EXPONENTIAL MIXING VIA ADDITIVE COMBINATORICS

OSAMA KHALIL

ABSTRACT. We prove that the geodesic flow on a geometrically finite locally symmetric space of
negative curvature is exponentially mixing with respect to the Bowen-Margulis-Sullivan measure.
The approach is based on constructing a suitable anisotropic Banach space on which the infinitesimal
generator of the flow admits an essential spectral gap. A key step in the proof involves estimating
certain oscillatory integrals against the Patterson-Sullivan measure. For this purpose, we prove a
general result of independent interest asserting that Fourier transforms of measures on R?, which
do not concentrate near proper affine subspaces, enjoy polynomial decay outside of a sparse set
of frequencies. As an intermediate step, we show that the L?-dimension (1 < ¢ < o0) of iterated
self-convolutions of such measures tend towards that of the ambient space. Our analysis also yields
polynomial bounds on the Patterson-Sullivan mass of neighborhoods of certain proper subvarieties
of the boundary at infinity which are saturated along the vertical foliation.

1. INTRODUCTION

1.1. Exponential mixing and Pollicott-Ruelle resonances. Let X be the unit tangent bundle
of a quotient of a real, complex, quaternionic, or a Cayley hyperbolic space by a discrete, geomet-
rically finite, non-elementary group of isometries I". Denote by g; the geodesic flow on X and by
mPMS the Bowen-Margulis-Sullivan probability measure of maximal entropy for g;. Let ép be the
critical exponent of I'. We refer the reader to Section 2 for definitions. The following is the main
result of this article in its simplest form.

Theorem 1.1. The geodesic flow on X is exponentially mizing with respect to mBMS. More pre-
cisely, there exists o9 = ao(X) > 0 such that for all f € C3(X), g € C?(X) and t > 0,

/)Y(f °0gi-g deMS — /Xf deMS/‘;g deMS + ||f||c’3 Og (e—O'Ot) .

The implicit constant depends on g through its C*-norm and the injectivity radius of its support.

The results also hold for functions with unbounded support and controlled growth in the cusp;
cf. Section 8. Theorem 1.1 follows immediately from the following more precise result showing that
the correlation function admits a finite resonance expansion.

Theorem 1.2. There exists o > 0 such that the following holds. There exist finitely many complex
numbers A1, ..., Ay with —o < Re(\;) < 0, finite-rank projectors 11;, and nilpotent matrices N
acting on the range of Il; for each i, such that for all f € C3(X) with Sy f dmBMS =0, g € C2(X)
and t > 0, we have

N
/X foggdmPMS = Ze“‘i /Xg NI (f) dmPMS 4 [ fllos Og (e77).

i=1
The implicit constant depends on g through its C?-norm and the injectivity radius of its support.

Remark 1.3. The constant ¢ in Theorem 1.2 depends only on non-concentration parameters of
Patterson-Sullivan (PS) measures near proper generalized sub-spheres of the boundary at infinity;
cf. Corollary 7.3 for details. In particular, Theorem 1.2 implies that ¢ does not change if we

replace I' with a finite index subgroup. The interested reader is referred to [MN20, MN21] for
1
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recent developments on a closely related problem yielding uniform resonance-free regions for the
Laplacian operator on random covers of convex cocompact hyperbolic surfaces.

The “eigenvalues” A; above are known as Pollicott-Ruelle resonances. Theorem 1.1 follows from
the above result by taking og to be the absolute value of the largest real part of the \;’s. The
reader is referred to Section 8 for a more precise discussion of the operators II; and N.

Given two bounded functions f and g on X', the associated correlation function is defined by

Prg(t) :—/ fog:-gdmPMS teR.
X

Its (one-sided) Laplace transform is defined for any z € C with positive real part Re(z) as follows:

Pro(z) == /0 e (1) d.

Theorem 1.2 implies that, for suitably smooth f and g, pt, admits a meromorphic continuation to
the half plane Re(z) > —o with the only possible poles occurring at {\;}.

Among the motivations for Theorem 1.2 is the closely related Jakobson-Naud conjecture asserting
that the size of the essential spectral gap of the hyperbolic Laplacian operator for convex cocompact
hyperbolic surfaces is exactly half the critical exponent [JN12].

1.2. L9-flattening of measures on R? under convolution. The key new ingredient in our
proof of Theorem 1.1 is the statement that conditional measures of m®MS along the strong unstable
foliation enjoy polynomial Fourier decay outside of a very sparse set of frequencies; cf. Corollary 1.7.

The key step in the proof is an Li-flattening result for convolutions of measures on R? of in-
dependent interest. Roughly speaking, it states that the L%-dimension (Def. 1.4) of a measure
improves under iterated self-convolutions unless u is concentrated near proper affine hyperplanes
in R% at many scales. The proof of this result provided in Section 6 can be read independently of
the rest of the article.

We formulate here a special case of our results under the following non-concentration condition
and refer the reader to Definition 6.1 for a much weaker condition under which these results hold.

We need some notation before stating the result. Let Dj, denote the dyadic partition of R? by
translates of the cube 27%[0,1)¢ by 27%Z%. We recall the notion of Li-dimension of measures.

Definition 1.4. For ¢ > 1, the Li-dimension of a Borel probability measure p on R?, denoted
dimg p, is defined to be

di ... —logy ZPeDk p(P)e
img p 2:11kn_1>g)1f (0= 1)k

The Frostman exponent of u, denoted dimy p, is defined to be

1 P

We say that Borel measure p on R? is uniformly affinely non-concentrated if for every € > 0,
there exists d(¢) > 0 so that §(¢) — 0 as ¢ — 0 and for all x € supp(u), 0 < r < 1, and every affine
hyperplane W < R%, we have

pWE) 0 B(a,r)) < 6(e)u(B(z,r)), (1.1)

where W) and B(x,r) denote the r-neighborhood of W and the r-ball around x respectively.
The following is our main result on flattening under convolution with non-concentrated measures.
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Theorem 1.5. Let 1 < q < oo and n > 0 be given. Then, there exists € = (q,n) > 0 such
that if p is any compactly supported Borel probability measure on R which is uniformly affinely
non-concentrated, then

dimg(p * v) > dimg v + ¢,

for every compactly supported probability measure v on R% with dimgv < d—1).
In particular, dime p*™ converges to d at a rate depending only on the non-concentration pa-
rameters of |, and, hence, the same holds for dim, p*" for all ¢ > 1.

Remark 1.6. We refer the reader to Section 6 where a quantitative form of Theorem 1.5 is obtained
under a much weaker non-uniform non-concentration condition; cf. Def. 6.1. This quantitative form
is necessary for our applications and the weaker hypothesis is essential in the presence of cusps.

The L2-dimension case of Theorem 1.5 has the following immediate corollary asserting that the
Fourier transform of affinely non-concentrated measures enjoys polynomial decay outside of a very
sparse set of frequencies.

Corollary 1.7. Let u be as in Theorem 1.5 and j1 be its Fourier transform. Then, for everye > 0,
there is T > 0, depending only on the non-concentration parameters of p, such that for oll T > 1,

{IEN< T |a@)| > T} < Co T,

where | - | denotes the Lebesque measure on R?, and Cep > 1 is a constant depending on €, the
diameter of the support of i, and its non-concentration parameters.

Remark 1.8. (1) A large class of dynamically defined measures, which includes self-conformal

measures, is known to be affinely non-concentrated; cf. [RS20, Proposition 4.7 and Corollary

4.9] for measures on the real line and the results surveyed in [DFSU21, Section 1.3] for

measures in higher dimensions under suitable irreducibility hypotheses'. In particular,

Theorem 1.5 applies to these measures generalizing prior known special cases for certain
self-similar measures on R by different methods; cf. [FL09, MS18].

(2) In [BY], it was observed that the proofs of Theorem 1.5, and its quantitative form Theo-

rem 6.3, go through under the following weaker form of (1.1) allowing the ball on the right

side to have a larger radius:
w(WE A B(z,r)) < 8(e)u(B(z, cr)), (1.2)

where ¢ > 1 is a fixed constant. This property holds for instance for certain self-similar
measures which do not satisfy (1.1), e.g. in the absence of separation conditions.

(3) Our proof in fact shows that Theorem 1.5 holds for projections of non-concentrated mea-
sures; cf. Theorem 6.3 and Corollary 6.4. Beyond the intrinsic interest in the study of
projections of fractal measures, this stronger form is essential in our proof of exponential
mixing outside the case of real hyperbolic spaces; cf. Section 1.5 for further discussion.

Corollary 1.7 generalizes the work of Kaufman [Kau84] and Tsujii [Tsul5] for self-similar mea-
sures on R by different methods. Theorem 1.5 was obtained for measures on the real line by
Rossi and Shmerkin in [RS20] under the uniform non-concentration hypothesis above. Their work
builds crucially on a 1-dimensional inverse theorem due to Shmerkin in [Shm19] which was the
key ingredient in his groundbreaking solution of Furstenberg’s intersection conjecture. Proposi-
tion 6.14 can be regarded as a higher dimensional substitute for Shmerkin’s inverse theorem. A
similar higher dimensional inverse theorem for L%-dimension was announced by Shmerkin in his
ICM survey [Shm21, Section 3.8.3].

In Section 7, we show that Corollary 1.7 applies to PS measures when X is real hyperbolic (and
to certain projections of these measures in the other cases, see discussion in Section 1.5 below).

IThe results referenced in [DFSU21] require the open set condition, while [RS20] does not.
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For convex cocompact hyperbolic surfaces, Bourgain and Dyatlov showed that PS measures
in fact have polynomially decaying Fourier transform [BD17]. Their methods are different to
ours and are based on Bourgain’s sum-product estimates. Their result was extended to convex
cocompact Schottky real hyperbolic 3-manifolds in [LNP21] by similar methods. These results
imply Corollary 1.7 in these special cases, however Corollary 1.7 also applies to measures whose
Fourier transform does not tend to 0 at infinity (e.g. the coin tossing measure on the middle 1/3
Cantor set). In forthcoming work, we apply our methods to generalize these results to hyperbolic
manifolds of any dimension which are not necessarily of Schottky type.

1.3. Polynomial decay near proper subvarieties. Theorem 1.5 has the following important
consequence regarding polynomial decay of the PS mass of neighborhoods of certain proper subva-
rieties of the boundary at infinity, which are saturated along the vertical foliation. This result is of
independent interest. Denote by N the expanding horospherical group associated to g; for ¢ > 0,
the orbits of which give rise to the strong unstable foliation. Let N, be the r-ball around identity
in Nt (cf. Section 2.4 for definition of the metric on NT). Let N} denote the abelianization
NT/[N*t,NT|. Finally, let 2 C X be the non-wandering set for the geodesic flow; i.e. the closure
of the set of its periodic orbits.

Theorem 1.9. Let x € Q. Then, there exist C,k > 0 such that for all € > 0 the following holds.
Let L C N be the preimage of any proper affine subspace of the abelianization N;) and let L) be
its e-neighborhood. Then,

pt (£O N NF) < C=m (V).
The constants C and k can be chosen to be uniform as x varies in any fired compact set.

We refer the reader to Theorem 6.23 for a more general version of this result. Theorem 1.9 was
obtained in [DFSU21, Lemma 3.8] in the case of real hyperbolic spaces by completely different
methods. It is worth noting that our proof of exponential mixing only uses Theorem 1.9 in the case
when the space is not real hyperbolic; cf. Remark 4.15 for further discussion.

1.4. Prior results. In the case I' is convex cocompact, Theorem 1.1 is a special case of the
results of [Stol1] which extend the arguments of Dolgopyat [Dol98] to Axiom A flows under certain
assumptions on the regularity of the foliations and the holonomy maps. The special case of convex
cocompact hyperbolic surfaces was treated in earlier work of Naud [Nau05]. The extension to frame
flows on convex cocompact manifolds was treated in [SW20, CS22].

In the case of real hyperbolic manifolds with dp strictly greater than half the dimension of the
boundary at infinity, Theorem 1.1 was obtained in [EO21], with much more precise and explicit
estimates on the size of the essential spectral gap. The methods of [EO21] are unitary representation
theoretic, building on the work of Lax and Phillips in [LP82], for which the restriction on the critical
exponent is necessary. Earlier instances of the results of [EO21] under more stringent assumptions
on the size of dpr were obtained by Mohammadi and Oh in [MO15], albeit the latter results are
stronger in that they in fact hold for the frame flow rather than the geodesic flow.

The case of real hyperbolic geometrically finite manifolds with cusps and arbitrary critical expo-
nent was only recently resolved independently in [LP23] where a symbolic coding of the geodesic
flow was constructed. This approach builds on extensions of Dolgopyat’s method to suspension
flows over shifts with infinitely many symbols; cf. [AM16, AGY06]. The extension of their result to
frame flows was carried out in [LPS23].

Finally, we refer the reader to [DG16] and the references therein for a discussion of the history
of the microlocal approach to the problem of spectral gaps via anisotropic Sobolev spaces.
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1.5. Outline of the argument. For the convenience of the reader, we give a brief outline of the
article. Section 2 recalls some basic facts about geometrically finite manifolds. We then recall
several key results for our proof that were obtained in the prequel article [Kha23]. This includes
Proposition 2.2 on uniform doubling for the conditional measures of mPMS along the strong unstable
foliation, and a Margulis inequality and its consequences on quantitative recurrence away from the
cusp in Section 2.8. In Section 3, we recall from [Kha23] the construction of anisotropic Banach
spaces arising as completions of spaces of smooth functions with respect to a dynamically relevant
norm. we also a spectral gap result on resolvents of the geodesic flow in Theorem 3.3.

Theorem 3.3, roughly speaking, implies the existence of (a possibly non-converging) resonance
expansion of the correlation function as in Theorem 1.2, where the real part of the resnoances \;
may apriori tend to 0 as ¢ — co. The bulk of the article is dedicated to ruling out this possibility.

To this end, a crucial Dolgopyat-type estimate, Theorem 4.2, is established in Section 4, which in
particular rules out this accumulation of resonances on the imaginary axis. This estimate requires
auxiliary technical results proved in Sections 5 and 7. Theorem 4.2 provides a contraction estimate
on the norm of resolvents with large imaginary parts. A sketch of its proof is given in Section 4.1.
Theorems 1.1 and 1.2 are deduced from this result in Section 8. The principle behind Theorem 4.2,
due to Dolgopyat, is to exploit the non-joint integrability of the stable and unstable foliations via
certain oscillatory integral estimates; cf. [Dol98, Liv04, GLP13, GPL22,BDL18|.

A major difficulty in implementing this philosophy lies in estimating these oscillatory integrals
against Patterson-Sullivan measures, which are fractal in nature in general. In particular, we
cannot argue using the standard integration by parts method in previous works on exponential
mixing of SRB measures using the method of anisotropic spaces, see for instance [Liv04, GLP13,
GPL22,BDL18]|, where the unstable conditionals are of Lebesgue class.

We deal with this difficulty using Corollary 6.4 by taking advantage of the fact that the estimate
in question is an average over oscillatory integrals. This idea is among the main contributions of
this article. We hope this method can be fruitful in establishing rates of mixing of hyperbolic flows
in greater generality.

In the case of variable curvature (i.e. when X is not real hyperbolic), the action of the derivative
of the geodesic flow on the strong unstable distribution is non-conformal which causes significant ad-
ditional difficulties in the analysis, particularly in the presence of cusps. We deal with this difficulty
by working with the projection of the unstable conditionals to the directions of slowest expansion
and show that these projections also satisfy the conclusion of Corollary 6.4. See Remarks 4.15
and 4.16 for further discussion.

In Section 5, we obtain a linearization of the so-called temporal distance function. In Section 7,
we verify the non-concentration hypotheses of Corollary 1.7 (more precisely, we verify the weaker
hypothesis of Corollary 6.4) for the projection of the unstable conditionals of mPMS onto the
directions with weakest expansion. This allows us to apply Corollary 6.4 towards estimating the
oscillatory integrals arising in Section 4.

Finally, Section 6 is dedicated to the proof of Theorem 1.5 and Corollary 1.7. Among the
key ingredients in the proof are the asymmetric Balog-Szemerédi-Gowers Lemma due to Tao and
Vu (Theorem 6.10) as well as Hochman’s inverse theorem for the entropy of convolutions (The-
orem 6.12). Theorem 1.9 in its general form, Theorem 6.23, is deduced from these results in
Section 6.10. This section can be read independently from the rest of the article.
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2247713. The author thanks Hee Oh, Peter Sarnak, and Pablo Shmerkin for helpful discussions
regarding this project. The author also thanks Félix Lequen and the referees for detailed reading of
the article and for numerous corrections and comments that significantly improved the exposition.
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2. PRELIMINARIES

We recall here some background and definitions on geometrically finite manifolds.

2.1. Geometrically finite manifolds. The standard reference for the material in this section
is [Bow93]. Let G be the group of orientation preserving isometries of a d-dimensional real, complex,
quaternionic or Cayley hyperbolic space, denoted HE%, where d > 2 for K € {R,C,H}, and d = 2
for K = Q.

Fix a basepoint o € Hﬁ‘é. Then, G acts transitively on ]HI?§ and the stabilizer K of o is a maximal
compact subgroup of G. We shall identify H& with K\G. Denote by A = {g; : t € R} a 1-parameter
subgroup of G inducing the geodesic flow on the unit tangent bundle of Hﬁé. Let M < K denote
the centralizer of A inside K so that the unit tangent bundle TlH% may be identified with M\G.

Let T' < G be an infinite discrete subgroup of G. The limit set of ', denoted Ar, is the set of
limit points of the orbit I' - 0 on BH%. Note that the discreteness of I' implies that all such limit
points belong to the boundary. Moreover, this definition is independent of the choice of o0 in view
of the negative curvature of ]H[%. We often use A to denote Apr when I' is understood from context.
We say I is non-elementary if Ar is infinite.

The hull of Ar, denoted Hull(Ar), is the smallest convex subset of HE containing all the geodesics
joining points in Ar. The convex core of the manifold Hﬁé /T is the smallest convex subset containing
the image of Hull(Ar). We say H% /T is geometrically finite (resp. convex cocompact) if the closed
1-neighborhood of the convex core has finite volume (resp. is compact), cf. [Bow93]. The non-
wandering set for the geodesic flow, denoted €2, is the closure of the set of vectors in the unit
tangent bundle whose orbit accumulates on itself.

Denote by N the expanding horospherical subgroup of G associated to g¢, t > 0. Given g € G,
we denote by gt the coset of P~g in the quotient P~\G, where P~ = N~AM is the stable
parabolic group associated to {g; : ¢ > 0}. Similarly, g~ denotes the coset P*g in PT\G. Since
M is contained in P*, such a definition makes sense for vectors in the unit tangent bundle M\G.
Geometrically, for v € M\G, v™" (resp. v™) is the forward (resp. backward) endpoint of the geodesic
determined by v on the boundary of H%. Given = € G/T, we say z* belongs to A if the same holds
for any representative of x in G this notion being well-defined since A is I' invariant.

Notation. Throughout the remainder of the article, we fix a discrete non-elementary geometrically
finite group I' of isometries of some (irreducible) rank one symmetric space H% and denote by X
the quotient G/T", where G is the isometry group of ]HI%.

