STRONG SPECTRAL GAP FOR GEOMETRICALLY FINITE HYPERBOLIC
MANIFOLDS

DUBI KELMER, OSAMA KHALIL, AND PRATYUSH SARKAR

ABsTtrACT. Let I' < G := SO(d + 1,1) for d > 1 be a Zariski dense, geometrically finite, discrete sub-
group with critical exponent strictly greater than d/2. We show that L2(T'\G) admits a strong spec-
tral gap, confirming a conjecture of Mohammadi and Oh. This extends the spherical spectral gap on
L2(T\H4t1) = L2(T'\G/SO(d + 1)), which follows by the works of Lax-Phillips, Patterson, and Sullivan by
different methods. As a consequence, we establish rates of decay of matrix coefficients, and of exponential
mixing of the frame flow, that are explicitly determined by the size of the strong spectral gap.
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1. INTRODUCTION

Throughout the paper, G := SO(d + 1,1)° denotes the connected component of the orthogonal group
of signature (d + 1,1) for d > 1, and I" < G is a discrete subgroup. Recall that G can be realized as the
group of orientation-preserving isometries of the (d + 1)-dimensional hyperbolic space H?*!. The discrete
subgroup I' and the corresponding hyperbolic orbifold T'\H*! are said to be geometrically finite if for any
€ > 0, the e-neighborhood of the convex core of I'\H?*!—the closure of the union of all closed geodesics in
[\H4*+1—is of finite volume. The critical exzponent ér € [0,d] is a fundamental parameter associated to T
which is defined as the abscissa of convergence of the Poincaré series s — Zwer e~ 54279) for any reference
point 0 € H¥"'. When I is geometrically finite, the critical exponent coincides with the Hausdorff dimension
of the limit set of I' in Ju (H4*1)—the set of limit points of any I' orbit in H4+!. Our primary object of
study is the right regular representation of G' on the space L?(T'\G) of C-valued L? functions with respect
to a fixed G-invariant measure.

Recall that an irreducible unitary representation of G is called spherical if it admits a non-zero fixed
vector by a maximal compact subgroup of G. In 1982, LaxPhillips showed in [[LP82] that, when I'\H%*+!
is geometrically finite, the intersection of the L? spectrum of the Laplace—Beltrami operator with [0, d?/4)
consists of a (possibly empty) finite set of eigenvalues, each occurring with finite multiplicity (so-called
small eigenvalues of the Laplace-Beltrami operator). Equivalently, since a spherical vector in a spherical
complementary series representation is an eigenfunction of the Laplace—Beltrami operator with eigenvalue
in [0,d%/4), at most finitely many spherical complementary series can occur in L*(T'\G) and with finite
multiplicities. Moreover, the works of Patterson [Pat76] in the case d = 1, and Sullivan [Sul79] in general
show that there exists a bottom eigenvalue below the continuous spectrum if and only if op > d/2 (cf. works
of Elstrodt [Els73a, Els73b, Els74]); thereby yielding the existence of a spectral gap in this case, often called
the Lax—Phillips spectral gap.
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In [MO15, Definition 1.1], Mohammadi-Oh formulated a more general strong spectral gap which includes
the non-spherical complementary series as well as the spherical ones (cf. [KKS09, Kelll] for similar types of
questions for compact groups). It is natural to extend their definition to the following definition to account
for all the quasi-complementary series, which exhaust the non-tempered elements of the unitary dual of G;
see Theorem 2.6. To formulate this definition, denote by J\Z_d the set of isomorphism classes of self-dual
irreducible representations of M 22 SO(d). Then, the quasi-complementary series are parametrized by pairs
(0,s) for o € M,.q and s € Z,,, where Z, C (d/2,d] is an explicit interval determined by o; see Subsection 2.5
for precise definitions. The corresponding series will be denoted U(o, s).

Definition 1.1 (Strong Spectral Gap). We say that L?(T\G) admits a strong spectral gap if

(1) for all non-trivial o € M,.q, the quasi-complementary series U (0,0r) is not contained in L*(T'\G);
and
2) there exists n > 0 such that for all ¢ € Myq and s € (or — n,dr), the quasi-complementary series
( 7 U y
U (o, s) is not weakly contained in L?(T'\G).

Remark 1.2. Note that for all ¢ € M,q and s > or, U(o,s) is not weakly contained in L?(T'\G); see
Proposition 6.5. Therefore, provided Definition 1.1(2) holds, for any non-trivial o € J\Z_d, a weak contain-
ment of U(c,dr) in L?(I'\G) is automatically a strong containment, which justifies the seemingly stronger
requirement of Definition 1.1(1).

In fact, from the Lax—Phillips spectral gap combined with the observation that the non-spherical quasi-
complementary series do not exist for parameters s > d — 1, it follows that if I' < G is a Zariski-dense
geometrically finite discrete subgroup with critical exponent §p > max{d/2,d — 1}, then L*(I'\G) admits
a strong spectral gap (cf. [MO15, Theorem 3.27]). In [MO15, Conjecture 1.2], Mohammadi and Oh con-
jectured that the optimal condition ér > d/2 suffices for L?(T'\G) to admit a strong spectral gap for the
complementary series, in arbitrary dimension d + 1 > 2. The following is the main result of this article,
which, in particular, confirms their conjecture.

Theorem 1.3. If T' < G is a Zariski-dense, geometrically finite, discrete subgroup with dr > d/2, then
L3(T\G) admits a strong spectral gap.

Remark 1.4. We make the following observations:

(1) Restricting to the spherical complementary series, we obtain a different proof of the Lax—Phillips
spectral gap; cf. Subsection 1.2. We also obtain a different proof of the aforementioned fact, due
to Patterson and Sullivan, that the bottom eigenvalue of the L? spectrum of the Laplace-Beltrami
operator is simple and given by dr(d — dr); cf. Proposition 6.8.

(2) The size of the strong spectral gap n in Definition 1.1(2) provided by Theorem 1.3 remains uniform
over any family of subgroups I' < G over which the rate of exponential mixing of the frame flows is
uniform. In particular, such uniformity is known to hold for certain families of congruence subgroups
of a fixed Zariski-dense convex cocompact subgroup I' of an arithmetic group of G by work of Oh—
Winter for d = 1 [OW16], and by the third author for general d > 1 [Sar22]. These results will be
extended to the case I' is geometrically finite in forthcoming work of the third author.

Having established Theorem 1.3 on the existence of a strong spectral gap, we make the following definition.

Definition 1.5. We define the strong spectral gap parameter of I, denoted by kr, as the supremum over all
n € (0,r — d/2] for which Definition 1.1(2) holds.

Theorem 1.3 yields the following two results on rates of decay of matrix coefficients, and of exponential
mixing of the frame flow. This extends the results of Edwards—Oh [EO21], who proved exponential mixing
for the geodesic flow without relying on the existence of a strong spectral gap.

Denote by mHaar mBMS 1, BR “and mBR« compatibly chosen G-invariant, Bowen-Margulis-Sullivan,
and Burger-Roblin measures; see Section 5 and references therein. We also denote by S7(I'\G) the L*-
Sobolev space of order m > 0 defined using derivatives along a fixed maximal compact subgroup K < Gj see
Subsection 2.3 for a precise definition.

Theorem 1.6. Let I' < G be a Zariski-dense, geometrically finite, discrete subgroup with dp > d/2. Let
ko := min{kr, 1}, where kr is the strong spectral gap parameter of T'. There exists m > d(d+1)/2 such that
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for all e >0, and ¢,v € SE(T'\G), and t > 0, we have

eld=ort /I‘\G(¢ o ay) - ¢ dmM* = ¢ dm""? Y dmPR 4 O (e~ 6]lsp v [Pl sp ) -

NG G
Remark 1.7. Theorem 1.6 strengthens the results of [SW21, LPS25] when dp > d/2 in the following three
aspects which are important for applications [MO15, KO21]:
e the exponential rate kg of the error term is explicitly determined by the strong spectral gap parameter
KT;
e the implicit constant does not depend on the supports of the test functions, in particular allowing
non-compactly supported functions;
e regularity control on the test functions is weakened to only involve the Sobolev norm S%.

We note however that the results of [SW21, LPS25|] are used as input in our proof of Theorem 1.3. In
particular, Theorem 1.6 does not give a different proof of these results.

The following theorem follows from Theorem 1.6 using the same proof as in [MO15, OW16, KO21] which
provide effective versions of Roblin’s transverse intersection argument [Rob03]. Indeed, the explicit formula
for the exponential rate is obtained from a generalization of [OW16, Theorem 5.8] and its proof.

Theorem 1.8. Let I' < G be a Zariski-dense, geometrically finite, discrete subgroup with or > d/2. Let
K1 = 507797 m0y» where ko is the constant from Theorem 1.0. There exists m > d(d+1)/2 such that for all

o, € C™(T\G) and t > 0, we have
[ @oa) wam®™s = [ gam™s [ pamPS 1 0( gllon o) [olenia):
NG juYel NG

Theorem 1.3 also gives the following immediate corollary. Recalling that the Casimir operator acts on
the quasi-complementary series U(c, s) with the scalar s(d — s) and that its action on K-invariant functions
coincides with that of the Laplace—Beltrami operator, we have the following:

Corollary 1.9. The bottom eigenvalue 6r(d—dr) of the Laplace—Beltrami operator on L*(T\H 1) is isolated
from the rest of the spectrum of the Casimir operator on L?(T'\G).

Remark 1.10. Note that the eigenvalue ér(d — dr) of the Casimir operator may not be simple when d is
odd due to the presence of (tempered) discrete series representations for which the Casimir eigenvalue could
be the same as that of a (non-tempered) quasi-complementary series representation, and these could also
appear in L?(I'\G). We note, however, that since the Casimir eigenvalues corresponding to discrete series
form a discrete set there is no danger of these accumulating near or(d — dr).

1.1. Organization of the paper and outline of the proof. Our strategy is based on the study of the
Laplace transform of scaled matrix coefficients of test functions ¢, € L?(I'\G) defined as follows:

+oo
F(z) = / e~ (Hor=dt (44 as, ) r2m\q) dt for all z € C with R(z) > 0. (1.1)
0

After recalling the necessary representation-theoretic background in Section 2, we recall in Section 3
the work of Edwards and Oh [EO21] on asymptotic expansions of matrix coefficients of complementary
series representations, which we use to prove Proposition 3.8 providing precise information on holomorphic
continuations of Laplace transforms of such matrix coefficients.

The main terms in the asymptotic expansions of matrix coefficients are expressed in terms of Harish-
Chandra functions; Definition 3.2. In Section 4, we recall explicit formulas for the Harish-Chandra functions
from [EKM99], which allow us to produce prescribed K-finite vectors for which the main terms in the
Edwards—Oh expansions are non-vanishing; Corollary 4.3. We use such non-vanishing statements to provide
obstructions of holomorphic extensions of the Laplace transform of matrix coefficients to regions of the real
line parametrizing the quasi-complementary series that weakly occur in L?(T'\G).

In Section 5, we recall the works of Winter and the third author [SW21], and Li, Pan, and the third
author [LPS25] on exponential mixing of the frame flow with respect to the Bowen-Margulis—Sullivan mea-
sure. Through Roblin’s transverse intersection argument, this result provides a power-saving error term
in the asymptotic formula for scaled matrix coefficients; Theorem 5.1. This result immediately implies a
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meromorphic continuation of the Laplace transform to a strip to the left of the imaginary axis, with at most
one simple pole at the origin; Corollary 5.3.

In Section 6, we prove Theorem 1.3 by comparing the Laplace transform F(z) computed in two different
ways as above; namely using representation theory in Proposition 3.8 and dynamics in Corollary 5.3. To
describe the idea, recall that L?(I'\G) admits a direct integral decomposition over the unitary dual of G
against certain Borel measures, which we refer to as spectral measures; cf. Section 2. As a consequence, the
main terms in Edwards—Oh’s asymptotic expansions are given by suitable integrals against such measures.

