MIXING, RESONANCES, AND SPECTRAL GAPS ON GEOMETRICALLY
FINITE LOCALLY SYMMETRIC SPACES
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ABSTRACT. We prove that the geodesic flow on any geometrically finite locally symmetric space
of negative curvature is super-polynomially mixing with respect to the Bowen-Margulis-Sullivan
measure. When the critical exponent ¢ is close enough to the dimension D of the boundary at
infinity, we show that the flow is in fact exponentially mixing. The latter result in particular holds
when 6 > 2D/3 in the real hyperbolic case and § > 5D/6 in the general case.

The method is dynamical in nature and is based on constructing anisotropic Banach spaces on
which the generator of the flow admits an essential spectral gap of size depending only on the
critical exponent and the ranks of the cusps of the manifold (if any). Our analysis also yields that
the Laplace transform of the correlation function of smooth observables extends meromorphically
to the entire complex plane in the convex cocompact case and to a strip of explicit size beyond
the imaginary axis in the case the manifold admits cusps. Along the way, we construct a Margulis
function to control recurrence to compact sets when the manifold has cusps.

1. INTRODUCTION

Let X be the unit tangent bundle of a quotient of a real, complex, quaternionic, or a Cayley
hyperbolic space by a discrete, geometrically finite, non-elementary group of isometries I'. Denote
by g; the geodesic flow on X and by mPMS the Bowen-Margulis-Sullivan probability measure of
maximal entropy for ¢g;. Let dr be the critical exponent of I' and D be the dimension of the boundary
at infinity of the associated symmetric space. We refer the reader to Section 2 for definitions. The
following is the main result of this article in its simplest form.

Theorem A. The geodesic flow is super-polynomially mizing with respect to mBMS . More precisely,
forall f,g € C(X), and p,t >0,

/Xfogt~gdeMS:/)(fdeMS/)(gdeMS+Of7p(Hg”cqt_p).

If we further assume that o > 2D /3 in the real hyperbolic case or that ér > 5D /6 in the other
cases, then there exist oo = 0o(X) > 0 and k € N such that

/X foge-gdmPMS = /X f dmPVS /X g dm®S 4 fll o [lglln O (€70t .

The implied constants also depend on the injectivity radius of the support of g.

In fact, we show that the correlation function admits a finite resonance expansions. We state
this result in the exponential mixing case.

Theorem B. Suppose that either ér > 2D/3 in the real hyperbolic case or or > 5D/6 other-
wise. Then, there exists o > 0, depending only on or and the ranks of the cusps of X (if any)
such that the following holds. There exist k € N, finitely many compler numbers Ai,..., AN in
{—0 < Re(z) < 0} U {0}, and finitely many bilinear forms I1; : C?(X) x C¥(X) — C such that for
all (f,g) € C2 x C¥ andt >0,

N
/X fogi-gdm®™ = Zﬂi(fu 9)eN + Op4(e).
i=1

Moreover, for A\; = 0, we have IL,(f,g) = [ f dmPBMS fg dmBMS
1
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Remark 1.1. The above results also hold for functions with unbounded support and controlled
growth in the cusp; cf. Section 8. The dependence on f in the rapidly mixing case is through
its C! norm as well as a number of its derivatives in the flow direction depending on the rate of
polynomial decay p.

With a little more work, our method can in fact show that exponential mixing along with
Theorem B hold whenever ér > D/2 in the real hyperbolic case and when ér > 2D/3 in the other
cases. We expect these results to hold without such restrictions on the critical exponent.

The “eigenvalues” A; in Theorem B are commonly referred to as Pollicott-Ruelle resonances.
The phenomenon of having a strip with finitely many resonances in different contexts is commonly
referred to as having an essential spectral gap.

It is worth noting that Theorem B implies that the the size of the essential spectral gap o
does not change if we replace I' with a finite index subgroup. The interested reader is referred
to [MN20,MN21] for recent developments yielding uniform resonance free regions for the Laplacian
operator in random covers of convex cocompact hyperbolic surfaces.

Among the motivations for Theorem B is the Jakobson-Naud conjecture concerning the closely
related problem of the size of the essential spectral gap of the hyperbolic Laplacian operator for
convex cocompact hyperbolic surfaces [JN12]. It asserts that the size of such essential spectral gap
is exactly half the critical exponent. We defer the study of essential spectral gaps for Laplacians,
as well as Ruelle/Selberg zeta functions, to future work.

Our analysis also yields the following result. Let dr denote the critical exponent of I' and define

o Pp— ? lf I 1S conve |
{:I 7261 kmax; kn’ll } 9 Otllel wlS(},

where kpax and knin denote the maximal and minimal ranks of parabolic fixed points of I" respec-
tively; cf. Section 2 for definitions.
Given two bounded functions f and g on X, the associated correlation function is defined by

Pfg(t) 12/ fogsgdmPMS tcR.
X

Its (one-sided) Laplace transform is defined for any z € C with positive real part Re(z) as follows:

o
Prg(2) = /0 e Fpsg(t) dt.
The following result is valid without restrictions on the critical exponent.

Theorem C. Let k € N. For all f,g € C*Y(X), ps4 is analytic in the half plane Re(z) > 0 and
admits a meromorphic continuation to the half plane:

Re(z) > —min{k,o(T")/2},

with the only possible pole on the imaginary axis being the origin. In particular, when I' is convex
cocompact and f,g € C(X), pyg admits a meromorphic extension to the entire complex plane.

Theorem C is deduced from an analogous result on the meromorphic continuation of the family
of resolvent operators z — R(z),

R(z) = /O Temte, db O (X) - 0F(X),

defined initially for Re(z) > 0, where L; is the transfer operator given by f +— f o ¢g. Analogous
results regarding resolvents were obtained for Anosov flows in [GLP13] and Axiom A flows in [DG16,
DG18] leading to a resolution of a conjecture of Smale on the meromorphic continuation of the
Ruelle zeta function; cf. [Sma67]. We refer the reader to [GLP13] for a discussion the history of the
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latter problem and to [GBW22] for related results for finite volume negatively curved manifolds
with hyperbolic cusps.

1.1. Prior results. In the case I' is convex cocompact, Theorem A is a special case of the results
of [Stoll] which extend the arguments of Dolgopyat [Dol98] to Axiom A flows under certain as-
sumptions on the regularity of the foliations and the holonomy maps. The special case of convex
cocompact hyperbolic surfaces was treated in earlier work of Naud [Nau05]. The extension to frame
flows on convex cocompact hyperbolic manifolds was treated in [SW20].

In the case of real hyperbolic manifolds with dp strictly greater than half the dimension of the
boundary at infinity, Theorem A and B follow from the work of [EO21], with much more precise
and explicit estimates on the size of the essential spectral gap. The methods of [EO21] are unitary
representation theoretic, building on results of [LP82], for which the restriction on the critical
exponent is necessary. Earlier instances of these results under more stringent assumptions on the
size of or were obtained in [MO15], albeit the latter results are stronger in that they in fact hold
for the frame flow rather than the geodesic flow.

The case of real hyperbolic geometrically finite manifolds with cusps and arbitrary critical ex-
ponent was only resolved very recently in [LP20] where a symbolic coding of the geodesic flow was
constructed. This approach relies on extensions of Dolgopyat’s method to suspension flows over
shifts with infinitely many symbols; cf. [AM16, AGY06]. However, it seems the approach does not
yield information on the size of the essential spectral gap or the meromorphic continuation of p¢ 4.

Finally, we refer the reader to [DG16] and the references therein for a discussion of the history
of the microlocal approach to the problem of spectral gaps via anisotropic Sobolev spaces.

1.2. Organization of the article. After recalling some basic facts in Section 2, we prove a key
doubling result, Proposition 3.1, in Section 3 for the conditional measures of m®MS along the strong
unstable foliation.

In Section 4, we construct a Margulis function which shows, roughly speaking, that generic
orbits with respect to mBMS are biased to return to the thick part of the manifold. In Section 5,
we prove a statement on average exapnsion of vectors in linear representation which is essential for
our construction of the Margulis function. The main difficulty in the latter result in comparison
with the classical setting lies in controlling the shape of sublevel sets of certain polynomials with
respect to conditional measures of mPMS along the unstable foliation.

In Section 6, we define anisotropic Banach spaces arising as completions of spaces of smooth
functions with respect to a dynamically relevant norm and study the norm of the transfer operator
as well as the resolvent in their actions on these spaces in Section 7. The proof of Theorem C
is completed in Section 7. The approach of these two sections follows closely the ideas of [GLO6,
GLO08, AG13], originating in [BKL02].

The key technical estimate towards establishing Theorems A and B is proven in Section 8, where
the proofs of these latter results are completed. This result is a Dolgopyat-type estimate on the
norm of resolvents with large imaginary parts. The main idea, going back to Dolgopyat, is to
exploit the non-joint integrability of the stable and unstable foliations via a certain oscillatory
integral estimate; cf. [Dol98, Liv04, GLP13, BDL18].

A major difficulty in implementing such philosophy lies in! estimating certain oscillatory integrals
against the (possibly) fractal Patterson-Sullivan measures. We introduce a dynamical method
which replaces these fractal measures with smooth ones and is based on a refinement of the idea
of transverse intersections used in Roblin’s thesis in the proof of his mixing theorems [Rob03]. We
hope this method can provide a fruitful alternative route to symbolic coding in establishing rates
of mixing of hyperbolic flows in greater generality beyond the case of SRB measures.

IFor low dimensional real hyperbolic manifolds, we refer the reader to [BD17] for a breakthrough in this direction in
the case of convex cocompact surfaces and its extension to Schottky 3-manifolds in [LNP21].
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Finally, in Sections 9 and 10, we prove auxiliary technical results needed for the main estimate
in Section 8. For the reader’s convenience, an index of notation for Section 8 is provided at the end
of the article.

Acknowledgements. The author thanks the Hausdorff Research Institute for Mathematics at
the Universitat Bonn for its hospitality during the trimester program “Dynamics: Topology and
Numbers” in Spring 2020 where part of this research was conducted. The author also acknowledges
the support of the NSF under grant number DMS-2055364.

2. PRELIMINARIES

We recall here some background and definitions regarding geometrically finite manifolds.

2.1. Geometrically Finite Manifolds. The standard reference for the material in this section
is [Bow93]. Suppose G is a connected simple Lie group of real rank one. Then, G can be identified
with the group of orientation preserving isometries of a real, complex, quaternionic or Cayley
hyperbolic space, denoted Hfé, of dimension d > 2, where R € {R,C,H,O}. In the case 8 = O,
d=2.

Fix a basepoint o € H%. Then, G acts transitively on H% and the stabilizer K of o is a maximal
compact subgroup of G. We shall identify ]HI% with K\G. Denote by A = {g;:t € R} a one
parameter subgroup of G inducing the geodesic flow on the unit tangent bundle of Hfé. Let M < K
denote the centralizer of A inside K so that the unit tangent bundle T 1]1-]1% may be identified with
M\G. In Hopf coordinates, we can identify TTH% with R x (9H4 x 9H4 — A), where OH% denotes
the boundary at infinity and A denotes the diagonal.

Let I' < G be an infinite discrete subgroup of G. The limit set of I', denoted Ar, is the set of
limit points of the orbit I'- 0 on 8]1—]1%. Note that the discreteness of I implies that such limit points
exist and that they all belong to the boundary. Moreover, Ar is the smallest closed I' invariant
set in 8Hdﬁ and as such I' acts minimally on A. In particular, this definition is independent of
the choice of 0. We often use A to denote Ar when I' is understood from context. We say I' is
non-elementary if Ar is infinite.

The hull of Ap, denoted Hull(Ar), is the smallest convex subset of IHIdﬁ containing all the geodesics
joining points in Ar. The convex core of the manifold ]Hlfé /I is the smallest convex subset containing
the image of Hull(Ar). We say Hfé /T is geometrically finite if the unit neighborhood of the convex
core has finite volume, cf. [Bow93]. The non-wandering set for the geodesic flow is the closure of the
set of vectors in the unit tangent bundle whose orbit accumulates on itself. In Hopf coordinates,
this set, denoted (2, coincides with the projection of R x (Ap x Ap — A) mod T'.

A useful equivalent definition of geometric finiteness is that the limit set of I" consists entirely of
radial and bounded parabolic limit points; cf. [Bow93]. This characterization of geometric finiteness
will be of importance to us and so we recall here the definitions of these objects.

A point £ € A is said to be a radial point if any geodesic ray terminating at £ returns infinitely
often to a bounded subset of Hdﬁ /. The set of radial limit points is denoted by A,.

Denote by NT the expanding horospherical subgroup of G associated to g¢, t > 0. A point p € A
is said to be a parabolic point if the stabilizer of p in I', denoted by I',, is conjugate in G to an
unbounded subgroup of MN*. A parabolic limit point p is said to be bounded if (A — {p} /T'))
is compact. An equivalent charachterization is that p € A is parabolic if and only if any geodesic
ray terminating at p eventually leaves every compact subset of Hdﬁ /T. The set of parabolic limit
points will be denoted by A,,.