2.2. Conformal Densities and the BMS Measure. The critical exponent, denoted dr, is de-
fined to be the infimum over all real number s > 0 such that the Poincaré series Pr(s,0) :=
> er exp(—sdist(o,v - 0)) converges. We shall simply write ¢ for ér when I' is understood from
context. The Busemann function is defined as follows: given z,y € H% and ¢ € OHE, let
v :[0,00) — H% denote a geodesic ray terminating at £ and define

Be(x,y) = lim dist(z,~(t)) — dist(y, 7(2))-

A T-invariant conformal density of dimension s is a collection of Radon measures {Vx tx € Hﬁé} on
the boundary satisfying

dvy

Vilg = Vryg, and &) = ePe(@y) Vr,y € Hﬁé,f € 8Hﬁi<,’y erl.

dv,

Given a pair of conformal densities {p;} and {v;} of dimensions s; and s2 respectively, we can
form a T' invariant measure on T'HE, denoted by m*" as follows: for z = (&1,&2,t) € THE in
Hopf coordinates, we set

dm* (€1, &9, 1) = eSPa (0286, (00) gy (€)Y du, (&) d. (2.1)
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The measure m*" is quasi-invariant by the geodesic flow, and it is invariant if and only if s; = s3.

When T' is geometrically finite and K = R, Patterson [Pat76] and Sullivan [Sul79] showed
the existence of a unique (up to scaling) I'-invariant conformal density of dimension Jr, denoted
{ pbs oz e Hﬁl{}. Geometric finiteness also implies that the measure m#"* 1 descends to a finite
measure of full support on ) and is the unique measure of maximal entropy for the geodesic flow.
This measure is called the Bowen-Margulis-Sullivan (BMS for short) measure and is denoted mPMS,

Since the fibers of the projection from G/I' to T'HE /T are compact and parametrized by the
group M, we can lift such a measure to G/T, also denoted mPMS, by taking locally the product
with the Haar probability measure on M. Since M commutes with the geodesic flow, this lift is
invariant under the group A. By slight abuse of notation, we shall also use {2 to denote the lift of
the non-wandering set to G/I". We refer the reader to [Rob03] and [PPS15] and references therein
for details of the construction in much greater generality than that of Hﬁ‘é.

2.3. Stable and unstable foliations and leafwise measures. The fibers of the projection
G — Tll[-]lﬁi§ are given by the compact group M, which is the centralizer of A inside the maximal
compact group K. In particular, we may lift m®MS to a measure on G/T, also denoted mBMS,
and given locally by the product of mPMS with the Haar probability measure on M. The leafwise
measures of mPMS on Nt orbits are given as follows:

dyit(n) = €0 O DS (na)*). (22)

They satisfy the following equivariance properties for all t € R, n € N* and m € M:
Moo = €T A(Ge)sptly ()bt = 11ty piing = Ad(m)apsl, (2.3)
where (n).ul, is the pushforward of p%, under the map u — un from N to itself, and the last

property follows since M normalizes Nt and leaves mPMS invariant.

2.4. Cygan metrics. We recall the definition of the Cygan metric on NT, denoted dy+. These
metrics are right invariant under translation by N1, and satisfy the following convenient scaling
property under conjugation by g;. For all r > 0, if N,' denotes the ball of radius r around identity
in that metric and ¢ € R, then

Ad(g:)(N,") = NJ,. (2.4)
To define the metric, we need some notation which we use throughout the article. For z € K,
denote by z its K-conjugate and by |z| := v/Zz its modulus. This modulus extends to a norm on

K" by setting [[ul|® := 3, [ui|?, for u = (uy, ..., u,) € K™

We let ImK denote those x € K such that z = —x. For example, ImK is the pure imaginary
numbers and the subspace spanned by the quaternions i,j and k in the cases K = C and K = H
respectively. For u € K, we write Re(u) = (v + u)/2 and Im(u) = (u — u)/2.

The Lie algebra n* of NT splits under Ad(g:) into eigenspaces as n} @ ng,, where nj, = 0 if
and only if K = R. Moreover, we have the identification nf = K?~! and ng, = Im(K) as real
vector spaces; cf. [Mos73, Section 19]. Given (u,s) € n} @ nj,_, we define a quasi-norm on n™ by

1/4
| (w, s)||" := <||u||4 + \8\2) . The distance of n := exp(u, s) to identity is then defined to be

dy+(n,id) == || (u, s)||"- (2.5)
Given ni,ns € NT, we set dy+(n1,n2) = dN+(n1n51,id).

2.5. Local stable holonomy. In this section, we recall the definition of (stable) holonomy maps.
We give a simplified discussion of this topic which is sufficient in our homogeneous setting. Let
z = u "y for some y € Q and u~ € N, . Since the product map N~ x A x M x NT — G is
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a diffeomorphism near identity, we can choose the norm on the Lie algebra so that the following

holds. We can find maps p~ : N;t = P~ = N"AM and u* : Nt — N7 so that
*(n), Vn € N5 . (2.6)

nu” =p (n)u

ut

Then, it follows by (2.2) that for all n € N5, we have dul(u*(n)) = Binay+( (”)y’"x)d,u;‘(n).
Moreover, by further scaling the metrics if necessary, we can ensure that these maps are diffeomor-
phisms onto their images. In particular, writing ®(nz) = u*(n)y, we obtain the following change
of variables formula: for all f € C(Ny),

/ f(n) du(n) = / F((h) "M (n))e ot (W ETHOW) gy, (2.7)

Remark 2.1. To avoid cluttering the notation with auxiliary constants, we shall assume that the
N~ component of p~(n) belongs to N, for all n € N2Jr whenever u~ belongs to N .

2.6. Notational convention. Throughout the article, given two quantities A and B, we use the
Vinogradov notation A < B to mean that there exists a constant C' > 1, possibly depending on
I' and the dimension of G, such that |A| < C'B. In particular, this dependence on I' is suppressed
in all of our implicit constants, except when we wish to emphasize it. The dependence on I' may
include for instance the diameter of the complement of our choice of cusp neighborhoods inside §2
and the volume of the unit neighborhood of 2. We write A <., B to indicate that the implicit
constant depends on parameters = and y. We also write A = O,(B) to mean A <, B.

2.7. Doubling Properties of Leafwise Measures. The goal of this section is to recall important
doubling properties of the leafwise measures. Define the following exponents:
A :=min {9,206 — kmax, kmin }
Ay :=max{J,20 — kmin, kmax | - (2.8)

where knax and knin denote the maximal and minimal ranks of parabolic fixed points of I" respec-
tively. If T has no parabolic points, we set kpax = kmin = 0, so that A = A, = 6.

Proposition 2.2 ([Kha23, Prop. 3.1]). For every 0 <o <5, z € N, Q and 0 <r <1, we have

o pi(N;F) Yo<o<1,0<r<1,

BN <
HeWNor) €9 oot u(NH) Yo >1,0 <7 < 5o,

2.8. Margulis Functions In Infinite Volume. We recall the construction of Margulis functions
on €2 which allow us to obtain quantitative recurrence estimates to compact sets.

Theorem 2.3 ([Kha23, Theorem 4.1]). Let A > 0 denote the constant in (2.8). For every 0 <
B < A/2, there exists a proper function Vi : Ny Q — Ry such that the following holds. There is a
constant ¢ > 1 such that for all x € N{ Q and t > 0,
¥,
—_— Va(ginz) dul(n) < ce P'Va(z) + c.
e (Ny) S 7 ’ ’
The following proposition summarizes the main geometric properties of the functions Vjs.

Proposition 2.4 ([Kha23, Prop. 4.2]). The functions Vg in Theorem 2.3 satisfy the following:

(1) For every x in the unit neighborhood of ), we have that
inj(a:)fl <r V;/ﬁ(l'), edist(x,o) < Vg(l’)oﬁ(l),

where inj(x) denotes the injectivity radius at x and o is our fized basepoint.
(2) Forallg € G and all z € X, ||g||™? Va(z) < Va(gx) < Hg‘lﬂﬁ Va(x).

We also recall the following crucial exponential recurrence result.
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Theorem 2.5 ([Kha23, Theorem 7.13]). For every € > 0, there exists ro <g 1/¢ such that the
following holds for all m € N,r > rp,0 < 0 <1 and x € N; Q. Let H = e3P0 and let xp be the
indicator function of the set {x : V(x) > H}. Then,

pl [ ne N Z X (grenz) > 0m | < e~ 0=y () (NT).
1<t<m

3. ANISOTROPIC BANACH SPACES, TRANSFER OPERATORS, AND FRACTAL MOLLIFIERS

In this section, we define the Banach spaces on which the transfer operator and resolvent asso-
ciated to the geodesic flow have good spectral properties. The transfer operator, denoted L;, acts
on continuous functions as follows: for a continuous function f, let

Lif = [ogr.
For z € C, the resolvent R(z) : Co(X) — C(X) is defined formally as follows:

R(2)f = /000 e AL f dt. (3.1)

If I is not convex cocompact, we fix a choice of 5 > 0 so that Theorem 2.3 holds and set V' = V3.
If T is convex cocompact, we take V = Vg = 1 and we may take § as large as we like in this case.
Note that the conclusion of Theorem 2.3 holds trivially with this choice of V. In particular, we
shall use its conclusion throughout the argument regardless of whether I' admits cusps.

Denote by CET1(X)M the subspace of C**1(X) consisting of M-invariant functions, where M is
the centralizer of the geodesic flow inside the maximal compact group K. In particular, C+1(X)M
is naturally identified with the space of C5*! functions on the unit tangent bundle of HZ /T.

3.1. Anisotropic Banach Spaces. We construct a Banach space of functions on X containing
C* functions and having the desired spectral properties for the action of £; and R(z).

Given r € N, let V- denote the space of all C" vector fields on Nt pointing in the direction of
the Lie algebra n~ of N~ and having norm at most 1. More precisely, V, consists of all C" maps
v: Nt — n~, with C" norm at most 1. Similarly, we denote by V? the set of C" vector fields
v: NT — a:= Lie(A4), with C” norm at most 1. Note that if w € a is the vector generating the
flow g4, i.e. gy = exp(tw), then each v € VY is of the form v(n) = ¢(n)w, for some ¢ € C"(N+) such
that [|[|cr(y+) < 1. Define V, = V- UL

For v € Lie(G), denote by L, the differential operator on C'(X) given by differentiation with
respect to the vector field generated by v. Hence, for p € C1(G/TI),

Lol =ty ep(s0)2) — o)
s—0 S
For each k € N, we define a norm on C*(N7) as follows. Letting Yt be the unit ball in the Lie
algebra of N*, 0 < ¢ <k, and ¢ € C*(N*), we define cy(¢) to be the supremum of |L, - - - Ly, (¢)]
over Nt and all tuples (v, ...,v) € (VF)E. We define [|¢lox to be S35 co(@)/(2041).
Following [GL06, GLOS], we define a norm on C¥*!(X) as follows. Given f € CM(X), k,¢
non-negative integers, v = (y1,...,7) € V,é_e (i.e. £ tuple of C**¢ vector fields) and 2 € X, define

1
p (NY)
where the supremum is taken over all s € [0, 1] and all functions ¢ € C*+*(N;") which are compactly
supported in the interior of N;t and having HQZ’”C’C“(N{”) <1.

ek (fi) = sup

V(z) i SO0 Loy (P lgama) dyiz ()}, (3:2)
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For v € Vl€+€+1’ we define 627677(‘]";%) analogously to ey ¢~ (f;x), but where we take s = 0 and
take the supremum over ¢ € C’k”H(Nf?m) instead? of C*T¢(N;"). Given r > 0, set

Q7 = N-Q. (3.3)
We define
eren(f) = sup ereq(fi2),  ere(f) = sup ereq(f). (3.4)
z€QT YEVE L,
Finally, we define | f|, and | f||; by
171l = max ene(f),  Ifl = I8y ™o Chen(f3 ). (3.5)

Note that the (semi-)norm || f||;, is weaker than || f||, since we are using more regular test functions
and vector fields, and we are testing fewer derivatives of f.

It will also be convenient to introduce the following slightly stronger version of the norm ||-||;;
cf. Remark 3.11. Let C%!(N;") denote the space of Lipschitz functions on N*. We define coefficients
el o(f) and ej ;(f), similarly to the coefficients e1 o and ey,1 respectively in (3.2) and (3.4), but
where, in both coefficients, the supremum is taken over all test functions ¢ € C’U’l(Nfr ) with
|9]lcoa < 1, instead of C*(N;") and C?(N;"). Using these definitions, we introduce the following
seminorm on C?(X):

1A = €lo(f) + el 1(f)- (3.6)

Remark 3.1. Since the suprema in the definition of |||, are restricted to points on €7, |||,
defines a seminorm on C**1(X)M. Moreover, since ] is invariant by g; for all ¢ > 0, the kernel of
this seminorm, denoted Wy, is invariant by £;. The seminorm ||-||, induces a norm on the quotient
CH1(X)M /W), which we continue to denote ||||,. A similar remark applies to ||-||].

Definition 3.2. We denote by Bi the Banach space given by the completion of the quotient
CFH(X)M /W), with respect to the norm |-, where C**1(X)M denotes the subspace consisting
of M-invariant functions. Similarly, we denote by B, the completion of the quotient space C2(X)M
by the kernel of the seminorm ||-||] with respect to the induced norm on the quotient.

The following bound on the essential spectral radius of the resolvent is the main result of [Kha23].

Theorem 3.3 ([Kha23, Theorem 6.4]). For all z € C with Re(z) > 0, the operator R(z) defined
in (3.1) extends to a bounded operator on B, with spectral radius at most 1/Re(z), and essential
spectral radius 1/(Re(z) + 09), for some o9 > 0 depending only on the critical exponent of T’ and
the ranks of its cusps.

Remark 3.4. Theorem 3.3 was obtained in [Kha23] for the norms ||-||,, ¥ > 1, however the proof
extends readily to the norm |[|-||] taking ||-||] as its associated weak norm.

We also recall the following lemma on uniform boundedness of the semigroup {£; : t > 0} on By.
Lemma 3.5 ([Kha23, Lemma 7.1]). For every k,£ € NU{0}, v € VI€+€’ t>0, and z € Q7
erin(Lefi o) <g e =MDy (f)(e P +1/V(x)),

where £(y) > 0 is the number of stable derivatives determined by ~y. In particular, () = 0 if and
only if £ =0 or all components of v point in the flow direction.

2The restriction on the supports allows us to handle non-smooth conditional measures; cf. proof of [Kha23, Prop. 6.6].
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3.2. Fractal Mollifiers. In this section, we introduce certain mollification operators on smooth
functions on X. These operators have the advantage that, roughly speaking, their Lipschitz norms
are dominated by the norms introduced in (3.5). This property is very convenient in the estimates
carried out in Section 4. The idea of using mollifiers to handle analogous steps is due to [BL12].

Fix a non-negative C'*° bump function ¢ supported inside Nf;z and having value identically 1

on N1+/ 4+ We also choose 9 to be symmetric and Ad(M )-invariant, i.e.
Y(n) =¢(nt), Y(mnm™) =(n), Yne€ NT,me M. (3.7)
Given € > 0, define M. : C(X) — C(X) be the operator defined by
wE n U
WD) = [ P f) i) ) = oA (6

Note that 1. is supported inside N;;T

Remark 3.6. The condition that 1.(id) = ¢(id) = 1 implies that for x € X with 2% € Ar,
pl(s) >0, Ve > 0. (3.9)

In particular, since the conditional measures % are supported on points nz with (nx)* € Ar,
the mollifier M. (f) is a well-defined function on all of X. That M.(f) is continuous follows by
continuity of the map x +— p¥ in the weak-* topology; cf. [Rob03, Lemme 1.16].

Remark 3.7. We note that Ad(M)-invariance of 1. and the conditional measures p2 (cf. (2.3))
implies that M.(f) is M-invariant whenever f is.

The first result asserts that M.(f) is a good approximation of f.
Proposition 3.8. For all0 < e <1/10, and t > 1, we have
el o(Le(f = Me(f))) < (e +1)e"el o(f).

In light of this statement, we will in fact only use M. with ¢ = 1/10. However, for clarity, we
state and prove the remaining results for a general value of ¢.

The following results estimate the regularity of mollifiers. Recall the constant Ay > 0 in (2.8).
The first result is an estimate of L type.

Proposition 3.9. For all 0 < e <1 and v € N; €, we have
Mc(f)(@)] < &2 el ())V ().

Finally, we need the following Lipschitz estimate on mollifiers along the stable direction. Recall
the stable parabolic group P~ = N~ AM parametrizing the weak stable manifolds of g;.
Proposition 3.10. For all0 < e <1/10, p~ € P~, and x € X so that = belongs to N3_/49 and p~
is of the form u~gim for u~ € Nl_/107 |t| <1/10 and m € M, we have that

IM:(f)(p~2) = Me(f)(2)] < dist(p™,id)e™ 2+ || f|]] V().

Remark 3.11. The purpose of introducing the norms |[|-||7 is to simplify arguments related to the
regularity of the function n +— 1-(n)/ut,(¢:) in the proofs of the above results.

Propositions 3.8-3.10 are standard in the case of smooth mollifiers, but some care is required in
our case due to the fractal nature and (possible) non-compactness of 2. This is in part the reason
for the non-standard shape of the chosen mollifier. Nonetheless, we omit the straightforward proofs
of the above results, and refer the interested reader to the arXiv version of the article for details.
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4. SPECTRAL GAP FOR RESOLVENTS WITH LARGE IMAGINARY PARTS

In this section, we establish the key estimate in the proof of Theorems 1.1 and 1.2. Theorem 3.3
implies the half plane {Re(z) > —og}, for a suitable oy > 0, contains at most countably many
isolated eigenvalues for the generator of £;. To show exponential mixing, it remains to rule out
accumulation of these eigenvalues on the imaginary axis as their imaginary parts tend to co.

Remark 4.1. Throughout the rest of this section, if X has cusps, we require the Margulis function
V = V3 in the definition of all the norms we use to have

B=A/4 (4.1)

in the notation of Theorem 2.3. In particular, the contraction estimate in Theorem 2.3 holds with
VP in place of V for all 1 < p < 2. Recall that the constant A is given in (2.8).

We define for B # 0 an equivalent norm to ||-||7 defined in (3.6) as follows:

117 o= etolr) + DD

The following result is one of the main technical contributions of this article.

(4.2)

Theorem 4.2. There exist constants by > 1, and s, ax, 0, > 0, such that the following holds. For
all z = a, + ib € C with |b| > b, and for m = [log |b|], we have that

f *
ef o(R(2)™f) < crm,

where Cr > 1 is a constant depending only on the fundamental group T' and B = |b|***.

Remark 4.3. The constants s, ax, and o, depend only on non-concentration parameters of the
Patterson-Sullivan measure near proper subvarieties of the boundary at infinity; cf. Definition 6.1
for the precise definition of non-concentration and Corollary 7.3 where this non-concentration is
established. This non-concentration property is used to apply the results of Section 6 in the proof
of Prop. 4.14 and Theorem 4.17, which are the key steps in the proof of Theorem 4.2.

4.1. Sketch of the proof. We begin with a rough sketch of the proof of Theorem 4.2. To de-
scribe the main new idea based on additive combinatorics concisely, we will ignore many technical
difficulties, including those posed by the presence of cusps.