The key idea, due to Avila-Gouézel [AG13, §3], is to interpret the representation-theoretic formula pro-
vided by Proposition 3.8 as a Stieltjes transform (recalled in Proposition 6.3) of a certain absolutely con-
tinuous measure with respect to the spectral measures. A notable feature of our setting is that the Radon—
Nikodym derivatives of the measures in question are complex-valued in general, whereas in the case of
SLo(R)-representations studied in [AG13], such densities are real-valued and non-negative. One then com-
bines the holomorphic continuation provided by dynamics in Corollary 5.3, with an extension of the Stieltjes
inversion formula to complex-valued measures in Corollary 6.4, to get vanishing of the spectral measures on
an open interval, with right endpoint the bottom of the spectrum of L?(I'\G). This argument, carried out
in Proposition 6.6, will verify Definition 1.1(2).

Simplicity of the bottom of the spectrum stated in Definition 1.1(1) follows by comparing residues of the
Laplace transforms together with the observation that the main term on the dynamical side is a bilinear
form of rank 1 (being a product of integrals against Burger—Roblin measures). This argument is carried out
in Proposition 6.8.

1.2. Relation to prior works. The overall strategy of combining exponential mixing with representation
theory to obtain a spectral gap was employed before in the work of Avila, Gouézel, and Yoccoz in the setting of
SLo(R) representations [AGY06, Appendix B|, where the argument is attributed to Anantharaman, Bufetov,
and Forni. Here, the idea is to consider spherical vectors, i.e., those invariant by a maximal compact subgroup,
in a given spherical complementary series where it is known that matrix coefficients are non-negative, and in
fact are bounded below up to uniform constants by e~**, for a suitable A > 0 depending on the complementary
series in question. Together with upper bounds on matrix coefficients coming from exponential mixing, this
quickly gives the desired spectral gap.

The above argument in fact readily extends to higher dimensions to give a different proof of Lax—Phillips’s
spherical spectral gap using exponential mixing of the geodesic flow. To our knowledge, there are no analogs
of such positivity and lower bounds for matrix coefficients for the non-spherical quasi-complementary series
(i.e., those that do not admit non-zero spherical vectors). In our setting, the work of Edwards—Oh, together
with the non-vanishing results in Section 4, substitute for the lack of such lower bounds. The lack of positivity
introduces further subtleties, which are treated somewhat indirectly using complex analysis in the form of
Stieltjes transforms as discussed above.

Finally, we recall the work of Guillarmou and Dyatlov [DG16, DG18] on meromorphic continuations
of Laplace transforms of matrix coefficients of sections of vector bundles to the entire complex plane in
the setting of Axiom A flows, which includes geodesic flows on convex cocompact manifolds. At least for
convex cocompact subgroups,! these results imply that, for any given o € ]\Z_d, there are at most finitely
many parameters s € (d/2,dr] for which the quasi-complementary series U(a, s) weakly occur in L*(T\G).

However, due to the fact that M, 4 is infinite, such results do not imply the existence of a strong spectral
gap in the sense of Definition 1.1.

Acknowledgments. We thank Semyon Dyatlov, Alex Kontorovich, Amir Mohammadi, and Amos Nevo
for interesting discussions. We thank Hee Oh for suggesting that Theorem 1.6 follows from our arguments,
and for comments on an earlier version of the article. We also thank Sam Edwards for pointing out the
existence of the ends of complementary series. O.K. acknowledges support under NSF grants DMS-2337911
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LA similar result was obtained for scalar-valued functions on convex cocompact quotients of negatively curved symmetric spaces
by different methods in [Kha23b|, which additionally yield meromorphic continuation for geometrically finite groups to an
explicit strip to the left of the imaginary axis determined by or and the ranks of the cusps of T'.



STRONG SPECTRAL GAP 5

2. REPRESENTATION THEORETIC PRELIMINARIES

As stated in the introduction, G := SO(d+1,1)° for d > 1 and T < G is a discrete subgroup with critical
exponent op € [0,d]. We assume henceforth that I' < G is a Zariski-dense geometrically finite discrete
subgroup with ép > d/2. Correspondingly, I\H?*! is a (d + 1)-dimensional geometrically finite hyperbolic
orbifold. In this section, we collect the necessary background on Lie algebras, Lie groups, and unitary
representation theory.

2.1. Lie theory of G. Let us recall the structure of G and the main dynamical system associated to I" for
our purposes.

We always use Fraktur letters to denote Lie algebras corresponding to Lie groups, e.g., g := Lie(G). Fix
a Cartan involution on g. Via the Killing form on g, it induces a left G-invariant and right K-invariant
Riemannian metric on G. It also gives rise to an Iwasawa decomposition G = KAN = K x A x N where

K <G, A<Q@G, N < G,

is a maximal compact subgroup, a maximal diagonalizable subgroup, and a maximal horospherical subgroup,
respectively. Let M := Zx(A) < K, i.e., the centralizer of A in K. We denote the Haar measure on G
induced by the Riemannian metric on G by pug or dg and for other induced unimodular topological groups
similarly. Denote by T'(H?*!) and F(H®*'!) the unit tangent bundle and the oriented orthonormal frame
bundle of H%t!, respectively. We may make the following identifications as Riemannian manifolds equipped
with left G-actions:

H* ~ G/K, T (H) = G/M, F(H) = G.
Similarly, we may also make the following identifications as Riemannian orbifolds:
M\H! ~N\G/K, THT\H) = \G/M, F(D\HY™) = T\G.

Recall that G is of rank one meaning that A is a one-parameter subgroup. We parametrize A := {a; }1er
such that its right translation action on G and I'\G (resp. G/M and I'\G/M) is the unit speed frame flow
(resp. geodesic flow). We may further assume that the parametrization is such that N is the contracting
horospherical subgroup; and let N < G be the ezpanding horospherical subgroup. That is, we have

N:{geG:t_l}ir_mmUL,gga,tze}7 Wz{gEG:t_ljinooatga,t:e}.

Moreover, N and N (resp. n and 1) are d-dimensional abelian Lie groups (resp. Lie algebras) isomorphic to
R?. The above parametrization is equivalent to the following adjoint action of a;:
Ad(as)v = e'v, Ad(a;)v = e v, forallven, ven, and t € R.
As a consequence of the above discussion, we have unique maps
k:G— K, H:G— R, n:G— N,
such that
g = K(g)am(g)Ng-

Note that H is then parameterized such that H(a;) =t for all ¢t € R.

2.2. Unitary representation theory: generalities. Let us fix some notations and conventions which
apply for any unimodular locally compact Hausdorff topological group, which we denote by G only in
this subsection. We refer the reader to the books [Dix77, Wal92, War72b| for details. Throughout the
paper, all representations are strongly continuous and over C without any specification. As such, a unitary
representation of G is a map

m:G— U(H)

into the unitary group U(H) of a Hilbert space H equipped with an inner product (-, )3 and a corresponding
norm || - ||3, such that for all v € H, the map G — H given by g — 7(g)v is continuous. For brevity, we
often specify it as a unitary representation (7, H) of G. We also use || - || for the operator norm of bounded
operators on H.

For any left (resp. right) G-action on a locally compact Hausdorff topological space X endowed with a
G-invariant Borel measure px, such as G itself, we denote by L?(X) the Hilbert space equipped with the
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standard inner product (-, ) z2(x) defined by (¢, ) r2(x) = [y ¢-1 dux for all ¢, € L?(X). We also denote
by (Ag, L3(X)) (resp. (pa,L*(X))) the left (resp. right) regular representation of G which is defined by

Aa(9)(9)(x) = g9~ ) (resp. pa(9)(d)(x) = d(xg))

forallz € X, ¢ € L*(X), and g € G.

A representation (p,V) of G is (strongly) contained in another representation (m, H) of G if (p,V) is
isomorphic to a subrepresentation of (m,H). A unitary representation (p,V) of G is weakly contained in
another unitary representation (mw,H) of G if any diagonal matrix coefficient of (p, V) is a uniform limit on
compact subsets of G of a sequence of linear combinations of diagonal matrix coefficients of (m, 7). Recall
that a representation of G is said to be irreducible if it does not strictly contain any non-trivial G-invariant
subspace. The unitary dual of G, denoted by é, is the set of all isomorphism classes of irreducible unitary
representations equipped with the hull-kernel/Fell topology. We denote by 1 € G the equivalence class of
trivial irreducible representations.

The dual of a representation (w,H) of G is a new representation (7*, H*) of G defined by

™(9)(f)(w) = f(x(g~")v)

for all v € H, f € H*, and g € G. A representation, (7, H), is self-dual if it is isomorphic to (7*, H*). We
denote @s a C G for the subset of self-dual elements.

A unitary representation (w,H) of G is said to be tempered if its matrix coefficients are in L?T¢(@) for
all € > 0. We have the decomposmon into a disjoint union G= Gtemp L Gq comps Where Gtemp is the subset
consisting of tempered elements and Gq_comp is the subset consisting of the non-tempered elements.

Let (7, H) be a unitary representation of G. We cover some decompositions (see [Wal92, Chapter 14,
§14.10, Theorem 14.10.5]). There exists an associated Borel spectral measure m* on é, which can be

further decomposed into Borel spectral measures m2t on @. for e € {temp, g-comp} such that we have the

following orthogonal direct integral decomposition:

(&)
(. H) = /G (e, He) dm™ (¢)

= (Wtemp7 Htemp) S (Wq—compa Hq—comp)
57

D
- / (e, He) dmll,, (6) & / (e, He) Aoy (€)

Gremp Gg-comp

where (Tiemp, Hiemp) is the tempered subrepresentation and (7q-comp; Hq-comp) 1S its orthogonal complement,
and (7r5, 7—[5) is isotypic of type £ = (7‘(’5,7:25) € G, i.e., abusing notation we have the isomorphism (e, He) =
(e, 7—[5) (1, M) for some (possibly infinite dimensional) multiplicity Hilbert space M. Recall that atoms
of Borel measures must be singletons. Moreover, we have the following well-known properties (see [Wal92,
Chapter 14, §14.10, Lemmas 14.10.6 and 14.10.7]).

Lemma 2.1. Let (w,H) be a unitary representation of G. The following holds.
(1) An element £ € G is strongly contained in (7, H) if and only if € is an atom of m™
(2) An element € € G is weakly contained in (7, H) if and only if & € supp(m™).

Lemma 2.2. Let (m,H) be a unitary representation of G. Suppose that H is separable. Then, m’ has at
most a countable number of atoms.

Now, let L < G be a compact subgroup. Since we may view (7, H) as a unitary representation of L, i.e.,
(m|L, H), we also have the decomposition

—

(7|, 1) = P, Hy).

TEE

where (7, 7—[ ) is isotypic of type 7 € L in the sense as above—we often call them L- types. We also say
that 7 € L is contained in (m,H) whenever H, is non-trivial and write 7 C w. The classification of 7 € L
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which are contained in (7, ) are called branching laws/rules. Let T € L. Recall that there is an associated
character x, € L?(L) defined by x,(I) = tr(7(l)) and an operator P : % — H defined by

PHy = dim(T)/ x-(1) -w(Dvdl  forallveH, (2.1)
L

where dl is the Haar probability measure on L. Then it is in fact an orthogonal projection operator onto
P*(H) = H,. For a maximal compact subgroup K < G, the unitary representation (w,H) is spherical if it
contains a non-trivial K-invariant vector.

2.3. Sobolev norms. Given a unitary representation (7, H) of K, a fixed basis { X }dlm(e) of ¢, and m € Zx,
the Sobolev norm || - |7 (3 is defined on smooth vectors v € H>* C H as

101155 2y = 013, + Z ldm (U) ()],

where the sum is over all monomials U of degree m in X 15+ Xaim(e)- Let S (H) denote the completion
of {veH>: [vllsm ) < +00} C H with respect to the Sobolev norm. While the Sobolev norm depends
on the choice of basis of ¢, different choices give rise to equivalent norms. We note that when 7 is finite
dimensional, S%(H) = H.