Given g € G, we denote by g the coset of P~g in the quotient P~\G, where P~ = N~ AM is
the stable parabolic group associated to {g; : t > 0}. Similarly, g~ denotes the coset P*g in PT\G.
Since M is contained in PT, such a definition makes sense for vectors in the unit tangent bundle
M\G. Geometrically, for v € M\G, v* (resp. v™) is the forward (resp. backward) endpoint of the
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geodesic determined by v on the boundary of H%. Given z € G/T', we say =¥ belongs to A if the
same holds for any representative of x in G; this notion being well-defined since A is I' invariant.

Notation. Throughout the remainder of the article, we fix a discrete non-elementary geometrically
finite group I' of isometries of some (irreducible) rank one symmetric space Hdﬁ and denote by X
the quotient G/T', where G is the isometry group of Hdﬁ.

2.2. Standard horoballs. Since parabolic points are fixed points of elements of I', A contains
only countably many such points. Moreover, I" contains at most finitely many conjugacy classes of
parabolic subgroups. This translates to the fact that A, consists of finitely many I' orbits.

Let {p1,...,ps} C 8H% be a maximal set of nonequivalent parabolic fixed points under the action
of I". As a consequence of geometric finiteness of I', one can find a finite disjoint collection of open
horoballs Hy, ..., H; C H% with the following properties (cf. [Bow93)):

(a) H; is centered on p;, for i =1,...,s.
(b) H;I' N H;I' =0 for all i # j.
(c) Forallie {1,...,s} and 7,72 €T

Hiyi N Hyye # 0 = Him = Hyye, 7y 192 € D,
(d) Hull(Ar) \ (Ui_; H;T") is compact mod T

2.3. Conformal Densities and the BMS Measure. The critical exponent, denoted dr, is
defined to be the infimum over all real number s > 0 such that the Poincaré series

Pr(s,o0) :== Z e~ 5d0r0) (2.1)
~vel

converges. We shall simply write § for r when I' is understood from context. The Busemann
function is defined as follows: given z,y € H% and £ € GHdﬁ, let 7 : [0,00) — HdR denote a geodesic
ray terminating at £ and define

Pe(x,y) = lim dist(z,~(t)) — dist(y, 7(2))-

A T-invariant conformal density of dimension s is a collection of Radon measures {I/x tx € Hf;l\} on
the boundary satisfying
AV

o (&) = e~*Pelen®) - ve ¢ GHL.

Given a pair of conformal densities {p,} and {v,} of dimensions s; and s2 respectively, we can
form a I' invariant measure on T HY, denoted by m*" as follows: for z = (£1,&,t) € T'H4

dmu77/(£17£2’t) — 651651 (va)+526§2 (0737) duo(gl) dl/o(£2) dt

Moreover, the measure m#*" is invariant by the geodesic flow.

When T' is geometrically finite and 8 = R, Patterson [Pat76] and Sullivan [Sul79] showed
the existence of a unique (up to scaling) I'-invariant conformal density of dimension dr, denoted
{ ,uES rx € Hﬁ‘é} When T is geometrically finite, the measure mH 1™ descends to a finite measure
of full support on 2 and is the unique measure of maximal entropy for the geodesic flow. This
measure is called the Bowen-Margulis-Sullivan (BMS for short) measure and is denoted mPMS.

Since the fibers of the projection from G/I" to TlHdR/I’ are compact and parametrized by the
group M, we can lift such a measure to one G/T', also denoted mPMS, by taking locally the product
with the Haar probability measure on M. Since M commutes with the geodesic flow, this lift is
invariant under the group A. We refer the reader to [Rob03] and [PPS15] and references therein
for details of the construction in much greater generality than that of Hﬁ‘é.
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2.4. Stable and unstable foliations and leafwise measures. The fibers of the projection
G — Tl]HIdﬁ are given by the compact group M, which is the centralizer of A inside the maximal
compact group K. In particular, we may lift m®MS to a measure on G /T, also denoted mBMS |
and given locally by the product of mPMS with the Haar probability measure on M. The leafwise
measures of mPMS on Nt orbits are given as follows:

dpit(n) = " Pt O1D GBS (n) ), (2:2)
They satisfy the following equivariance property under the geodesic flow:
Moo = € Ad(gr) ity (2.3)
Moreover, it follows readily from the definitions that for all n € N T,
() xbine = M (2.4)

where (n),uY, is the pushforward of g%, under the map u — un from N7 to itself. Finally, since M

normalizes N1 and leaves mPMS invariant, this implies that these conditionals are Ad(M)-invariant:
for all m € M,

ity = Ad(m). il (2.5)

2.5. Carnot-Caratheodory metrics. We recall the definition of Carnot-Caratheodory metric
on N1, denoted dpy+. These metrics are right invariant under translation by NT, and satisfy the
following convenient scaling property under conjugation by g;. For all r > 0, if N,© denotes the
ball of radius r around identity in that metric and ¢t € R, then

Ad(ge)(N;) = N (2.6)

To define the metric, we need some notation which we use throughout the article. For z €
£, denote by 7 its f-conjugate and by |r| := /Zx its modulus. Recall that such norms are
multiplicative in the sense that ||uv|| = ||u]| [|[v]]. We let ImR denote those € & such that z = —=z.
For example, ImR is the pure imaginary numbers and the subspace spanned by the quaternions ¢, j
and k in the cases 8 = C and 8 = H respectively. For u € K, we write Re(u) = (u + @)/2 and
Im(u) = (u—u)/2.

The Lie algebra n™ of N splits under Ad(g;) into eigenspaces as n} & n;ra, where n;ra =0 if
and only if & = R. Moreover, we have the identification n} = 8971 and nj, = Im(8) as real vector
spaces; cf. [Mos73, Section 19]. With this notation, we can define the metric as follows: given
(u,s) € nf @njg,, the distance of n := exp(u, s) to identity is given by:

1/4
dv+ (n,1d) o= (Jfull* + [1s]?) (2.7)
Given ny,ng € N*t, we set dy+ (n1,n2) = dy+ (niny *, 1d).

2.6. Local stable holonomy. In this Section, we recall the definition of (stable) holonomy maps
which are essential for our arguments. We give a simplified discussion of this topic which is sufficient
in our homogeneous setting homogeneous. Let x = u~y for some y € Q and u~ € N, . Since the
product map N~ x A x M x Nt — G is a diffcomorphism near identity, we can choose the norm
on the Lie algebra so that the following holds. We can find maps p~ : Nl+ — P7 = N"AM and
ut N; — N7 so that

nu” =p (n)ut(n), Vn € N5 . (2.8)
Then, it follows by (2.2) that for all n € N7, we have

dpt(u (n)) = Ponar (7 MD) g

x
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Moreover, by further scaling the metrics if necessary, we can ensure that these maps are diffeomor-
phisms onto their images. In particular, writing ®(nz) = u™(n)y, we obtain the following change
of variables formula: for all f € C(N,),

/ F(n) du(n) = / F((t) L n))ePamtom w2 gy (2.9)

Remark 2.1. To avoid cluttering the notation with auxiliary constants, we shall assume that the
N~ component of p~(n) belongs to N, for all n € N~ whenever u~ belongs to N; .

2.7. Notational convention. Throughout the article, given two quantities A and B, we use the
Vingogradov notation A < B to mean that there exists a constant C' > 1, possibly depending on
I' and the dimension of G, such that |A| < C'B. In particular, this dependence on I' is suppressed
in all of our implicit constants, except when we wish to emphasize it. The dependence on I" may
include for instance the diameter of the complement of our choice of cusp neighborhoods inside €2
and the volume of the unit neighborhood of Q. We write A <, , B to indicate that the implicit
constant depends parameters x and y. We also write A = O,(B) to mean A <, B.

3. DOUBLING PROPERTIES OF LEAFWISE MEASURES

The goal of this section is to prove the following useful consequence of the global measure formula
on the doubling properties of the leafwise measures. The result is immediate in the case I' is convex
cocompact. In particular, the content of the following result is the uniformity, even in the case 2
is not compact. The argument is based on the topological transitivity of the flow.

Define the following exponents:

A :=min {0,205 — kmax, kmin } s
Ay :=max{,20 — kmin, kmax } - (3.1)

where kpax and ki, denote the maximal and minimal ranks of parabolic fixed points of I' respec-
tively. If T' has no parabolic points, we set kpax = kmin = 0, so that A = A, = 4.

Proposition 3.1 (Global Doubling and Decay). For every 0 < o <5, z € Ny Q and 0 < r <1,
we have
o p(NF) Yo<o<1,0<r<l,

YN <
ty(Nor) oA+ “pd(NF) Vo >1,0<r<5/o.

Remark 3.2. The above proposition has very different flavor when applied with ¢ < 1, compared
with ¢ > 1. In the former case, we obtain a global rate of decay of the measure of balls on the
boundary, centered in the limit set. In the latter case, we obtain the so-called Federer property for
our leafwise measures.

Remark 3.3. The restriction that < 5/0 in the case o > 1 allows for a uniform implied constant.
The proof shows that in fact, when o > 1, the statement holds for any 0 < r < 1, but with an
implied constant depending on o.

3.1. Global Measure Formula. Our basic tool in proving Proposition 3.1 is the extension of
Sullivan’s shadow lemma known as the global measure formula, which we recall in this section.

Given a parabolic fixed point p € A, with stabilizer I', C I', we define the rank of p to be
twice the critical exponent of the Poincaré series Pr, (s, 0) associated with I'y; cf. (2.1). This rank
is always an integer. In the case of real hyperbolic spaces, it agrees with the dimension of the
unipotent radical IV, of the Zariski closure of I', inside the parabolic subgroup of G stabilizing p.
For general hyperbolic spaces, such a unipotent radical is a nilpotent group of step size at most 2
and fits in an exact sequence

0—-R = N, »RF =0,
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extending the abelian group R* by the center R!. In this case, the rank is equal to 21 + k.

Given ¢ € OHY, we let [0f) denote the geodesic ray. For ¢ € R, denote by £(t) the point at
distance ¢ from o on [0€). For z € H4, define the O(z) to be the shadow of unit ball B(z,1) in
H% on the boundary as viewed from o. More precisely,

O(x) i={¢ € ML : [0€) N B(z,1) £ 0}

Shadows form a convenient, dynamically defined, collection of neighborhoods of points on the
boundary.

The following generalization of Sullivan’s shadow lemma gives precise estimates on the measures
of shadows with respect to Patterson-Sullivan measures.

Theorem 3.4 (Theorem 3.2, [Sch04]). There exists C = C(I',0) > 1 such that for every £ € A and

allt >0,
R ((l50))

S atamnken) -3 =

where

d(t) = dist(£(2), ' - o),
and k(£(t)) denotes the rank of a parabolic fixed point p if £(t) is contained in a standard horoball
centered at p and otherwise k(§(t)) = 0.

A version of Theorem 3.4 was obtained earlier for real hyperbolic spaces in [SV95] and for complex
and quaternionic hyperbolic spaces in [New03].

3.2. Proof of Proposition 3.1. Assume that o < 1, the proof in the case ¢ > 1 being identical.
Fix a non-negative C'°° bump function ¢ supported inside Nfr and having value identically 1 on

N1J72' Given € > 0, let ¥.(n) = ¥(Ad(g—10gc)(n)). Note that the condition that v (Id) = ¢(Id) = 1

implies that for z € X with 2T € A,
() >0, Ve > 0. (3.2)

Note further that for any r > 0, we have that x Nt S P < x Ny
First, we establish a uniform bound over z € €. Consider the following function f, : Q@ — (0, 00):

tg (Yor)
-(r) = sup ——.
fol) o<r<1 HE(Yr)
We claim that it suffices to prove that
fo(x) < 0®, (3.3)

uniformly over all x € Q and 0 < ¢ < 1. Indeed, fix some 0 < r <1 and 0 < ¢ < 1. By enlarging
our implicit constant if necessary, we may assume that ¢ < 1/4. From the above properties of 9,
we see that

PE(NS) < 1 (Wao)r2) < 02 pE (W, j0) < o pl(N,F).

Hence, it remains to prove (3.3). By [Rob03, Lemme 1.16], for each given r > 0, the map
x = p(Yer)/ (1)) is a continuous function on 2. Indeed, the weak-* continuity of the map
x — p is the reason we work with bump functions instead of indicator functions directly. Moreover,
continuity of these functions implies that f, is lower semi-continuous.

The crucial observation regarding f, is as follows. In view of (2.3), we have for ¢ > 0,

pz (Yor)
fo(gtx) = sup < fo(x).
0<r<e—? %‘(%)
Hence, for all B € R, the sub-level sets Q0-p := {f, < B} are invariant by g; for all ¢ > 0. On

the other hand, the restriction of the (forward) geodesic flow to Q is topologically transitive. In
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particular, any invariant subset of {2 with non-empty interior must be dense in 2. Hence, in view
of the lower semi-continuity of f,, to prove (3.3), it suffices to show that f, satisfies (3.3) for all
in some open subset of 2.