Fix z = a + ib, where a > 0 is suitably small and |b| is sufficiently large. Let m = [log |b|]. The
integrals we wish to estimate take the form

00 m—1
b e et e

Using convergence of the integral defining R(z)™, we will trivially estimate over the parts of the
integral where t is very large and relatively small. The bulk of the work lies in finding ¢ > 0 so
that the following bound holds in the range T < log |b|:

< e | £I1bl7

T+1
[t otmrtoma) duta
T Nt

The key to the proof is to exploit the oscillations of the phase function e and (average) Fourier
decay properties of the measures ) obtained in Section 6. To do this, we put the integral in a
form where this phase is integrated against . This is achieved using non-joint integrability of the
stable and unstable foliations (i.e. that N* and N~ do not commute). To this end, we partition the
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space into flow boxes B,, apply the geodesic flow by amount 7', and group pieces of the expanded
unstable manifold according to which flow box they land in to get:

1
0T Z Z / ezt/ pog_r- f(gmz,s) d,ugpl(n)dt.
0 conn. component(z, ¢) ’

flow boxes B, conn. comps. of
gTNl"'mﬁBp

Here, the points {x, : £} are transverse intersection points of the expanded unstable manifolds
gTNl+ x with a fixed transversal to the unstable foliation inside the flow box B,.

Since the derivatives of ¢ o g_7 along Nt are O(e~7T), these functions are nearly constant along
each connected component and we can ignore them in the sequel.

Fix a box B, and a reference point y, € B,. We view the above integrals as taking place on the
weak unstable manifold of x,, for each . We change variables using local strong stable holonomy
so that all the integrals are taking place along the local weak unstable manifold of y,:

1
—ib(t—T1p(n u
Z/o /N+e (=m0 g g,
¢ 1

where we ignored the Jacobian of the change of variables for simplicity.

The functions 74(n) are known as the temporal distance functions in the literature. Roughly,
they are defined dynamically as follows: for every (t,n) € (0,1) x N;", there exists a unique pair
(e(n),ue(t,n)) € (0,1) x Ny such that the point g;_r,nyus(t,n) - y, is on the same strong stable
leaf of ginx. Now, non-joint integrability of the strong stable and unstable foliations imply that
the derivative of 74(n) is uniformly bounded away from 0. Variants of this property are crucial in
carrying out analysis of oscillatory integrals.

To proceed, we partition the domain of integration into small balls {A;} so we approximate 7,
by its linearization. Fix one such ball and apply a suitable amount of geodesic flow to scale this
ball to be a ball of radius 1 to get

SO etonsm g (), (4.3)
7 Ny ’

where, roughly speaking, vy ; is the derivative of 7, at the center of the ball A;.

Up to this point, the argument is very similar to that appearing in Liverani’s original work [Liv04]
and its subsequent generalizations, e.g. [BL12,BDL18,GLP13,GPL22]. The crucial difference comes
at the next step. In these previous works, the measure py was always absolutely continuous to
Lebesgue, and proof proceeds by integration by parts.

In our case, these measures have fractional Hausdorff dimension in general. The novelty of our
approach is to note that the sum in (4.3), when properly normalized, is an average over Fourier
coefficients of the measure p} . This makes it amenable to our flattening results (Cor. 6.4) which
establish verifiable criteria under which measures enjoy polynomial Fourier decay outside of an
arbitrarily sparse set of frequencies.

4.2. Proof of Theorem 4.2. The remainder of this section is dedicated to the proof of Theo-
rem 4.2. Let a € (0,1] to be chosen sufficiently small; cf. (4.60). We assume that z = a + ib with
b > 0, the other case being identical.

Time partition. Let p: R — [0, 1] be a smooth bump function supported in (—1, 1) such that
dopt—j)=1, VteR (4.4)
JEL
Let Ty > 0 be a parameter to be chosen large depending only on I' and let
m = [logb]. (4.5)
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By induction on n € N, we have for all z € C with Re(z) > 0 that

o0 tn—l " o0 tn—l
= —EHL, dt ——e P dt| <1 " 4.
R(z) /0 = 1)!6 Ly dt, /0 e 1)!6 ' < 1/Re(z) (4.6)
Changing variables, we obtain
[%S) tm—le—zt
m= —— L dt
R(2) /0 ——
00 tm—le—zt o0 ((] + 2)T0)m—16—ijo
= —————p(t/To) L dt (e * Loy, dt 4.
| L DI ey [ pite trm @t @)
where we define p; as follows:
. m—1
JIo +t ) <t — To>
(1) = (222 ) 4.8
wi=(20n) o ("% (1.8

Note that p; is supported in the interval (0,27p) for all j > 0.

Contribution of very small and very large times. We will estimate the contribution of each
term in the sum over j in (4.7) individually. We will restrict our attention to values of j of size
= logb. We begin by estimating the first term in (4.7) trivially. Since p(t/Tp) is supported in
(=Ty,Tp) and a < 1, by taking b large enough and using the triangle inequality for the seminorm
e} o and Lemma 3.5, we obtain

eio(f)
(a+1)m’

N o] tmflefzt . I
elo </0 ﬁp(t/TO)Etf dt> L e oY /(m -1«

=) (4.9)

Next, we let
m =4/3, n2 = 2/a. (4.10)

Note that since a < 1, we have 11 < 12. We wish to find a trivial bound on the terms corresponding
to j & [n2,m2Jm/Tp. First, we have the following bound on the sum of the terms j < nym/Tp.

Z ((] + 2)T0)m_1e_ajTO mm tM—le—at

e [0 Cn ) ar <o) [ T

(4.11)

J:3To<mm—2Tp

Similarly, we have the following bound on the tail of the sum:

00 ym— 1_—at

. m—1_—ajTy
> (U + 2To)™ ™ /Rpj(t)e_ateio(ﬁtJroof) dt < eio(f)/ Tt (412)

(m—1)! nom (M —1)!

J:jTo>n2m
The following lemma provides the desired bound on the integrals appearing in the above bounds.

Lemma 4.4. Suppose that an > 1. Then, there exists 6 € (0,1) such that
oo 2fm—le—at
——dt <qap (0/a)™.
/77m (m—l)! <<777(/a)
On the other hand, if an < 1/e, then there exists 0 € (0,1) such that
nm tm—le—at
—dt 0/a)™.
| Gy < 0/

In both cases, we may take 6 = ane' =,
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Proof. Integration by parts and induction on m yield

/°° tm—le—at gt = e—anm mz_:l (anm)k _ e~ (anm)™ ni:l (k+1) (4.13)
gm (M —1)! am k! am™m)! = (anm)™~ ke '

Note that the k" term of the latter sum is at most (an)~™"*. Moreover, from Stirling’s formula,
we have that m! > m™+1/2e=™_ Hence, when an > 1, we get

/oo m—1,—at e(lfom)m(an)m
n

—dt K
m (m—1)! am
Taking # = ane! = and noting that xze'™® is strictly less than 1 for all z > 0 with = # 1,
concludes the proof of the first assertion. For the second assertion, assume that ane < 1. Then,
combining (4.6) with (4.13), we get

/nm tmflefat e—anm o (anm)k
0

(m—-1)! " am = k!

Stirling’s formula shows that the k*'-term of the above sum is O((ane)¥), for all k& > m. Since
ane < 1, we get that the integral is < (6/a)™ for § = ane!=". O

In view of (4.9), (4.11), (4.12), and Lemma 4.4, in what follows, we restrict our attention to the
terms where j satisfies —2Ty + 4m/3 < jTy < 2m/a. We shall assume b is large enough so that
4m/3 — 2Ty > 2m/3. In particular, we estimate the terms satisfying

2m/3 < jTp < 2m/a. (4.14)
Finally, in view of (4.6), we have that
((] + Q)To)m_le_ajTo ouT " o] tm—le—at eQaTo
> 1] < 2% (1 4 6/m) A T dt < ——, (4.15)

§1iTo>2m/3

where we used the bound (1 + 6/m)™ < 1 for all large enough m.

Contribution of points in the cusp. We estimate the contribution of each term in the sum over
j in (4.7) individually. We begin by reducing to the case where the basepoint has bounded height.
Let a@ > 0 be a small parameter to be chosen at the end of the argument and satisfies

a < a/40. (4.16)
Let z € N; Q be arbitrary. Suppose that V(z) > eP2iTo  Then, Lemma 3.5 implies that
el oL f37) <p efﬁajToeio(f)'

In light of (4.15), summing the above errors over j, we obtain an error term of the form

ZGToefo(f)W- (4.17)

Thus, we may assume for the remainder of the section that

V(z) < efTo/?, (4.18)
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Approximation with mollifiers. To begin our estimates, fix a suitable test function ¢ for €7 ;.
In particular, ¢ has C%'(N*) norm at most 1. The integrals we wish to estimate take the form

[ o) [ it L, (1) (guna) deditin)
N. R

= [ [ m0s00 (gesiejmne) duoyi, (4.19)
R N}

for all s € [0,1]. We again only provide the estimate in the case s = 0 to simplify notation, the
general case being essentially identical.

Recall that p; is supported in the interval (0,27p). In particular, the extra ¢ in £y 7, could be
rather large, which will ruin certain trivial estimates later. To remedy this, recall the partition of
unity of R given in (4.4) and set

Pjw(t) == p;(t +w)p(t), Yw € Z. (4.20)
Using a change of variable, we obtain
(4.19) = Z e_zw/Re_Zt /N+ Pjw(t)P(n) f(gt4wtjmone) duy(n)dt. (4.21)
WEZL 1

Note the above sum is supported on 0 < w < Tp, and the support of each integral in ¢ is now
(—1,1). For the remainder of the section, we fix some w € Z in that support.
Let M := M, 1, where for ¢ > 0, M, denotes the mollifier defined in Section 3.2. To simplify
notation, we set
g;u = Guw+iTo> F = M(f). (4.22)
Since ¢ € COY(N;") with ||¢[|cos < 1, it follows by Proposition 3.8 that

[T = P dut| < I )V ),

Arguing as in (4.17), summing the above errors over j, we get an error term of the form

O et o(/)V (z)p(NT)
To (a+1)" '

(4.23)

Hence, we may replace f with F in (4.21). We will frequently use the following observation. Writing
F =F — f+ f and using Proposition 3.8, we have that

el o(F) < e o(f)- (4.24)

Partitions of unity and flow boxes. We begin by finding convenient partitions of the space
by flow bozes, i.e., sets of the form PN} -z for ;s > 0 and z € G/T" and such that the map
PN} 3 g+ gx is injective. To this end, we have to restrict our attention to the part of the space
where the injectivity radius is bounded away from 0. Define

Kj = {y eEX:V(y < e(%aﬁf”ﬁ)%} , ¢ =min{1/10,inj(K;)},  w=b"23  (4.25)
We note that Proposition 2.4 implies that
Lj_l < el t0)To, (4.26)

Remark 4.5. Since we are working in the regime where « is small and j is bounded linearly in
log b, cf. (4.14), (4.5), and (4.16), the bound (4.26) implies that ¢, is much smaller than ¢; in general.

The following lemma provides an efficient cover of K; N Nl_/2Q by flow boxes which are very
narrow in the unstable direction. This will be useful in the proof of Lemma 4.13 where we linearize
the phase functions of the oscillatory integrals that arise over the course of the proof.
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Lemma 4.6. The collection of flow boxes {PL;NI crrxe KN NI_Q} admits a finite subcover B
of Nl_/zﬂ with uniformly bounded multiplicity; i.e. for all x € K; N Nl_/2Q, > pep lB(r) < 1.

Proof. Let Q denote a cover of the unit neighborhood of K; by flow boxes of the form PL;N LJJF -z,
where ¢; is as in (4.25). With the help of the Vitali covering lemma, such cover can be chosen to
have multiplicity Cg > 1, depending only on the dimension of G. We will build our collection of
boxes B by refining this cover as follows.

Let Q° denote the subcollection of boxes Q € Q such that @ intersects K 5N Nl_/2

For each Q € QY fix some zg € @ N Nl_/QQ. Then, we can find a finite set of points {u; : i € I} C

NQJZJ_ such that the points x; := u;xg belong to N, {2 and so that the balls ijr - x; provide a cover
of N. 172
of b and j). This is again possible thanks to the Vitali covering lemma. Now, define

B = {PL;N; wwg i€ I, Q€ QO}.

To bound the multiplicity of B, let z € K; N Nl_/2

Z ]]_B(l') = Z Z ]]'PL;NZZUZIQ(:E) < Z ]]_UiEIQPL;NLJg'uiIQ(x).

BeB QeQlicly QeQO

Q non-trivially.

QNN, LJ]F - £ with uniformly bounded multiplicity (i.e. with multiplicity that is independent

Q) be arbitrary, and note that

Moreover, if Q = PN -z, for some z/,, then the union U;c;, P-N," - u;xo is contained inside
Ljt e Q Q QT Li Ly Q

Qt =P Ny . ag- Finally, bounded multiplicity of QY implies that Y ,cqo Ig+(z) < 1. This

concludes the proof. O

Let B be the finite cover provided by Lemma 4.6 and let P denote a partition of unity subordinate

to it. For each p € P, we denote by B, the element of B containing the support of p. In particular,
such partition of unity can be chosen so that for all p € P, we have

lollen < b3 (4.27)

Over the course of the argument, we need to apply the geodesic flow to enlarge the width of
the boxes B, in the N* direction to be < 1, for e.g. to apply Theorems 2.3 and 2.5. It will be
important to ensure that these boxes meet the compact set K; after flowing. To this end, we define
the following subset of P consisting of boxes which return to K; at time b2/3:

Py = {p epP: g—longBp N Kj #* @} . (4.28)
Note that for each B € B, g_1og,, B has diameter O(1).

Transversals. We fix a system of transversals {7,,} to the strong unstable foliation inside the

boxes B,. Since B, meets Nl_/QQ for all p € P, we take y, in the intersection B, N Nl_/QQ. In this

notation, we can find neighborhoods of identity P,” C P~ = MAN~ and N, C N such that
B,=P;Nf-y,,  T,=P; -y, (4.29)

We also let M), Ay, and N, be neighborhoods of identity in M, A, and N~ respectively so that

P =M,A,N,.

Localizing away from the cusp. Our next step is to restrict the support of the integral away

from the cusp. Define the following smoothed cusp indicator function ¢; : X — [0,1] by ((y) :=

1— Zpep p(y). Let
v= 1/27 g7 = Gy (w+35To)- (430)
It will be convenient to take Ty large enough so that

(L =y)(w + jTo) = v(w + jTo) = 4. (4.31)
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First, we note that Proposition 3.9 implies |L:F(gj'nz)| < €7 o(f)LtV (g)nx). Hence, since |¢] is
bounded by 1 and ¢; is non-negative, we obtain

(n)Gi (g7 na) LoF (g5 na) dpey| < €1 p(f) /N | GlgTn@) LV (g na) dpg| -

¢
Ny

To proceed, we show that the support of the above integral is in the cusp to apply Theorem 2.3.
Lemma 4.7. For every n € supp(u%) N Ny, we have {;(¢"nx) > 0 = V(g'nz) > ¢?iTo,

Proof. Let n € supp(u%)NN;". Since x € Ny Q, it follows by (2.6) and Remark 2.1 that nx € Ny Q.
Then, g"nz € N7 Q, for r = 2e=7(w+iT0) | By (4.31), we get that g"nz € Nl_/QQ. On the other hand,

if j(g"nx) > 0, then g"nx ¢ K; ﬂNl_/QQ. The lemma now follows by definition of K; in (4.25). O

Lemma 4.7 and the Cauchy-Schwarz inequality thus yield
2

< uy (n € Ny : V(g'nx) > eQBajT(’) X /+ EtVZ(g;”na:) dpy.
Nl

/ ¢ (ngv)LtV(g}”nx) duy
Nif

By Theorem 2.3 and Chebyshev’s inequality, we have that the set on the right side has measure
O(e= 29TV () (N{H)). Moreover, recall that we are assuming that V? satisfies the Margulis
inequality in Theorem 2.3; cf. Remark 4.1. Hence, applying Theorem 2.3 once more shows that the
integral on the right side is at most O(V2(z)u%(N;")). These bounds together yield

< (N (N V2 (z)e P,

[ a7 na) 20 (gpna)

Using the bound on V() in (4.18), we get

| oL (gyna) din)
Nl

= |, 6mp(g ) L (g ne) di + O (el p(NT IV (e)e 9T/ ) (4.32)
pEP

Using (4.15) to sum the above errors over j, we obtain an error term of the form

<eio<f>u;<Nr>V<x>> |

(a+ 3Ba/4)™ (4.33)

Saturation and localization to flow boxes. Next, we partition the integral over Nfr into pieces
according to the flow box they land in under flowing by ¢”. To simplify notation, we write
xj =g (4.34)
We denote by Nfr (j) a neighborhood of Nfr defined by the property that the intersection
B, N (Ad(g")(Ny (5)) - z5)
consists entirely of full local strong unstable leaves in B,. We note that since Ad(g”) expands N
and B, has radius < 1, N7 (j) is contained inside N, . Since ¢ is supported inside N;, we have

XN+ (n)p(n) = XN+ () (n)p(n), Vn e NT. (4.35)
For simplicity, we set
pi(n) == o(Ad(g") '), A= Ad(g7)(NT(5))-
For p € P, we let Wp,j denote the collection of connected components of the set

{neAj:nxj e B,}.
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To simplify notation, let
Ey := L) (wej1) (F)- (4.36)
In view of (4.35), changing variables using (2.3) yields

Z / . o(n)p(g'nx) L F (g nx) dpy = e~ 1w +iTh) Z / @j(n)p(na;) Fy (gina;) dug. .
pep M pePwew,, " "W
(4.37)

Contribution of non-recurrent orbits. In this subsection, we wish to restrict our attention to
those n € N;* for which the orbit (g:nz) spends most of its time away from the cusp.

To this end, let 1 = fa/2(14 2a) and apply Theorem 2.5 with e = ¢ to find H = H(e;,Tp) > 1
such that the conclusion of the theorem holds. Let xj denote the indicator function of the set
{z : V(z) > H} and define

~ (1+20)y(w+jTo)
E=<{neN;: / xu(ginzx) dt > 2ay(w + jT0) ¢ -
0

We wish to define a saturated version of the set gj, which we denote by &;. The goal of doing so
is to discard all the disks W & Wp,j with the property that it contains the image of a point in
E:’j under ¢7. In particular, £; is contained inside the O(e~"(@+5T0) 1 )-neighborhood of Sj, This is
made precise in the following lemma.

Lemma 4.8. Let p and W € VNVPJ be arbitrary. Then, for all ni,no € Nfr with ¢"n;x, 1 = 1,2, we
have that V (ginix) < V(ginox), uniformly over all p, W and 0 <t < (1 + 2a)y(w + 57p).

Proof. Since B, has width 1, along NT, we have dy+(n1,n2) < e~ 7@+770),, - Hence, letting n? =
gining tg_¢, we get dy+ (nt,id) < e27(WHiT0)y, for all t < (1+2a)y(w+4Tp). By (4.14) and (4.16),
dy+(nt,id) <7, b1/2 < 1. The lemma follows from Prop. 2.4 since g;ni1z = n'gnszx. O

Given n € N;, let p(n) be a flow box index satisfying g7nz € B, n)- We also let W(n) € Wp(nm
be such that g"nx € W(n) C B,(,). With this notation, we define £; as follows:

&= {n € N; : there is n' € & such that W(n) = W(n’)} . (4.38)
By Lemma 4.8, there is a uniform constant C' > 1 such that

/(1+2a)fy(w+jTg)

gjg{HENl—i_:
0

XH/C(gtnm) dt > 2ay(w +jTo)} .