Given a unitary representation (7, H) of G we define the Sobolev norm on H by viewing (7|x,H) as a
unitary representation of K. It is well known that K-finite vectors are smooth and hence have finite Sobolev
norm. Moreover, we note that for vectors of a fixed K-type the Sobolev norm is equivalent to the L2 norm.
Explicitly, we have the following.

Lemma 2.3. Let (m,H) be a unitary representation of G on a separable Hilbert space H. For any T € K
there is a constant C(7) > 0 such that for any ¢ € H,, we have

[¢lls1 ) < C(T) 9l

Proof. Let V, denote the finite dimensional Hilbert space realizing 7 € K and note that as K -representations,
we have (1,H,) = (1,V;) ® (1, M), where K acts trivially on a (possibly infinite dimensional) separable
multiplicity space M. That is,

(k) (u®@v) = (7(k)u) ® v forallu®@v eV, @ M; and k € K.
Let {v;}}_; for some n € Z>o U {oc} be a countable orthonormal Hilbert basis for M;. Let ¢ € H, =

V@M. Note that it has a decomposition ¢ = 37, ¢;®@wv;, with ¢; € Vo and [|¢[|5, = Y27, [[¢;1l7, < +oo.
Letting X € €, we have

n

dn(X)¢ =Y (dr(X)e;) @vj,

so that by orthonormality of the basis {v;}_;, we have
ldn (X)o7, = <Z(dT(X)¢>i) Qi y_(dr(X)e;) @ Uj>
i=1 j=1 "

n

> {dr(X)i, dr(X)ds)v, - (i, v5) m,

‘,j—l
Z [[dr (X ¢JHV

Since V is finite dimensional, for any v € V; we can bound ||d7(X)v||v. < ||d7(X)||v, ||v]lv, where ||d7(X)|v,
is the operator norm. Hence,

ldr(X)ol3, < lldr(X)llv, D 1I651F, = ldr(X) v, [ #l3-

j=1

Finally, for the fixed basis {X; }dlm of ¢, taking C(7) = 1 + max;<j<dgim(e) ||[d7(X;)||v, gives the desired
bound for [|¢[[s1 () and finishes the proof. [ ]
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2.4. Unitary representation theory of SO(n). We recall some fundamental facts regarding irreducible
representations of SO(n) for any n > 1, which then apply to both K 2 SO(d+1) and its subgroup M 22 SO(d)
(see for instance [Thi73]).

Firstly, irreducible representations of SO(n) are unitarizable by compactness of SO(n), and consequently

—

form the unitary dual SO(n). By the Peter-Weyl theorem, they are finite-dimensional and contained in
(Aso(n), L*(SO(n))); in fact
(Aso(ny, L2(SO(n))) = @ (r, V)@ dim()

TESG\(’YL)

2.4.1. Case 2| n. Let us write n = 2m for m € Z~(. The unitary dual SO/(%) can be canonically identified
with

{(Tl,.'.’Tm)EZm:TlZTQZ".ZTm_12|Tm|}

as topological spaces. As such, we write 7 = (71,...,7m) € SO(2m) to specify an irreducible representation
where the constraints on the integers are understood. Note that, if 4 | n or equivalently 2 | m, then 7 is
self-dual; otherwise, 7* = (71,...,Tm—1, —Tm). For the moment, let us view SO(2m — 1) C SO(2m) as a
subgroup and let 0 = (01,...,0m—1) € SO(2m — 1) (see Case 2 {n below). Then, the associated branching
law says that o is contained in 7 if and only if they satisfy the interlacing property

T >01>T>002 > Tyt 2 Om—1 > | Tl

and in which case the multiplicity is 1.

—

2.4.2. Case 2{n. Let us write n = 2m + 1 for m € Z>(o. The unitary dual SO(2m + 1) can be canonically
identified with

{(r,...,Tm) €Z™ i1y > > -+ > 1, > 0}
as topological spaces; for m = 0, we use the convention that the latter is a singleton containing the empty
tuple. Again, we write 7 = (71,...,7,) € SO(2m + 1) to specify an irreducible representation. Note that
7 is always self-dual. Again for the moment, let us view SO(2m) C SO(2m + 1) as a subgroup and let
o= (01,...,0m) € SO(2m) (see Case 2 | n above). Then, the associated branching law says that o is

contained in 7 if and only if they satisfy the interlacing property
TI>012Ta>022> 2T 1 2 Ome1 2 T 2> |oml;

and in which case the multiplicity is 1.

2.5. Unitary representation theory of G. The necessary background covered in this subsection is con-
tained in [KnaOl] with further details in references therein. Working in the compact picture (in the termi-
nology of [Kna01, Chapter VII, §1|), for all s € C, define the representation (U*, L?(K)) of G by

Us(g)(¢)(k) = e *HO M p(k(g7 k)  forallk € K, ¢ € L2(K), and g € G.

Though the latter is not obvious in the compact picture, we have the following facts:
o (Us|k, L3(K)) = (\k, L3(K)) is the left regular representation of K;
e (U%,L?(K)) is a unitary representation if and only if s € d/2 + iR.
Recall that P := MAN =2 M x A x N. For any s € C, let xs : A — C be the character defined by
Xs(at) = et for all t € R. For any o € M and s € C, viewing 0 ® xs ® 1 as a representation of P, we may
consider the induced representation Ind% (o ® x, ®1); this is called parabolic induction (see [Kna01, Chapter

VII, §1]). If s € iR, they are unitary representations called the principal series, and they are irreducible if
s # 0 (see [KST71, Theorem 5]). More generally, the isomorphism classes of the so-called irreducible admissible

representations of G (strictly containing the unitary dual (A?) arise as unique quotients of IndIG)(J ®xs®1)
with 0 € M and s € C; these are called the Langlands quotients. Moreover, they are tempered only if s € iR.
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We refer the reader to [KnaOl, Chapter XIV, §17, Theorem 14.92], [Kna0l, Chapter VIII, §14, Theorem
8.53], and [Lan89] for more details. For all o € M, define

(K : o) = {¢ € 1K)+ [ xolmipic(mpodi = ¢} |

It turns out that for all o € M and s € C, we may identify
(U, L2(K : 0)) = Ind$(0 @ xo /o @ 1) 50, (2:2)

We now introduce an intertwining operator which plays a central role in the classification of G [KS67,
KS71, Kna01]. Recall that My q C M denotes the subset of self-dual elements. Let 0 € Mg 4. For all s > d/2,
define a bounded operator A(o, s) : L(K : o) — L*(K : o) by

Ao, s) = a(wo)%,(s)_l/ﬁe_SH(ﬁ)pg(won(ﬁ)_l)dﬁ

where wg € Ng(A)/M is the unique nontrivial Weyl element, o(wg) is a unitary operator according to the
unique extension (up to sign) of o from M to Nk (A), and 7, : C — C is a certain meromorphic normalizing
function. It enjoys the intertwining property

A(o,s)U?(g) = U*(9)A(a, s) for all g € G. (2.3)

Abusing notation, we also denote by A(co, s) the induced operator on Indg(cr@)xs_d/g ®1) via any isomorphic
subrepresentation of L?(K : o).

Let 0 € M. Writing 0 = (01,...,0(q/2)), define 1 < l(o) < |d/2] to be the largest index with a
positive integer coordinate and put ¢(c) = 0 if ¢ is the trivial irreducible representation 1 € M. Define the
corresponding half-closed interval

I, = (d/2,d — £(0)] C (d/2,d].
The following is a theorem of Knapp—Stein [KS71, Theorem 6, and Propositions 49 and 50].

Theorem 2.4. Let 0 € M and s € R. Then, (U*,L*(K : o)) is unitarizable with a semidefinite inner
product if and only if o is self-dual and s € Z,. Additionally, such an inner product is positive definite if
and only if s € int Z,. The semidefinite inner product (-,-)(, sy on L*(K : o) can be defined by

(U, V) (0,5) = (A0, 5)u,v) 12(K) for all u,v € L*(K : o). (2.4)

Remark 2.5. Indeed, unitarity with respect to the (possibly semidefinite) inner product follows from the
intertwining property of A(o, s).

Let 0 € J/W\S_d and s € R. Denote by

Z(0,8) ={veL*K:0): vl =0} C L*(K : 0)

the subspace of null vectors in L?(K : o) for the seminorm || - ||(,,5) corresponding to the semidefinite inner
product (-, ) (4s), Which is nontrivial if and only if s = d—£{(c) € 0Z,. Then, observe that (U*®, ker A(0,s)) =
(U, Z(0,s)) and is a subrepresentation of (U*, L*(K : 0)).

We have the following theorem according to the classification results of Hirai [Hir62]. We also refer the

reader to [KZ77, Pg 152] for a deduction of this result from the general results of Langlands [Lan89] and
Knapp-Stein [KS71].

Theorem 2.6. The non-tempered elements of G are ezhausted by the quasi-complementary series which is
itself the union of the two families in the following list:

(1) the complementary series consisting of
(To.s,U(0, 5)) = IndG (0 @ Xs—dj2 ® 1) for o € Mg and s € int T,
(2) the ends of complementary series consisting of
(To.5,U(0,5)) :=nd% (0 ® Xs—d/2 ® 1)/ ker A(o, s) foro € Myq and s =d — L(o) € IL,;

and in both cases equipped with an inner product (-,-)i(s.s) induced by the (possibly semidefinite) inner
product (-,-)(s,s) on L*(K : o).
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Remark 2.7. Indeed, since ker A(o, s) = Z(0, s), the inner product (-, -)/(s,s) is positive-definite for the ends
of complementary series U(o, s) for o € ]\Z_d and s =d — l(o) € IZ,.

When 0 =1 € ]\Z_d, then there exists a K-invariant vector and so these are called the spherical quasi-
complementary series. The remaining ones are called the non-spherical quasi-complementary series. In
particular, as G is non-compact, the trivial irreducible representation is not tempered and arises as the end
of spherical complementary series 1 = (m1,4,U(1,d)) € G. Note that for ¢ € My.q and s = d — l(o) € I1,,
the intertwining operator further descends to an operator on U(o, s) which, again by abuse of notation, we
also denote by A(o, s).

In light of Eq. (2.2), we deduce the following elementary but crucial corollary of Theorem 2.6.

Corollary 2.8. We have the following as unitary representations of G:
(1) (7y.5,U(a,s)) is contained in (U, L*(K : o)) for all o € Mg and s € int T, ;
(2) (7p.5,U(a,s)) is contained in (U, L*(K : 0)/ker A(o,s)) for all o0 € Msq and s =d — {(o) € IZ,.

Remark 2.9. We warn the reader that for the ends of complementary series (7, s,U(0,s)) for o € Myq
and s = d — {(o) € 9, we do not have the stronger form: (7, s,U(0,s)) is contained in (U*, L*(K : 0)).
Nevertheless, the weaker form suffices for our purposes; see the lifting argument in the proof of Corollary 3.6.

As a consequence of Frobenius reciprocity (cf. [War72a, Chapter 5, §5.5.1]), for any o € M and s € C,
the multiplicity of a K-type 7 € K occurring in Indg(a ® xs ® 1) is exactly the multiplicity of o occurring
in 7. Therefore, 7 is contained in Ind% (s ® y, ® 1) if and only if ¢ is contained in 7, and in which case
both multiplicities are 1. Now, for o € Z\Z_d, we apply Theorem 2.6 to conclude the following. For all
s € intZ,, the previous characterization applies for the K-types in the complementary series U(o,s). For
s = d— (o) € OI,, further care is needed: a K-type 7 € K is contained in the end of complementary
series U(o, s) if and only if o is contained in 7 and 7 is not contained in ker A(o, s), and in which case the
multiplicity is 1. This is not a simple criteria; however, we have a result of Vogan quoted in Theorem 2.12
which will be useful. For this, we need to introduce the concept of minimal K-types as defined in loc. cit.;
for convenience, we write it explicitly for our setting where K = SO(d + 1) (cf. [Thi73, §4]).