Recall we fixed a basepoint o € Hfé belonging to the hull of the limit set. Let z, € G denote
a lift of o whose projection to G/I" belongs to Q. Let E denote the unit neighborhood of z,. We
show that ENQ C { fo K O‘A}. Without loss of generality, we may further assume that o < 1/2,
by enlarging the implicit constant if necessary.

First, note that the definition of the conditional measures p¥ immediately gives

Mg‘NI XMES’(NII)JH VCEGE
It follows that
pES (N - 2) ) < (W) < b3 (N3 - ) h),
for all 0 <r <2 and z € E. Hence, it will suffice to show
pES (NG, 2)) s
pES((N; - ) *) ’

forall0 <o < 1.
To this end, there is a constant C; > 1 such that the following holds; cf. [Cor90, Theorem 2.2].
For all z € F, if £ = ", then, the shadow S, = {(nz)* : n € N;I} satisfies

O&(|logr| + C1)) € S, CO(|logr| — Cy)), Vo <r <2 (3.4)

Here, and throughout the rest of the proof, if s < 0, we use the convention
O(&(s)) = O(£(0)) = OHL.

Fix some arbitrary z € F and let £ = . To simplify notation, set for any ¢, > 0,

ty := max {|logor| — C1,0}, t, = |logr|+ Cq,

d(t) := dist(£(t), T - 0), k(t) == k(&(1)),
where k(£(t)) is as in the notation of Theorem 3.4.
By further enlarging the implicit constant, we may assume for the rest of the argument that
—logo > 2CY.

This insures that ¢, > t, and avoids some trivialities.

Let 0 < r < 1 be arbitrary. We define constants o9 := 0 < 07 < 09 < 03 := 1 as follows. If
k(ty) = 6 (i.e. {(ts) is in the complement of the cusp neighborhoods), we set 01 = . Otherwise,
we define o1 by the property that &(|logoir|) is the first point along the geodesic segment joining
&(ty) and &(t,) (travelling from the former point to the latter) meets the boundary of the horoball
containing £(t,). Similarly, if k(¢,) = 6§, we set o9 = 1. Otherwise, we define oo by the property
that &(|log oar|) is the first point along the same segment, now travelling from £(t,) towards £(t,),
which intersects the boudary of the horoball containing £(¢,). Define

toy :=to, Loy i= tr, ty; == |logoyr| fori=1,2.
In this notation, we first observe that k(t,,) = k(t5,) = J. In particular, Theorem 3.4 yields

PS 1
M;S(SLV) < (Ul>
27 (Sazr) 02

Note further that the projection map H‘é — H% /T restricts to an (isometric) embedding on cusp
horoballs. Combined with convexity of horoballs and the fact that geodesics in ]I-]Idﬁ are unique
distance minimizers, this implies that, for i = 0,2, the distance between the projections of £(t,,)
and (to,,,) to HE/T is equal to |ty, — ts,,, |- In particular, there is a constant Cy > 1, depending
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only on the diameter of the complement of the cusp neighborhoods in the quotient H—]I“lﬁi and on the
constant C7, such that, for ¢ = 0,2, we have

—Cy —log(oi/0oiv1) < d(ts,) < —log(oi/oiy1) + Ca.

Hence, it follows using Theorem 3.4 and the above discussion that

) o—k(to
Mo (Soor) <f’0) oty (k(trg)—8) <f’0)2 Hieo)
pES(So,r) o1 o1

o

Similarly, we obtain

PS s E(tos)
uoPS(Sm) < <U2> g dlto) (k(toy)—0) (‘72> o
Mo (SO’BT) 03

Therefore, using the following trivial identity

IU’OPS(SUT) _ /’LES(SUOT') lu’OPS(SO'lT) NES(SUQT)
MES(ST) MES(SUN") H(I)DS(SUQT) M};S(ST) ’

we see that f(z) < o2, where A is as in the statement of the proposition. As z € E was arbitrary,
we find that £ C {fg < O'A}, thus concluding the proof in the case ¢ < 1. Note that in the case
o > 1, the constants o; satisfy 0;/0;41 > 1, so that combining the 3 estimates requires taking the
maximum over the exponents, yielding the bound with Ay in place of A in this case.

Now, let € (0, 1] and suppose z = u~y for some y € Q@ and v~ € N, . By [Cor90, Theorem 2.2],
the analog of (3.4) holds, but with shadows from the viewpoint of = and y, in place of the fixed
basepoint o. Recalling the map n — u*(n) in (2.8), one checks that this implies that this map is
Lipschitz on N1+ with respect to the Carnot metric, with Lipschitz constant =< C;. Moreover, the
Jacobian of the change of variables associated to this map with respect to the measures pg and p

is bounded on Nl+ , independently of y and u~; cf. (2.9) for a formula for this Jacobian. Hence, the
estimates for x € N, ) follow from their counterparts for points in 2.

4. MARGULIS FuNCcTIONS IN INFINITE VOLUME

We construct Margulis functions on €2 which allow us to obtain quantitative recurrence estimates
to compact sets. Our construction is similar to the one in [BQ11] in the case of lattices in rank 1
groups. We use geometric finiteness of I' to establish the analogous properties more generally. The
idea of Margulis functions originated in [EMMO98].

Throughout this section, we assume I' is non-elementary, geometrically finite group containing
parabolic elements. The following is the main result of this section.

Theorem 4.1. Let A > 0 denote the constant in (3.1). For every 0 < 5 < A/2, there exists a
proper function Vg : Ny Q — R such that the following holds. There is a constant ¢ > 1 such that
for allxw € Ny Q andt > 0,

¥,
—_ Vs(ginzx) dp(n) < ce P'Va(x) + c.
pa(NT) vy ’

Our key tool in establishing Theorem 4.1 is Proposition 4.2, which is a statement regarding
average expansion of vectors in linear represearntations of G. The fractal nature of the conditional
measures /iy poses serious difficulties in establishing this latter result.
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4.1. Construction of Margulis functions. Let py,...,ps € A be a maximal set of inequivalent
parabolic fixed points and for each i, let I'; denote the stabilizer of p; in I'. Let P, < G denote the
parabolic subgroup of G fixing p;. Denote by U; the unipotent radical of P; and by A; a maximal
R-split torus inside P;. Then, each U; is a maximal connected unipotent subgroup of G admitting
a closed (but not necessarily compact) orbit from identity in G/I'. As all maximal unipotent
subgroups of G are conjugate, we fix elements h; € G so that h;U;h; L' — N*. Note further that G
admits an Iwasawa decomposition of the form G = K A;U; for each i, where K is our fixed maximal
compact subgroup.

Denote by W the the adjoint representation of G on its Lie algebra. The specific choice of
representation is not essential for the construction, but is convenient for making some parameters
more explicit. We endow that W is endowed with a norm that is invariant by K.

Let 0 # vg € W denote a vector that is fixed by N*. In particular, vy is a highest weight vector
for the diagonal group A (with respect to the ordering determined by declaring the roots in N™ to
be positive). Let v; = h;vg/ ||hivo||. Note that each of the vectors v; is fixed by U; and is a weight
vector for A;. In particular, there is an additive character y; : A; — R such that

a-v; = eX"(a)vi, Ya € A;. (4.1)

We denote by Aj the subsemigroup of A; which expands U; (i.e. the positive Weyl chamber deter-
mined by U;). We let «; : A; — R denote the simple root of A; in Lie(U;). Then,

1, f R=R
i 19 = ’ . ’ 4.2
o= Xxadi xR {2 if § = C,H,0. (42)

Given 8 > 0, we define a function Vg : G/I' = R4 as follows:
Va(gl) :=  max |lw||P/xs, (4.3)

welJ;—; gl v;
The fact that V3(gI') is indeed a maximum will follow from Lemma 4.6.

4.2. Linear expansion. The following result is our key tool in establishing the contraction esti-
mate on Vg in Theorem 4.1. A similar result was obtained in [MO20, Lemma 5.6] in the case of
representations of SLa(R).

Proposition 4.2. For every 0 < B < A/2, there exists C = C(8) > 1 so that for all t > 0,
x € Ny Q, and all non-zero vectors v in the orbit G - vo C W, we have

1 o= B/xs u < (OBt —B/xsa

) o N el i) < CemP e

We postpone the proof of Proposition 4.2 to Section 5. Let ¢ : W — W™ denote the projection
onto the highest weight space of ¢g;. The difficulty in the proof of Proposition 4.2 beyond the case
G = SLy(R) lies in controlling the shape of the subset of N* on which |74 (n - v)|| is small, so that
we may apply the decay results from Proposition 3.1, that are valid only for balls of the form NZ.
We deal with this problem by using a convexity trick. A suitable analog of the above result holds
for any non-trivial linear representation of G.

The following proposition establishes several geometric properties of the functions Vg which are
useful in proving, and applying, Theorem 4.1. summarizes the main geometric properties of the
functions V. This result is proved in Section 4.4.

Proposition 4.3. Suppose Vs is as in (4.3). Then,
(1) For every x in the unit neighborhood of ), we have that

inj(z)™t <t VBXR/ﬁ(a:),

where inj(zx) denotes the injectivity radius at x. In particular, Vs is proper on €.
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(2) For allg € G and all x € X,

gl Vi(e) < Vi(gz) < |lg7*|)” Va(a).

(8) There exists a constant g > 0 such that for all x = gI" € X, there exists at most one vector
v e, 9T - v; satisfying ||v|| < eo.

4.3. Proof of Theorem 4.1. In this section, we use Proposition 4.3 to translate the linear ex-
pansion estimates in Proposition 4.2 into a contraction estimate for the functions V3.
Let tg > 0 be be given and define

R _1nl
wp = sup max{HgtOnHI/XR ’ H(gton) 1H /Xﬁ} )
neN;

where |-|| denotes the operator norm of the action of G on W. Then, for all n € N;" and all z € X,
we have

w Vi(@) < Vi(grena) < woVi(z), (4.4)

where V7 = Vj for 8 = 1.
Let €9 be as in Proposition 4.3(3). Suppose = € X is such that Vi(z) < wgp/eo. Then, by (4.4),
for any 8 > 0, we have that

1
(N7

Now, suppose = € Ny € is such that Vi(z) > wop/ep and write = gI" for some g € G. Then,

/ Va(gion) dug(n) < By == (wiep 1)’ (4.5)

by Proposition 4.3(3), there exists a unique vector v, € |J,; gI" - v; satisfying Vi (z) = ||v*||71/Xﬁ.
Moreover, by (4.4), we have that Vi (gi,nx) > 1/go for all n € Ni". And, by definition of wy, for
all n € N, Hgtonv*Hl/Xﬁ < g¢9. Thus, applying Proposition 4.3(3) once more, we see that g, nv, is
the unique vector in (J; g¢,ngT - v; satisfying

Vﬁ(gtonx) = Hgtonv*Hil/Xﬁ ) Vn € ‘Nl+

Moreover, since the vectors v; all belong to the G-orbit of vg, it follows that v, also belongs to
G - vg. Thus, we may apply Proposition 4.2 as follows. Fix some 5 > 0 and let C' = C() > 1 be
the constant in the conclusion of the proposition. Then,

1
e (NY)

Combining this estimate with (4.5), we obtain for any fixed g,

1
L Votaunai = s [ e P < O P = (),

N+ / Vi(giona) dul(n) < Ce PVs(z) + B, (4.6)

for all x € Q. We claim that there is a constant ¢; = ¢;1(8) > 0 such that, if ¢y is large enough,
depending on [, then

N+ / Va(grione) dp(n) < cfe”PH0Vs(x) + 2B, (4.7)

for all k € N. By Proposition 4.3, this claim completes the proof since Vs(g:y) < V3(9g(4/40t,¥), for
all t > 0 and y € X, with an implied constant depending only on tg and 5.

The proof of (4.7) is by now a standard argument, with the key ingredient in carrying it out
being the doubling estimate Proposition 3.1. We proceed by induction. Let & € N be arbitrary and
assume that (4.7) holds for such k. Let {n; € Ad(gu,)(N;") : i € I} denote a finite collection of
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points in the support of /ﬁngtOx such that Nl+ n; covers the part of the support inside Ad(gkto(NlJr ))-

We can find such a cover with uniformly bounded multiplicity, depending only on NT. That is

D Xntn, (M) € Xy npa(n),  YnENT.
iel

Let z; = nigr,x. By (4.6), and a change of variable, cf. (2.3) and (2.4), we obtain

5ksto/ Va(garsnygn) di <Z/ Va(giona;) dut, <Z% (N7) (Ce Floys (a )+Bo>.

el el
It follows using Proposition 4.3 that py (N WValy) < [, N Vi(ny) dpy(n) for all y € X. Hence,
/ . Vi (gt 1)ona) duli(n) < e~ 0Fo Z/ . (Ce—ﬁtovﬁ(mi) + Bo> dpig, (n).
N; — JN
Note that since g; expands NT by at least !, we have

Aj = Ad(9—ks,) <U N1+n1> C NS

i

Using the bounded multiplicity property of the cover, we see that, for any non-negative function

p, we have
Z/ plni) dpz; = / (ngto® ZXN+ d,ugkto </ + P(n k1o ) dugktox'
i€l N iel U; Ny

Changing variables back so the integrals take place against p, we obtain

_JktoZ/ Ce Btng TL:E)+BO) d,uz <</

(C e~ POVs(griona) + Bo) dpy
iel A

< CePho /N . VBlgrona) dpg + Bopz (Ny).