Hence, Theorem 2.5 shows that p%(&;) is O (e~ (B0=e1)(1+20)y(wHT0)V/ (1), (N;")), where 6 = 2a./(1+
2at). Here, we used Prop. 2.4 to deduce this continuous time version of Theorem 2.5 from its dis-
crete time formulation. Moreover, recalling that v = 1/2, we obtain by (4.18) that V(z) < #1770,
Since €1 = fa/2(1 4 2a), these bounds thus yield

p(E5) < e Pt (N, (4.39)
Next, we let W, ; denote the connected components that avoid £;. More precisely, let

W, = {W €W, : W # W(n) for any n € Sj} . (4.40)
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We now restrict the sum in (4.37) to the subsets W, ;. Reversing the change of variables in (4.37)
and using the fact that our test functions have C°-norm at most 1, we get

(4.37) = e~ 0v(wtiTo) Z / )p(nz;) Fy (gina;) dpg, + O (/ |LiF (g5 )l d,um> .

pEP,WEW, ; )
4.41

To estimate the integral on the right side, we argue as before using Proposition 3.9, to get that
|LeF (gnz)] is at most O(e] o(f)LtV (g;'nx)). Then, Cauchy-Schwarz gives

2
/ LV (gfnz) dug

Applying Theorem 2.3 on integrability of V2 and (4.39), we obtain

< ud(& / LV( (g7'nx) dp.

/ [LoF (g )| dptt < e~ taTo/Aer ((F)V (@) ul(NT).

Our next step is to restrict the sum in (4.41) to the recurrent boxes P, defined in (4.28) using a
similar argument. Let

E=4neN :gmz¢ (B, (4.42)
PEPy

and define its saturation & analogously to (4.38). Then, by definition of P}, and a similar argu-
ment to Lemma 4.8, we can find a uniform constant C' > 1 so that & is contained in the set
of n € Ny so that V(g_10g,,9"nx) > €470 /C. Theorem 2.3 then gives that & has measure
O(e=20°T0V () (N{H)). Hence, splitting the sum in (4.41) into sum over P, and P \ Py, and
recalling that w < 27j, we get

(@37) = ) STt Py (nay) dy, + O MY (@) (V)
pE'Pb,WEWP j
(4.43)

As in (4.15), summing over j, we obtain an error term of the form

eio(f) >
O ———————. 4.44
(@ fori e
The remainder of the section, is dedicated to estimating the sum on the right side of (4.43).

Centering the integrals. It will be convenient to center all the integrals in (4.37) so that their
basepoints belong to the transversals T}, of the respective flow box B,; cf. (4.29).
Let I, ; denote an index set for W, ;. For W € W, ; with index ¢ € I, j, let n,, € W, m,, € M,,
o0 €N, ,and t,, € (—¢j,¢5) be such that
Tp,0 = MpeG—t, Mpt - Tj =1, Yp € Tp. (4.45)
Arguing as in the proof of Lemma 4.7, since x belongs to N; 2, we have that
Tpp € Ny Q. (4.46)

Moreover, if we let ug = Ad((g7)™")(n,r) € Ni"(4), then in light of the fact that the components
W € W, ; correspond to recurrent orbits, cf. (4.40) for a precise definition, we may and will assume
that there is s,y > 0 such that

Y(w+ 3T0) < sp0 < (14 20)y(w + jT0), V(gs, uer) <1y 1. (4.47)
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Regularity of test functions. For each such ¢ and W, let Wy = Ad(m, g, Z)(Wn;é) and

Gp(t,n) = pjuw(t — ) - €0t - S(Ad(my g7 91, ) (n1p0)) - p(GL, T poe)- (4.48)
Note that Eﬁp,g has bounded support in the ¢ direction and (4.27) implies
oy -1
H%’ ‘ CORXN) <1 H(bp’é(t’ )‘ COL(N+) Sty (4.49)
for all ¢ € R. Moreover, recalling (4.8), we see that
-1
"¢p’ ‘ OOLRXN) <Ly m. (4.50)

Integrating the main term in (4.43) in ¢, and changing variables using (2.3), we get

e~ (w+iTo) /Re_z'fpj@(t) Z /neW @;j(n)p(na;) Fy(gm;) dpty, (n)dt

PEP,,WeEW, ;

= ¢ (wtiTo) Z Z / _Zt/ Bt (t. 1) Fy (g, ) dpg, (n)dt, (4.51)

pEP, LEL, ; eWe

where we also used M-invariance of F; cf. Remark 3.7.

Mass estimates. We record here certain counting estimates which will allow us to sum error
terms in later estimates over P. Note that by definition of N;(j), we have UpeP,WeWp,j W C A,
Thus, using the log-Lipschitz and contraction properties of V', it follows that

ST WV (o) < /A V(na;) dat, (n)

pEPLE], ; J

=) | Vighne) diin) <€ SUINT V@), (452
1 U
where we used that [t,,| < 1 and the last inequality follows by Proposition 2.2 since N;"(j) C N5
We also used the uniformly bounded multiplicity of the partition of unity P.
We also need the following weighted number of flow boxes parametrized by P.

Lemma 4.9. Recall that v, = b=2/3, Then, we have

g ty (N;F) ) < eOslaiTh),
p
pEP

Proof. Recall the Bowen-Margulis-Sullivan measure defined below (2.1), and its conditional mea-
sures g along orbits of N~ defined analogously to (2.2). Recall further that each B, is of the form
Py N;r “Yp, where P~ p and N Ij are identity neighborhoods of radius =< ¢; and < ¢, respectively.

Bounded multiplicity of P implies that > 0 mBMS(Bp) < 1. Hence, the local product structure of

mPMS implies that

MBS (5,) s ML (Vs (N,

where M is the centralizer of the geodesic flow inside the maximal compact group K, and uj are
the conditional measures along N ~-orbits defined similarly to (2.2). This estimate implicitly uses
the uniform doubling property from Prop. 2.2 to assert that the ratio of the measures of all local
strong (un)stable disks inside B, is uniformly O(1). Finally, by definition of iy, we have that

ty, (N ) > e~0dist(o.w0) | By Prop. 2.4, we have that ed®'Wr0) < V(y,)08() « 080T gince y,
belongs to the unit neighborhood of the set K; defined in (4.25). The lemma follows by combining
the above estimates with (4.26). O
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Remark 4.10. The proof of Lemma 4.9 shows that the sum in question is Or(1) when I" is convex
cocompact. The point of the above lemma is that this sum has, in general, much fewer terms than
the sum in (4.52).

Stable holonomy. Fix some p € Py. Recall the points y, € T, and n, € N, satisfying (4.45).

The product map M x N~ x Ax NT — G is a diffeomorphism on a ball of radius 1 around identity;
cf. Section 2.5. Hence, given ¢ € I, ;, we can define maps y, 7, my and @, from W, to N*, R, M
and N~ respectively by the following formula

Gttty N, o = G, () Ty (1) G5, (n) Ue(n) = me(n)ty (8, 1) G, 47y (n) (), (4.53)
where we set i, (t,n) = Ad(gi++,,) (1, (n)). We define the following change of variable map:
(pg ‘R x Wg — R x N+, @g(t,n) = (t + %g(n), ﬁg(n)) (4.54)

We suppress the dependence on p and j to ease notation. Then, ®, induces a map between the
weak unstable manifolds of x,, and y,, also denoted ®,, and defined by

Qo(ginTpe) = Grizy(n)Ue(N)Yp-

In particular, this induced map coincides with the local strong stable holonomy map inside B,,.
Note that we can find a neighborhood W, C N of identity of radius < ¢, such that

Oy(R x W) CR x W, (4.55)

for all £ € I, ;. Moreover, we may assume that b is large enough (and hence ¢, is small enough),
depending only on G, so that all the maps ®; in (4.54) are invertible on R x W,. Hence, we can
define the following;:

Te(n) = %g(ﬁe_l(n)) +t,0 €R, uy (t,n) =1, (t — Tg(n),ﬂzl(n)) eN,
dp0(t,n) = e~ ) 5 JBy(n) x ¢, 4(t — To(n), a7t (n)), (4.56)

and J®, denotes the Jacobian of the change of variable ®,; cf. (2.7).
Changing variables and using M-invariance of F),, we obtain

(4~51):€767(w+jTO)Z Z // e~ UM gy () Fy (uy (t,n)gimy,) dpy, (n)dt.  (4.57)
pEP, tel, ; ' RIWp

Stable derivatives. Our next step is to remove F, from the sum over ¢ in (4.57). Due to non-joint
integrability of the stable and unstable foliations, our estimate involves a derivative of f in the flow
direction. In particular, since the norm of flow derivatives are scaled by a factor of 1/B, cf. (4.2),
this step is the most “expensive” estimate in our argument. In essence, the reason we only flow by
(w+ jTv)/2 is to compensate for the loss in this step.

Recall the definition of F, in (4.36). Since y, belongs to Ny
neighborhood of identity in N~ of radius O(¢;), uniformly over (¢,n) in the support of our integrals,
Proposition 3.10 yields

| (ug (8, m)guny,) — Fy(giny,)| < =@ HT | IRV (y,), (4.58)

Q) and wu, (t,n) belongs to a

where we implicitly used the fact that W, C N;© and [¢| < 1 so that V(gny,) < V(y,). Indeed,
the additional gain is due to the fact that gs contracts N~ by at least e~ for all s > 0.

To sum the above errors over £ and p, we wish to use (4.52). We first note that Propositions 2.2
and 2.4 allow us to use closeness of y, and z,, along with regularity of holonomy to deduce that

VYo, Wy) = V(p0)y, (We). (4.59)
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Here, we also use the fact that both z, and y, belong to Ny §; cf. (4.46). Hence, we can use (4.52)
to estimate the sum of the errors in (4.58) yielding

(4.57) = e~ (wHT) 3= N~ / /W < e Mg o, n))ﬂ(gmyp) dplt dt

pEPy L, ; lel, ;
+ 0 (W) | £} (NP (@)

where we used that the above integrands have uniformly bounded support in the R direction,
independently of ¢ (and p). Indeed, this boundedness follows from that of the partition of unity p;;
cf. (4.8). We also used (4.49) to bound the C° norm of ¢,,. Summing over j and w using (4.15),
and recalling that v = 1/2, we obtain

LI (N ()
OT°< (at1/2) >

Recall the norm [|-||] 5 defined in (4.2) and note that ||-[[] < B[]} . Choosing a and 3 > 0

small enough, we can ensure that e!**/(a + 1/2) is at most 1/(a + 1/6). With this choice, taking
B = b'T* yields an error term of the form:

T g HUNV (x
o HfHLBIu’.T( 1 )V(z) ‘ (4.60)
(a+1/6)™
Mollifiers and Cauchy-Schwarz. We are left with estimating integrals of the form:
[ we ) gmy) du iyl = 3 Mg, (). (161)
RXWP ZEIP,]'

We begin by giving an apriori bound on ¥,. Denote by J, C R the bounded support of the
integrand in ¢ coordinate of the above integrals. Note that (4.49) and the fact that |{| < 1 imply

D06l oo (g, ) < 1 1ol oo (g, ) < #lpj- (4.62)
To simplify notation, we let
r=(1—7v)(w+ jTo).

Note that we have that y, € Ny Q, |J,| < 1, and » > 1. Hence, Proposition 3.9, along with (4.24),
the definition of F, in (4.36) and the Cauchy-Schwarz inequality, yield

2

< et o)’ / [, (£, )2 dp / V(geny,) diit
JpXWp Wp

[ Wt () du e
RxW,

The following lemma estimates the integral of V2 on the right side of the above inequality.

Lemma 4.11. We have the bound fW 2(grny,) dy, <1, 4BO‘jT°,uZp (Wp).

Proof. Recall that T, has radius < ¢, = b~2/3, and hence the expanded disk Wg = Ad(9-10g4,)(W))
has radius < 1. We also recall from (4.14) that » > —logu,. We also that p is an element
of Py defined in (4.28), so that V2(g_10g.,¥p) < e*BeiTo  Tet r; = r + loguy, > 0 and yf, =
9—1ogbYp- Changing variables using (2.3), and using Remark 4.1 and the Margulis inequality for V2
in Theorem 2.3, we deduce the lemma from the following estimate

/W V2(grnyp) dul, = 1) /Wb V2(grinyp) dpg, < V2 )y, (W) = V2 (yp)py, (Wp).
p

P
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The above lemma hence yields the bound

2
/ W, (1, m) Py (gingy) dicl dt| <, e o( )2 Mo (W) / W ()| dpi b (4.63)
RxW, JpxW)

Cusp-adapted partitions. To estimate the right side of (4.63), it will be convenient to linearize
the phase functions 5. For this purpose, we need to pick a cover of W, by balls with radius
determined by a certain return time of their centers to a given compact set.

Proposition 4.12. There exists By < [ such that the following holds. For allb > 1 and p € Py,
there exist a cover {A; : i} of W, and a set R, C W, with py (W, \ R,) <, b_ﬁoego‘ﬂj%,u;p (W)
such that for all i with A;NR, # 0, we have

(1) A; has the form A; = Nﬁi‘ -u; for some vy >0 and u; € W,.

(2) Ift; = —logr;, then V(gr,uy,) <p 1 for all u € A;.

(3) b=810 <y < BT/

(4) 22 ty, (Ai) < gy, (W)).

Proof. Let yg = §—log 1, Yp, Where 1, = b=2/3. Then, since p € Py, by (4.28), V(yg) <7, 292970 As
in Lemma 4.11, the disk W},’ = Ad(9—10g4,)(W)) has radius = 1.
Let 79 > 1 be the constant provided by Theorem 2.5 applied with € = 5/40. Let mg = [r{ Hogb]

and let H = €377 be the height provided by Theorem 2.5. Let yz denote the indicator function of
the set of points of height at least H, i.e. the set {y : V(y) > H}. Then, Theorem 2.5 yields

sy (€W D xa(gergnyp) > mo/20 | <5 b7 POV () sy (W),

P
1<<mq

Denote the set on the left side in the above estimate by £. Let ¢ = 7/10—2/3 and d = 8/10—2/3.
We claim that, if b is large enough, then for every n € ng \ 5/1)’, we can find 1 € [¢,d] such that
V(9n1og bnyg) < H. Indeed, suppose not. Then, it follows that

b
E XH(Gerynx) > —— log —1>mp/10 — 2.
10T0
1<0<mo

This contradicts the fact that n ¢ ES when b is large enough.

Let Rg = supp(,uzz) N Wf’,’ \ 52, and define R, to be its preimage in W,. More precisely,
R, = Ad(glong)(Rg) C W,. Define a function ¢ : R, — [7/10,8/10] by setting ¢(n) to be the least
value of 1 € [7/10,8/10] such that V(gyiogsny,) < H. Consider the cover {flu Tu € Rp}, where

each A, is the ball around each u of radius b=, Using the Vitali covering lemma and the uniform
doubling in Prop. 2.2, we can find a finite subcover {4y, : i} such that 37, py (Au,;) < py (Wp).

This completes the proof by taking Sy = 3/40rg, A; := A,,, and r; = 5 (ui), O
Let {A;} be the cover provided by Proposition 4.12. Combining this result with (4.62), we obtain
/ 1, (t,m) 2 diat dt < 2/ (6. m) 2 dyay b+ O (b P04 12,500 i (W)
JpxW,
(4.64)
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Linearizing the phase. We now turn to estimating the sum of oscillatory integrals in (4.64). For
k.l el,;, welet
¢k,€(ta ’I’L) = ¢p,k (tv n)qbp,f(t’ n)
Expanding the square, we get

Z/ U, (t,n)* dpt dt =Y Y / e =T My o (t,n) dpl dt. (4.65)
JpxA; i ktel,; JpxA;

Using (2.3), we change variables in the integrals using the maps taking each A; onto Nl+ . More
precisely, recall that A; is a ball of radius r; around u; € W),. Letting

ty=— log Ti, y’zo = Gt;UiYp, Tli = Tk(Ad(g—tz)(n)ul)7 ¢Ii,£(t> n) = ¢k,€(t> Ad(g—tz)(n)ul)v

(4.66)

we can bound the above sum as follows:
(1.65) < S e 30 / eI ON (1 )t . (4.67)

i kel ; |7 Jo XN

We note that the radius r; of A; satisfies

b 310 et =y < H7T/10, (4.68)
We also recall from Proposition 4.12 that r; was chosen so that

Viy) <1, Vi (4.69)

This is important for the proof of Theorem 4.17 below.

Next, we use the coordinate parametrization of N* by its Lie algebra n™ := Lie(N ™) via the
exponential map. We suppress composition with exp from our notation for simplicity and continue
to denote by MZZ and Nfr their preimage to n* under exp.

Recall from Section 2.4 the parametrization of N~ by its Lie algebra n™ = n_, @© n,, via the
exponential map and similarly for N*. Let w; = (v;,r;) € nd x nj,, be such that u; = exp(w;),
where u; is the center of the ball A;. Recall the notation for transverse intersection points n;k
n (4.45). For each k € I, ;, write

n,, = exp(uy + si)

with u, € ny and s; € ny,. With this notation, we have the following formula for the temporal
functions 7. The proof of this lemma is given in Section 5.

Lemma 4.13. For every i, there exists a bilinear form (-,-) : n~ x nt — R such that the following
holds. For every k € I, ;, there is a constant c¢j, € R such that for all n = exp(v,r) € Nf with
v Ent andr € n,, we have that

Th(n) — Ti(n) = chp+ e (up — ug + s, — 5,0) + O(b~Y?).
Moreover, for every (u,s) € ny, X ny,, the linear functional (u+ s,-) : ny — R satisfies
[[{u s, )1 > [l
where ||[(u+ s, )| := supjyj=1 [{u + s,v)|.
We apply Lemma 4.13 to linearize the phase and amplitude functions in (4.67). Let

w,iw = e b (uy — up + sp — S¢). (4.70)



26 OSAMA KHALIL

Note that Ad(g_y,) contracts N* by at least e~% < b=7/19; cf. (4.68). Hence, in light of (4.50),
the Lipschitz norm of w}d along NT is O(b2/ 3-=7/ 10). Moreover, linearizing the phase function

introduces an error O(b'~%/3). Hence, recalling that |.J,| < 1, we get

(4.67) <<Z Y / (w0 >du

kel
where we used the estimate ), 1y, (Ai) < py, (W)).
P

+b 3/100 " ( )# p]? (471)

Excluding close pairs of unstable manifolds. Consider the following partition of Ig,j:

Cpg = {(k0) € I2; s g = well V70 8,5 = 12\ G (4.72)

),

Then, C),; parametrizes pairs of unstable manifolds which are too close along the n,, direction
in the stable foliation. In particular, since n,, = {0} when X is real hyperbolic, C,; simply
parametrizes pairs of unstable manifolds which are too close along the stable foliation in this case.
With this notation, the sum on the right side of (4.71) can be estimated as follows:

—0t; —ib(w}, ,, —t; —ib(wi ,,
Z e Z /N+ o~ ibw} “>dNZg L #Cp iy, (Wy) + Z e Z /N+ o bW ¢ U>d“Z}é
i 1 i 1

kLel, ; (kL)ESp,;
(4.73)
We estimate the first term in (4.73) via the following proposition, proved in Section 7.3.

Proposition 4.14. Assume that the parameter « is chosen sufficiently small. Then, there exists
a constant ko > 0 such that for all £ € 1, ;,

#{k €1, (k{) €Cpy}t <py (07010 4 emron(wtilo))dylwtilh),
We may take ko = k/2, where K is the constant provided by Theorem 6.23.

Remark 4.15. When X is non-real hyperbolic, Prop. 4.14 requires a polynomial decay estimate for
PS measures near certain proper subspaces of the boundary, Theorem 6.23. When X additionally
has cusps, the latter result in turn requires the full strength of the L?-flattening results in Section 6.
These estimates are not needed in the real hyperbolic case.