Definition 2.10 (Minimal K-type). A K-type 7 = (71,...,T14/21) € K ofa unitary representation (m,H)
of G is called a minimal K-type of (w,H) if

[d/2] N
d+1—2j
o § () o

j=1
is minimized among all the K-types contained in (m, H).

Remark 2.11. In light of the formula for the (intrinsic) Casimir eigenvalue [Kna96, Chapter 5, §4, Proposition
5.28], the above definition is equivalent to the condition that the (intrinsic) Casimir eigenvalue is minimized
among all the K-types contained in (7, H).

The following is the result of Vogan from [Kna0Ol, Chapter XV, §3, Theorem 15.10].

Theorem 2.12. Let o € ]\/4\3_(1 and s € I,. All minimal K-types of Indg(a ® Xs—das2 @ 1) are contained in
U(o,s).

Recall the decomposition G = @temp U @q_comp. We further have the identification
Gq-comp = {(Ua 5) 10 € Ms—d> ENS IO‘}

as topological spaces, where G is equipped with the Fell topology and the right hand side is equipped with
the standard topology.

Let (m,H) be a unitary representation of G. Using the above decomposition, together with the direct
integral decomposition from Subsection 2.2, we obtain a corresponding decomposition of the measure mq_comp
into measures {mq} .57 ~such that

supp(me) C Z, for all o € J\/f\s_d,



STRONG SPECTRAL GAP 11

and
@

(m, H) = /;(mﬂadm(a -/

Gtemp

— [ ®
(me, He) dmnemp(&) © D) / (Tom 1o, 5) dmo(s)  (26)

o

(TE]/\ZS,d

where each (m¢, He) is isotypic of type £ € G.

By definition of the direct integral, we obtain the following explicit decomposition for any vector ¢ € H:
there exists a measurable section {¢¢}, .5 = {(bﬁ}se@tempu{¢0’5}aeﬂs_d,seIa with ¢¢ € He and ¢y s € H(o, s),
such that

® ® ®
o= [ ocdm©) = [ dedman(©)+ X [ onedme(o). 27)
fomp oeMya 7
Finally, we record the following useful lemma on density of smooth compactly supported functions of a
fixed K-type. Recall the projection operators which we obtain for any L € {K, M} and denote by P, for
anyTGI?or P, foranyaE]/\J\.

Lemma 2.13. Let 7 € K be a K-type. The subspace C>(T\G) N L*(T\G), is dense in L*(T\G).

Proof. Let 7 € K be a K-type, ¢ € L2(I\G), C L%(I'\G), and € > 0. Since C>°(I\@) C L%(I'\G) is dense,
there exists ¢ € C>°(I'\G) such that H¢ — ¢||L2(F\G) < e. We now apply P... Firstly, since ¢ € L*(T'\G),, we

have PTQNS = 5 Secondly, it follows from the definition of P, in Eq. (2.1) that P,¢ remains as a compactly
supported smooth function. Therefore, applying P, gives P,¢ € C>°(I'\G) N L?(I'\G), with

||PT¢ - (EHL"’(F\G) < Hd) h ‘EHL"‘(F\G) <€
as desired. .

3. ASYMPTOTIC EXPANSION OF MATRIX COEFFICIENTS IN TERMS OF THE HARISH-CHANDRA
C-FUNCTION AND LAPLACE TRANSFORMS

In this section, we recount a purely representation theoretic asymptotic expansion of matrix coefficients
of Edwards-Oh [EO21]. We then use it to prove Proposition 3.8, which is a general result on analytic
continuations of Laplace transforms of matrix coefficients. Roughly speaking, combined with the results of
the next section, Proposition 3.8 characterizes weak containment of quasi-complementary series within a
given representation of G in terms of failure of holomorphic extension of the Laplace transform to certain
subsets of the negative real line corresponding to the set of parameters of the quasi-complementary series in
question.

3.1. Intertwining operators, Eisenstein integrals, and the Harish-Chandra C-function. We define
constants related to the intertwining operator introduced previously, and define other important operators.

Let o € Myq and s > d/2. From the intertwining property in Eq. (2.3), we know that A(o, s) intertwines
with Ax. Consequently, by Schur’s lemma, A(c, s) acts as a scalar on each K-type of L?(K : o). By the
characterization of the K-types which occur in Indg(o ® Xs—d/2 @ 1), we may write

Alo.s)= > alo.s,7)P
TGI?ZTDO’

as operators on L?(K : o), for some set of scalars {a(c,s,7)} C C. Positive semi-definiteness of the

TEI?ITDO'
inner product (-,-) () implies that for all 7 € K containing o, the scalars are real and non-negative. We
also deduce from the intertwining property that (Ag, ker A(o, s)) is a unitary representation of K. Note that
using ker A(c, s) = Z(0, s), for all K-types 7 € K containing o, we have

a(o,8,7) =0 < 7 C (Ag,ker A(o, ).

Let 0 € M. For each K-type 7 € K of L?(K : o), we use any orthonormal basis {vj};ii:ni(a) dim(r)
L?(K : o), to define a corresponding special vector w, € L*(K : o), defined by
dim(o) dim(7)

Wy = ’l)j (G)Uj.
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Then, for each vector v € L?(K : 7)., we have the identity
v(k) = (v, Ak (k)wr) L2 (10 for all k € K.

For any pair of K-types 11,7 € IA(, define an operator T72 : L*(K :0); — L*(K :0),, by
T2 = /M v(m) Ak (m)ws, dm for all v € L*(K : o), .

These are called Eisenstein integrals. Note that T7? intertwines with Aps. In particular, for i = =171, we

o~

have by Schur’s lemma that TT preserves M-types. Then, for any ¢ € My 4 and s € Z,, the operator T
preserves ker A(o, s) and hence descends to an operator on U(o, s),. We also have the following lemma.

Lemma 3.1 (|[EO21, Corollary 3.9]). Let o € M. Let 7 € K be a K-type of L?*(K : o). Then, we have
dim(7)
T o), = ——Po= o), -
rlez o). dim(o) |12 (1¢:0).
When s € Z,, the same holds on U(a, s).

Definition 3.2 (Harish-Chandra C-function). Let o € M. For all s > d/2, define a bounded operator
Ci(s): L*(K :0) = L*(K : 0), by

Ci(s) = /ﬁ e *HO s (k(m) 1) dn.

The bounded operator-valued function given by s — C,(s) is called the Harish-Chandra C-function.

Indeed, C4(s) is a well-defined bounded operator for all s > d/2 since U® is unitary and

/7€_SH(W) dn < +o0
N
by [HC58, Corollary of Lemma 45] (see [HC58, pp. 303| for an explicit formula in terms of the I' function).
The Harish-Chandra C-function C4 (s) intertwines with U?®|pr = Aps (see the proof of [EO21, Lemma 4.2]).
When s € Z,, it descends as above to a bounded operator on U(o, s). By Schur’s lemma we may record a
slightly refined version of [EO21, Lemma 4.2].

Lemma 3.3. Let o € M and s > d/2. The Harish-Chandra C-function C4(s) acts as a scalar on each

irreducible M-submodule of L?*(K : o). In particular, they preserve the M- and K-types of L*(K : o).

Consequently, when s € I, the same holds on U(o, s).

3.2. Asymptotic expansion of matrix coefficients following Edwards—Oh. For s € (d/2,d], we set
Ns :=min{2s —d, 1} > 0. (3.1)

We recall the following expansion of matrix coefficients due to Edwards and Oh.

Theorem 3.4 ([EO21, Theorem 4.3]). Let I be a compact subset of (d/2,d]. Let o € M,seZ,nI, and
11,72 € K be K-types. For allu € L*(K : 0),,, v € L*(K : 0),,, and t > 0, we have

(Tos(ar)u, v) 2y = € INT2Co(s)u, v) 2(xc) + Or (6_(d_s+m)t T2 2 ey el ”UHS}((L?(K))) :

Remark 3.5. Although the original statement and proof of [EO21, Theorem 4.3] is for U(o, s),, and U(o, s)r,
for 0 € My q and s € intZ,, the proof for L?(K : )., and L?(K : o)., goes through verbatim.
Moreover, the uniformity of the implicit constant in loc. cit. is stated for compact subsets I of the open

interval (d/2,d); however, their proof shows that such uniformity continues to hold for compact subsets of
the half-closed interval (d/2,d].

Specializing Theorem 3.4 to the case 7 = 72 = 7, we have the following corollary.

Corollary 3.6. Let I be a compact subset of (d/2,d]. Let o € ]\Z-d, and s € I, N 1. Let (v, H) =
(Tg.5,U(0,8))2(1, M(a,5)) be a unitary representation of G, with M(a,s) a (possibly infinite dimensional)
separable multiplicity space. Then, for any K-type 7 € K containing o, for all ¢, € H, andt > 0, we have

(m(a), V)u = e~ @INTIC (5)6, W) + Orr (€710 gl 6], ) - (3.2)
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Proof. Let I, o, s, and 7 be as in the lemma. We first obtain the desired result for the unitary repre-
sentation (7,s,U(0,s)) of G, i.e., assuming M(o, s) is a 1-dimensional multiplicity space. First, we treat
the complementary series, i.e., the case s € intZ,. This case is simpler since we may fix an embedding
(m0,5,U(0,8)) C (U, L*(K : o)) C (U%,L*(K)) by Corollary 2.8. From Eq. (2.4), for any u € U(o,s), and
v € U(o, s), we have

(U, V)1s(o,5) = a(0, 5, T){u,v) 12(k)-

Letting u,v € U(o, ), we can use Theorem 3.4 and then the above identity to obtain

<7TU’S (a‘t)uv U>U(o‘,s)

= a(o, s, 7)(Tos(as)u,v) 12(k)
= ef(dfs)ta(mS,T)<T:C+(S)U,U>L2(K) +O; (67(d7§+m)ta(0a $,T) HT:HL2(K) ||“HL2(K) ||UH5}<(L2(K)))
- 67(d*5”(T:C+(s)u,v}u(g)s) +0; (e*(dferﬁs)ta(a',S,T) ||T:||L2(K) Hu||L2(K) ||'U||S}((L2(K))) .

By Lemma 2.3, there exists a constant C'(7) > 0 such that ||v||5}<(L2(K)) < C(7) vl 2 sy~ Since [Tl 2k
is O7(1) and a(o, s, 7)[|v]|72 gy = V]| .4)> We have the bound

a(o, s, 7) ||T:||L2(K) ||U||L2(K) HUHS}((LZ(K)) <5 Nulluo,s) v llo,s)-

Thus, we get

<7TO',S(at)u7rU>u(0'7S) = ei(dis)t<T:C+(8)u’ U>M(U;S) + OIaT (ei(diS%ﬂ"S)t ||u||Z,{(o')s) ||UHL{(U)3)> . (3'3)

Now, we treat the ends of complementary series, i.e., the case s = d — £(0) € Z,. In this case, although we
do not have the same embedding as in the first case, we have (7, s,U(0,s)) C (U*, L*(K : o)/ ker A(o, s))
from Corollary 2.8. For any given u,v € U(o, s),, we may take arbitrary lifts 4,9 € L?(K : o), C L*(K) and
carry out the same argument as above with u, v, (-, )u/(s,s), and || - [|es(s,s), replaced with @, ¥, (-,-)(s,s), and
| - [|(o,s), respectively, to obtain the analog of Eq. (3.3) for @ and @. Finally, observe that Eq. (3.3) then holds
for u and v since the inner products and norms descend to U(o, s) as we have (U*®, ker A(o, s)) = (U?, Z(0, 5))
and is a subrepresentation of (U*, L?(K : 0)).