2

To apply the induction hypothesis, we again pick a cover of N2+ by balls of the form N1+ n, for a
collection of points n € N;r in the support of p¥. We can arrange for such a collection to have a
uniformly bounded cardinality and multiplicity. By essentially repeating the above argument, and
using our induction hypothesis for &, in addition to the doubling property in Proposition 3.1, we

obtain

Ce0 [ Vilguna) dit+ Bot(NF) < (Cche 100V, ) 4 2ByCe ™ + Bt (NY),

Ny

where we also used Proposition 4.3 to ensure that Vz(nz) < Vj(z), for all n € N;*. Taking ¢; to
be larger than the product of C' with all the uniform implied constants accumulated thus far in the

argument, we obtain

1

—_— Va(gk nz) dpt(n) < e Pr+Dioyy (1) 4 2¢1e70 By + By.
/‘Lg(Nf») /]\/'f' B ( +1)t0 x 1 B

Taking to large enough so that 2¢ie#% < 1 completes the proof.
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4.4. Geometric properties of Margulis functions and proof of Proposition 4.3. In this
section, we give a geometric interpretation of the functions Vg which allows us to prove Proposi-
tion 4.3. Item (2) follows directly from the definitions, so we focus on the remaining properties.
The data in the definition of V3 allows us to give a linear description of cusp neighborhoods as
follows. Given g € G and 4, write g = kau for some k € K, a € A; and u € U;. Geometrically, the
size of the A component in the Iwasawa decomposition G = K A;U; corresponds to the value of the
Busemann cocycle |3,,(Kg,0)|, where Kg is the image of g in K\G; cf. [BQ16, Remark 6.5] and
the references therein for the precise statement. This has the following consequence. We can find
0 < g; < 1 such that
|Ad(a)|Liey)|| < &i = Kg € Hy,, (4.8)

where Hp, is the standard horoball based at p; in H% = K\G.
The functions V() roughly measure how far into the cusp « is. More precisely, we have the
following lemma.

Lemma 4.4. The restriction of Vg to any bounded neighborhood of €1 is a proper map.

Proof. In view of Property (2) of Proposition 4.3, it suffices to prove that Vs is proper on (.
Now, suppose that for some sequence g, € G, we have g,I" tends to infinity in 2. Then, since
I" is geometrically finite, this implies that the injectivity radius at g,I" tends to 0. Hence, after
passing to a subsequence, we can find «, € I' such that g,v, belongs to a single horoball among
the horoballs constituting our fixed standard cusp neighborhood; cf. Section 2.2. By modifying v,
on the right by a fixed element in I if necessary, we can assume that Kg,v, converges to one of
the parabolic points p; (say p1) on the boundary of H% ~ K\G.

Moreover, geometric finiteness implies that (Ar \ {p1})/I'1 is compact. Thus, by multiplying
gnYn by an element of T'y on the right if necessary, we may assume that (g,7v,)~ belongs to a fixed
compact subset of the boundary, which is disjoint from {p; }.

Thus, for all large n, we can write ¢g,v, = knanun,, for k, € K, a, € A; and u, € U;, such
that the eigenvalues of Ad(a,) are bounded above; cf. (4.8). Moreover, as (g,7,)~ belongs to a
compact set that is disjoint from {p1} and (g,7.)" — p1, the set {u,} is bounded. To show that
Va(gnI') = o0, since U; fixes v; and K is a compact group, it remains to show that a, contracts v;
to 0. Since g,V is unbounded in G while k,, and u, remain bounded, this shows that the sequence
ap is unbounded. Upper boundedness of the eigenvalues of Ad(a,) thus implies the claim. O

Remark 4.5. The above lemma is false without restricting to 2 in the case I" has infinite covolume
since the injectivity radius is not bounded above on G/I". Note also that this lemma is false in the
case I is not geometrically finite, since the complement of cusp neighborhoods inside 2 is compact
if and only if I' is geometrically finite.

The next crucial property of the functions Vj is the following linear manifestation of the existence
of cusp neighborhoods consisting of disjoint horoballs. This lemma implies Proposition 4.3(3).

Lemma 4.6. There exists a constant eg > 0 such that for all x = gI" € X, there exists at most one
vector v € |J; g - v; satisfying ||v|| < eo.

Remark 4.7. The constant ¢ roughly depends on the distance from a fixed basepoint to the cusp
neighborhoods.

Proof of Lemma 4.6. Let g € G and i be given. Write g = kau, for some k € K, a € A; and u € U;.
Since Uj; fixes v; and the norm on W is K-invariant, we have ||g - v;|| = ||a - v;|| = eX:(®); cf. (4.1).
Moreover, since W is the adjoint representation, we have

|Ad(a) ey

and the implied constant, denoted C', depends only on the norm on the Lie algebra.

= eXila),
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Let 0 < &; < 1 be the constants in (4.8) and define g¢ := min; ;/C. Let z = gI' € G/I". Suppose
that there are elements 71,72 € I' and vectors v;,,v;, in our finite fixed collection of vectors v;
such that H 9vj ~vin < gg for 5 = 1,2. Then, the above discussion, combined with the choice of
g; in (4.8), imply that Kgv; belongs to the standard horoball H; in H% based at p;;. However,
this implies that the two standard horoballs Hyvy; L and Hovyy !intersect non-trivially. By choice of
these standard horoballs, this implies that the two horoballs H jfyj_l are the same and that the two
parabolic points p;; are equivalent under I'. In particular, the two vectors v;,,v;, are in fact the
same vector, call it v;,. It also follows that ~; 1y sends H; to itself and fixes the parabolic point
it is based at. Thus, 7, Ly, fixes v, by definition. But, then, we get that

972 - Vie = g1 (V1 12) < vig = g1 - Vi

This proves uniqueness of the vector in | J, ¢I"- v; with length less than g, if it exists, and concludes
the proof.
O

Finally, we verify Proposition 4.3 (1) relating the injectivity radius to V.
Lemma 4.8. For all x in the unit neighborhood of €, we have
inj(z)~! <p Vgﬁ/’g(x), edist(#:0) . Vﬂl/ﬁ(x),
where xg s given in (4.2) and o € Q) is our fized basepoint.

Proof. Let x € Q and set g = Kz. Let zp € K\G = Hdﬁ denote a lift of £g. Then, x¢ belongs to
the hull of the limit set of I'; cf. Section 2.

Since inj(-)~! and Vj are uniformly bounded above and below on the complement of the cusp
neighborhoods inside €2, it suffices to prove the lemma under the assumption that xy belongs to
some standard horoball H based at a parabolic fixed point p. We may also assume that the lift zq
is chosen so that p is one of our fixed finite set of inequivalent parabolic points {p;}.

Geometric finiteness of I' implies that there is a compact subset K, of 8H%\ {p}, depending
only on the stabilizer I', in I', with the following property. Every point in the hull of the limit
set is equivalent, under I',, to a point on the set of geodesics joining p to points in K,. Thus,
after adjusting zg by an element of I', if necessary, we may assume that xo belongs to this set.
In particular, we can find ¢ € G so that xg = Kg and g can be written as kau in the Iwasawa
decomposition associated to p, for some k € K,a € A, and u € Up2 with the property that Ad(a)
is contracting on U, and u is of uniformly bounded size.

Note that it suffices to prove the statement assuming the injectivity radius of z is smaller than
1/3, while the distance of zo to the boundary of the cusp horoball H), is at least 1. Now, let y € I"
be a non-trivial element such that z¢y is at distance at most 1/2 from xzy. Then, this implies
that both xy and ¢y belong to H,. In particular, the standard horoballs H, and H,y intersect
non-trivially, and hence must be the same. It follows that v belongs to I',,.

Let M, denote the centralizer of A, inside K. Since I'j, is a subgroup of M,U,,, we can find v in
the Lie algebra of M,U, so that v = exp(v). In view of the discreteness of I', we have that ||v|| > 1.
Since the exponential map is close to an isometry near the origin, we see that

dist(g79™",1d) < [ Ad(au)(v)]| = = [Ad(u)(v)] ,

where g is given in (4.2) and we used K-invariance of the norm. Here, « is the simple root of 4,
in the Lie algebra of U, and eX2(a) is the smallest eigenvalue of Ad(a) on the Lie algebra of the
parabolic group stabilizing p. Note that since xy belongs to H,, o(a) is strictly negative.

2The groups A, and U, were defined at the beginning of the section.
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Recalling that u belongs to a uniformly bounded neighborhood of identity in G and that ||v|| > 1,
it follows that dist(gyg~!,1d) > eX22(@) - Since v was arbitrary, this shows that the injectivity radius
at x satisfies the same lower bound.

Finally, let v, € {v;} denote the vector fixed by U,. Using the above Iwasawa decomposition, we
see that

Vﬁl/ﬁ(x) > chpH*l/Xﬁ _ e—Xp(a)/XR’ (4.9)

where Y, is the character on A, determined by v, cf. (4.1). This concludes the proof of the first
estimate in view of (4.2) and the fact that x, = xga.

The proof of the second estimate is very similar. We again note that it suffices to establish the
estimate in the case zg belongs to a horoball H based at a parabolic point p. Let y be an arbitrary
point on the boundary of H. The above argument then shows that |dist(zg,0) — |Bp(z0,v)|| < 1,
since the Busemann function |3, (xo,y)| provides the distance between x¢ and the boundary of H.
By [BQ16, Remark 6.5], we have | — a(a) — |B,(x0,y)| < 1, where a € A, is as above. The second
estimate then follows from (4.9). O

5. SHADOW LEMMAS, CONVEXITY, AND LINEAR EXPANSION

The goal of this section is to prove Proposition 4.2 estimating the average rate of expansion of
vectors with respect to leafwise measures. This completes the proof of Theorem 4.1.

5.1. Proof of Proposition 4.2. We may assume without loss of generality that ||v| = 1. Let W™
denote the highest weight subspace of W for Ay = {g; : t > 0}. Denote by 7 the projection from
W onto W+. In our choice of representation W, the eigenvalue of A, in W+ is eX#t| | where yg is
given in (4.2). It follows that
1 / —B/xx L =B/

— [ lgm o TP dpg(n) < et | lm(n- o) [T dpg(n).

e (NT) I : pi(NYT) I ’
Hence, it suffices to show that, for a suitable choice of 5, the integral on the right side is uniformly
bounded, independently of v and x (but possibly depending on f3).

For simplicity, set Sg = /xa. A simple application of Fubini’s Theorem yields

[ et ol o = [T (ne N sl < o) ar
1
For v € W, we define a polynomial map on Nt by n — p,(n) := |74 (n - v)||* and set
S(v,e) :={neNT:py(n) <e}.

To apply Proposition 3.1, we wish to efficiently estimate the radius of a ball in N T containing the
sublevel sets S (v, t=2/ ﬁﬁ) N N;". We have the following claim.

Claim 5.1. There exists a constant Cy > 0, such that, for all € > 0, the diameter of S(v,e) N N
is at most Cpel/4xx.

Let us show how to conclude the proof assuming this claim. By estimating the integral over [0, 1]
trivially, we obtain

7wt (e Nt sl ol <0t de< vy + [T (s ) a6
0 1

Claim 5.1 implies that if 4% (S(v,e) N N;') > 0 for some € > 0, then S(v,e) N Ny is contained
in a ball of radius 2Cye/*Xs centered at a point in the support of the measure | N Recalling
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that Bg = 8/xg, we thus obtain

/ T <S(v, t_2/ﬁﬁ) N Nf) dt < / sup ey (BN+ (n, 2C'ot_1/25)> dt, (5.2)
1 1

nesupp(ui )N

where for n € N* and r > 0, By+(n,r) denotes the ball of radius 7 centered at n.

To estimate the integral on the right side of (5.2), we use the doubling results in Proposition 3.1.
Note that if n € supp(u%), then nz belongs to the limit set Ap. Since z € N Q by assumption,
this implies that nx belongs to N, € for all n € Nfr in the support of p¥; cf. Remark 2.1. Hence,
changing variables using (2.4) and applying Proposition 3.1, we obtain for all n € supp(u%) N Ny,

e <3N+ (n, 20075—1/2/3)) = ul, (BN+ (1d, 2007:—1/23)) < A28 (NT).

Moreover, for n € Nfr , we have, again by Proposition 3.1, that
Fna(N7) < 1 (N57) < pig (NY).
Put together, this gives

! 1

nesupp(ug)NN;

The integral on the right side above converges whenever 5 < A/2, which concludes the proof.

5.2. Prelimiary facts. We begin by recalling the Bruhat decomposition of G. Denote by P~ the
subgroup M AN~ of G.

Proposition 5.2 (Theorem 5.15, [BT65]). Let w € G denote a non-trivial Weyl “element” satis-
fying wgyw™" = g_;. Then,
G=P N*| |Pw. (5.3)

We shall need the following result. It is a special case of the general results in [Yan20] which
does not require any tools from invariant theory since we work with vectors in the orbit of a highest
weight vector. This result is yet another reflection in linear representations of G of the fact that G
has real rank 1.