In what follows, we shall assume that « is chosen small enough so that Prop. 4.14 holds. Sum-
marizing our estimates in (4.64), (4.71), (4.73), and Proposition 4.14, we have shown that

/ W, (t,n)|? dp,, dt
Jpx W,

—5t; —ib(wi ) 7 u
«Xen 3|kt
(2

(k)ES,,; 1

+ ((b—ﬁOGZBajTo + b—3/100)#IpJ + (bro/10 4 e—ﬁo’y(w+jTo))e57(w+jTo)> X 1o (W,).  (4.74)

4.3. The role of additive combinatorics. To proceed, we wish to make use of the oscillations
due to the large frequencies bwj, , to obtain cancellations. First, we note that Lemma 4.13 and the

separation between pairs of unstable manifolds with indices in .S, ; imply that the frequencies bw,i ,
have large size. More precisely, the linear functionals (w} ,,-) : n — R satisfy

b910 < (. || < b7/, (4.75)
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Let 7 : nt — n? denote the projection parallel to n;a and note that the integrands on the right
side of (4.74) depend only on the n}' component of the variable. To simplify notation, we let?

Vv, = W*/LZ}-} N1+ . (476)

Remark 4.16. It is worth emphasizing that the linearization provided by Lemma 4.13 only depends
on the unstable directions with weakest expansion under the flow. The reason we do so is that
our metric on nt is not invariant by addition when X is not real hyperbolic (it is invariant by the
nilpotent group operations), but our non-concentration estimates for the measures p2 only hold for
this metric. This in particular means the results of Section 6 do not apply to these measures in this
case, which is the reason we work with projections. It is possible to develop the theory in Section 6
for measures and convolutions on nilpotent groups such as N to avoid working with projections,
however we believe the approach we adopt here is more amenable to generalizations beyond the
algebraic setting of this article.

For w e n™, let

Di(w) = / . e~ N0 dyy (v). (4.77)

(&3

Note that the total mass of v;, denoted |v;], is MZZ' (N7). Let A > 0 be a small parameter to be
P

chosen using Theorem 4.17 below. Define the following set of frequencies where 7; is large:
B(i, k,\) == {e €1, (k,0) € S, and [0;(bw, )| > b_/\]yi|} . (4.78)

Then, splitting the sum over frequencies according to the size of the Fourier transform 7; and
reversing our change variables to go back to integrating over A;, we obtain

Ze“”l Z / —ib{w, 40 dvi(v) < <m%x#B(i,k,)\)+b_)‘#Ip,j> #Ip,juzp(Wp), (4.79)
(k£)ES, ;5 ’

where we again used the estimate ), iy (A;) < pyy, (W)). The following key counting estimate for
P
B(i, k, A) is deduced from Corollary 6.4. Its proof is given in Section 7.4.

Theorem 4.17. For every € > 0, there exists A > 0 such that for all ¢ and k, we have
#B(i, k,\) <. b° <b—ffo/10 + e—ﬂov(w-i-jTo)) eV (wtiTo)
where kg > 0 is the constant provided by Proposition 4.14.

Combining estimates on oscillatory integrals. Let 8y and kg > 0 be as in Propositions 4.12
and 4.14 respectively. In what follows, we assume ¢ is chosen smaller than (/100 and that A <
min {fp, 3/100, ko/20}. Let

Q= (b—no/20 + bae—fﬁov(w-i-jTo))65V(w+jTO)_

Theorem 4.17, combined with (4.63), (4.74) and (4.79), yields:

/]R W W, (t, n)Fy(genyp) dﬂzpdt < eiO(f)e?)BajTOUZp( p) X < A/Q#ij + V#lp; ¥ > (4.80)
XWp

where we used the elementary inequality /= +y < /2 + /y for any z,y > 0.

3Note that 7 is the identity map in the real hyperbolic case.
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Our next goal is to estimate the sum of the above bound over p. Recall that py (W,) =
ta,  (We) < py (N, ) for all £ € I, ; by Prop. 2.2. Hence, the Cauchy-Schwarz inequality yields

1/2
> Wol/F Ly < [ D o (W) > Yt (Wh)
pPEPy PEPy pE'Pb,ZGIpJ

< 98laiTo) o Mg(Nl‘f‘)l/Q,e(;(’Y(w'i‘jTo)/?,

where the second inequality follows by Lemma 4.9 and (4.52). By definition of p% and Prop. 2.4,
we have that p(N;") > e=0dist(z.0) > V()90 Hence, we get

D g (Wl /#I, 5 < pig(N7F) x XO0wHIT0) 24 05(07T0) (4.81)
PEPs

We also note that a similar argument to (4.52) yields 3 cp, py, (Wp)#1,; < DV (wHiTo) (N ).
Recall that A/2 < ko/40. It follows that upon combining the above estimate with (4.80)
and (4.81), we obtain the following bound on the sum of the integrals in (4.80):

e~ (wHsTo) Z / W, (t,m)Fy(ginyp) dpsy dt
pEPy RxW,
< eio(f)lug(Nf—) % eOﬂ(O{jTO/2) % <b*)\/2 + bg/zefﬁO'Y(w“i’jTO)/Z) ,

where we again used the inequality /= +y < /x + /7.
Using (4.15) to sum the above error terms over j and w, we obtain

—\/2 €/2
b ;0 D (4.82)

(@ = Op(a))™ * (a+roy/2)™

Oty <€io(f)u§é(N1+) x

4.4. Parameter selection and conclusion of the proof. In this subsection, we finish the proof
of Theorem 4.2 assuming Lemma 4.13, Proposition 4.14, and Theorem 4.17.

First, we simplify the bound (4.82). Recall that X is chosen according to Theorem 4.17 and hence
its size depends on &, however kg is given by Proposition 4.14 and is independent of . Moreover,
v =1/2,X and k¢ are independent of a and «, and we are free to choose the parameter « as small
as needed. We also recall that m = [logb]; cf. (4.5). Hence, we may choose a, and ¢ small enough
relative to &7 to ensure that /2 < (a + x7v/2)/(a + k7v/3). Using the bound e=»2 < 1/(1 + \/2)
and taking « small enough, depending on a, 8 and X, we get

e N2 1
< .
a—0pg(a) ~— a+ar/4

Hence, taking a small enough so that a\/4 < kv/3, the error term in (4.82) becomes

o <€io(f)V(w)u§é(N1+)>

(a+ ar/4)m (483)

where we used the inequality V(z) > 1.

Collecting the error terms in Lemma 4.4, (4.9), (4.17), (4.23), (4.33), (4.44), (4.60), and (4.83),
and letting o, > 0 be the minimum of all the gains in these error terms, we obtain

I£1 5
(a+o)m

Letting Cr denote the implied constant, this estimate concludes the proof of Theorem 4.2.

eo(R(2)"f) <
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5. THE TEMPORAL FUNCTION AND PROOF OF LEMMA 4.13

In this section, we give an explicit formula for the temporal functions 7 , appearing in Section 4
and prove Lemma 4.13. Our argument is Lie theoretic. We refer the reader to [Kna02, Chapter
1] for background on the material used in this section. Similar results are known more generally
outside of the homogeneous setting by more dynamical/geometric arguments building on work of
Katok and Burns [Kat94].

5.1. Proximal representations and temporal functions. Let p : G — H := SL,(R) be a
proximal irreducible representation of G, i.e., p is irreducible and the top eigenspace of p(g1) is
one-dimensional. The existence of such a representation is guaranteed by [Tit71]. In what follows,
we suppress p from the notation and view G as a subgroup of H and view elements of the Lie
algebra of G as (traceless) matrices in h = Lie(H ).

Let {e;} denote the standard basis of R™. Without loss of generality, we assume that e; is a top
eigenvector for g; and denote by e* > 1 the corresponding top eigenvalue. Up to a change of basis,
we shall further assume that Nt (resp. N™) consists of upper (resp. lower) triangular matrices.

Given a matrix h € SL,(R), we let mo(h) denote its top left entry. In particular, mo(h) = 1 for all
h € NT U N~. Moreover, since p is proximal, M acts trivially on the top eigenspace of g1, where
we recall that M denotes the centralizer of the geodesic flow inside the maximal compact subgroup
of G. It follows that mo(m) =1 for all m € M. Finally, we have the simple formula

t = A" log mo(gr)-

These observations will allow us to compute the functions T,i using elementary matrix calculations.
Let X € n~ and Y € n" be sufficiently close to 0. As the product map M x AXx NT x N~ — G
is a diffeomorphism near identity, there exist unique 7x(Y) € R and ¢x(Y) € n" such that

exp(Y) exp(X) € N™Mg-, vy exp(¢x(Y)), (5.1)

where exp(Z) = 3,5 % To compute 7x(Y'), for a matrix M, let r1(M) and c¢; (M) denote its
top row and first column respectively. Then, (5.1) shows that mo(exp(Y)exp(X)) =1+ (V) -
c1(exp(X)) + O(|[Y||?). Hence,

7x(Y) = A" og(1 +71(Y) - ea(exp(X)) + O(|Y]]*). (5.2)

5.2. Proof of the first assertion of Lemma 4.13. Fix k € I, ; and recall the elements n € N~
which were defined by the displacement of the points z, 5 from y, along N~ inside the flow box B,;
cf. (4.45). We also recall the elements u;, € n and s, € n,, chosen so that N, = exp(ug + Sk).

In what follows, we set Xy := ug + s;. Given Y € n™, we write Y, and Ya, for its nf and n;a
components respectively.

Recall the vectors w; = v; +r; € nt defined above Lemma 4.13, where v; and 7; denoted the n}
and nj,, components of w; respectively. We also recall the return times t; in (4.66). For Y € n™,
let Y = log(exp(Ad(g_y,)(Y)) exp(w;)) € nT. In particular, Y takes the form

Y =w;+e Y, +e Y, v]/2 + e HiYs,.

In this notation, we have by definition of the functions 7 (cf. (4.56)) and 7}, (cf. (4.66)) that
72 (Y) = 1(Y"). Moreover, it follows from the definition of 7 and (4.53) that

9t xD(¢xt (V7)) exp(Xy) € N~ Mgy, (yiy exp(Y?).
Rearranging this identity and using the fact that g; normalizes N™M = M N~ , we obtain
exp(Y?) exp(—Xy) € N™ Mg, , _r vi)exp(éxt (YY),
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where we used the fact that exp(X;)~! = exp(—Xy). We thus obtain the formula
TR(Y?') =ty — T—x, (Y7), (5.3)

where the notation is as in (5.1) above.
Define a bilinear form (-,-) : n~ x nf — R by

(X,Y,) = A"t (Yy) e (X)) (5.4)

Recall that our flow boxes B, have radius < b=2/3 in the unstable direction; cf. (4.28). In particular,

||w;|| < b~2/3. Moreover, by (4.68), we have that e~ < b~7/10. Hence, we get that RS b=2/3,
Note further that since e~“iv; = O(b~%/?) by (4.68), we also have that Y* = w; +e %Y, +O(b=*/3).
Finally, note by Lemma 5.1(1) below that for all n > 2 and X € n™, r1(Y,) - c1(X") = 0. In
particular, since Y, is strictly upper triangular, 71 (Yy) - c1(exp(Xg)) = r1(Ya) - c1(Xk).

Let di := 1+ r1(w;) - c1(Xg). Then, using the estimate log(1 + z) = x + O(|z|?) for x near 0,
the above discussion yields

(V") = tpp — ANy + e (X, Ya) + O(b745).
Thus, taking cf€ =tk — )\_ld}; —tpr+ A~1d}, we obtain
Th(Y) = mi(Y) = ¢y + e ( Xy — Xp, Yo) + O3,
which completes the proof of the first assertion of Lemma 4.13.

5.3. Norm of the bilinear form. The following lemma is needed to prove the second assertion
of Lemma 4.13 in the next subsection. Recall that b denotes the Lie algebra of SL,(R). Let bhg
denote the Ad(g;)-eigenspace with eigenvalue ePt. In particular, Ny, € hoon.

Lemma 5.1. (1) For everyY € by and Z € h_gqo, k > 2, we have r1(Y) - c1(Z) = 0.
(2) The restriction of the linear map X — c1(X) to n,, is injective.

Proof. Let 0 : Lie(G) — Lie(G) denote a Cartan involution preserving Lie(K) and acting by —id
on Lie(A). In particular, 6 sends n* onto n~ while respecting their decompositions into Ad(g;)-
eigenspaces. By [Mos55], we may assume that 6 is the restriction to Lie(G) of the map on b that
sends each matrix to its negative transpose. Finally, let B(-,-) denote the Killing form on Lie(G)
and recall that the quadratic form —B(-,0(+)) is positive definite.

To show Item (1), note that, since Z is strictly lower triangular and Y is strictly upper triangular,
we have mo([Y, Z]) = r1(Y) - ¢1(Z), where we recall that m(-) is the top left entry. On the other
hand, [Y, Z] is strictly lower triangular since & > 2 and [ha, b —ra)] € b_(x—1)a- The claim follows.

For Item (2), fix an arbitrary non-zero element X € n;, and let Z = [X,6(X)]. Note that, since
0 is a Lie algebra homomorphism, then §(Z) = —Z. In particular, Z belongs to Lie(A). Moreover,
we claim that Z # 0, and, hence, mo(Z) # 0. Indeed, let w € Lie(A) be such that [w,] fixes n}
pointwise. Then, by properties of the Killing form, we obtain

since X # 0 and —B(-,0(+)) is positive definite. In particular, arguing as in the first part, we have
that [|c1(X)||* = |m0(Z)| # 0, concluding the proof. O

5.4. Proof of the second assertion of Lemma 4.13. Fix (u,s) € ny x ny,. We show that
sup [{(u + s,Y)| > ||lul|, where the supremum ranges over all Y € nl with ||[Y] = 1. Let Y =
O(u)/ ||u||. Then, by Lemma 5.1(1), we have that

(u+5Y)=A"1r (V) cr(u).

Hence, since A(u) is the negative transpose of u, (u+ s,Y) = =271 |ler(w)||*/||u]. It follows by
Lemma 5.1(2) and equivalence of norms that |lu| =< ||ci(u)]|, concluding the proof of Lemma 4.13.
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6. DIMENSION INCREASE UNDER ITERATED CONVOLUTIONS

The goal of this section is to prove that measures that do not concentrate near proper affine
subspaces in R? become smoother under iterated self-convolutions in the sense of quantitative
increase in their L?-dimension; cf. Theorem 6.3 below. This result immediately implies Theorem 1.5.
As a corollary, we deduce that the Fourier transforms of such measures enjoy polynomial decay
outside of a very sparse set of frequencies; cf. Corollary 6.4. In fact, we prove that such results hold
for certain projections of non-concentrated measures.

Corollary 6.4 provides the key ingredient in the proof of Theorem 4.17 where it is applied to (pro-
jections of) conditional measures of the BMS measure. Moreover, the proof of Proposition 4.14 in
the case of cusped non-real hyperbolic manifolds requires a polynomial non-concentration estimate
near hyperplanes which we deduce from Theorem 6.3; cf. Theorem 6.23.

6.1. General setting. Throughout this section, N denotes a connected nilpotent group, equipped
with a right-invariant metric. Affine subspaces of N are defined analogously to Definition 7.1.
Given p >0, W € N and z € N, we write W) and B(z, p) for p-neighborhood of W and p-ball
around x respectively. We fix a surjective homomorphism 7 : N — R? from N onto R?. We assume
that N is equipped with a compatible 1-parameter group of dilation automorphisms, which we
denote ¢;, such that for all z € N, t € R and r > 0,

(g - x) = e'w(x), and dist(g; - z,id) = e'dist(z, id). (6.1)

We further fix A to be a lattice in N (i.e. a discrete cocompact subgroup) and let D C N be a
fundamental domain for A containing the identity element. By scaling A using g_; if necessary, we
shall assume without loss of generality that D C B(id, 1). Up to composing 7 with a linear change
of basis, we shall assume that

m(A) = 74, m(D) = [0,1)%

Finally, we fix a norm on R? and assume that its induced metric is compatible with the metric on
N in the sense that there is a uniform ¢ > 1 such that for all sets E and p > 0, we have

L (EW) C aY(E) ), (6.2)

Examples. (1) In our application in this article, N will be N*, equipped with the Cygan
metric from Section 2.4, and 7 will be the projection onto the abelianization N/[N, N] = R¢
(which is the identity map in the real hyperbolic case where NN is abelian).

(2) Another interesting example that falls under our setting is N = R” for some D > d, 7
is a standard projection, and g¢; is a diagonal matrix, where one equips N with a suitable
analog of the Cygan metric which satisfies the above scaling properties. In particular, we
anticipate that the results of this section will have applications towards the study of fractal
geometric properties of self-affine measures and their projections.

6.2. Non-uniform affine non-concentration. We begin by introducing our non-concentration
hypothesis, which allows for exceptional sets of points and scales where concentration may happen.

Definition 6.1. Let positive functions A, ¢, and C on (0, 1] be given such that ¢(x) 220 .
We say a Borel measure p on N is (A, ¢, C)-affinely non-concentrated at almost every scale (or
(A, ¢, C)-ANC for short) if the following holds. For every 0 < ¢,0 <1, k € N, and r > C(0):

(1) There is an exceptional set £ = £(k,,6,7) C B(id, 2) with u(€) < C(0)2~ Dk, (B(id, 2)).
(2) For every z € B(id,2) Nsupp(u) \ &, there is a set of good scales N(x) C [0,k] NN with
#N(z) > (1 - 0)k.
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(3) For every z € B(id,2) Nsupp(u) \ €, every affine subspace W < N, every ¢ € N(z) and
p = 27"t we have

p(WE) N Bz, p)) < (0(0) + C(0)p(e)i(B(x, p)). (6.3)
We say p is ANC at almost every scale when the parameters are understood from context.
In words, this definition says that u exhibits strong non-concentration near proper subspaces at

nearly all scales outside of a small exceptional set, however the size of the exceptional set is allowed
to depend on the strength and frequency of non-concentration.

Remark 6.2. (1) Note that we do not require p to be a probability measure or compactly sup-
ported. Instead, we require that non-concentration holds uniformly over all balls centered
in a given ball around identity (outside of some exceptional set). This flexibility allows us
to avoid edge effects in verifying (6.3) for the restrictions of the PS conditional measures
1% to bounded balls.

(2) For purposes of following the arguments in this section, there is no harm in considering the
example \(z) = Bz for some S > 0 and the stronger bound

p(WE) 0 B(x,277)) < C(0)p(e)u(B(z, p)),
in place of (6.3). In fact, the measures p¥ are shown to satisfy this bound in Corollary 7.3.

6.3. The L?-flattening theorem. For k € N, let A;, := 27%Z¢, and let D}, be the dyadic partition
of R? given by translates of 27%[0,1)¢ by Ag. For z € R% we denote by Dy (z) the unique element
of Dy, containing x. For a Borel probability measure v, we define v, € Prob(Ag) to be the scale-k
discretization of v, i.e.

ve= 3 v(D(N)on. (6.4
AEAL

For any p € Prob(Ay) and 0 < g < oo, we set [|u|7 := > _5cp, #(A)?. The convolution p* v of two
probability measures 1 and v on R? is defined by

prvd) = [ [ 1ate+ ) duto) dvly),
for all Borel sets A C R?. Recall the setup in Section 6.1.

Theorem 6.3. Let A\, ¢ and C be given. For every € > 0, there exist n,k1 € N such that the
following holds. Let i be a (XA, p,C)-ANC Borel measure on the gorup N. Let y be the projection

to R of i ‘B(idJ) under w, normalized to be a probability measure. Then, for every k > ko, we have
i 15 <z am 277,

with implicit constant depending only on d and the non-concentration parameters of fi. In particular,
for all P € Dy, we have

B (P) € 24,
The following is a more precise version of Corollary 1.7.