Now, consider the more general unitary representation (7,H) = (7,.,U(c,s))(1, M(0,s)) of G, with
M(o,s) a separable multiplicity space. Let {v;}7_; for some n € Z>o U {oo} be a countable orthonormal
Hilbert basis for M(o, 5). Let ¢,% € H,. They have decompositions ¢ = 7' | ¢;@v; and ¢ = 37| ¥ @vj,
with @1, € Ulo,s)r and [, = S0y I6ilE s < +00 and 93 = Sy I151B0s) < +oo. Since
{v;}j—; is orthonormal and G acts tivially on M(o, s) we have

<Z 7To’,s(at)(bi & vy, Z wj ® Uj>
i=1 Jj=1

n

Z <7TU,5(at)¢i71/)j>L{(a,s) : <Ui7vj>M

i,7=1

(m(ar)d, ¥)n

H

n

Z<W073<at)¢j7 1pj>1/{(cr,s) .

j=1

The corollary now follows by applying Eq. (3.3) to each summand. |

The following proposition is essentially known in the literature, though it is difficult to pinpoint a reference
dealing with the full quasi-complementary series. We provide a proof for the sake of completeness.

Proposition 3.7. Let s, € [d/2,d). Let (w,H) be a unitary representation of G which does not weakly

contain any quasi-complementary series U(o, s) with o € ]\//.Ts_d and s € I, N (s4,d]. Then, for all e > 0 and
K -finite vectors u,v € H, we have the following bound on matriz coefficients:

(m(an)u, ) <a (14 t)e™ @I (dim (r(K)u) dim(r(K)0)) " lullslloll~ for allt > 0,
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Proof. In the proof, we will encounter the spherical functions ¢s : G — R for any s € R defined by
vs(g9) = / e~ sH9TR) gp; for all g € G.
K

They coincide with the matrix coefficient of (U®, L?(K : 1)) corresponding to 1x € L?*(K : 1) (or corre-
sponding to any K-invariant unit vector in (1, s); see [HC58, Lemma 5]). The particular spherical function
B := @q/2 is called the Harish-Chandra function. We refer the reader to [Kna01l, Chapter VII, §8] and [GV8S,
Chapter 4, §4.6] for further details on spherical functions. In particular, we shall use their bounds which are
originally due to Harish-Chandra [[IC58, Theorem 3].

Let s, and (m,H) be as in the proposition. By definition, we have the orthogonal decomposition H =
Hiemp @ Hg-comp into the tempered part Hiemp and the non-tempered part Hqcomp. We treat each part
separately.

We first treat the tempered part. Let u,v € Hiemp be K-finite vectors. Then, by a result of Cowling—-
Haagerup—Howe [CHHS88, Corollary| and bounds on the Harish-Chandra function, we have

[ (@), 0] < Eag) (dim (K Y dim (m(K)0)) " [ulle]v]5 (3.4)
<a (1+t)e™ @2t (dim(r (K yu) dim(x(K)v)) " *Julla vl for all £ > 0. (3.5)

Now we treat the non-tempered part. By the classification result quoted in Theorem 2.6, only the
quasi-complementary series can be weakly contained in Hq-comp. We first establish Eq. (3.7) for all quasi-
complementary series U(o, s) with parameters o € ]\//.TS_d and s € Z, \ (S4,d]. As the ends of complementary
series can be handled using a lifting argument as in the proof of Corollary 3.6, we restrict our attention to
the complementary series. To this end, let o € Z\z_d and s € int Z, \ (4, d], and let u,v € U(o, s) be K-finite
vectors. By [KnaOl, Chapter VII, §8, Proposition 7.14], we have

<<u,v Ps (at)'

(e, o) 2
Define the subset
Ti={reR:750,P(u) #0,P(0) £0} C K.

By K-finiteness of u and v, the subset 7 is finite. Converting to the unitary inner product (-, -)y(s,s) On
U(o, s) and again using bounds on spherical functions, we have

| (o5 (@), V)et(o,5)| Cuo #T - maxalo,s,7) - ps(ar) (3.6)
uws (L) @90 forall t > 0. (3.7)

Combining Eq. (3.7) with the fact from [Hel00, Chapter I, §5, Theorem 5.8] that the Haar measure on G
is given by
dg = par (M)~ sinh(t)? dk dt dk

and using the asymptotics sinh(¢)? < e for ¢ > 1, we conclude that U(c, s) is strongly L? for p := ﬁ (in
the terminology of Shalom [Sha00]) for any o € M, q and s € T, ~ (Sx,d], i.e., the matrix coefficient G — C
given by g — (m(g)u,v)y is in LPT(G) for all € > 0. Since this holds true for all elements of G weakly
contained in Hq-comp, the claimed bound of the proposition on matrix coefficients of Hy comp follows by the
equivalence of condition 2 and condition 4 in [Sha00, Theorem 2.1] and the fact that d/p = d— s,. Combined

with the bounds on matrix coefficients of Hiemp in Eq. (3.5), this completes the proof of the proposition. W
We will now use the gathered tools to prove the following main proposition of this section.

Proposition 3.8. Let §y € (d/2,d] and let (w,H) be a unitary representation of G which does not weakly
contain any quasi-complementary series U(o, s) with parameters o € Msq and s € T, N (63, d).

Let 7 € K be a K-type. For all ¢,v € H., define the Laplace transform of the real and imaginary parts
of the scaled matriz coefficient Fg : {z € C: R(z) > 0} — C by

+oo
Fa(z) = /0 e~ o=l @ ((rr(ay) g, 1h)gy) dt for all z € C with R(z) > 0,
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for & € {R,3}. Let ng = min{dy — d/2,1}. Then, both Fy and Fs admit holomorphic extensions to
{z € C:R(2) > —no} ~ (—no,0]. Moreover, on the half-plane {z € C: R(z) > —n} for any fixred n < no, we
may write

Fg = Aq + Ba
where A4 is a holomorphic function and Be is a meromorphic function defined by
TTC 0,89 ag,s ag,s .
Ba(z)= Y A(T7C+ (50,0 Yos)(o.0) dmy(s)  for all z € C with R(z) > —n,
(62—, 03] 2400 —s

UE]T/[\S_dZOCT
for & € {R,S}. Moreover, Ap and Ag are uniformly bounded on the half-plane {z € C : R(z) > —m } for
any n <.

Proof. Assume the hypotheses of the proposition. We give the proof for Fy as the proof for Fy is identical.
Recall the direct integral decomposition and the spectral measures {m, } given in Eq. (2.6). For any
n € (0,0 — d/2), define I,, := [0y — 1, 0%] and the Hilbert subspace

— (23}

Hn] = @ H(o, s) dmy(s) CH.

Iy

O'E]/W\s_d

UGJ/W\S_d

Then, H = H[n] ®H[n]* is an orthogonal decomposition into subrepresentations, and for any ¢ € H, denote
by ¢, € H[n] and gof; € H[n]*t its projections to H[n] and H[n]t, respectively. By orthogonality of these
spaces, we have

(m(ar)d, V) = (m(as)dy, y)u + <7T(at)¢f7‘, ¢7J7_>7-£ for all t € R,
and taking real parts, we have

R(m(ar)d, )yn) = R((7(ar) dn, Yn)n) + %(<W(at)¢#,¢#>y) for all t € R.

Using the above decomposition we get a corresponding decomposition F(z) = Fy ,(2) + F‘J%m (z) where

+oo
Faole) = [ € Cr OR(ma0) )
0
and similarly for Féf%m (2). By Proposition 3.7 we have the bound

R((rla)ot 0 )) | < (@6t B by o (1] + De @30 forall £ € R

Thus, for ®(z) > —n, the integral defining Fﬂ?ﬁn (2) converges absolutely:

+o0 +oo
|F§IJ%_,77(Z)| < / ‘e*(zﬂmfd)t%«ﬁ(at) #7¢#_>H)| dt <</ (t+ l)ef(éﬁ(z)Jrn)t dt < +o00,
0 0

and hence defines a holomorphic function that is uniformly bounded on {z € C : R(z) > —n;}, for any

m <n. -
Next, we treat Fy ,(z). Note that for any ¢ € #H, of the fixed K-type 7, we have that for all ¢ € M4

and mq-almost all s € I, the component ¢, , is also of K-type 7. Since U(o, s), is non-trivial only if o C 7,

we get
53]

Py = Z / Po,s dma(s) € 7'[[77]7~
cEMqioCT "

Using such a decomposition for ¢ and 1, we have

<7T(at)¢n7 wn>7-l = Z / <7To,s(at)¢a,s; ¢U,S>H(o‘,s) dmg(s).

— I"
ocEMg q:0CT

For the compact interval I, = [0y — 1, 6] C (d/2,d] and each of the finitely many o € ]\Z_d with 0 C 7, we
use Corollary 3.6 to estimate for all s € I,, and ¢ > 0 that

<7TU,s(at)¢a,Sa7//U,S>H(U,s) = ei(dis)t“_:c‘*‘(s)qsavs’1/}‘7»3>H(Ux3) + OImT (ei(diernS)t ||¢U’s||7'l(ff>5) ||¢o,s||y(g’s)> ’
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Hence, taking real parts and integrating, we get that

+o00
F?R 7 / Z / 6_(Z+6H_d)t%(<ﬂ—o’,s(at)¢a,s7 wa,s>7-[(0',s)) dma(s) dt

O'E]\/[D aoCr !

/+oo S / < CHOH=R(TTC, (8)boss Vors) 2 (o))

aeMs q:0CT

+ OIan (67(Z+5H*S+775)t ||¢a,s||7.[(g_’s) Hwa,s”H(U,S)) ) dmg(S) dt.

Write
me(z) = Bge(z) + E(Z)

where Bg(z) is the main term and E(z) is the error term. Assume $(z) > 0 so that the integrals converge
absolutely and we may interchange the order of integration. Then, we get

m TTC g,8 g,8 o,8
Bg(z) = Z (< T +,£S_?_¢5H _djs’ >H( ) )) dm,(s).

c€Mgiocr "

Note that Bg(z) is holomorphic on C~ [—n,0]. Moreover, the integral defining F(z) is absolutely convergent
on {z € C: R(z) > —n} as we now show. Decomposing I,, = (I, ~ ((d +1)/2,d]) U (I,, ~ (d/2,(d + 1)/2]),
and using the definition of ns in Eq. (3.1), we have

EG)| <, Y,

+oo
: / e~ (REHEu—+1t gt i ()
0

I
I"]

aeﬁstC‘r
= Z / H(ba s”"H(as)Hz/)Us as)/ 6_(§R(Z)+6H+S_d)t dtdmg(s)
B, AN (AR EX
—+o00
+ Z / ||¢Us||’H Us)”'lpas”’}-[(os/ e_(%(z)—i_éﬂ_s—i_l)tdtdmg(s)
el amer ) I (4/2,(d4+1)/2]
+oo
< 2 / H(o.5) / e” (RET2n=d=nt Gt 4, ()
B AN(CASIER
+
DS [6lbitos ey [ O dtdimg )
=S ANCAXCS R
<o reer) L Wonalues Wl dme(o
ag,8 og,8 g,8 g,8 mU S
TA\R()+20—d—n)  R(k)+1) 4 1 PoslniosVoslne.s

0EMyq:0CT

1 1
< (s * 7)) 1ol nliaer

It follows that E(z) is bounded and holomorphic on {z € C: ®(z) > —min{n,1}}. The result now follows
with Ag(z) = FSJ%',n(Z) + E(z2).

