every fixed n, the second term can be made arbitrarily small by taking ¢ large
enough. Moreover, since ®(f) = e~ ®(L,f), the first term is bounded by

efibtq)(ﬁtf)(so) o eibt/QOLtfn deMS /(P»thn deMS

The first term in (7.17) is equal to |®(Ls(f — fn)(v)|, which is O, (|| f — fu||;) in view of Lemmas 7.12
and 7.1. Similarly, since f,, converges to f in By, the second term is Oy, (|e=®* — 1| || f||;). To bound
this term, note that one can find arbitrarily large ¢ so that e is arbitrarily close to 1.

Therefore, using a diagonal argument, this implies that we can find a sequence ¢(n) tending to
infinity so that the upper bound in (7.16) tends to 0 with n. If £ # 0, the above argument implies
that 0,, is O,(®(f)(¢)) and hence converges (along a subsequence) to some # € R. In particular,
the values of ®(f) and #mPMS agree on ¢ in this case. If £ = 0, then the above argument shows
that ®(f)(¢) = 0 so that the same conclusion also holds.

+ e~ — 1| . (7.17)

8This is similar to the argument in the proof of (6.8). One proceeds by thickening test functions on N;™ - = to
functions supported in a small box around z and controlling the difference between the integrals using ey o(f»; ) and
the integral against the thickened functions using e1,1(f»). The seminorms ei,1(f») remain bounded since f, — f,
while the integrals against thickened functions tend to 0 since ®(f,) — 0.

9We refer the reader to [BDL18, Corollary 5.4] for this deduction using only ergodicity of the flow.
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The assertion on the algebraic multiplicity, which in particular involves ruling out the presence
of Jordan blocks, is standard and can be deduced from quasi-compactness of the resolvent and the
bound on its norm given in Corollary 7.3 following very similar lines to [BDL18, Corollary 5.4] to
which we refer the interested reader for details. O

7.7. Exponential recurrence from the cusp and Proof of Theorem 1.2. As a corollary
of our analysis, we obtain the following stronger form of Theorem 1.2 regarding the exponential
decay of the measure of orbits spending a large proportion of their time in the cusp. This result
is crucial to our arguments in later sections. The deduction of Theorem 1.2 in its continuous time
formulation from the following result follows using Proposition 4.3 and is left to the reader.

Theorem 7.13. For every ¢ > 0, there exists 1o =g 1/e such that the following holds for all
meN,r>ry),0<0<1andxc N Q. Let H= e3P0 and let xg be the indicator function of the
set {x: V(z) > H}. Then,

pi{ne N Y xu(gema) > 0m | < eIV (2)ud(NT).
1<t<m

Proof. The argument is very similar to the proof of the estimate (7.14), with small modifications
allowing for the height H to be independent of the step size r. This subtle difference from (7.14)
will be important in the application of this result to the proof of exponential mixing in the sequel.

Let ro > 1 to be chosen later in the argument depending on € and 3 and set Vy = e2%70. As
before, let py, : X — [0, 1] denote a smooth compactly supported function which is identically 1 on
{V < Vp} and vanishing outside {V' > 2Vjj}. Let » = 1 — py,. Let r > 1 and define the following
operators:

Li(f) = Lof,  Lao(f) =L (Wf).

Note that, unlike our previous arguments, the operators Li do not provide a decomposition of L,
i.e., L. # L1+ Ly Given m € Nand w € {1,2}"",let L = L, 0+ 0 Ly, . We also have that

Lo(f) = Low(Waf),  where ¢o= [ %o gu
ooy =2
Similarly to Lemma 7.9, Lemma 7.1 implies the bounds
e10(L1f) <z ero(f), e10(Laf) <pg e Poer o f) < e P0ero(f). (7.18)
Let H = 3970, We shall assume that rg is large enough so that H > 2Vp. Define
E, = {nENf:Wg:2:>V(ggrnx) > H, for allﬁzl,...,m}.
Then, for all n € N,
Yoo (gmen) > Tp (n). (7.19)

Indeed, if 1_(n) = 1, and ¢ is such that @, = 2, then V(gs-nx) > H > 2V} and, hence, ¢ (ggnx) =
1. It follows that
Q;Z)w(gmrnl‘) = H 1!J(ggrnm) =1.
C:top=2

This verifies (7.19). Denote by 6, the number of indices ¢ for which wy = 2. Then, we see that

nENfr: Z XH(grenz) > 0m » C U E.

1<l<m w05 >0m
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We wish to apply (7.18) with f the constant function on X. One checks that this f belongs to the
space By and e o(f) < 1. Let C7 > 1 denote a constant larger than e; o(f) and the two implicit
constants in (7.18). Then, applying (7.18) iteratively m times, and using (7.19), we obtain

1 (Ex) < e10(Lo(f)) < CT'e™ =70V (2) ug (Ny Jero(f) < CF" e P00V (a) iy (NY).

Since there are at most 2™ choices of w, the result follows by taking r¢ large enough so that

2mc’{n+1 < efmro, m
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