Corollary 6.4. Let ji and p be as in Theorem 6.5. Then, for everye > 0, there is § > 0, depending
only on the non-concentration parameters of i, such that for every T > 1, the set

{w eRY: |w| < T and |a(w)] > T—5}

can be covered by O-(T¢) balls of radius 1, where i denotes the Fourier transform of u. The implicit
constant depends only on €, the diameter of the support of i and the non-concentration parameters.
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Remark 6.5. (1) As noted in [BY], the proof of Theorem 6.3 and Corollary 6.4 goes through
under the weaker hypothesis replacing the ball B(z, p) in (6.3) with the larger ball B(z, cp),
for some fixed ¢ > 1. Indeed, the proof relies on the discretized form of (6.3) in Lemma 6.8,
where such weaker inequality naturally appears. This weaker hypothesis is very useful
however for applying the above results to non-doubling measures; cf. [BY].

(2) Note that Def. 6.1 requires ANC to hold at points in B(id,2), while Theorem 6.3 and
Corollary 6.4 concern the restriction of the measure to B(id, 1). The same arguments work
for any two fixed nested balls, after suitably enlarging the implicit constants. In particular,
such requirements can be vacuously satisfied if f is compactly supported. This flexibility
however allows us to avoid certain edge effects when working with restrictions of fi to a ball.

6.4. Preliminary lemmas on discretized measures. The first lemma asserts that convolution
and discretization essentially commute. This justifies the statement of Theorem 6.3.

Lemma 6.6. Let 1 and v be Borel probability measures on R®. Then, for all ¢ > 1 and k € N, we
have |[(1* V)klly =<q.a [l = vill,-

Proof. This lemma is a direct consequence of the fact that a ball of radius p with 2%~ < p < 27k,
k € Z, can be covered with Og4(1) elements of Dy; cf. [Shm19, Lemma 4.3] for a detailed proof in
the case d = 1, which readily generalizes to higher dimensions. O

For each k£ € N, set
Kk: = g—klogZ(K)-

In particular, W(Ak) = A, = 27%Z%. Denote by Dj, the partition of N consisting of translates of
9—klog2(D) by Ak Using the lattices Ak, we define the scale-k discretization fi; of a Borel measure
fi on N analogously to (6.4). Given k and a set E C R?, we let

Ak(E) = {w €Ay : Dk(w) NE # @}
We define Kk(E) analogously for E C N. For a set E C R?, we define its scale-k smoothing by
Bye:= || Dilv). (6.5)
veAk(E)

Discretizations of subsets of N are defined analogously. The following lemma relates the discretiza-
tion of a measure fi on N to the discretization of its projection on R,

Lemma 6.7. Let i and p be as in Theorem 6.3 and k > 0. Let E C R? be a Borel set and
F =71"YEy) N B(id,1). Then, jix(Fy) > pwr(E)p(B(id, 1)).

Proof. Note that for any measurable set G and measure v, we have the following properties by the
definition of discretizations: G C Gy and v(G) < v(Gg) = vi(Gg). Let C = a(B(id,1)). Then,
applying the previous observation to p and fi, we get
ps(E) < p(Ey) = CTHa(F) < CHa(Fy) = CF i (Fy).
O
The next lemma shows that affine non-concentration passes to discretizations. In what follows,

in light of (6.1), we may and will assume that the constant ¢ > 1 in (6.2) is chosen large enough so
that the following diameter bound holds:

diam (D;(v)) <277,  VjeNweAjUA;. (6.6)
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Lemma 6.8. Let i be as in Theorem 6.3. Let 6 € (0,1) and a sufficiently large natural number
r > C(0) be given. Then, for all e > 27" and sufficiently large k € N, the scale-kr discretized
measure U 1S affinely non-concentrated in the following sense.

Let £ = E(k,e,0,r) C N denote the exceptional set for i provided by Definition 6.1.

(1) There is an exceptional set Egis = Eqis(k, €, 0,7) with figr(Eqis) < 2C(0)2- k(B (id, 2)).

(2) For every w € Ak, (B(id, 1)) N supp(fig,) \ Edis, there is a set of good scales N (w) C [0, k]
with #N (w) > (1 — 0)k — O(1). Moreover, there is © € Dy, (w) Nsupp(fr) \ € such that
N(w) = N(2) N[0,k — 1], where N'(z) is as in Definition 6.1.

(3) For every w € A, (B(id, 1)) N supp(firr) \ Eais, every affine subspace W < N and every
0 e N(w), setting pp = 27", we have

fiter (WP 01 Dyg(w))) < ((8) + C(8)p(2/ )i B(w, 3epr)), (6.7)

where ¢ > 1 is as in (6.6).

Proof. Define Egis = {w € Kkr(B(id, 1)) : f(Dpr(w) NE) > fi( Dy (w ))/2} Then, we get
fier(Eais) = > UDre(w)) <2 > fi(Dpr(w) NE) < 205(E) < 20(0)27M*u(B(id, 2)).
'LUEgdls wegdls

For each w € A(B(id, 1)) Nsupp(fier) \ Eqis, fix an arbitrary = € supp(fi) N Dy, (w) \ €. For each such
w, since Dy, (w) intersects B(id, 1), D, (w) is contained in B(id,2) whenever k is large enough. In
particular, z € B(id, 2). Set

N(w)=N(=x)n|0,k—2].

Then, #N (w) > (1 — )k — 2. For w and x as above, let £ € N(w) and set p; = 27"*. Then, given
any proper affine subspace W C N, we have

fikr (WD A Dyy(w))) = > fi(Dyr (v)).
VER - W (PO D, (w)

Next, by (6.6), the cell Dy,.(v) has diameter < ¢27"%. In particular, if r is large enough relative
to ¢, since € > 27" and ¢ < k— 2, we have that Dy, (v) is contained inside W (2ere) for all v € WEPe),
Similarly, we have that D,;(w) is contained inside B(z,2cp;). It follows that

v € Apr NWEPD A D y(w) = Dy, (v) € WD 1 B(x, 2¢py).
We thus get that
fuer (WP A Dy (w))) < @(W 20 1 B(z, 2epy)).
Hence, since i is affinely non-concentrated, and x € B(id, 2) and ¢ € N (z), we obtain

firr (W) N D)) < ((0) + C(0)p(2/)) i B(x, 2epy))-

Finally, we observe that since = € Dy,.(w), the ball B(z, 2¢py) is contained in B(w, 3cpy). Together
with the above estimate, this yields (6.7) and concludes the proof. O

We end this section with the following useful lemma regarding intersection multiplicities.
Lemma 6.9. Let C > 1 be given. Then, for all { € N, the balls {B(v, Cpg):v € Kg} have
intersection multiplicity On,c(1).

Proof. Fix some 2 € N and let E(z) denote the set of v € Ay with 2 € B(v,Cpy). Then, E(z) C
Ay N B(vg, 2Cpy), for any fixed vy € E(z). By right-invariance of the metric, #E(z) is at most
#Ao N B(id,2Cpy¢). Applying the scaling automorphism gs1g2 to the latter set, and using (6.1), we
conclude that #E(z) < #A N B(id, 2C). The lemma follows by discreteness of the lattice A. [
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6.5. Asymmetric Balog-Szemerédi-Gowers Lemma. The following is the asymmetric version
of the Balog-Szemrédi-Gowers Lemma due to Tao and Vu, which is the first key ingredient in the
proof of Theorem 6.3. For a finite set A C R, |A| denotes its cardinality.

Theorem 6.10 (Corollary 2.36, [TV06]). Let A,B C R? be finite sets such that |14 * 1B||§ >
2a|A||B|? and |A| < L|B| for some 0 < a <1 and L > 1. Let &’ > 0 be given. Then, there exist
sets A' C A and B' C B such that

(1) A" and B' are sufficiently dense: |A'| >. a9 L=¢'|A| and |B'| > a9V L=<|B|.

(2) A is approzimately invariant by B': |A' + B'| <o a9 LA/,

Remark 6.11. The quoted result is stated in terms of the additive energy E(A, B) in loc. cit.,
which is nothing but ||14 * 15][3.

6.6. Hochman’s inverse theorem for entropy. In order to be able to bring our affine non-
concentration hypothesis into play, we will need to convert the approximate additive invariance
provided by the Balog-Szemerédi-Gowers Lemma into exact additive obstructions to flattening
under convolution, i.e. affine subspaces. Our key tool for this step is Hochman’s inverse entropy
theorem for convolutions of measures We need some notation before stating the result.

For a Borel probability measure v on R?, the entropy Hy(v) of v at scale k is defined to be

Hy(v) == —% S u(P)log, v(P).
PeDy,

By concavity of log and Jensen’s inequality, we have the following elementary inequality

< logy #{P € Dy : v(P) # 0}
< ’ .

It also follows from Jensen’s inequality that the above inequality becomes equality if and only if v
gives equal weights to the elements P of Dy with v(P) # 0.

Given a Borel probability measure v on R? and z € R? with v(Dg(z)) > 0, we define the
component measure v* by

vk = _ v
1= sy L TOW) v,

where T : Dy(z) — Do(0) is the affine map given by composing scaling by 2* with translation by
the element of Ay sending Dy(2) to Dg(0).
Given a Borel subset P C Prob(R%) and k € N, we define

Hi(v) (6.8)

k
. 1 :
Posisk(v™' €P) = 17 Z/lp(V“) dv(z). (6.9)
=0

Given a linear subspace 0 < V < R% ¢ > 0 and a probability measure v, we say that v is
(V, e)-concentrated if there is a translate L of V such that v(L®)) > 1 —e. We say that v is
(V,e,m)-saturated for a given m € N if

Hp,(v) > Hp(mwr) + dimV — ¢, (6.10)
where W = V1 and myv is the pushforward of v under the orthogonal projection to W.

Theorem 6.12 (Theorem 2.8, [Hocl5]). For every e, R > 0 and r € N, there are 0 > 0 and
mo, ko € N such that for all k > ko and Borel probability measures v and p on [—R, R]¢ satisfying

Hyp(p*v) < Hgp(v) + 0,



36 OSAMA KHALIL

there exists a sequence of subspaces 0 < Vp, ..., Vi, <R such that

- = s (Vi €) — concentrated and 1—¢
0<i<k AT g (‘/“ €, mO) — saturated '

Remark 6.13. Theorem 6.12 is stated in [Hocl5] in the case r = 1. However, the extension to
general r is rather routine since it roughly corresponds to working in base 2" in place of base 2.

6.7. Flattening of discretized measures. The following quantitative result is the main ingre-
dient in the proof of Theorem 6.3.

Proposition 6.14. Let positive functions A, @, and C on (0, 1] be given. Then, for every 0 < v < 1,
there exist n > 0, and r € N, depending on v, \,C, and v, such that the following holds.

For every n > 0, there exists k1 = k1(A\, ¢, C,7) € N, so that the following hold for all k > k;
and any probability measure supported on 27+ 74N B(0,2") and satisfying

(2 (6.11)

Let i be a (N, ¢,C)-ANC Borel measure on N. Let yi be the projection to R? of i ‘B(idz) under m,
normalized to be a probability measure. Then,

g * vl < 277 |l (6.12)

This proposition says that the convolution of an arbitrary measure v with a non-concentrated
measure causes v to “spread out”, i.e. leads to a quantitative reduction in the ¢2 norm of v, unless
|v||5 is already very close to O.

6.7.1. From measures to sets. The remainder of this subsection is dedicated to the proof of Propo-
sition 6.14. Let v > 0 and n > 0 be small parameters and r, k € N be large integers to be specified
over the course of the proof. We frequently assume that v is sufficiently small so that various prop-
erties hold and the values of n, r and k will depend only on « and the non-concentration parameters.
Suppose towards a contradiction that (6.11) holds but (6.12) fails.

We first translate the failure of (6.12) from measures to indicator functions of certain sets using
standard arguments. This allows us to apply the Balog-Szemerédi-Gowers Lemma.

Lemma 6.15 (Lemma 3.3, [Shm19]). For every n > 0 and n > 0, the following holds for all large
enough £. Let i and v be probability measures such that supp(u) C Ay N [0,1)% and supp(v) C
Ay N B(0,2"). Assume that ||p* v||y is at least 27" ||v||,. Then, there exist j,j' < 4nl such that

A= {:1: €A 27 |2 < w(z) <27 ||y||§}, (6.13)
B = {z IS\VE 9 I —1—dl pu(x) < 2_j/_d€} (6.14)

satisfy
(1) ||La*1pll; = 2747 4]| B,
(2) lIv]ally = 272" ||v[l,, and
(3) n(B) = 2.

In particular, there exists a subset Ag C A such that
(1) Ag is contained in w + [0,1)¢, for some w € Z4.
(2) |14 * Lpll5 = 27| A|| B,

Proof. The properties of A and B were proved in [Shm19] for measures on R and for n = 0,
however the short argument, based on the pigeonhole principle, goes through for general d and n
with minimal modifications.



EXPONENTIAL MIXING & ADDITIVE COMBINATORICS 37

To find Ag with the claimed properties, let A = L, czaA, be the partition of A defined by
Ay = ANw+[0,1)% Since A C B(0,2"), we have that # {w : A, # 0} < 2%. By linearity of
convolution, the triangle inequality and Cauchy-Shwarz, we get

2
27" A||B” < |14 % 15]l5 < <Z 14, * 1B||2> <273 " [1a, + 155
w w

The corollary follows for all ¢ large enough, depending on d,n, and 7, by taking Ag = A,,, for w
such that ||14, * 15/ is maximal. O

6.7.2. From (%-concentration to entropy concentration. Let A9 C A and B be as in Lemma 6.15,
applied with ¢ = kr and p = pg,-. Taking 7 small enough, we get by (6.11), the definition of A, and
Chebyshev’s inequality that

‘AOI < |A’ < 24nkr+1+(17'y)dkr < 2(177/2)dkr+1‘ (615)
We now apply Theorem 6.10 with A = Ay, a = 279" =1 [, = max {1, |4o|/|B|}, and
0<e <1

a parameter to be chosen small enough depending on e. Let A’ C Ag and B’ C B be the sets
provided by Theorem 6.10.

Let v/ and y/ be the uniform probability measures supported on A’ and B’ respectively. Com-
bining the above estimate with (6.8), we obtain

log, |A"+ B/| _ log, |A’
Hkr(,u/*V/)S 2|kr | < zT |

Since v/ is the uniform measure on A’, the remark following (6.8) thus implies that
Hip (i # ') < Hyp (V) + O () +logy L /Ror.

By (6.15), we have logy L? < &'logy |A| < €/((1 — ~v/2)dkr + 1).

Recall from Lemma 6.15 Ag, and hence the support of v/, is contained in a box of the form
w + [0,1)%. Moreover, the above inequality remains unchanged by translating /. Hence, for the
purposes of applying Theorem 6.12, we may without loss of generality assume in the sequel that

supp(r/) € [0,1)%.

Let R = O(1) be such that [0,1)? is contained in the R-ball around the origin. Let ¢ > 0 and
ko € N be the parameters provided by Theorem 6.12 applied with this R and

e=2"".

+ Oz (n) +logy L /kr.

We shall assume that k is chosen to be larger than k. Hence, taking & small enough (depending
on o) and 7 small enough (depending on &’ and o), we obtain

szr(:u, * V,) < Hkr(V,) +o. (6'16)

We show that the conclusion of Theorem 6.12 is incompatible with the non-concentration prop-
erties of the measure p. Let Vj, ...,V be the subspaces provided by Theorem 6.12 and

S:{Ogigk:%:Rd}.

We begin by showing that a significant proportion of the V/'s are proper subspaces. Intuitively, being
R?-saturated on most scales means the measure v is close to being absolutely continuous to Lebesgue
on R? in the sense that its £2-norm would be very close to 279 This would contradict (6.11).

Lemma 6.16. If ¢ is small enough and k 1is large enough depending on vy, then #S < (1 —~/10)k.
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Proof. Let v1 = /10 and suppose that #S > (1 —~1)k. Then, Theorem 6.12 and the definition of
saturation (cf. (6.10)) imply that

k
kil Z/Hmo((yl>z,ir) dl//(2> > (1 — 71)(1 — 8)(d - 5) = (1 - '71)d - O(g).
1=0

By [Hocl4, Lemma 3.4]*, this yields the following estimate on Hy,(v/):

m
Hip(v') = (1= 31)d = 0() = O, (52) = (1 = 1)d = Oc),
where the second inequality holds whenever k is large enough depending on r and mg. Moreover,
by the remark following (6.8), we have Hy,. (V') = logy |A’|/kr < logy |A|/kr. Hence, we obtain that

|A| > 2((=71)d=0@EDk - Thig contradicts (6.15) when ¢ is small enough compared to . O

6.7.3. Concentration of large sets at many scales. Roughly speaking, our strategy is as follows.
Armed with Lemma 6.16, we show that the concentration provided by Theorem 6.12 holds on a
set of relatively large measure and on a definite proporrtion of scales. On the other hand, the
non-concentration property of x and induction on scales shows that such set must have very small
measure, yielding a contradiction.

Recall that 7 : N — R? is our fixed surjective homomorphism. Let 0 < 75 < /40 be a small
parameter to be chosen depending only on . Let Egs be the exceptional set provided by Lemma 6.8
for our choices of k,r, and with 6§ = 9 and 2ce in place of €, where ¢ is the constant in (6.2). We

set y3 = 7/40 — 7.

Lemma 6.17. Suppose € is small enough depending on vy, € is small enough depending on &, n is
small enough depending on 5’,~and k is large enough depending on all the previous parameters.

Then, there exist a set F' C Ay, (B(id,1)) C N and a 2-separated set of scales {1 < by < -+ < by,
where m = [y3k| such that the following hold for every 1 <i < m:

(1) figr(F) > 9—Ve'kr—k—1_
(cepe;)

(2) For every w € Krgi (F), there exists an affine subspace Vi such that F N Dy, (w) C Vi
where p; = 27" and ¢ > 1 is as in (6.2).

(3) Vi is a proper affine subspace for every w € Krgi (F).

(4) F is disjoint from the exceptional set for non-concentration, i.e. F'NEqs = 0.

(5) ¢; is a good scale for non-concentration at every point in F, i.e. {; € N(x) for all z € F.

Remark 6.18. The proof of Lemma 6.17 in fact shows that for each fixed scale ¢;, the projection
of the spaces {f/w Tw E Krgi (F )} to R? are all parallel to one another.

We begin by deriving a lower bound on the measure of B’ with respect to our original discretized
measure gy, (not u'). Recall the parameter ¢’ chosen above (6.16).

Lemma 6.19. If n is chosen sufficiently small depending on €', then for all sufficiently large k,
,Ukr(B/) > 2—2d5’kr.

Proof. Recall that the set B was defined in (6.13) and B’ C B is provided by Theorem 6.10 with
a =274kl and [ = max {1, |A|/|B|}. We calculate using Lemma 6.15 and Theorem 6.10:

e (B) = Y palu) > 27~ Bl s, 97 kgm0 k) [ =€ | B > 9 —dkrg=Ou(nkn)| || 4|,
ueB’

By (6.15), we have that |A|¢" < 2%'*". Moreover, Lemma 6.15 implies that
9—2nkr < ,Ukr(B) < 2—j’—dkr|B|‘

4The cited result is stated for step-size r = 1, however its short proof extends to work for any r with minor changes.
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The lemma then follows once 7 is chosen sufficiently small depending on ¢’ g

Next, we define the following set of scales where the concentration provided by Theorem 6.12
gives non-trivial information:

c::{o,...,k}\sz{ogigk:ngd}.
By Lemma 6.16, we know that
IC| > vk, 7 =7/10. (6.17)

Our next goal is to transfer the concentration information provided by Theorem 6.12 for ' to
the measure pu. To do so, we convert the probabilistic concentration provided in the theorem into
geometric containment into subspace neighborhoods.