4. NON-VANISHING OF MAIN TERMS OF MATRIX COEFFICIENTS

In the work of Edwards—Oh [EO21], a key point is the vanishing of the main terms for non-trivial o € M,.q
and M-invariant vectors u € U(o, s),, in the asymptotic expansion of matrix coefficients, Theorem 3.4—for
their purpose of eventually extracting exponential mixing of the geodesic flow with respect to the Bowen—
Margulis—Sullivan measure. On the other hand, for our purpose of obtaining a strong spectral gap, we require
the non-vanishing of the main terms for non-trivial o € ]\/4\3_(1 for suitable choices of test vectors. This has
the consequence that presence of a given quasi-complementary series can be detected using asymptotics of
matrix coeflicients. The goal of this section is to prove such a non-vanishing result.
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Let s > d/2. Recall from Lemma 3.3 that the Harish-Chandra C-function C, (s) act as a scalar on each
irreducible M-submodule of L?(K : o). Denote by C (7 : 0;5) the scalar that C, (s) acts by on an M-type
o € M contained in a K-type 7 € K (which occurs with multiplicity 1; see Subsection 2.4). Precisely these
scalars were computed by Eguchi-Koizumi-Mamiuda in [EKM99]. We quote their theorem below.
Theorem 4.1 ([EKM99, Theorem 8.2]). Letd > 2 and s > d/2. Let o = (01,...,0(4/2]) € M be an M -type
and T = (T1,...,T[q/2]) € K bea K -type such that o is contained in 7. We have the following:

(1) if 2| d, then
(d-1!  TATG6—d/2+-o)AT(s+d/2=j+05) |
_ d d ’
(/2= TIIAT(s —d/2+j - ) TI}AT(s + d/2 = j + 14 7))

Ci(r:03s8) =

(2) if 21d, then
T2 1(s —d/2+j — o) IV (s + d/2 — j + 0y)
Y20 —d/2+5—m) [IAV2 (s +d/2— j + 1+ 7))

We use Theorem 4.1 to prove the following proposition. Recall the constant A, associated to K-types
T € K from Eq. (2.5).

Cy(r:038) = (52)12725H4D(2s) -

Proposition 4.2. Let o € M be an M -type. There exists a K-type T € K such that

(1) T contains both o and its dual o*;
(2) T minimizes A among the K-types satisfying Property (1);
(8) Co(r:0%;5)#0 forall s > d/2.

Proof. Let o € M be an M -type. Proceeding by cases, we take an explicit K-type 7 € K and verify the
claimed properties.
Case 1: 2| d. Let us write 0 = (01,...,04/2) where

012032 >04/5-1 > |0g2l

Let us also write 0 = (0], ...,07,,). In the current case, recall that
o if 4| d, then 0* =0 = (01,...,04/2);
e otherwise, 0* = (01,...,04/2-1, —0q/2)-
Take 7 = (71,...,T4/2-1,Tas2) = (01,...,04/2-1,|04/2|). Then 7 contains both ¢ and o* since they satisfy

the interlacing property
TI201 2Ty > 092> 2 Typ1 2 0gja—1 = Taje = | £ 04y

This proves Property (1). Inspecting Eq. (2.5) term by term verifies Property (2).
Let s > d/2. The formula provided by Theorem 4.1 for 0* and the choice of T gives

d—1)  T(s—03,)N:
(d/2=1)!' T'(s—|og/2])D2
where all but the last factor in the first iterated products in the numerator and denominator canceled out,
and Ny = Hd/Q [(s+d/2—j+0}) and Dy = Hd/2 I'(s+d/2 — j+ 1+ 7;) denote the second iterated
products in the numerator and denominator. To prove Property (3), we need to verify that zeros in the
numerator I'(s — 07 ) N2 and poles in the denominator I'(s — |04/2[) D2 are canceled out. The first condition
holds simply because the I' function does not have zeros. Now we verify the second condition. Recall that

the poles of T' are all simple and occur exactly at the non-positive integers. The factor Dy does not have
poles since

Ci(r:0%s) =

s+d/2—j+147,>5>0 forall 1 <j <d/2. (4.1)

So we are left to examine the first factor I'(s — |o4/2|) in the denominator. Fortunately, this must cancel
with one of the factors I'(s — 04/2) or I'(s + 04/2) in the numerator using the observation that

I'(s— JZ/Q)F(S + 0;/2) =T(s —04/2)'(s +04/2)-
Therefore, C (7 : 0*;5) # 0.
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Case 2: 2{d. Let us write 0 = (01,...,0(4-1)/2) where
01209222 0(q-1)2 = 0.
In the current case, 0* = 0. Take 7 = (71,...,T(a—1)/2, T(d+1)/2) = (01, .,0(4-1)/2,0). Then 7 contains o
(and hence also o*) since they satisfy the interlacing property
TL>012>Ty > 022> > Tg_1)/2 > O(d—1)/2 = |T(d+1)/2]-

This proves Property (1). Inspecting Eq. (2.5) term by term verifies Property (2).

Let s > d/2. As in Case 1, the formula provided by Theorem 4.1 for ¢* and the choice of 7 gives

T'(2s)Ns
I'(s+1/2)Dy
and to prove Property (3), we only need to verify that the poles in the denominator I'(s+1/2) D5 are canceled

out. Again, Dy does not have poles by the same inequality Eq. (4.1) for all 1 < j < (d + 1)/2. Similarly,
I'(s 4+ 1/2) does not have poles since s + 1/2 > 0. Therefore, C (7 : 0*;5) # 0. |

Cy(r:0%;s) = (d5h)1272std .

The following corollary shows that the main terms in the asymptotic expansion provided by Theorem 3.4
are non-vanishing for a suitable choice of test vectors.

Corollary 4.3. Let o € Z\Z_d be a self-dual M -type. Let T € K be the K -type provided by Proposition 4.2.
Then, for all s € I, the subspace U(o, s) NU(c,$)s CU(0, s) is non-trivial and the operator TLC,(s) acts
on it by a mon-zero scalar.

Proof. Let o and 7 be as in the corollary. By Proposition 4.2(1), 7 contains o, whence 7 is contained in
Ind%(a@xs_dp@l) (see Subsection 2.5). By Proposition 4.2(2), 7 is a minimal K-type of Ind%(o@xs_dp@l)
and so by Theorem 2.12, we further deduce that the subspace U(o, s), is non-trivial. Again since T contains o,
we conclude that (o, s)-NU(0, 5), is non-trivial. Recall that Lemma 3.1 gives TZ|y/(5.5), = %PU* U(o,8)r 5
and that P, = P, acts as identity on U(o, s),. Moreover, we have by Proposition 4.2(3) that C; (s) acts by
the scalar C, (7 : 0;8) # 0 on U(o,s) NU(0, s),. Putting everything together, we have
[T:C+(8)]|Z/{(J,s)TﬂZ/I(U,s)” = SEEE;—_; C+ (T L 0y S) : IdZ/{(a,s).,-ﬁZ/{(a',s),7 7é 0,

as desired. |

5. DECAY OF MATRIX COEFFICIENTS WITH POWER SAVING ERROR TERMS AND LAPLACE TRANSFORMS

In this section, we introduce the key dynamical input: the decay of matrix coefficients with power saving
error terms which is a consequence of exponential mixing of the frame flow. We use this to obtain meromor-
phic extensions of Laplace transforms of the scaled matrix coefficients to a strip to the left of the imaginary
axis with at most one simple pole at the origin.

We quote the following theorem from [SW21, Theorem 1.2] and [LPS25, Theorem 1.2] in a simplified
form.

Theorem 5.1 ([SW21, LPS25]). There exist non-zero Borel measures mP® and mBR and n > 0 such that
for all ¢, € CX(T'\G) and t > 0, we have

/ (¢ o at)qp deaar _ e—(d—6r)t/ ¢deR wdeR* + O(i),’l/l (e—(d—ﬁr"r??)t)’
NG G NG

where the implicit constant depends on Sobolev norms of ¢ and 1, as well as their supports.

As alluded to previously, the above theorem is derived from [SW21, Theorem 1.1] and [LPS25, Theorem
1.1] regarding exponential mixing of the frame flow with respect to the Bowen-Margulis—Sullivan (BMS)
measure mPMS which is the Borel probability measure of maximal entropy. In the case ér > max{d/2,d—1},
this result was obtained previously by Mohammadi—Oh in [MO15]. Exponential mixing of the geodesic flow is
due to Li-Pan [LP23]; see also [Kha23a, Kha23b|. In the convex cocompact setting, exponential mixing of the
frame flow is due to [SW21]. The aforementioned derivation uses Roblin’s transverse intersection argument
[Rob03]; see also [OS13, MO15, KO21, ELO22] for more expositions of the argument, the latter being the
most general. We also refer to loc. cit. for explicit formulas and further details for the BMS measure mBMS
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and the Burger-Roblin (BR) measures mB® and mBR+ which appear in the above theorem—in this article,

knowing their existence and the form of the main term in the above theorem suffices.

Remark 5.2. [SW21, Theorem 1.2] and [LPS25, Theorem 1.2] are stated, a priori, for torsion-free I'. It also
holds for non-torsion-free I' by passing to a torsion-free subgroup of finite index T' < T' by Selberg’s lemma,;
the measures m2ar mBMS mBR and mBR- on f‘\G are simply the lifts of those on I'\G up to normalization
by the constant factor [I": T.

Corollary 5.3. Let n > 0 be as in Theorem 5.1. For all ¢, € C*(T\G), define the Laplace transform of
the real and imaginary parts of the scaled matrixz coefficient Fg : {z € C: R(2) >d—dr} — C by

“+o0
Fa(z) = /0 e_(z"’ér_d)tﬁ(((b oy, ) r2r\q)) dt for all z € C with R(z) > d — or, (5.1)

for & € {R,3}. Then, Fa admits a meromorphic extension to the half-plane {z € C : R(z) > —n} with at
most a simple pole at z = 0 of residue ‘(fr\c ¢ dmBR fF\G z/;deR*>, for & € {R,S}.

Proof. Let n > 0 be a parameter satisfying Theorem 5.1 and let ¢,¢ € C>(T'\G). We give the proof for Fy
as the proof for Fy is identical. Denote My, := §R(fr\c¢deR fF\qu_JdeR*). Then, by Theorem 5.1,
the function

“+o0
Faz)— [ e M,y dt = Fy(z) - Mow
R . b1 R P

defined initially on {z € C: R(z) > d — dr}, extends holomorphically to the half-plane {z € C: R(z) > —n}.
The corollary now follows since My ., /2 extends meromorphically to C with at most a simple pole at z =0
of residue Mgy 4. |

6. COMPARISON OF LAPLACE TRANSFORMS AND THE PROOFS OF THEOREMS 1.3 AND 1.6

In this section, we prove Theorem 1.3. Property (2) of Definition 1.1 is established in Proposition 6.6,
while Property (1) is proved in Proposition 6.8. An outline of the proof strategy is given in Subsection 1.1.

6.1. Preliminaries on Stieltjes transforms. Recall that for a signed measure v, infinite values +o0o and
—oo are permitted but not both. Consequently, in the Jordan decomposition v = v+ — v~ into the positive
and negative parts v* of v (which are positive measures), at least one of v or v~ must be finite. Moreover,
if v is finite, then both v+ and ¥~ must be finite, and hence its total variation |v| = v + v~ is also finite.
We refer the reader to [Fol99, Chapter 3] for further details. We also record following elementary lemma.

Lemma 6.1. Let I C R be an open interval and E C I be a dense subset. Let v be a signed Borel measure
on I such that v([a,b]) =0 for all closed intervals [a,b] C I with a,b € E. Then, v is the 0 measure.

Proof. Let I, E, and v be as in the lemma. We have the Jordan decomposition v = v+ —v~ where the positive
and negative parts v+ are positive Borel measures on I. It follows by hypothesis that v+ ([a,b]) = v~ ([a, b])
for all intervals [a,b] C I with a,b € E. Since the set of closed intervals whose endpoints are in the dense
subset E C I generate the Borel o-algebra on I, it follows that ¥™ = v~. Hence, the lemma follows. |

Remark 6.2. We cannot repeat the above proof for closed intervals I C R since the dense subset £ C I may
not contain either endpoints of I.

The following is the Stieltjes inversion formula corresponding to a Stieltjes transform for signed measures.
It is proved in [Wal48, Chapter XIII, §65] for positive measures; however, its elementary proof can be adapted
for signed measures. We include it here for completeness, especially because the proposition plays a crucial
role in the proof of our main theorem.