Proposition 5.3. Let V be a normed finite dimensional representation of G, and vg € V be any
highest weight vector for g, (t > 0) with weight e for some A\ > 0. Let v be any vector in the orbit
G - vg and define

1
G(v,VNg)) = {g €eG: tli}m 28 19901 HfthH < )\} .

Then, there exists g, € G such that

G(v,VMNg)) C P gy

Proof. Let h € G be such that v = hvg and let g € G(v,V<*(g;)). By the Bruhat decomposition,
either gh = pn for some p € P~ and n € N*, or gh = pw for some p € P~ and w being the
long Weyl “element”. Suppose we are in the first case, and note that N fixes vy since it is a
highest weight vector for g;. Moreover, Ad(g;)(p) converges to some element in G as t tends to
oo. Since gigv = eMAd(g;)(p)vo, we see that log ||gigv| /t — X as t tends to oo, thus contradicting
the assumption that g belongs to G(v,V<*(g;)). Hence, gh must belong to P~w. This implies the
conclusion by taking g, := wh™!.

]

The following immediate corollary is the form we use this result in our arguments.
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Corollary 5.4. Let the notation be as in Proposition 5.3. Then, N* N G(v, W°~(g;)) contains at
most one point.

Proof. Recall the Bruhat decomposition of G in Proposition 5.2. Let g, € G be as in Proposition 5.3
and suppose that ng € P~g, N N*. Let pg € P~ be such that ng = poge.
First, assume g, = p,n, for some p, € P~ and n, € N*. Then, ng = popyne,. Then, mm;l S
P~ NNt ={Id}. In particular, ng = n,, and the claim follows in this case.
Now assume that g, = p,w for some p, € P~, so that ng = pop,w € P~w N NT. This is a
contradiction, since the latter intersection is empty as follows from the Bruhat decomposition.
O

5.3. Convexity and Proof of Claim 5.1. Let By C Lie(N™) denote a compact convex set whose
image under the exponential map contains Nfr and denote by By a compact set containing B; in
its interior.

Define nj to be the unit sphere in the Lie algebra n* of NT in the following sense:

n{r = {u ent :dy+(exp(u),Id) = 1} )

where dy+ is the Carnot-Caratheodory metric on N*; cf. Section 2.5. Given u,b € n™, define a
line 4,5 : R — n' as follows:

Ku,b(t) = tu + b,
and denote by L the space of all such lines £, ; such that u € n{. We endow £ with the topology
inherited from its natural identification with its nf x n™. Then, the subset £(Bj) of all such lines
such that b belongs to the compact set By is compact in L.

Recall that a vector v € W is said to be unstable if the closure of the orbit GG - v contains O.
Highest weight vectors are examples of unstable vectors. Let A/ denote the null cone of G in W,
i.e., the closed cone consisting of all unstable vectors. Let N7 C A denote the compact set of unit
norm unstable vectors. Note that, for any v € N, the restriction of p, to any ¢ € L is a polynomial
in ¢ of degree at most that of p,. We note further that the function

p(v,0) :=sup {p,(¢(t)) : £(t) € Ba}
is continuous and non-negative on the compact space N7 x £(By). We claim that
px :=1nf {p(v,£) : (v,€) € N1 x L(B1)}

is strictly positive. Indeed, by continuity and compactness, it suffices to show that p is non-
vanishing. Suppose not and let (v, ¥) be such that p(v,¢) = 0. Since B; is contained in the interior
of By, the intersection

I(0) :={t e R:{(t) € Ba}

is an interval (by convexity of By) with non-empty interior. Since p,(£(-)) is a polynomial vanishing
on a set of non-empty interior, this implies it vanishes identically. On the other hand, Corollary 5.4
shows that p, has at most 1 zero in all of nT, a contradiction.

Positivity of p, has the following consequence. Our choice of the representation W implies that
the degree of the polynomial p, is at most 4yg, where xg is given in (4.2). This can be shown by
direct calculation in this case.® By the so-called (C, «)-good property (cf. [Kle10, Proposition 3.2]),
we have for all € > 0

[ {t € 1(0) : pu(€(t) < e} | < Ca(e/p) /X5 |1(0)],
where Cy > 0 is a constant depending only on the degree of p,, and | - | denotes the Lebesgue

measure on R.

3In general, such a degree can be calculated from the largest eigenvalue of g; in W; for instance by restricting the
representation to suitable subalgebras of the Lie algebra of G that are isomoprhic to sla(R) and using the explicit
description of sl3(R) representations.
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To use this estimate, we first note that the length of the intervals I(¢) is uniformly bounded over
L(B1). Indeed, suppose for some u = (uq,u2q),b € nt and ¢ = £, € L(B1), I(¢) has endpoints
t1 < t9 so that the points (¢;) belong to the boundary of By. Recall that the Lie algebra nt of NT
decomposes into g; eigenspaces as n} @ nj , where nj, = 0 if and only if & = R. Set z1 = £(t1)
and zo = {(t3). Since Nt is a nilpotent group of step at most 2, the Campbell-Baker-Hausdorff
formula implies that exp(z2) exp(—x1) = exp(Z), where Z € n™ is given by

1 1
Z =x9—x1+ 5[1)2, —.Tl] = (tg - tl)u + §(t2 — tl)[b, ’LL]
Note that since ng,, is the center of n*, [b,u] = [b, u,] belongs to nj, . Hence, we have by (2.7) that

2) 1/4

Since exp(u) is at distance 1 from identity, at least one of ||uq| and ||uzq|| is bounded below by
10~1. Moreover, we can find a constant 6 € (0,1072) so that for all b € By and all y, € n} with
1Yol < 6 such that ||[b, ya]|| < 1072, Together this implies that

1
U2q + §[b7 U]

dy+ (exp(e1), exp(x2)) = <(t2 —t1)* lua* + (85 — £3)?

min {t2 —ty, (13 — t%)W} < diam (By),

where diam (B1) denotes the diameter of B;. This proves that [I({)| = to —t; < 1, where the
implicit constant depends only on the choice of B;. We have thus shown that

| {t € I(€) : p,(£(t)) < e} | < el/*xs, (5.4)

We now use our assumption that v belongs to the G orbit of a highest weight vector vg. Since
vo is a highest weight vector, it is fixed by NT. Hence, the Bruhat decomposition, cf. (5.3) with
the roles of P~ and P reversed, implies that the orbit G - vy can be written as

G-UO:P+-v0|_|P+w-vo,

where w is the long Weyl “element”. Recall that PT™ = N*TMA, where M is the centralizer of
A = {g:} in the maximal compact group K. In particular, M preserves eigenspaces of A and
normalizes NT. Recall further that the norm on W is chosen to be K-invariant.

First, we consider the case v € P*w - vy and has unit norm. For o' € W, we write [v/] for its
image in the projective space P(W). Then, since w - vy is a joint weight vector of A, we see that
the image of Ptw - vy in P(W) has the form NtM - [w - vg]. Setting vy := w - vy, we see that

S(nm vy, e) = S(muy,e) -n = Ad(m N (S(v1,€)) -n L, (5.5)

where we implicitly used the fact that M commutes with the projection 71 and preserves the norm
on W. Since the metric on N7 is right invariant under translations by N* and is invariant under
Ad(M), the above identity implies that it suffices to estimate the diameter of S(v1,e) N Ni in
the case v € PTw - vy. Similarly, in the case v € PT - vy, it suffices to estimate the diameter of
S(vo,e) N Ny

Let S(v,€) = log S(v, &) denote the pre-image of S(v,e) in the Lie algebra n™ of Nt under the
exponential map. By Corollary 5.4, for any non-zero v € N, either S(v,¢) is empty for all small
enough &, or there is a unique global minimizer of p,(-) on NT, at which p, vanishes. In either
case, for any given v € N\ {0}, the set S(v,¢) is convex for all small enough & > 0, depending on
v. Let 59 > 0 be such that S(v,¢) is convex for v € {vg,v;} and for all 0 < & < sq.

Fix some v € {vg,v1} and € € [0, sg]. Suppose that x; # 3 € S(v,e) N By. Let r denote the
distance dy+ (21, 22). Let v/ = zo — 21, u = o//r and b = 1. Set ¢ = {,,; and note that £, ,(0) = z;
and £, 4(r) = 9. Since By is convex, the set S(v,e) N By is also convex. Hence, the entire interval
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(0,7) belongs to the set on the left side of (5.4) and, hence, that r < el/*x= Since x1 and o were
arbitrary, this shows that the diameter of S(v,e) N By is O(e'/*X%) as desired.

6. ANISOTROPIC BANACH SPACES AND TRANSFER OPERATORS

In this section, we define the Banach spaces on which the transfer operator and resolvent asso-
ciated to the geodesic flow have good spectral properties.
The transfer operator, denoted L;, acts on continuous functions as follows: for a continuous
function f, let
Lif = fog. (6.1)
For z € C, the resolvent R(z) : Co(X) — C(X) is defined formally as follows:

R(z)f := /000 e FLf dt.

If T" is not convex cocompact, we fix a choice of 3 > 0 so that Theorem 4.1 holds and set V' = Vj.
If " is convex cocompact, we take V = V3 =1 and we may take 3 as large as we like in this case.
Note that the conclusion of Theorem 4.1 holds trivially with this choice of V. In particular, we
shall use its conclusion throughout the argument regardless of whether I' admits cusps.

Denote by CET1(X)M the subspace of C¥+1(X) consisting of M-invariant functions, where M is
the centralizer of the geodesic flow inside the maximal compact group K. In particular, C¥+1(X)M
is naturally identified with the space of C**! functions on the unit tangent bundle of Hfé /T cf. Sec-
tion 2. The following is the main result of this section.

Theorem 6.1 (Essential Spectral Gap). Let k € N be given. Then, there exists a seminorm ||-||,
on Cf+1(X)M, non-vanishing on functions whose support meets ), and such that for every z € C,
with Re(z) > 0, the resolvent R(z) extends to a bounded operator on the completion of C*1(X)M
with respect to ||-||, and having spectral radius at most 1/Re(z). Moreover, the essential spectral
radius of R(z) is bounded above by 1/(Re(z) + o¢), where

oo :=min{k,8}.
In particular, if I' is convex cocompact, we can take og = k.

By the completion of a topological vector space V' with respect to a seminorm |||, we mean the
Banach space obtained by completing the quotient topological vector space V/W with respect to
the induced norm, where W is the kernel of ||-||.

The proof of Theorem 6.1 occupies Sections 6 and 7.

6.1. Anisotropic Banach Spaces. We construct a Banach space of functions on X containing
C®° functions satisfying Theorem 6.1.

Given r € N, let V- denote the space of all C" vector fields on Nt pointing in the direction of
the Lie algebra n~ of N~ and having norm at most 1. More precisely, V, consists of all C" maps
v: Nt — n~, with C" norm at most 1. Similarly, we denote by V? the set of C" vector fields
v: Nt — a:= Lie(A), with C" norm at most 1. Note that if w € a is the vector generating the
flow g4, i.e. gy = exp(tw), then each v € VY is of the form v(n) = ¢(n)w, for some ¢ € C"(N*) such
that ||¢||CT(N+) < 1. Define

Vr = Vr_ U VE :
For v € V, denote by L, the differential operator on C'(X) given by differentiation with respect
to the vector field generated by v. Hence, for ¢ € C1(G/T),

Lyo(z) = lim p(exp(sv)x) — p(z)

s—0 S

For each k € N, we define a norm on C¥(N7) functions as follows. Letting V* be the unit ball
in the Lie algebra of N*, 0 < £ < k, and ¢ € C*(NT), we define ¢;(¢) to be the supremum of
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|Lyy -+ Loy, (#)] over N* and all tuples (vi,...,v) € (V). We define ||¢|| - to be Z?:o 27ley(9).
One then checks that for all ¢1, ¢y € C¥(NT), we have

[1¢2llcn < l@nllon [ld2ll - (6.2)

Following [GL06, GLOS], we define a norm on C¥*!(X) as follows. Given f € CH(X), k,¢
non-negative integers, v = (y1,...,7) € V£+e (i.e. £ tuple of C**¢ vector fields) and 2 € X, define

1
p (Ny)

G(n) Ly, - - Loy, () (gsnw) dpz(n)] , (6.3)

1
ek (fi) = sup -
1

V(x)

where the supremum is taken over all s € [0, 1] and all functions ¢ € C*+*(N,;") which are compactly
supported in the interior of N;t and having H¢||Ck+f(N1+) <1

For v € VI€+Z+1’ we define e;ﬂlﬁ(f;:c) analogously to ey ¢~ (f;x), but where we take s = 0 and
take the supremum over ¢ € C’k+€+1(N1710) instead® of C*T¢(N;"). Given r > 0, set

Q. =N, Q. (6.4)
We define
ekt (f) = sup epeqy(fiz),  exe(f) = sup eren(f). (6.5)
zeQy VY€V 4e
Finally, we define | f|, and | f||; by
171l = max ene(f)s Il = Sl?g’ilwevgjfxea;m €ty (f12). (6.6)

Note that the (semi-)norm || f||;, is weaker than || f||, since we are using more regular test functions
and vector fields, and we are testing fewer derivatives of f.