Recall that {D; : £ € N} is a refining sequence of dyadic partitions of R? and A, = 27¢Z?. For
i€ Cand w € Ay, let z € Dy (w) be such that for V,, :=V; + z, we have

W (V5P N Dip(w) > (1= )/ (D (w)). (6.18)
If no such z exists, we let V,, = V; +w. Denote by @); the set of concentrated points at scale ir, i.e.,

Q; = U Vu(}gpi) N Dir(w).

wEAiT

For every w € A, let V., denote the affine space 7} (Vi (w)), where 7 : N — R? is our fixed
surjective homomorphism. For 2 € R?, we set

Clx)y={ieC:xeQ;}.
In particular, for € B’, C(x) consists of scales at which x witnesses the concentration of B’.
Lemma 6.20. If ¢ is small enough and k is large enough, depending on -y, then the subset
B"={z e B :|C(z)| > |C|/2} (6.19)
satisfies puy (B') > 273de'kr

Proof. Let E = B’ \ B”. First, we give an upper bound on the measure of E with respect to p'.
Let Q5 = R%\ @Q;. Then, the concentration provided by Theorem 6.12 implies that

Po<i<k((1)™" is (Vi, ) — concentrated) > 1 — e.

To unpack the above inequality, let us denote by ©;,. C A;, the subset consisting of those w € A;,
for which (6.18) holds. For every = € RY and 1 < i < k, let w(x) € A be such that D;,.(z) =
w(x) + 2770, 1)%. In this notation, the above inequality reads

> i (z e R W (V) N Die) 2 (1= ) (Dis(@))) > (1= )k + 1)

Note that if p/ (Vugx 3) N Djr(x)) > (1 — e)p/(Dyr()) holds for some x and 4, then the inequality

holds for all y € D;,(x) in place of z. Hence, we get

(1-e)k< > i (v R W (V) NDinl@) = (1= &) (Di(a)) )
0<i<k

= Z Z N/(Dzr(w))

0<i<k weO;,

1= ) D WDuw) V) < (1—e) " > 1 (Q0).

0<i<k weO;, 0<i<k
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It follows that [ .. 1ge(x) dy/(x) < 2¢k. On the other hand, we have by (6.17) that

/ > lgi(@) dil(z) 2 / > Lgs(@) dyi(«) > [Cli'(E)/2 = vkyd(E) /20.

ieC Eiec

Recalling that p' is the uniform measure on B’, we can assert that these inequalities imply that
|B"| > (1 — 40e/~)|B’|. Hence, the assertion of the lemma follows from Lemma 6.15 by the same
argument as in the proof of Lemma 6.19. g

6.7.4. Lifting concentration to N and proof of Lemma 6.17. Note that the scales C(x) may vary
with x. Similarly, the scales at which our affine non-concentration hypothesis holds also vary from
point to point. To arrive at a contradiction, we partition B” into sets where there is a fixed subset
of scales of C at which the aforementioned phenomena hold simultaneously and find an upper bound
on the measure of each piece separately.

Let 0 < 72 < 71/4 be a small parameter to be chosen depending only on 7. Let &y be the
exceptional set provided by Lemma 6.8 for our choices of k,r, and with 8 = 5 and 2¢ in place of
e. By taking r > C(72) large enough, then Lemma 6.8 implies that jir, (Eqis) < 2C(72)27A02)k,

Recall the definition of smoothed scale-k sets in (6.5) and let Let
B" = A (E) \ Eais € Aer(B(id, 1)),  where E = 7~ Y(B}.) N B(id, 1).

Then, by Lemma 6.7, taking €’ small enough depending on r and A(7y2), we can ensure that
i (B") > 273K _ 20 (1)2 20 3(B(1d, 2)) > 27HV, (6.20)

for all large enough k. Recall the sets of good scales N(-) provided by Lemma 6.8. By a slight
abuse of notation, for x € B"”, we let

We define
G(z) = maximal 2-separated subset of C(z) NN (z).
By (6.17) and the definition of B” in (6.19), setting v3 = 71/4 — 72, we also have
G(@)| = ((11/2 = 12)k = 2)/2 = 3k, Vo€ BY,

where the second inequality holds whenever k is large enough.
Given w C {0,...,k}, we let

Bl :={zeB":wCG(x)}.
Then, the sets {BY : |ow| = [~3k]|} provide a cover of B”. Hence, we have that

B < S e (BY) (6.21)
|w|=[3k]
Fix a set w C [0, k] NN for which fix,-(BY) is maximal and let ' = BY. Since the sum in (6.21)

has most 2¥+! terms, (6.20) implies that fig,(F) > 2~ Velk—k-1
It remains to prove that the set of scales given by w satisfy items (2) and (3) of the lemma. We
need the following observation regarding compatibility of dyadic partitions under our projection.

Lemma 6.21. Let £ >0, @ € Ay(F) and w = 7(@). Then, 7(F N Dy()) C B" N Dy(w).
Proof. For all £, we have Dy(0) = g—_g1og2(D) - W by definition, and hence by (6.1), we get
7(Dy(@)) = 2"7(D) + w = Dy(w).

Next, we show that 7(F) C B”. Let U = B(id, 1) and fix some x € F. Then, x € Kkr(ﬂ_l(B,/c’r)ﬂU).
Hence, the intersection Dy, (z) N7 1(B}.) N U is non-empty. Let y be a point in this intersection,
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so that y € B}/, = Uy,ep Dy, (v), where we used that B” is a subset of Ay,. Letting v € B” be such
that y € D, (v), it follows that 7(Dy,.(x)) intersects D, (v). On the other hand, we have shown
that 7(Dg,(x)) = Dgr(m(z)). Since 7(x) € Ak, it follows that 7(x) = v, concluding the proof. O

Let ¢ € @ and @ € Ay(F). Let 2 € F N Dyy(w) and w = w(@). Then, 7(x) € Dpy(w) N B’
by Lemma 6.21, and ¢ € C(w(z)) by definition. Hence, by definition of B” in (6.19), we have that

m(x) € VPO Tt follows by (6.2) that = € Vécspi). Moreover, since £ € C(w(x)), we have that V,, is
a proper subspace, and hence so is Viz. This completes the proof of Lemma 6.17.

6.7.5. ANC implies a contradiction to Lemma 6.17. In this section, we complete the proof of
Proposition 6.14 by showing that the ANC condition gives a contradiction to Lemma 6.17 via
an induction on scales argument showing that the multiscale structure of F' given in the lemma
implies that it has very small measure. N N

Let F, ¢;, and V,, be as in Lemma 6.17. We recall that Ay(F') denotes those elements v € Ay for
which the corresponding cells Dy(v) intersect F' non-trivially. As a first step, we have the following
basic estimate that will allow us to proceed by induction on scales:

figr (F) < Z fikr(Dye,, (v)) = Z Z fikr(Dye,, (V). (6.22)
vER 4, (F) wEAy, _, (F) vE€R L, (F)
Drlm (U)CDrlm_l (w)

Recall by (6.6) that the diameter of each element of D,, is at most cp,, for a fixed uniform constant
¢ > 1. Moreover, since the ¢;’s are 2-separated and € = 27", we may assume that r is large enough,
depending on ¢ so that

cpe; < €py; /10, Vi<i<j<m. (6.23)

2

Hence, if 1711(}%% intersects a box Dy, , (v) non-trivially, then we have

Dy, (v) C Vi P, (6.24)

This containment, along with item (2) of Lemma 6.17, imply that for every 1 < i < m and
w € Ay, (F), we have that

~ - ~ (2cepy.
S (D, ) < i (V" 0Dy, ().
UEKN’

o (F)

Dyt (v)CDye, (w)

Tl
Recall that f satisfies the ANC condition in Def. 6.1. Hence, for all ¢ and w € /NX,,gi(F),

items (3), (4) and (5) of Lemma 6.17, along with Lemma 6.8 imply that

= (2cepy,)

e (V™" Dy, (w)) < 83, €)7i (Blw, epr,)) (6.25)

where 0(y2,€) = (p(72) + C(72)¢(4e)). Note that the above inequality has the discretized measure
it on the left side and has the original measure ji on the right side. Applying this estimate with
i =m — 1 and combining it with (6.22), we obtain

i (F) <6(v2e) S i (Blw,3epp, ). (6.26)

wWEAp (F)

m—1

Our next lemma will allow us to apply induction on the above estimate.
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Lemma 6.22. There exists a uniform constant Cny > 1, depending only on the metric on the
nilpotent group N, so that for all 2 < i < m, we have

Z ﬂ(B(w,ﬁlcpgi)) < CN5(727€) Z g (B(’U>4Cp€¢71)) :
wEKMi (F) UeK"li—l (F)
Proof. We begin by noting the following equality that relates the scale py, to the scale py
> a(Bwdep)) = > > ii (B(w, 4cpy,))

wexrli (F) UGKTQ,1 (F) wEIN\rgi (F)
DTQ (w)CDrli,1 (U)

i—1°

Let w be such that w € ZNXN;Z, (F) and Dy, (w) C Dyy,_, (v). Since Dyy,(w) meets F', we have that
w is at distance at most cpy, < epy,_, /10 from a point in F. We also have that F' N D,y,_, (v) is

~(cepe;_4)

contained inside the subspace neighborhood V,, by our choices above. Hence, by (6.23), we

~ (2c2py,
obtain that the ball B(w,4cpy,) is contained inside VU( cepe“l). Finally, similar considerations imply

that B(w,4cpy,) is contained in B(v,2cpy, ). Put together, we arrive at the following inclusion:

U Blwtep,) c 07

wEKT'[z‘ (F)
Drli (w)CD'r‘Zi,1 (U)

N B(v,2cpy; ).

On the other hand, by Lemma 6.9, the balls on the left side of the above equation have intersection
multiplicity On(1). Letting Cy denote this bound on multiplicity, we thus obtain
~ (2cepy,
S Bl < O (V0 B2 )
wexrii (F)
Drﬁi (w)CDrZi_l (U)

To apply our non-concentration hypothesis, we wish to find a suitable point x in the support of
£t which is sufficiently close to v. To this end, recall by Lemma 6.8(2) that there is € D,y, ,(v)
such that z is outside the exceptional set for fi and such that the set of good scales N(x) contains
the set N'(v). In particular, since ¢;_1 € N(v) by construction, we also have that ¢;_; € N (x).
Finally, since Dy, ,(v) intersects the unit ball around identity, it is contained in B(id, 2) whenever
r is larger than an absolute constant. In particular, x € B(id,2), and hence, we obtain by our
non-concentration hypothesis that

)

~(3cepy,

~(2cepy,
/NL <Vv( 50&—1) N B('U, 26,051-1)) S /1 <‘/:U Ci—1

Using that € D,y(v) once more, we get that the right side of the above inequality is at most
d(y2,€)u(B(v,4cpe,_,)). This completes the proof of the lemma. O

mB<x,3cpe“>) < 6(y2. ) B, 3ep, ).

Applying the above lemma (m — 2)-times to the right side of (6.26), we obtain

e (F) < 6012,2) S A(B(w,deps)) < (Cnd(me)™ S i(Blo,depn)).
wexrlm_l(F) Uexrél (F)

Since F' C B(id, 1), each of the balls B(v, 4cpy, ) is contained in B(id, 2) for all v € /NXMI (F) when-
ever r is large enough. Moreover, by Lemma 6.9, those balls have uniformly bounded multiplicity.
We thus obtain the bound jig.(F) < (Cn6(y2,))™ L.

On the other hand, by Lemma 6.17(1), we have the lower bound fig,-(F') > 9~ Vek—k—1, Moreover,
by taking ~ small enough, and taking e sufficiently small depending on 2, we can ensure that



EXPONENTIAL MIXING & ADDITIVE COMBINATORICS 43

Cnd6(v2,¢€) is at most 1. Taking k large enough so that 1/k < v3/2, we arrive at the inequality
2V < Gy (Cnd(y2, )™ HF < Co (Ond(m, )2,

where Cp > 1 is the implicit constant in the previous inequality. Recall that v; = /10, 2 is to be
chosen smaller than 7, /4, and v3 = 71/4 — 2. Hence, by choosing 2 first to be sufficiently small
relative to 1, then choosing € very small, depending on -3, we can make the right side of the above
inequality at most 1/2. This gives a contradiction since &’ < 1.

6.8. Proof of Theorem 6.3. Let n > 0 and r € N be the parameters provided by Proposition 6.14
applied with v = ¢/d. Let n € N be the smallest integer such that (n — 1)n > (d —€)/2. Note that
by Young’s inequality, for all a, b, k € N, we have that

*a xb *b
Hi * Hi H;

_ *b
2 ‘ Fely
We first observe that this inequality implies that it suffices to prove the first assertion of the
theorem for multiples of r. Indeed, given any probability measure v, k € N, and 0 < s < r, we have

dovpy= ) Y wPP <2 Y wQ)>

PeDkr+s QGDkr PEDkr+57P§Q QEDICT

< *a ‘
< il

Let k1 be the parameter provided by Prop. 6.14 applied with [logn|, where n is as above. Let
k > k1 be given and suppose that

2
]|, < 27, (6.27)
2
. 2 —L
for some £ € Nwith 1 < ¢ < n. By Lemma 6.6, we also have that ||;'[|5 < Huzgn )4 it ) Hence,
since convolution with uZin_e) does not increase the ¢?-norm, we get that || MZ?Hg < 27 (d=e)kr ug

desired. Now, suppose that (6.27) fails for all 1 < ¢ < n. Then, applying Prop. 6.14 (n — 1)-times
by induction, and using Lemma 6.6, we obtain for some uniform constant ¢ > 1

Y

*(n—1 —
,Ukr*ngn )H2 < 27

ek lla < C’ Mzgn_l)HQ < o< gDk [ v~ lo—n(n—1)kr

where the second inequality follows since ||fuy||, < 1. This proves the first assertion by our choice
of n. The (short) deduction of the second assertion can be found in [MS18, Lemma 5.2].

6.9. Proof of Theorem 1.5, Corollary 1.7, and Corollary 6.4 from Theorem 6.3. Note that
being uniformly affinely non-concentration immediately implies that p is affinely non-concentrated
at almost every (in fact at every) scale with an empty exceptional set. Hence, the second assertion of
Theorem 6.3 immediately implies that dim, p*" tends to d as n — oo. The same holds for dim, p*™
due to the inequality dimg, 1 > dimy p for all ¢ > 1. Finally, the first assertion of Theorem 1.5
follows readily from Proposition 6.14; cf. [RS20, Proof of Theorem 1.1] for details of this deduction.

Similarly, Corollary 1.7 is a special case of Corollary 6.4. Hence, it remains to deduce Corol-
lary 6.4 from Theorem 6.3 via the well-known relationship between L2-dimension and Fourier
transform. Namely, by [FNW02, Proof of Claim 2.8], we have®

/ 10(€)|? de <4 r_Zd/V(B(x,r))Q da. (6.28)
lel<t/r

for every r > 0 and any Borel probability measure v on R?. Moreover, if k € N is such that
2=+ < < 27F then B(z,7) can be covered by O4(1) elements of the partition Dy. Hence,

/V(B(x,g—k))Q dv <q 27% 3" u(P)? = 27 ||y ][5 . (6.29)
PEDk

5The reference [FNWO02] proves this fact in the case d = 1, however the proof works equally well for R? for any d.
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Now, let pu be a measure satisfying the hypotheses of Corollary 6.4 and let ¢ > 0 be arbitrary.
By Theorem 6.3, there are natural numbers n, k1, depending only on £ and the non-concentration
parameters of u, such that for all k > ki,

11315 <z 27728,
Given T' > 2¥1, let 7 = 1/T and k € N be such that 2=*+1) < » < 2% We can apply (6.28)
and (6.29) with v = ;" to get that
/” e (&) 2" dE <, TPk (d=e/Dk  T2/2, (6.30)

The conclusion of the corollary will now follow by Chebyshev’s inequality and the fact that the
Fourier transform is Lipschitz. Indeed, note that

|(61) = i€e)| < 161 = &2l

where the implicit constant depends only on the radius of the smallest ball around the origin
containing the support of .

In particular, given & > 0, if |u(£)] > T~° for some &, then |fi| is at least T77°/2 on a ball of
radius 7-29, when T is large enough depending on ¢ and p. It follows that

# {u € Z¢: |v|| < T, and there exists & € v + [0, 1)? such that |i(¢)] > T‘5} w T20d

< Hg e RY: ||¢]| < 27 and |(€)] > T—é/z}( .

Chebyshev’s inequality applied to (6.30) implies that the right side of the above inequality is
O(Te/?+20m). Thus, the number of radius one balls needed to cover the set of frequencies & of norm
at most T such that |(&)| > T79 is O(T/2+9C2n+2d)) " Thus, taking § = £/2(2n + 2d), we obtain
the assertion of Corollary 6.4 as desired.

6.10. Polynomial affine non-concentration. In this section, we show that Theorem 6.3 implies
quantitative non-concentration estimates near proper subspaces.

Theorem 6.23. Let i and p be as in Theorem 6.3. Then, there exist kK > 0 and C, depending
on the non-concentration parameters of i, such that for all € > 0 and all proper affine subspaces
W < RY, we have that (W) < Ce*.

We first need the following useful observation which translates polynomial non-concentration for
self-convolution into a similar estimate for the original measure.

Lemma 6.24. Let v be a Borel probability measure, €, a, C > 0 be arbitrary constants, and W < R?
be an affine hyperplane. Let V. =W +W. Assume that v*2(V(©)) < Ce®. Then, v(W(/2) < Ce/2,

Proof. Note that the definition of convolution implies

V) = //lv(g)(ac +y) dv(z) dv(y) = /1/ (V(E) - x) dv(z).
Hence, by Chebyshev’s inequality and our hypothesis on v, the set

B= {a:E]Rd : I/(V(E) —;1;) >504/2}

has v measure at most Ce®2. Hence, the lemma follows if W (/2) is contained inside B. Otherwise,
let 2 € W(/2)\ B and observe that W(/2) is contained inside V(¢) — z. However, the latter set has
v measure at most £€%/2 since = ¢ B. Hence, the lemma follows in this case as well. U

We are now ready for the proof of Theorem 6.23.
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Proof of Theorem 6.23. By Theorem 6.3, we can find n € N and ry > 0, depending only on the
non-concentration parameters of fi, such that

p? (B, 1)) <q 2212, (6.31)

for all 0 < r < rg and all z € R Fix one such value of n once and for all. Let v = p*2" and let
B C R? be a large ball containing the supports of p** for all 0 < k < 27, In light of Lemma 6.24,
it will suffice to find C' > 1 and « > 0 so that V(V(s)) < Ce* for all proper affine hyperplanes V.
Let 0 < € < 1 and a proper affine hyperplane V < R¢ be arbitrary. Then, note that VE N B can
be covered by O Bd(s_(d_l)) balls of radius € with multiplicity depending only on d. Then, (6.31)
implies that v(V(®)) < C’eY/? for a suitable constant C’ = C’(m,n,d) > 1. Since V was arbi-
trary, Lemma 6.24 and induction on n show that M(W(E/Qn)) < C'e" for k = 277! for all proper
hyperplanes W. Since € > 0 was arbitrary, this completes the proof by taking C' = C’'2", ]

7. NON-CONCENTRATION OF PATTERSON-SULLIVAN MEASURES

In this section, we verify the non-concentration hypothesis in Corollary 6.4 for the measures p>.
This enables us to apply these results to prove Proposition 4.14 and Theorem 4.17 which are the
remaining pieces in the proof of Theorem 4.2.