Proposition 6.3 (Stieltjes Inversion Formula). Let v be a finite signed Borel measure on R. Let F : C\R —
C be the Stieltjes transform of v defined by

F(2) :/ L dv(t) forall z€ C\R.
Rz_t
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Then F is holomorphic on C\ R and for any closed interval [a,b] C R, we have

b
y([a,b));V((avbD _ 7%5{% | SF(x + iy) da.

In particular, if v({a}) = v({b}) = 0 and F extends continuously to (C\R)U|a, b], and hence holomorphically
o (CNR)U (a,b), then v([a,b]) =

Proof. Let v, F, and [a,b] be as in the proposition. Define a finite signed Borel measure 7 on [a,b] X R by
dv(z,t) = dxdv(t). For any compact subset K C R+ and y € K, we have the uniform bound

/ 1 1
[a,b] xR

x+iy—t inf
By similar uniform bounds, we may apply Fubini’s theorem for integrals of F' over arbitrary line segments
in C \ R which are parallel to the real or imaginary axis. Hence, holomorphicity of z ﬁ on CNR
together with Fubini’s theorem imply vanishing of contour integrals of F' over rectangular contours in C \ R
(with sides parallel to the real and imaginary axes). It follows that F is holomorphic on C \ R by Morera’s
theorem (see [SS03, Chapter 2, §5, Theorem 5.1] and [SS03, Chapter 2, §7, Problem 3]).

By the above bound, for any y > 0, we may integrate the imaginary part of F over [a, b] and apply Fubini’s

theorem again to obtain

/QJF z + iy) dx—// x_t // x_tlg - do du(t)

= / arctan((t — b)/y) dv(t) — / arctan((t — a)/y) dv(t).
R R

Now, we introduce the step function h = —X(_s0,0) + X(0,400) : R = R and observe the pointwise limit

d|p|(x,t) < -17](a, b] x R) < +o0.

. 7r
;1{‘% arctan(t/y) = §h(t) for all t € R.

Recall that |arctan| < 7 and the total variation [v| is finite since v is finite. Thus, we may apply the
Lebesgue dominated convergence theorem to obtain the limit

lim ’ SF(x + iy) de = hm / arctan((t — b)/y) dv(t) — hm / arctan((t — a)/y) dv(t)

yNO Jq
/ht—b ) dv(t —f/ht—a )du(t

2(V(( 00, b)) = v((b, +00)) — v((—00, a)) + v((a, +00)))

() +v((a.b)
2

Let us deduce the last claim of the proposition. Suppose F extends continuously to (C\R)UJa, b]. Observe
that for any rectangular contour (with sides parallel to the real and imaginary axes) that intersects (a,b),
we may decompose it into 3 rectangular contours where only one of them intersects (a,b) and is arbitrarily
thin in the imaginary direction. In light of this observation, we again deduce using Morera’s theorem (see
loc. cit. in [SS03]) that F' is holomorphic on (C~\R)U (a,b). Now, since v is a real-valued measure, we have
the property that F(z) = F(zZ) for all z € C \ R and hence SF(z) = 0 for all z € [a,b] by continuity. Thus,
by uniform continuity of F on [a,b] + i[—1, 1], we have

b

b
lim SF(x+1 dx:/ lim SF(x + iy) de = 0.
fim | (z +1y) -l (z +iy)

Suppose further that v({a}) = v({b}) = 0. Then, it follows from the proven identities that v([a,b]) =
v tr((ed) _ m

Corollary 6.4. Let v = vy + ivg be a complexr Borel measure on R where vy and vy are signed measures,
and consider the functions Fy and Fs defined by

1 1
Fp(z) = /R P dvg(t), Fs(2) = /]R ” dvg(t), for all z € C\R.
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Suppose there exists a closed interval [a,b] C R such that the following holds:
(1) there exists a dense subset E C [a,b] such that v({z}) =0 for all x € E;
(2) Fy and Fgs extend continuously to (C~R) U [a,b].

Then v (qp) is the zero measure.

Proof. Since Fy and Fg extend continuously to [a, b], then, by Proposition 6.3, we conclude that v([«, 3]) = 0
for any «, 8 € E with o < 5. Hence, by Lemma 6.1 we get that both vz and vg restricted to (a,b) are the
zero measures. The corollary follows since v = v + ivg. |

6.2. Proof of Theorem 1.3. We now prove the main theorem. We need the following fact in order to be
able apply Proposition 3.8.

Proposition 6.5. For all v € ]\Z_d and s > Or, the quasi-complementary series U(v,s) is not weakly
contained in L*(T\G).

Proof. By qualitative mixing of the frame flow together with Roblin’s transverse intersection argument, cf.
[Win15, Theorem 1.4], we have for all ¢,¢ € C.(I'\G), the estimate (¢ o a;,%)r2\g) = O,y (e~ @0))
as t — 400.” Hence, the matrix coefficients g — (pc(9)d, ) r2(r\ ) belong to LPT¢(G) for all € > 0, and
for p := ﬁ. This follows by a similar argument to the proof of Proposition 3.7 using the formula for the
Haar measure on G. Since C.(I'\G) is dense in L?(I'\G), this means that the representation (pg, L?(T'\G))
is strongly LP by definition (in the terminology of [Sha00]). Hence, [Sha00, Theorem 2.1] implies that every
representation that is weakly contained in L?(I'\G) is also strongly LP. On the other hand, given v € M,q
and s > or, the quasi-complementary series U (v, s) is not strongly L?, and hence cannot be weakly contained
in L?(T'\G). Indeed, by Corollary 4.3, there exists a K-type 7 € K such that for all s € T., we have that the
operator TZC, (s) is non-zero on U(v, s),. Combined with Corollary 3.6, this shows that there exist K-finite
vectors in U (v, s) for which the matrix coefficients are not in LP™¢(G) for any sufficiently small e > 0. Hence,
[Sha00, Theorem 2.1] implies that the representation U (v, s) cannot be strongly LP. [ ]

In what follows, we denote by 7., > 0 and nmix > 0 any constants for which Proposition 3.8 and
Corollary 5.3 hold, respectively.

Proposition 6.6. Fiz n := min{nep, Mmix} € (0,0r — d/2). For all v € Mg and s € (or — m,0r), the
quasi-complementary series U(v, s) is not weakly contained in L*(T\G).
Proof. Fix the constant 7 := min{nep, Mmix} € (0,dr — d/2) as in the proposition. Let us denote L :=
L?(I'\G).

For the purposes of our proof, let us define the following objects for all K-types 7 € K and M -types
o e J\Z_d. First define the Hilbert subspaces

7]
Lro= / L(o,8)r dms(s) CcL;CL,
Iaﬁ(ér—n,ér)
®
Tro = / L(o,8)r N L(0,8) dmy($) CL;,, CLCL.
Iﬁﬁ(ér‘—’r],ép)
Note that the Hilbert subspaces corresponding to different elements of ]\//.TS_d are mutually orthogonal, i.e.,
0,0’ € M, 4 such that o 0 = Lo L L. (6.1)
Define the bounded operator Q, : £, , = L, » by
)
Q= | T2l ey, Co (o). o (5).
Ioﬁ(ér‘f’r],6r)

We then extend it to an operator Q,, : £ — L by setting it to be the 0 operator on (ET,U)J-. Finally, we
define the operator Q, : L — L by

Q= Y Q. (6.2)

UGM\S_d:UCT

2This is the qualitative form of Theorem 5.1 with no error rate.
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Now we begin the proof in earnest. Suppose for the sake of contradiction that U(v, s,) is weakly contained

in £ for some v € MS a and s, € (0p —n,0r). Let 7 € K be the corresponding K-type provided by
Proposition 4.2. We first claim that

there exist functions ¢, € C°(T'\G) N L. such that (Q,¢,¥) . # 0. (6.3)

Indeed, by our assumption, s, € supp(m, ) and hence m,, ((dr —n,dr)) > 0. By Corollary 4.3, for all s € Z,,,
the Hilbert subspace L(v, s), N L(v,s), C L(v,s) is non-trivial and the operator TZC, (s) acts on it by a
non-zero scalar. It follows from the definition of direct integrals that:

o Jrv C L, are non-trivial Hilbert subspaces of £, C L;
® Q. acts as a non-zero bounded operator on L, ,,, £L;, and L;
e Q, acts as a non-zero bounded operator on £, and £, due to the orthogonality relations in Eq. (6.1).

By the above facts, there exist (E, {Z; € L. such that

(Q-9,4), #0. (6.4)
Since C*(I'\G) N L; is a dense subspace of £, by Lemma 2.13, Claim (6.3) follows.
Next, we can rewrite Eq. (6.3) more explicitly as follows:

Qo )= 3 /5 A (NTFCH )b die(s) 0.
r—n, F

0€M,q:0CT
This motivates introducing the complex measure v, on R defined by
dVT (S) = Z 1Ia (8) <T:C+(S)¢0’,Sv wo’,s>£(a,s) dma(s)-
JEMS,d:UCT

Then, we may further rewrite Eq. (6.3) as
vo((6r — 1,67)) # 0. (6.5)

By Lemma 2.2, v, has at most a countable number of atoms, which we recall are all singletons. As a
consequence, we obtain a dense subset

E; ={z €R:{z} is not an atom of v.} CR

with the property that v, ({z}) = 0 for all x € E,. Thus, Property (1) of Corollary 6.4 is satisfied.

Now, Proposition 6.5 says that (pg, L) does not weakly contain any quasi-complementary series U (o, s)
with parameters o € M, 4 and s > or. Thus, Proposition 3.8 applies to the representation (w,H) = (pg, £)
with d3; = dr. Let & € {&,3}. Applying the proposition, the Laplace transform of the # part of the scaled
matrix coefficient defined by

+oo
Fa(z) = / em =i ((poay, ) amg)) dt for all z € C with R(z) > 0 (6.6)
0
admits a holomorphic extension to {z € C: R(2) > —nrep} \ (—rep, 0] and can be written as a sum
Fo =Ap + Ba

where Ag is a bounded holomorphic function and Bg is a meromorphic function both on the half-plane
{z € C: R(2) > —nrep} and By is defined explicitly by the formula

‘(<T:C+( )¢Usvwos>£(as)>
Ba(z)= ) for all ith ~Tlrep-
a(2) P e OBy — dmeg(s) or all z € C with (z) > —nrep
oc€EMg q:0CT ’

(6.7)

Note that the integral in the definition of Bg, is over the closed interval [dr —n), ér| as opposed to the integral
in the definition of Q, which is over the open interval (6r —n, dr); only the right endpoint Jr is of significance
here. In particular, note that s = dr, a priori, may contribute a pole to Fg; but in this proposition, we are
only concerned with detecting whether the parameters s € (dpr—n, dr) contribute poles to Fy. Proposition 6.8
below will treat the endpoint s = .

Write velise—nsr] = (Vrlise—no)) g + 1 (Velise—n.or)) g Where (vrlioe—n.sr)) g and (vrl(se—n,60)) ave signed
measures. Observe also that Bg/(z) is the Stieltjes transform of (1/7—|[5F,77,5F])‘ at z + dp.
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Now, Corollary 5.3 also applies for our choice of ¢ and ¢. Let & € {R,J}. Applying the corollary, Fg
admits a meromorphic extension to {z € C : R(z) > —nmix}, with exactly one simple pole at z = 0 of residue
Q( fF\G ¢ dmPR fF\G ) deR*). In particular, Bg extends holomorphically to intervals on the real line of

the form [a, b], for all —n < a < b < 0. Thus, Property (2) of Corollary 6.4 is satisfied. We may now apply
Corollary 6.4 to conclude that v |(s5._y.s.) is the zero measure. In particular, this contradicts Eq. (6.5) and
completes the proof. |

To prepare for the proof of the second proposition, we set some notation. Given a unitary representation
(m,H) of G, and more generally, of M, we write

H=Hn"oH
for the orthogonal decomposition of H into the subspace H™M of M-invariant vectors and its orthogonal
complement H°. In particular, given a K-type 7 € K, we also write
M 0
r=H ©H;.