Remark 6.2. Since the suprema in the definition of ||-||, are restricted to points on 7, |||,
defines a seminorm on C**1(X)M. Moreover, since ] is invariant by g; for all ¢ > 0, the kernel of
this seminorm, denoted Wy, is invariant by £;. The seminorm ||-||, induces a norm on the quotient
CH1(X)M /W), which we continue to denote [|-||,..

Definition 6.3. We denote by Bi the Banach space given by the completion of the quotient
CH1(X)M /W), with respect to the norm |||, where CE+1(X)M denotes the subspace consisting
of M-invariant functions.

Note that since [|-||}, is dominated by |||, |||}, descends to a (semi-)norm on C*1(X)M /W
and extends to a (semi-)norm on By, again denoted |-||}..
The following is a reformulation of Theorem 6.1 in the above setup.

Theorem 6.4. For all z € C, with Re(z) > 0, and for all k € N, the operator R(z) extends to
a bounded operator on By with spectral radius at most 1/Re(z). Moreover, the essential spectral
radius of R(z) acting on By is bounded above by 1/(Re(z) + 0¢), where

oo :=min {k, 5} .

In particular, if I' is convexr cocompact, we can take og = k.

4The restriction on the supports allows us to handle non-smooth conditional measures; cf. proof of Prop. 6.6.
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6.2. Hennion’s Theorem and Compact Embedding. Our key tool in estimating the essential
spectral radius is the following refinement of Hennion’s Theorem, based on Nussbaum’s formula.

Theorem 6.5 (cf. [Hen93] and Lemma 2.2 in [BGKO07]). Suppose that B is a Banach space with
norm ||-|| and that ||-||" is a seminorm on B so that the unit ball in (B,]-||) is relatively compact in
|- Suppose R is a bounded operator on B such that for some n € N, there exist constants r > 0
and C' > 0 satisfying

IR ]| < r" [lollg + C ol (6.7)
for all v € B. Then, the essential spectral radius of R is at most r.

In this Section, we show, roughly speaking, that the unit ball in By is relatively compact in the
weak norm ||-||3;; Proposition 6.6.

Proposition 6.6. Let K C X be such that
sup{V(z):z € K} < 0.

Then, every sequence f, € C*Y(X)M | such that f, is supported in K and has | fully <1 for all
n, admits a Cauchy subsequence in ||-||}..

6.3. Proof of Proposition 6.6. We adapt the arguments in [GL06,GL08] with the main difference
being that we bypass the step involving integration by parts over NT since our conditionals p“
need not be smooth in general. The idea is to show that since all directions in the tangent space
of X are accounted for in the definition of |-||, (differentiation along the weak stable directions
and integration in the unstable directions), one can estimate |-}, using finitely many coefficients
er(f;x;). More precisely, we first show that there exists C' > 1 so that for all sufficiently small
£ > 0, there exists a finite set = C Q so that for all f € C**1(X)M, which is supported in K,

1 < CoNfll+ Coup [ 6oLy f di, (68)
1

where the supremum isover all0 < ¢ < k—1, all (v1,...,v¢) € Vl€+€+1’ all functions ¢ € Ck“'“l(N;)
with [|¢||crresr <1 and all z; € =.

First, we show how (6.8) completes the proof. Let f, € C*T1(K) be as in the statement.
Let ¢ > 0 be small enough so that (6.8) holds. Since CK¥T**1(N.) is compactly included inside
CH4(N3), we can find a finite collection {¢; : 7} C C¥+(N,) which is e dense in the unit ball of
CHHH(NS). Similarly, we can find a finite collection of vector fields {(vf",...,v") : m} C Vi,
which is € dense in Vﬁ 4¢41 In the CFH+1 topology. Then, we can find a subsequence, also denoted
fn, so that the finitely many quantities

{/ qs]Lv{nng”fn d/igl :i,j,m}
Ny

converge. Together with (6.8), this implies that

Hfm - fm”?c <&,

for all large enough n1,ng, where we used the fact that || f,,||, < 1 for all n. As ¢ was arbitrary, one
can extract a Cauchy subequence by a standard diagonal argument. Thus, it remains to prove (6.8).

Fix some f € C*1(X)M which is supported inside K. Let an arbitrary tuple v = (vy,...,v;) €
Vl€+€+1 be given and set

Y=Ly - Ly, f.



SPECTRAL GAPS ON HYPERBOLIC SPACES 23

Let ¢ € Ck+g+1(N1710) and write Q = Nl'?lo. To estimate ej, ,_(f;2) using the right side of (6.8),
we need to estimate integrals of the form
1 1
—_— p(n)p(nz) dus(n), (6.9)
Vi(2) pe (V") Iy
for all z € 91/2

Denote by p : X — [0,1] a smooth function which is identically one on the 1-neighborhood Q!
of Q and vanishes outside its 2-neighborhood. Note that if f is supported outside of Q!, then the
integral in (6.9) vanishes for all z and the estimate follows. The same reasoning implies that

loflle = IFlles sl = £ -

Hence, we may assume that f is supported inside the intersection of K with Q'. In particular, for
the remainder of the argument, we may replace K with (the closure of) its intersection with Q.

This discussion has the important consequence that we may assume that K is a compact set in
light of Proposition 4.3. Let K; denote the 1-neighborhood of K and fix some z € K1 N 91/2 By
shrinking €, we may assume it is smaller than the injectivity radius of K;. Hence, we can find a
finite cover By,..., By of K1N Ql_/ with flow boxes of radius € and with centers = := {x;} C 91/2

Step 1: We first handle the case where z belongs to the same unstable manifold as one of the
x;’s. Note that we may assume that @) intersects the support of p¥ non-trivially, since otherwise
the integral in question is 0. Let u € @) be one point in this intersection and let x = uz. Thus,
by (2.4), we get

[ otz dut) = | o) dutn = [ otmiuina) dyio).

Let ¢u(n) := ¢(nu). Then, ¢, is supported inside Qu~—'. Moreover, since u € Q, Q, = Qu~ ' is a
ball of radius 1/10 containing the identity element. Hence, Qu~! C Nl+ and, thus,

¢(nu)y(nz) dug(n) = du(n)ip(nx) dpg(n).
Qu Ny

Fix some € > O We may assume that ¢ < 1/10. Note that = belongs to the 1-neighborhood of
K. Then, x = uy 4, for some i and some us € N, -, by our assumption in this step that 2 belongs
to the unstable manifold of one of the z;’s. By repeating the above argument with z, u, x, @ and
¢ replaced with x, us, z;, @, and ¢, respectively, we obtain

. it duz = [ outoayito) i o)

Note that @, is contained in the ball of radius 1/5 centered around identity. Since us € N and
e < 1/10, we see that Quugl C Nfr It follows that

[ outmtnm a0 / Gupu (M) (ns) dyc (n),

where ¢u,u(n) = ¢u(nuz) = ¢(nugu). The function ¢, satisfies ||Quoullcrrers = |Gl grress < 1.
Finally, let ¢1, 02 : Nt — [0, 1] be non-negative bump C° functions where ; = 1 on Nfr and while
2 is equal to 1 at identity and its support is contained inside N1+ . Since y — u;‘(%) is continuous
for i = 1,2, by [Rob03, Lemme 1.16], and is non-zero on €, we can find, by compactness of K, a
constant C' > 1, depending only on K (and the choice of o1, ¢2), such that

1/C < py (Nf) < C, Vy e KiNQy. (6.10)

Hence, recalling that ¢ = L, --- L,, f and that V(z) > 1, we conclude that the integral in (6.9) is
bounded by the second term in (6.8).
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Step 2: We reduce to the case where z is contained in the unstable manifolds one of the x;’s.
Let i be such that z € B;. Set 21 = z and let zy € (N - ;) be the unique point in the intersection
of N - z; with the local weak stable leaf of z; inside B;. Let p; € P~ := MAN™ be an element
of the e neighborhood of identity P, in P~ such that z; = p] 2o.

We will estimate the integral in (6.9) using integrals at zp. The idea is to perform weak stable
holonomy between the local strong unstable leaves of 2y and z;. To this end, we need some notation.

Let Y € p~ be such that p; = exp(Y) and set

pt_ = eXp(tY)v 2t = pt_Z07
for t € [0,1]. Let us also consider the following maps u;” : N7 — NT and p; : N7 — P~ defined
by the following commutation relations

np; = p, (n)u; (n), Vn € Ni .

Recall we are given a test function ¢ € Ck”*l(NlJ;lO). We can rewrite the integral we wish to
estimate as follows:

o(n)(nz1) du (n / o(n)(npy 0) i (n / $(n wt(n)z0) diat (n).

+
Nl

Let U;” C N* denote the image of u;". Note that if ¢ is small enough Ut C Ny forallt €[0,1].
We may further assume that e is small enough so that the map ut is 1nvert1ble on Ut+ for all
t € [0,1] and write ¢; := ¢ o (u;")~1. For simplicity, set

pr (n) = py ()~ (n)).

Write my(n) € M and b, (n) € AN~ for the components of p, (n) along M and AN~ respectively
so that

py (n) = my(n)by (n).

We denote by J; the Radon-Nikodym derivative of the pushforward of u}, by u;” with respect to
ps cf. (2.9) for an explicit formula. Thus, changing variables using n ui (n), and using the

M-invariance of f, we obtain
[ ot duty = [ im0y mnzo)Am) i, = [ 6107 (mnzo) () die,
where z@t is given by

o= Ly Lygfe Gi(n) = Ad(me((a) ™ () (i (1)~ (n))-

Here, we recall that Ad(M) commutes with A and normalizes N~ so that ! is a vector field with
the same target as v;.

Let b~ denote the Lie algebra of AN~ and denote by @, : U;” x [0,1] — b~ the vector field
tangent to the paths defined by b, . More explicitly, w; is given by the projection of tY to b~.
Denote w(n) := Ad(m¢(n))(w;(n)). Then, using the M-invariance of f as above once more, we
can write

1
P(by (n)nzg) — Y (nzp)) / (% n)nzo) dt :/0 L, () (py (n)nzo) dt.

To simplify notation, let us set w; = W, o ut , and

Foi=L, + L, +f

’l)1 O’LL v OUt
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Using a reverse change of variables, we obtain for every t € [0, 1] that
[ oL (o) o mza) ) diy = [ G12) 0 0 (0 L () B () ()20) ) it

— [(@rh) 0wl ) Lu(F)nar) - I ) it (o),
where we used the identities p; (n)u; (n) = np; and z; = p; zp. Let us write

®4(n) = (¢11) o uff (n) - I (n),

which we view as a test function®. Hence, the last integral above amounts to integrating ¢ + 1
weak stable derivatives of f against a C**¢ function. Moreover, since ¢ is supported in N1+/10, we

may assume that € is small enough so that ®, is supported in Nfr for all ¢t € [0,1], and meets
the requirements on the test functions in the definition of || f||,. Since z = z; belongs to €5 by
assumption, we may further shrink e if necessary so that the points z; all® belong to Q7. Thus,
decomposing w; into its A and N~ components, and noting that ||w|| < €, we obtain the estimate

/ Du(1n) - Ly () (n2e) dia® (n) < € |1l V (ze) il (NF): (6.11)

To complete the argument, note that the integral we wish to estimate satisfies

1
[ omstma) ity = [z ity + [ [ @) L (F0z) i) ar. (612)
1

Moreover, recall that zg belongs to the same unstable manifold as some x; € =. Additionally, since
¢ is supported in N1+/10, by taking € small enough, we may assume that ¢; is supported inside N1J75.
Hence, arguing similarly to Step 1, viewing ¢1J; as a test function, we can estimate the first term
on the right side above using the right side of (6.8).

The second term in (6.12) is also bounded by the right side of (6.8), in view of (6.11). Here we
are using that y — ,uZ(NlJr ) and y — V(y) are uniformly bounded as y varies in the compact set

Kjy; cf. (6.10). This completes the proof of (6.8) in all cases, since ¢ and z were arbitrary.

7. THE ESSENTIAL SPECTRAL RADIUS OF RESOLVENTS

In this section, we study the operator norm of the transfer operators £; and the resolvents R(z)
on the Banach spaces constructed in the previous section. These estimates constitute the proof of
Theorem 6.1. With these results in hand, we deduce Theorem C at the end of the section.

7.1. Strong continuity of transfer operators. Recall that a collection of measurable subsets
{B;} of a space Y are said to have intersection multiplicity bounded by a constant C' > 1 if for
all 4, the number of sets B; in the collection that intersect B; non-trivially is at most C'. In this
case, one has

D xm(y) < Cxumly), Vyev.
i
The following lemma implies that the operators £; are uniformly bounded on By for ¢t > 0.
Lemma 7.1. For every k,£ € NU{0}, v € Vl€+€7 t>0, and z € Q7

ehin(Lef;m) < e ey o (F)(e™P +1)V (),

where () > 0 is the number of stable derivatives determined by . In partitcular, e(y) = 0 if only
if £ =0 or all components of v point in the flow direction.