Definition 7.1. Let £’ denote the collection of all proper linear subspaces of the Lie algebra n™
and denote by L the set of all NT-translates of images of elements of £’ under the exponential
map. Elements of £ will be referred to as affine subspaces of N*. For ¢ > 0 and L € £, let L)
be the e-neighborhood of L.

Recall that we fixed a choice of a Margulis function V' in Remark 4.1 and define

u( N+t LeE)
t(e) == sup Sup'“fv(l—m)

. (7.1)
ven-aLeL V(x)ud(Ny)

We also recall that T is a geometrically finite subgroup of G' = Isom™ (H%).
Theorem 7.2. Assume that T is Zariski-dense inside G. We have that t(¢) — 0 as € — 0.
As a consequence, we verify the hypotheses of Corollary 6.4.

Corollary 7.3. For every x € Ny §2, the measure u is affinely non-concentrated at almost every
scale in the sense of Definition 6.1 with parameters depending only on V (z); cf. (7.4).

7.1. Proof of Theorem 7.2. Our key tool is the following result which is a consequence of the
ergodicity of the geodesic flow. The case of real hyperbolic spaces of this result was known earlier
in [FS90] by different methods.

Proposition 7.4 ([ELO22, Corollary 9.4]). For allz € X and L € L, u%(L) = 0.

Theorem 7.2 follows from the above result and a compactness argument. Indeed, fix an arbitrary
n > 0 and note that for all x with V(x) > 1/n, the inner supremum in the definition of ¢(¢) is
bounded above by 7, for any choice of € > 0. We now show that t(¢) < n for all sufficiently small
¢ by restricting our attention to the bounded set of x € N; Q where V(x) < 1/7. Suppose not and
let z, € Ny Q, L, € L, e, > 0 be sequences such that V(z,) <1/n, ¢, — 0, and

Lt (NP L)
lim inf —= -
n—oo M, (NY)

> 0. (7.2)

Passing to a subsequence if necessary, we may assume z, — y € N; Q and L,, converges to some
P € £ (in the Hausdorff topology on compact sets). On the other hand, when x,, is sufficiently

close to y, we can change variables using (2.3), and (2.7) to get pj_ (N, N Lgfn)) = [ fudn dfiy,
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where J,, is the Jacobian of the change of variables and f,, is the indicator function of the image of
N 1+ ﬂL,(f") under this change of variables. By Proposition 7.4, since L,, converges to L, f, converges
to 0 pointwise p,-almost everywhere. Additionally, J, converges to 1 everywhere since z;, converges
to y. Finally, pj (Nf' ) remains bounded away from 0 since x,, remain within a bounded set for all
n. This gives a contradiction to (7.2) and concludes the proof.

7.2. Non-concentration and proof of Corollary 7.3. In this section, we show that the con-
ditional measures pf are affinely non-concentrated in the sense of Def. 6.1. Our key tools are
Theorem 2.5 and Theorem 7.2.

Let 0 < 6,e < 1 be arbitrary. Let H,ry = Ogg(1) be the constants provided by Theorem 2.5
when applied with e = $60/2 and let > ry. For £ € N, let ty = rflog 2 and define

E={neN;: Z xu(gt,nz) > 0k
1<t<k

Then, by Theorem 2.5, we have that p%(€ N N;") < e B2V (2) 2 (N;).
It remains to show that our desired non-concentration holds outside of £. For n € Nfr , define
the set of scales N'(n) as follows:

Nn)={1<l<k:V(gnz)<H}.

Let n € Ni" Nsupp(pd) \ €. By definition, we have #MN (n) > (1 — 0)k.

Let £ € N(n) and let W < NT be a proper affine subspace. Recall the function ¢(¢) defined
in (7.1). Let p < 27" Let 2 = g_10g ,nx and Wy, = Ad(g—10g,)(Wn~!). Then, changing variables
and using the definition of #(¢) along with the fact that V(z) < H, we obtain

P (WE AN n) = o pt (W) NN < Ht(e) x p°p(NF) = Ht(e) x pi(NS -n),  (7.3)

where the last equality follows by reversing the change of variables since p%g(fo ) = p2(N, ;r ‘n).
Let C; > 1 be the larger of the implicit constants in the bound on the measure of £ and in (7.3).
These two estimates imply that p satisfies Definition 6.1 by taking

C(0):=C1V(x)H, p(e) == Cht(e), A(0) := (BOlog2)/2. (7.4)
That () tends to 0 as € — 0 follows by Theorem 7.2.

7.3. Counting close frequencies and proof of Proposition 4.14. The idea of the proof is sim-
ilar to that of [Liv04, Lemma 6.2], with the significant added difficulty being the non-concentration
result for PS measures established in Theorem 6.23. We note however that the case of real hyper-
bolic manifolds is much simpler in that it does not require Theorem 6.23 and instead uses only the
doubling result in Proposition 2.2.

Recall our definition of the transverse intersection points x,, in (4.45) and of N (j) in the
paragraph above (4.35). For each ¢ € I, j, fix some uy € Ny (j) € N3 such that

Top = GP) T =N Yoy D= My, U (7.5)

Here, we are using that the groups A = {g; : t € R} and M commute. Denote by Pt the parabolic
subgroup N*tAM of G. Since M is compact, |t,,| < 1, and Nfr(j) is contained in N;, there is a
uniform constant C' > 0 such that

{pf:tel,;} cPL, (7.6)

where Pg denotes the ball of radius C around identity in PT.
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Fix some ¢y € I, ; and denote by C, ;({y) the set of indices ¢ € I, ; such that (¢y,¢) € C, ;. To
simplify notation, we set

€:= b /10, tye :=y(w + 5Tp).

Let Z = exp(n,,) C N~. In particular®, Z = {id} is the trivial group in the real hyperbolic case.
Recalling the definition of the Cygan metric in (2.5), the definition of C), ; implies that

dN—(”;,z(”;eo)_lv Z) < b0,

Denote by Z(©) the e-neighborhood of Z inside N~. Let

_ _ — -1 _
i, =mn,,(n, )" € Zn N,

where we recall that the points N, belong to N; /10 by definition of our flow boxes B,; cf. paragraph
preceding (4.27). Note that

gpf =1y - g'pf cx, VEEC,;(t).
In particular, for u, = Ad(¢g?)~" (4, ), since g7 = g, (cf. (4.30)), we have that

pir=u, -pZ)x € (Z(et*f) NN, ) 'pZ)x, Ve C,j(l). (7.7)

ty, .
etxu;

Our counting estimate will follow by estimating from below the separation between the points pzx,
combined with a measure estimate on the sets (Z(et*e) NN, ) -pZ):L‘.

To this end, recall the sublevel set K; and the injectivity radius ¢j in (4.25). Recall also by (4.18)
that = belongs to K. It follows that the injectivity radius at every point of the weak unstable
ball Pg - is > ¢j. This implies that there is a radius r; with ¢; < r; < ¢; such that for every
¢ e C,;(ly), the map n™ — n~ -pzrx is an embedding of N~ into X.

Let {By,} be a cover of P} by O(e; dim P +) balls of radius r;. Then, similar injectivity radius
considerations imply that, for every m, the disks

{Nr_j -p}x e Cp,j(fo),pé+ € Bm}

are disjoint. Indeed, otherwise, we can find n € NQ;J, and (1,0 € C,; with pZ,pZQ € B, such
that ana: = pr. By choosing r; sufficiently smaller than ¢;, this gives a contradiction to the
fact that the injectivity radius at x is > ¢; since (pZ)_lan = (]9}2)_17%13;2 : (pZ)_lpj1 is at
distance O(r;) from identity. The above disjointness, together with (7.7), imply that the disks

{N?; “uy L€ Cpillo),py € Bm} form a disjoint collection of disks inside Z(¢"*¢t4) n Nieteg1),-

In particular, we get that

s (et*ettj) -
MPZ)TL' (Z 3N N(et*—i-l)Lj)

mingec,, (to) Myt LSV )
0

# {E € Cp,j(ﬁ()) :pz_ S Bm} < , (7.8)

where p§ are the conditional measures along N~ -orbits defined similarly to (2.2).

To obtain good bounds on the ratio in (7.8) for a given ¢, it will be important to change the
basepoint pZJw to another point of the form gspZ:z: with uniformly bounded height. Fix some
arbitrary ¢ € C, j({p) and recall (7.5) and (7.7). Let s,, € [ts, (1 + 2a)t,] be the return time
defined in (4.47) and set

Yo = gs, Pp T-

6This is the reason Theorem 6.23 is not needed in this case.
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Note that our choice of u, implies that

Z(erety) A N

2et* +i; _
(et +1); C <Z( etretiy) N N,

2(6t*+1)L]’) “Up -

In particular, we can use the set on the right side to estimate the numerator of (7.8). Let

Q = Z(26t*€+bj) N N27(et*+1)laj’ Q, = Ad(gsp,e)(Q)

Then, changing variables using (2.3), we have

/‘Z;O Q@ u) Hor (@) 15, (@)

x
) 1, 0 N,
Moreover, by Sullivan’s shadow lemma [Sch04, Theorem 3.2], since V (y¢) <7, 1, we have that
— -0 § = %,0
Iy, (Ne‘splrj) >, e il > e (1+2a)t L. (7.9)

Here, we used [Cor90, Theorem 2.2] to relate the disks N, -y, to their shadows on the boundary.

Lemma 7.5. We have the bound p;,(Q") < b=r/10 e~ where k > 0 is a uniform constant
provided by Theorem 6.23.

Proof. We wish to apply Theorem 6.23 to the measure pj,. This result concerns decay of measures
of the intersection of subspace neighborhoods with Ny . First, we show that Q' C Z (@) n Ny for
0 = 2e+u;e7t. Indeed, let 7 = (2et€+1;)e 04 and ro = 2(et* +1)1je~%0¢. Then, Q' = Z"NN,;.
Since s,¢ > t, and ¢; < 1/10 (cf. (4.25)), we have ro < 1. Similarly, r; < o.

Next, we note that the non-concentration hypothesis of Theorem 6.23 is verified in Corollary 7.3.
Moreover, the corollary also shows that the non-concentration parameters can be chosen uniform
over all yy in view of the fact that V(y,) < 1. Let u be the projection of yj, Ny to the abelianiza-
tion N~ /[N~,N~] = n7, normalized to be a probability measure. Then, Theorem 6.23 provides
constants C1, x > 0, independent of £, so that (W) < C1e” for all € > 0 and all proper affine
subspaces W, where such subspaces are defined in Def. 7.1. The lemma now follows since @’ is
contained in the p-neighborhood of a translate of the preimage of 0 under this projection. g

Recall that the cover {By,} has cardinality at most O(¢; dim P +). Also, recall by (4.26) that
Lj_l <7, el Hence, (7.8), (7.9), and Lemma 7.5 imply that

#CPJ (EO) <<T0 eo(at*) (EH + e_’ﬁt* )edt* .

Finally, note that (4.14) provides the bound e** <7, b2e/a. Hence, if « is small enough, the above
bounds imply that #C, ;(£o) is <7, (%0 + e~F0%)ed%  for kg = k/2. This concludes the proof.

7.4. Flattening and proof of Theorem 4.17. We wish to apply Corollary 6.4. Recall that v; has
total mass 11y (N;") and let pu = v;/ iy (N;"). In particular, u is a probability measure supported
P P

on the unit ball in n}. We fix identifications n} = KP = n_, for some p € N; cf. Section 2.4. Note
further that the restriction of the metric in (2.5) to n} is Euclidean. In particular, we will fix a
linear isomorphism of n and n; with R?, where d = pdim K.

By Corollary 7.3, the measure ,uZ;-) is affinely non-concentrated at almost all scales in the sense

of Def. 6.1. Hence, Corollary 6.4 provides A > 0 such that, for 7" = b*/10 the set
B(N) = {w eRY: |w|| < T and |a(w)| > T"\}

can be covered by O;(7*) balls of radius 1. The result will follow once we estimate the spacing
between the functionals (wj, ,, ).
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To simplify notation, let w, := (w}%e,). By (4.75), when b is large enough, we have that
bllwe|| <T. In particular, we can view the set B(i,k, A) as a subset of B()) above using the map
¢ — bwy. By Lemma 4.13, the definition of wj, , in (4.70), and (4.68), we have that

Hw& - wfz” > b2/10 Huﬁz - uh” :
In particular, by Proposition 4.14, any ball of radius 1 in R? contains at most
OTO ((b—n/lo + e—n'y(w—l—jTo))e&'y(w—l—jTo))
of the vectors wy. This completes the proof of Theorem 4.17.

8. PROOF OF THEOREMS 1.1 AND 1.2

The goal of this section is to complete the proofs of Theorems 1.1 and 1.2 establishing exponential
mixing of the geodesic flow. The key ingredients are Theorems 3.3 and 4.2. The deduction is through
a form of the Paley-Wiener theorems adapted for this purpose obtained in [Butl6a,But16b].

8.1. Paley-Wiener theorems. Let (B,||-||z) be a Banach space equipped with a weaker norm
|-l 4- Let £; be a bounded one-parameter semigroup of operators on 3 in the norm ||-||z. Denote
by X the infinitesimal generator of £; and let R(z), Re(z) > 0, be its resolvent.

Theorem 8.1 ([Butl16a, But16b, Theorem 1]). Assume that L; is strongly continuous’, and

(1) Ly is weakly-Lipschitz, i.e., for allt >0 and f € B, [|Lof — fll4 <t fllz-

(2) there exists A > 0 such that pess(R(z)) < 1/(Re(z) + A) for all z € C with Re(z) > 0, where
Pess denotes the essential spectral radius.

(8) there exist positive constants C,«, 3 and 0 < v < log(1+ \/a) such that, for all z € C with
Re(z) = a and |Im(z)| > B, we have |[R(2)!||z < C/(a + N)4, where ¢ = [vlog |[Im(z)|].
Here, X is the constant in Assumption (2).

Then, there exists an operator valued function t — Py taking values in the space of bounded operators
on B, and for 1 < j < N €N, there exist z; € C with —\ < Re(z;) < S8, a finite rank projector 11;,
and a nilpotent operator N, so that the following hold:

(1) For all1 < j k<N andt >0, we have

Hij = 5jk]:[j7 ijt - PtHj = O, H]/\G = MH] = ./V’]

(2) For allt >0, Ly =P, + Zjvzl e'#i exp(tN;)IL;.

(3) For all f in the domain of X, t >0 and 0 <€ <\, |Pf| 4 <c e || Xf|5-
8.2. Verification of the hypotheses of Theorem 8.1. Recall the Banach space B, defined

below (3.6) and the weak norm ||-||} defined in (3.5). The link between the norms we introduced
and decay of correlations is furnished in the following lemma.

Lemma 8.2 ([Kha23, Lemma 7.11]). For all f, € C2(X)M we have that [ f-¢ dmPMS <, ||f|],
where the implied constant depends on |||z and the injectivity radius of its support.

In particular, this lemma implies that decay of correlations (for mean 0 functions) would follow
at once if we verify that || £;f||] decays in ¢ with a suitable rate. Theorem 8.1 shows that such decay
follows from suitable spectral bounds on the resolvent. Hence, it remains to verify the hypotheses
of Theorem 8.1. Recalling the definitions of the norms in Section 3.1, we take

=100 s =10
in the notation of Theorem 8.1. Strong continuity of L; is a consequence of the mean value theorem,

cf. [Kha23, Cor. 7.2], while Theorem 3.3 verifies Assumption (2) of Theorem 8.1. The following
lemma verifies Assumption (1).

Ct. [Butl6a] for a result that does not require strong continuity.



50 OSAMA KHALIL
Lemma 8.3. For allt >0, ||Lif — fII} <t|fI}

Proof. Recall that the norm |||} only involves the coefficient €/ o; cf. (3.5). Let z € Ny and
t > 0. Then, given any test function ¢ for 6/170, we have that

() orna) = fna)) it = [ on)Lup(arna) dptar

¢
Ny

where L, is the derivative with respect to the vector field generating g;. Lemma 3.5 thus implies

(n)(f(gina) — f(nx)) dp| < V(@) (N7 /0 €5 1(Lof) dr < 1V (@)t (NF)et 1 (),

¢
Ny

where €7 ; is the coefficient defined above (3.6). This completes the proof. O

Finally, the following corollary verifies Assumption 3 of Theorem 8.1.

Corollary 8.4. In the notation of Theorem 4.2, there exist constants c,, Ax > 0, such that the
following holds. For all z = a, + ib € C and for ¢ = [c, log |b||, we have the operator norm bound

IR(2)77 < (ax + )77,
whenever |b| > br, where by > 1 is a constant depending on T'.

Proof. First, we verify the corollary for the norm |[|-|] 5. TLet e}, be the scaled seminorm
et 1/Ib]'**. The proof of [Kha23, Lemmas 7.5 and 7.6] shows that, for z = a, 4 ib with [b] > a,

/15 (as +12D) _ 3Cr /11,5

* R m < C
el,l,b( (Z) f)— r aTbH”“ — a1n|b|%

)

for some constant Cr > 1 depending only on I', where we used the fact that a, + |z| < 3|b|.
Moreover, if m = [log |b]] > 3/2, we have that |b|* > ¢*™/2 > (1 + 3/2)™ and hence a*|b|* is
at least (ay + 3¢/2)™. It follows that, for all f € B,, we have

3Cr |I£11 5

el1p(R(2)™f) < (e 1 /27"

This estimate, combined with the estimate in Theorem 4.2 implies that whenever |b| > b,, we have
|R(2)™||7 g is Or((ax+01)~"™), where o1 > 0 is the minimum of o, and 5/2. In particular, if |b] is
large enough, depending on I', we can absorb the implied constant in the estimate above to obtain

IR(2)"[I,p < (ax +01/2)7"

Let p € N be a large integer to be chosen shortly. To obtain the claimed estimate for the norm
[I-I7, note that for any f in the Banach space By, since ||-|[1 5 < [I-|T < B|-[[5 = [b['"**|-I] 5,
iterating the above estimate yields

BIREP™ fIis _  BIfI;

HR(Z)2pme’1* <B HR(Z)2pmf||; < (ay + 01/2)Pm = (ay + o1 /2)2m’

Since m = [log|b||, choosing p large enough, depending only on a, and o1, we can ensure that
B/(as + o1/2)P™ < 1/al™. In particular, taking A\, to be the positive solution of the quadratic
polynomial z +—+ 22 + 2a,2 — a,01/2, we obtain the desired estimate with ¢, = 2p. O
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8.3. Proof of Theorems 1.1 and 1.2. Let X denote the generator of the semigroup £; acting on
B, (which exists by [Kha23, Cor. 7.2]). In light of the above results and Theorem 8.1, we obtain the
following decomposition of the transfer operator L:: Ly = Py + Zf\il et’\ietMHi, where Py, N;, \i
and II; are as in Theorem 8.1. Moreover, for a suitable o > 0, depending only on A, in Corollary 8.4
and on og given by Theorem 3.3, we have that |P;f||] < e 7t |Xf||], for all t > 0 and f € B,.
Finally, it follows by [Kha23, Lemma 7.12] that the only eigenvalue \; lying on the imaginary axis
is 0 and that its associated nilpotent operator A; vanishes. This concludes the proof.
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