For v € H, we denote by v™ and v° its orthogonal projections onto H™ and H° respectively, i.e.,

oM = / m(m)vdm, 0 =v — oM, (6.8)

M
We record the following lemma, which is an immediate consequence of Lemma 3.1.

Lemma 6.7. Let 0 € ]\//.Ts_d and s € I,. Let T € K be a K- type containing o. Then, the operator T7
preserves the orthogonal decomposition U(o,s), = U(a,s)M @ U(c,s)°. Moreover, if o is non-trivial, then
17 |u(a7s)y vanishes.

Proof. Let o € ]\Z-d and s € Z,. The first assertion follows by recalling that T7 preserves M-types.
Lemma 3.1 asserts that the operator TT restricted to U(o, s), is a scalar multiple of the orthogonal projection
onto U(a, s), as o is self-dual. The second assertion follows upon noting that U (o, s)M is orthogonal to the
subspace U(a, s), since o is non-trivial. [ |

Recall from Remark 1.2 that having established Property (2) of Definition 1.1 in Proposition 6.6, for any

non-trivial v € M4, a weak containment of U/ (v,dr) in L?(T'\G) is automatically a strong containment. We
now prove the second proposition, establishing Definition 1.1(1) and completing the proof of Theorem 1.3.

Proposition 6.8. Let v € Z\Z_d be such that ér € Z,,. Then, we have the following.
(1) If v = 1 is trivial, then the quasi-complementary series U(1,dr) is contained in L?(T\G) ezactly
with multiplicity 1.
(2) If v is non-trivial, then the quasi-complementary series U (v, dr) is not contained in L*(T'\G).

Proof. Fix some v € M, 4 such that op € Z,,. If 6 = d, then v = 1 and hence U(v,or) =U(1,d)=1¢€ G,
and I' < G is a lattice. Thus, Part (1) trivially follows. We may now assume or < d. ff v=1,let 7 =1 € K
be the trivial K-type. Otherwise, if v is non-trivial, let 7 € K be the K. -type provided by Proposition 4.2.

Let us denote £ = L?(I'\G). First, having established Proposition 6.6, we may isolate the contribution
of L(o,dr) for o € M, q satisfying o C 7 and U(o,0r) C L in the following fashion (cf. Remark 1.2). Fix
S, = O0p — n where 7 := min{nep, Nmix } as in Proposition 6.6 and define

@ /Iﬁd/2s*] (:5) dmo (s).

UEJW

By Proposition 6.6, (s, dr) C Z,~supp(m,) for all o € Z\Z_d and so using Lemma 2.1, we have the orthogonal
decomposition

L= Etemp@ @ / 0' S dmo( )

UGJVIS d

—

— Liomp @ @ / (0, 8) dma (s) @ fan) L(0,5r)

ZoN(d/2, 5” oM. a:my ({50})>0
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—

= Etemp 2 E(S*) 57 @ E(O’, (Sp)
0E€Myq:U(o,6r)CL
Let ¢, v € C°(I'\G)NL,; in particular, they are K-finite. Let ¢, and v, denote the orthogonal projections
of ¢ and ¢ onto L, := Liemp ® L(s+). Applying Proposition 3.7 for L, , we have
e 0 ar, V)] Ko, (1+1)e” @758 forall ¢ > 0. (6.9)

Recall the direct integral notation from Eq. (2.7). Applying Corollary 3.6 for each orthogonal summand
L(o,ér) above, we have

(o610 (At) o510 Vo,o1) £(0,60) = e~ @=NTTCL (8r) b brs Vo,60) £(0,61)
+0. (6_(d—5r+776r‘)t 9050l 25, 51) ||1/10,5p||5(0,5r)) for all ¢ > 0.

Note that for all o € ]\Z_d, the orthogonal projections ¢4 5. and vy s. are non-trivial only if ¢ C 7 and
U(o,0r) C L. Thus, we have

N o ar, ) = ) (T7C1(00) b5 Vo0 ) £oin) T Opwle™")  forallt >0
JGJ/\/I\S_d:JCT,Z/{(U,ér)CC
(6.10)
where we choose any positive ' < min{n,ns.}. Here, we note that the sum on the right hand side of

Eq. (6.10) has finitely many terms since there are finitely many o € J\Z-d with o C 7.
On the other hand, by Theorem 5.1, we have

=00 o ay ) = ¢ dmBR b dmPR Oy (e it for all £ > 0. (6.11)
NG '\G

In light of Egs. (6.10) and (6.11), we respectively define sesquilinear forms Qyep on £, and Qumix on
C>(T'\G) N L, as follows:

Qurep(¢, 1) = > (TTC4(0r) o br> Youor)(wor)  forall 6,0 € Ly,
GEJT/[\s-d:UCT,u(o,ér)CL
Quix (¢, ¥) == / ¢ dmB" PpdmPR forall ¢,9 € C°(D\G) N L,.
G na
Then, equating Eqgs. (6.10) and (6.11), and taking ¢ — 400, we obtain

Qrep(9:¥) = Quix(d,¢)  forall ¢4 € CF(IN\G) N L;. (6.12)

We now prove Part (1). In this case, 7 =1 € K is the trivial K -type and we have the following;:

e o=1¢ ]\Z_d is the only M-type such that o C T;
e T7 acts by the identity operator on £(1,0r), by Lemma 3.1;
e C,(dr) acts by a non-zero scalar C (7 : 1;0r) on £(1,dr),; see Section 4.

Hence, we have

Qrep(¢7 ¢) = C+(T : 15 5F) : <¢1,(51‘7’¢)1,5r>£(1,§r) for all ¢7¢ S ‘CT' (613)

Note that ¢(1,0r) is contained in £ with multiplicity > 1. Indeed, otherwise, Qep would be the zero
sesquilinear form, contradicting Eq. (6.12) and the fact that Qi is certainly not the zero sesquilinear form.
Now, suppose that (1, r) is contained in £ with multiplicity at least 2. Then, we can find two orthogonal
unit vectors u,v € L£(1,dr),. Since CX(I'\G) N L. is a dense subspace of £, by Lemma 2.13, we can find
sequences {¢(™}, ey and {1}, cn in C2(T\G) N L, such that ¢ — u and %™ — v in £, as n — oo.

In particular,
n—oo n—oo

(n)  4(n) (n) (n) (n) (n)
<¢1,5r’¢1,6p>5(1,ar)’ <w1,6p71/}1,5r>1:(1,5r) » 1, and <1/’1,5F7¢1,6p>c(1,5r) "

For sufficiently large n € N, the set {QS(”), ¢(")} is linearly independent and we may define the 2-dimensional
subspace generated by it, V(" := span {¢("), w(")} C C(T\G) N L,. Further define Qg?r), and Q(n) to be

mix

0.  (6.14)

the restrictions of the sesquilinear forms Qrcp and Qmix to V() | respectively. It follows from Egs. (6.13)
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and (6.14) and continuity of the determinant that for sufficiently large n € N, the sesquilinear form QEZ& is
non-degenerate and hence has rank 2.

On the other hand, the sesquilinear form @Quix has rank at most 1 since it is given by a scalar product of
two linear forms. Consequently, for sufficiently large n € N, the same holds for the restriction QI(:L This
contradicts the fact that QEZ}Z = Qf:ll for all sufficiently large n € N by Eq. (6.12) and finishes the proof of
Part (1).

We now turn to Part (2). Recall the orthogonal decomposition £, = £M & LY into a subspace of
M-invariant vectors and its orthocomplement in the notation introduced above Eq. (6.8). Since the disinte-
gration of the measures mB® and mPR+ along fibers of the projection I'\G — T'\G//M is given by our fixed
Haar measure on M, we have

Qumix(0,10) =0,  forall ¢,1p € C(I\G) N LY.

Now, C>(I'\G) N LY is a dense subspace of £2 by Lemma 2.13 and continuity of the orthogonal projection
L, — L% Moreover, Qrep is continuous on £, due to the fact that both TZ and Ci(dr) are bounded
operators since op > d/2. Combined with Eq. (6.12), this implies

Qrep(¢,'¢)) =0 for all ¢,¢ - ,C?_

Moreover, {£L(o,0r)?} ci7., is a set of mutually orthogonal subspaces. We conclude, in particular, that for

all o € M, 4 contained in 7, the operator T7C, (1) vanishes on £L(o,dr)?. Moreover, Lemma 6.7 also shows
that this operator vanishes on £(a, or)M whenever o is non-trivial, and hence on all of £(c, dr), in this case.
Specializing further, this holds for ¢ = v, contradicting our choice of the K-type 7 due to Corollary 4.3 and
completing the proof.

|

6.3. Proof of Theorem 1.6. We now prove Theorem 1.6 using the established Theorem 1.3 on strong
spectral gap. We require [EO21, Theorem 4.8] of Edwards—Oh which is derived from another theorem of
theirs quoted earlier as Theorem 3.4.

Theorem 6.9 ([EO21, Theorem 4.8]). There exists m > d(d+1)/2 such that for all o € Mg and s € T, if
the quasi-complementary series U(o, s) contains non-zero M -invariant vectors, then for all u,v € ST (T'\G)
and t > 0, we have

ey (@), Vo = D (TECL()Prt, Pr0)y(os) + Os (67" ullsp oy lvllsp va))-
T1,7‘2€I?
Here, the sum
D (TRCH(5)Pru, Pryv)uo.s)
‘rl,‘rzel?

converges absolutely.

Remark 6.10. Though originally not included, [EO21, Theorem 4.8] of Edwards—Oh also holds for the ends

of complementary series U(o, s) for o € Mg and s = d — {(0) € 01, thanks to the lifting argument in the
proof of Corollary 3.6.

Proof of Theorem 1.6. Let kg := min{xr, 1} > 0 be as in the theorem, where kr is the strong spectral gap
parameter of I" defined in Definition 1.5. Let

81 := 01 — Kg.

We use the same decompositions as in the proof of Proposition 6.8 with s, replaced by the optimal parameter
s1. In particular, as in the proof of Proposition 6.8, we have the following decomposition:

L= Liemp ® L(s1) ®U(L, ).
Denote £1 = Liemp B L(s1). Let ¢, € SE(I'\G) and denote their orthogonal decompositions by
¢ =¢1+ 15, € L1 DU, ), Y =11 + 1. € L1 BU, ).
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Exactly as in Eq. (6.9), applying Proposition 3.7 for £, we have
[(dr 0 ar, )| g,y (14 1)e @08 forall ¢ > 0.

It remains to treat the orthogonal direct summand U(1,dr). Clearly, as U(1,dr) is spherical, it contains
non-zero M-invariant vectors. Therefore, we may apply Theorem 6.9 to /(1,dr) to obtain for all ¢ > 0

IOy 5 (ar) D60, V1,60 D (L6r) = Z (T72C1(8)Pr, 01,60, Prytn 60 )u(1,or)

71,7'261?
+ O0(e™ |61 sl s (v 191,50 lls (v @))

where the sum in the first term converges absolutely. As in the proof of Proposition 6.8, taking ¢t — +o00, and
applying Theorem 5.1, we see that the sum in the first term is in fact equal to fF\G ¢ dmBR fF\G W dmBR=.

Thus, combining these two estimates, we obtain a decay rate of min{d — s1,7;s.} — ¢ for every ¢ > 0.
Note that we have the trivial inequality d — s; > dr — s1 = kg. We also have 75, = min{2ir — d,1} by
definition. Note further that s; > d/2 by definition of xr; cf. Definition 1.5. Together with or > d/2, we
have 26r —d > ér — d/2 > 0r — $1 = Ko, and hence ns. > Kg. This shows that min{d — s1,7s.} > Ko and
completes the proof. [ ]
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