5The Jacobians are smooth maps as they are given in terms of Busemann functions; cf. (2.9).
6This type of estimate is the reason we use stable thickenings €2, of € in the definition of the norm instead of €.
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Proof. Fix some x € Q and v = (vy,...,v¢) € Vl§+£‘ Since the Lie algebra of N~ has the orthogonal
decomposition g_, @ g_2+, Where « is the simple positive root in g with respect to g;, we have that
gt contracts the norm of each stable vector v € V,_ , by at least e~'. It follows that for all v € V_ i,

and w € V18+£v

Lo(Lef)(x) = [Joel| Lo, (f)(ge%),  Luw(Lef)(2) = Lu(f)(ge), (7.1)
for all f € C*1(X)M where vy = Ad(g;)(v) and v; = v;/ ||v¢||. Moreover, we have
lvell < e~ Jloll = e~ Jlu]l.

Let ¢ be a test function and ¢ € C(X)M. Using (2.3) to change variables, we get
¢(n)¢(gin) dpgy(n) = e~ / P(g9-enge)y(ngex) dig,,(n).
Ny Ad(ge)(NT)

Let {p; : i € I} be a partition of unity of Ad(g;)(N;") so that each p; is non-negative, C*, and
supported inside some ball of radius 1 centered inside Ad(g;)(N;"). Such a partition of unity can
be chosen so that the supports of p; have a uniformly bounded multiplicity’, depending only on
N*. Denote by I(A) the subset of indices i € I such that there is n; € N in the support of the
measure f . with the property that the support of p; is contained in Nf' - n;. In particular, for
i € I'\ I(A), pipig,, is the 0 measure. Then, we obtain

Z /N P(g—tngt)y(ngex) dpg,,(n).

/ (g—mge)(ngex) dyst , (n
Ad(g)(N}) ielh

Setting z; = n;g:x and changing variables using (2.4), we obtain

+¢(n)¢( genz) dp(n) = e~ Z / pi(nng)p(g—innigy)y (na;) dug, (n). (7.2)

teI(A)

The bounded multiplicity of the partition of unity implies that the balls NV 1+ -n; have intersection
multiplicity bounded by a constant Cy, depending only on N*. Enlarging Cj if necessary, we may
also choose p; so that || pil| ke < Co. In particular, Cy is independent of ¢ and .

For each i, let ¢;(n) = pi(nn;)d(g_imn;g¢). Since p; is chosen to be supported inside Nf’ni, then
¢; is supported inside Nl+ . Moreover, since p; is C™, ¢; is of the same differentiability class as
¢. Since conjugation by g_; contracts NT, we see that ||¢ o Ad(g—¢)||cree < [|@]lcrse < 1 (note
that the supremum norm of ¢ o Ad(g—;) does not decrease, and hence we do not gain from this
contraction). Hence, since ||p;l|cre < Co, (6.2) implies that ||¢;]| e < Co.

First, let us suppose that ¢ > 1. Then, using Remark 2.1, since x € N; €2, one checks that z;
belongs to Ny © as well for all . Applying (7.2) with ¢ = Ly, - - - Ly, f, we obtain

[ otwvtama) == 3 / Fi(n)(nas) dyt,

1€I(A)

< Coenen(f) 190 Ad(ge)llgne e > pl (NP (). (7.3)
ieI(A)

"Note that the analog of the classical Besicovitch covering theorem fails to hold for NT with the Carnot-Caratheodory
metric when N7 is not abelian; cf. [KR95, pg. 17]. Instead, such a partition of unity can be constructed using the
Vitali covering lemma with the aid of the right invariance of the Haar measure. To obtain a uniform bound on the
multiplicity here and throughout, it is important that such an argument is applied to balls with uniformly comparable
radii.
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By the log Lipschitz property of V' provided by Proposition 4.3, and by enlarging Cj if necessary,
we have V (z;) < CoV (nz;) for all n € N;. It follows that

> v mz<ooz/ (i) die ().

el (A i€l (A

Recall that the balls Nfr -n; have intersection multiplicity at most Cy. Moreover, since the support
of p; is contained inside Ad(g;)(NN;"), the balls N;n; are all contained in N, Ad(g;)(N;"). Hence,
applying the equivariance properties (2.3) and (2.4) once more yields

> / (vt () < Co [ Vi) dif(m) < Coe™ [ Vi{gime) de(o).

eI Ny Ad(ge)(N7)

Here, we used the positivity of V and that Ad(g—¢)(Ny )N;~ € N;~. Combined with (7.2) and the
contraction estimate on V', Theorem 4.1, it follows that

[ otpitama) dut < CheeVia) + (N Jewal ),

for a constant ¢ > 1 depending on 3. By Proposition 3.1, we have p%(N;) < Ciu%(N;H), for a
uniform constant C; > 1, which is independent of z. This estimate concludes the proof in view
of (7.1).

Now, let s € [0,1] and ¢ > 0. If t + s > 1, then the above argument applied with ¢ + s in place
of ¢ implies that

<5 e =ep o (H)(e PV () + 1)ul(N;),

¢(n)p(gersna) dpy
Ny

as desired. Otherwise, if ¢ + s < 1, then by definition of e ., we have that

< ey (/)V () iy (NT).

¢(n)(geysnx) dpy
N

Since ¢ is at most 1 in this case and V(z) > 1 on Qf, the conclusion of the lemma follows in this
case as well.

O

As a corollary, we deduce the following strong continuity statement which implies that the
infinitesimal generator of the semigroup L; is well-defined as a closed operator on By with dense
domain. When restricted to C**1(X)M | this generator is nothing but the differentiation operator
in the flow direction. This strong continuity is also important in applying the results of [But16a]
to deduce exponential mixing from our spectral bounds on the resolvent in Section 8.

Corollary 7.2. The semigroup {L; :t > 0} is strongly continuous; i.e. for all f € B,
lim ||L¢f — =0.
tlﬁ)lH tf — fllx

Proof. For all f € C*1(X)M one easily checks that since V(-) > 1 on any bounded neighborhood
of €, then

ILef = flle < sup [|Lirsf — Lsfllorix
0<s<1

Moreover, since f belongs to C**1, the right side above tends to 0 as ¢t — 07 by the mean value
theorem. Now, let f be a general element of By and let f,, € C’f+1 be a sequence tending to f in
||-[l.- Then, by the triangle inequality, we have

WLef — flly S NLef — Lefally + 1Lefn — Fully + 1 fn — flli -
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We note that the first term satisfies the bound
ILef = Lefully, < If = fallg

uniformly in ¢ > 0, by Lemma 7.1. The conclusion of the corollary thus follows by the previous
estimate for elements of C¥+1(X)M. O

7.2. Towards a Lasota-Yorke inequality for the resolvent. Recall that for all n € N,

o] n—1
R(z)" = /0 (Tf_ ie et (7.4)

as follows by induction on n. The following corollary is immediate from Lemma 7.1 and the fact
that

oo tn—l " oo tn_l
-zt 1l < v _—Re(2)t di = 1 n )
/0 (n—l)!e ) _/0 (nfl)!e /Re(2)", (7.5)
for all z € C with Re(z) > 0.
Corollary 7.3. For all n,k,f € NU{0}, f € CHY(X)M and z € C with Re(z) > 0, we have

1 Vix)™1 .
e T ) < ewe/ReCa)

In particular, R(z) extends to a bounded operator on By with spectral radius at most 1/Re(z).

et B2 f:2) <5 enelf) (

Note that Lemma 7.1 does not provide contraction in the part of the norm that accounts for the
flow direction. In particular, the estimate in this lemma is not sufficient to control the essential
spectral radius of the resolvent. The following lemma provides the first step towards a Lasota-Yorke
inequality for resolvents for the coefficients ey, when ¢ < k. The idea, based on regularization of
test functions, is due to [GL06]. The doubling estimates on conditional measures in Proposition 3.1
are crucial for carrying out the argument.

Lemma 7.4. For allt > 2 and 0 < { < k, we have
ere(Lef) < e Meno(f) + eho(f).

Proof. Fix some 0 < £ < k. Let x € Q] and ¢ € C*(NJ). Let (v;); € V£+€ and set F' =
Ly, --- Ly, f. We wish to estimate the following:

sup ¢(n)F(ge+snx) dp.
0<s<1JN}

To simplify notation, we prove the desired estimate for s = 0, the general case being essentially
identical.

Let € > 0 to be determined and choose 1. to be a C°° bump function supported inside N and
satisfying ||¢]|c1 < e7!. Define the following regularization of ¢

-

where du denotes the right-invariant Haar measure on NT. Recall the definition of the coefficients
¢r above (6.2). Let 0 <m < k+ £ and (w;) € (V7)™ Then,
¢)(n) = Lu, - - - Lu,, (¢) (un)[¢pe(u) du

J = (u) du
[ dist(n, un)ye(u) du

[ e(u) du
Now, note that if 1.(u) # 0, then dist(u,Id) < e. Hence, right invariance of the metric on N T
implies that ¢y, (¢ — Mc(9)) < ecm+1(9).

Loy L (6 — Me(@))(m)] < IV Fn = Lo

<K Cmt1 (¢)
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Moreover, we have that ¢, (Mc(¢)) < en(¢) for all 0 < m < k + ¢. It follows that ciie(¢ —
M (9)) < 2¢x10(0). Finally, given (w;) € (VF)F+1 integration by parts implies
) 'ka+z+1 (¢) (un) ’ Lwl (¢6)<u) du
fN+ Ve (u) du

In particular, since [|¢:[ o1 < €71, we get cpirp1(Me(d)) < e Legre(d). Since g; expands NT by
at least e’, this discussion shows that for any ¢ > 0, if ||¢||qr+e < 1, then

Ly Ly s (Me()) () = 382 02

k-1 —(k+0)t
(& (&
16 = Me(6)) 0 Ad(g-o)llonre < & D o + gz

E+0 _mt —1 ,—(k+e+1)t
(& g e
[ Mc(0) OAd(g—t)HC’CHH < E : om + ok e+ 1 . (7.6)
m=0

Set A; = Ad(g;)(N;"). Then, taking ¢ = e~**, we obtain
| oPlama) aut = [ on)Plgm) d
1

— [ 6= M@N ) Fgno) dut + [ MG Flgma) dt. (7.7

To estimate the second term we recall that the test functions for the weak norm were required
to be supported inside N. 1/10 On the other hand, the support of M.(¢) may be larger, but still

inside N1+e' To remedy this issue, we pick a partition of unity {p; : i € I} of N2+, so that each
pi is smooth, non-negative, and supported inside some ball of radius 1/20. We also require that
| pill crresr <i 1. We can find such a partition of unity with cardinality and multiplicity, depending
only on N* (through its dimension and metric).

Similarly to Lemma 7.1, we denote by I(A) C I, the subset of those indices ¢ such that there

is some n; € NT in the support of of ¥ so that the support of p; is contained inside N1 /10" In
particular, for i € I\ I(A), p;pl is the 0 measure.
Now, observe that the functions n + p;(nn;)Mc(¢)(nn;) are supported inside N; /10 Thus,

writing x; = n;g12, using a change of variable, and arguing as in the proof of Lemma 7.1, cf. (7.3),
we obtain

[ M@ F (g dut =0 Y / piM.(9)) 0 Ad(g-1)(n) Fgi-1ngi) dyi,
i€I(A)
< ¢ (60 Al V(e “(VP).
k£ piM 9—t) || gk+er i) Mg, (1N
i€l (A

The point of replacing z with g1z is that since x belongs to N {2, g1z belongs to N, /29 which
satisfies the requirement on the basepoints in the definition of the weak norm.

Note that the bounded multiplicity property of the partition of unity, together with the doubing
property in Proposition 3.1, imply that

D pl (NF) < (NG ) < p(N).
el

Moreover, combining the Leibniz estimate (6.2) with (7.6), we see that the C*¥T*1 norm of
(piMec(¢)) o Ad(g—¢) is Ok(1). Hence, by properties of the height function V' in Proposition 4.3, it
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follows that
/ Me(6)(n) F(genz) dp® < e ,(f)V (@)t (N}H).

Using a completely analogous argument to handle the issues of the support of the test function,
we can estimate the first term in (7.7) as follows:

1 / —kt
T [ (0= M(9))(n)F(gimz) duy < e e e(f)-
V(@) (Ny) It )
Since (v;) € Vlg%? z € Q] and ¢ € C*H(N") were all arbitrary, this completes the proof. O

It remains to estimate the coefficients ey . First, the following estimate in the case all the
derivatives point in the stable direction follows immediately from Lemma 7.1.

Lemma 7.5. For all v = (v;) € (Vy;)¥, we have
ekky(R(2)"f) <5

Proof. Indeed, Lemma 7.1 shows that
ehir(Lef) < e ey i(f).

Moreover, induction and integration by parts give | [;° tn—le= (R /(n — D)Idt] < 1/(Re(2) + k)™
This completes the proof. ]

1
®e(e) 1 s

To give improved estimates on the the coefficient ey, in the case some of the components
of v point in the flow direction, the idea (cf. [AG13, Lem. 8.4] and [GLP13, Lem 4.5]) is to take
advantage of the fact that the resolvent is defined by integration in the flow direction, which provides
additional smoothing. This is leveraged through integration by parts to estimate the coefficient
€k DY €k -1

To see how such estimate can be turned into a gain on the norm of the resolvents, follow-
ing [AG13], we define the following equivalent norms to ||-||,. First, let us define the following
coefficients:

e 0</t<k, o
€L ls ‘= sup ok Chk 0 — ]{?, ) CLkw = kSUP Cw €k,k,y-
YEVay) Y YEV5\(Vyy,)
Given B > 1, define
k
ere,s(f) ek kw(f)
Hf”k,B,s = Z ng7 HfHk,B,w = ka
£=0
Finally, we set
Hf”k,B = ”fHk,B,s + HfHk,B,w' (7.8)

Lemma 7.6. Let n,k € N and z € C with Re(z) > 0 be given. Then, if B is large enough,
depending on n,k, B and z, we obtain for all f € C*1(X)M that

n 1

Proof. Fix an integer n > 0. We wish to estimate integrals of the form

o0 yn ,—zt
o)L+ Lo [T Lt ) ) i)
Nt 0

n!

n!

o0 yn ,—2t
— [ o) [T L L (L) dt ),
N 0
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with 0 < s <1 and at least one of the v; pointing in the flow direction.

First, let us consider the case vy points in the flow direction. Then, vg(u) = g (u)w, where w
is the vector field generating the geodesic flow, for some function v in the unit ball of C2¢(NT).
Hence, for a fixed u € N1+ , integration by parts in t, along with the fact that f is bounded, yields

[e%e] tnefzt
/0 TLUI Lyy -+ Ly (Lot f) (uz) dt

o) tn—l —zt

00 tne—zt e
=)z [ Ly L (G ) dt =) [ L L (G ) i

= U(w)zLo, -+ Lo (LR(2)" ) (uz) = p(u) Loy - Lo, (CsR" (2) f) (uz).

Recall by Lemma, 7.1 that ey, o(R(2)" f) <3 ek ¢(f)/Re(z)" for all n € N; cf. Corollary 7.3. It follows
that

ek (RUEY )  enics (R + efenis (R ) < (Tt ey ),

In the case v points in the stable direction instead, we note that L,L,, = L,L, + Ly ) for any
two vector fields v and w, where [v, w] is their Lie bracket. In particular, we can write Ly, - - - Ly, as
a sum of at most k terms involving k — 1 derivatives in addition to one term of the form Ly, - - - Ly, ,
where w;, points in the flow direction. Each of the terms with one fewer derivative can be bounded
by err—1(R(2)" f) <5 err—1(f)/Re(2)"*1, while the term with k derivatives is controlled as in
the previous case. Hence, taking the supremum over ~ € ng \ (V;k)k and choosing B to be large
enough, we obtain the conclusion. O

7.3. Decomposition of the transfer operator according to recurrence of orbits. In order
to make use of the compact embedding result in Proposition 6.6, we need to localize our functions
to a fixed compact set. This is done with the help of the Margulis function V. In this section, we
introduce some notation and prove certain preliminary estimates for that purpose.

Recall the notation in Theorem 4.1. Let Ty > 1 be a constant large enough so that %70 > 1.
We will enlarge Ty over the course of the argument to absorb various auxiliary uniform constants.
Define Vj by

Vo = P10, (7.9)

Let py, € C°(X) be a non-negative M-invariant function satisfying py;, = 1 on the unit neighbor-
hood of {z € X : V(z) < Vp} and py, =0 on {V > 2V,}. Moreover, we require that py, < 1. Note
that since Tj is at least 1, we can choose py; so that its C?* norm is independent of Tp.

Let ¢1 = py, and ¥ =1 — 11. Then, we can write

ETOf = Elf + Zva
where £;f = Lr,(Yif), for i € {1,2}. It follows that for all j € N, we have

J
Linof = Z Zwl"'ﬁwjf = Z Lit,(V=f), Ve = waz- © g (j—i)Tp- (7.10)

we{1,2}9 we{1,2}9 i=1
Note that if w; = 1 for some 1 < i < j, then, by Proposition 4.3, we have

sup  V(z) <=V, I =j-max{1<i<j:w;=1}. (7.11)
z€supp(te)
For simplicity, let us write
Jo =Y f.

The following lemma estimates the effect of multiplying by a fixed smooth function such as .
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Lemma 7.7. Let ¢y € C*(X) be given. Then, if B > 1 is large enough, depending on k and
6]l e, we have

[ f [l 5,s < 1Fllk.5.s -

Proof. Given 0 </ <k and 0 < s <1, we wish to estimate integrals of the form
[ 6L L0 ina) du ),
1

The term Ly, --- Ly, (¢ f) can be written as a sum of ¢ terms, each consisting of a product of 4
derivatives of 1 by ¢ — i derivatives of f, for 0 < i < £. Viewing the product of ¢ by ¢ derivatives
of ¢ as a CFH¢=7 test function, and using (6.2) to bound the CHF+=i porm of such a product, we
obtain a bound of the form

¢
ekt,s(Vf) < 1Yl can Z €hyi,s(f)-

i=0
Hence, given B > 1, we obtain

it Sl Lk Lena(f)
1l = D zeme@h) < Illow Y- 5 2 enas(f) < Illon Y =5 =55
/=0

=0 =0 =0
Thus, the conclusion follows as soon as B is large enough, depending only on k and [|¢)[|cer. O

The above lemma allows us to estimate the norms of the operators £;, for i = 1,2 as follows.

Lemma 7.8. If B > 1 is large enough, depending on k and | pv,||cee we obtain
cH VR Y R
H 1/ kB P 1 £l 2 ks P ° If

Proof. The first inequality follows by Lemmas 7.1 and 7.7, since |[¢);|ox < 1 for ¢ = 1,2. The
second inequality follows similarly since

Ua(grynz) # 0= V(grynz) > Vo,  Vne Ny

k,B,s

By Proposition 4.3, this in turn implies that, whenever 12 (gr,nx) # 0 for some n € Nl+ , we have
that V(z) > €570, by choice of V4. O

7.4. Proof of Theorems 6.1 and 6.4. Theorem 6.1 follows at once from 6.4. Theorem 6.4
will follow upon verifying the hypotheses of Theorem 6.5. The boundedness assertion follows by
Corollary 7.3. It remains to estimate the essential spectral radius of the resolvent R(z).

Write z = a 4 ib € C. Fix some parameter 0 < § < 1 and define

o = min{k, 0} .

Let 0 < € < 0/5 be given. We show that for a suitable choice of r and B, the following Lasota-Yorke
inequality holds:

115
(a+ 0 —3e)rtt
where C’l’w, ..p = 1is a constant depending on k,r and z, while ¥,. is a compactly supported smooth
function on X, and whose support depends on r.

First, we show how (7.12) implies the result. Note that, since the norms |||, and [|-||, 5 are
equivalent, the Lasota-Yorke inequality (7.12) holds with ||-[|, in place of [|-[|; p (with a different
constant C’,’sz’ 5). Hennion’s Theorem, Theorem 6.5, applied with the strong norm ||-||, and the

HR(Z)THfHk,B S

+ Clies 190l (7.12)

weak semi-norm || W, e||;, implies that the essential spectral radius pess of R(2) is at most 1/(a +
o —3¢). Note that the compact embedding requirement follows by Proposition 6.6. Since € > 0 was
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arbitrary, this shows that pess(R(z)) < 1/(a + o). Finally, as 0 < # < 1 was arbitrary, we obtain
that

Pess(R(2)) < Re(2) + 00’

completing the proof.
To show (7.12), let an integer r > 0 be given and J, € N to be determined. Using (7.10) and a
change of variable, we obtain

o0 yr ,—zt
R()1f = /0 T ot dt

r!
To e 2t oo e 2t Jr (G+1)To e 2t
:/ e' /jtfdt—i—/ e| Etfdt—i—Z/ e' Lof dt.
0 T (Jr+1)TO T = 3To T

First, by Lemma 7.6, if B is large enough, depending on 7,k and z, we obtain
1
+1
HR(Z)T (Z>fHk,Byw < (a +k+ 1)7"+1 Hf”’%B

It remains to estimate |[R(z)" ™ f||, 5 .. Note that fOTO e gt < Ty+'/r. Hence, taking r large

r!
enough, depending on k, a, 8 and Tp, and using Lemma 7.1, we obtain for any B > 1,
To tre—at

To tre—zt 1
Lif dt dt < .
‘/0 tf . <p HfHk,B/O i Slat kit 11k, 5

r!
Similarly, taking J,. to be large enough, depending on k, a, 8, and r, we obtain for any B > 1,

0 tr —zt
/ © Lof dt
( r!

Jr—i-l)TO

e’} trefat 1

< dt < .
s [ S g s

k,B,s

To estimate the remaining term in R(z)"1f, let 1 < j < J, and w = (w;); € {1,2} be given.
Let 6, denote the number of indices ¢ such that w; = 2. Then, taking B large enough, depending
on k and C?*(¢,), it follows from Lemma 7.1 and induction on Lemma 7.8 that

i+1 B0
Lot WDl e < Co 1570 o)l g < CETe =70 | £l

where we take Cp > 1 to be larger than the implied uniform constant in Lemma 7.8 and the implied
constant in Lemma 7.1. Suppose 0, > 6. Then, by taking Ty to be large enough, we obtain

”‘Ct+jT0 (wwf)Hk7375 < e—(ﬂ@—e)jTo ||f| k,B,s*

On the other hand, if 8, < 8, we apply Lemma 7.4 to obtain for all 0 < /¢ < k,

et (Lorim (W f)) <pg e T e (b f) + e o (Ve f),

where we may assume that Ty is at least 2 so that the same holds for t + jTp, thus verifying the
hypothesis of the lemma. Moreover, we note that (7.11), implies that 1 is supported inside a
sublevel set of V', depending only on 6 and J,.. Let ¥, denote a smooth bump function on X which
is identically 1 on the union of the (finitely many) supports of ¢, as @ ranges over tuples in {1, 2}’
with 0, < 0 and for 1 < j < J,. Note that for any such w, arguing as in the proof of Lemma 7.7,
we obtain

oV f) = € (WU f) <p |, f[}; -

For the coefficient ey, ;, Lemma 7.5 shows that for any v € (V{k)k , we have

ehin (Lirim (Vo f)) <g e~ Tk | (b f).



34 OSAMA KHALIL

Combining these estimates, and using Lemma 7.7, we obtain
Lo i1 (b )l .0 < Coe™ "V o flly g + Chore 94 £l
< e~ (0724)iTo Yo fllip.s + Chrep INZal.

where we enlarge the constant Cy as necessary to subsume the implied constants and the constant
Chyrzp > 1 is large enough, depending on B, so the above inequality holds. The inequality on the
second line follows by taking Ty large enough depending on Cy and e.

Putting the above estimates together, we obtain

& G+ To treizt Ir To (t—i— . r_—at
—aj JjTo)"e
B Y T T
e kBs 7 we{1,2))
Jy . To (4 1 Ty e—at
<l .5y (o290 / (t+iToye™,
I 0 7l
& To 1 r,—at
+Ck,r,zﬁII\I'rfII;Z%—aJTo/ %dt
j=1 0 r!
Jr 4r —(a+o—2e€)t
t'e
—20)T}
< (7=2To Hf”k,B,s/l — dt + C,’mzﬁ 1, £I%

where we take C} . . g=1to be a constant large enough so that the last inequality holds.
Next, we note that

Jr tre—(a+0'—2e)t 00 tre—(a+0'—2€)t 1
- dt< dt = .
1 7"! 0 'f’! (CL + o0 — 26)T+1

Thus, taking r to be large enough depending on a and 7y, and combining the estimates on
Rz f||,. 5, and ||R(2)"TLf]|, 5, we obtain (7.12) as desired.

7.5. Proof of Theorem C. Recall the notation in the statement of the theorem. We note that
switching the order of integration in the definition of the Laplace transform shows that

prae) = [ BN S, Re(z) >0,

In particular, the poles of jr , are contained in those of the resolvent R(z).

On the other hand, Corollary 7.2 implies that the infinitesimal generator X of the semigroup £,
is well-defined as a closed operator on By with dense domain. Moreover, R(z) coincides with the
resolvent operator (X —zId) ! associated to X, whenever z belongs to the resolvent set (complement
of the spectrum) of X.

We further note that the spectra of X and R(z) are related by the formula o(X) = 2z —1/0(R(z).
In particular, by Theorem 6.4, in the half plane Re(z) > —oy, the poles of R(z) coincide with the
eigenvalues of X. In view of this relationship between the spectra, the fact that the imaginary axis
does not contain any poles for the resolvent, apart from 0, follows from the mixing property of the
geodesic flow with respect to mBMS, The latter property follows from [Bab02]. We refer the reader
to the proof of [BDL18, Corollary 5.4] for a deduction of this assertion®.

Finally, we note that in the case I' has cusps, 5 was an arbitrary constant in (0, A/2), so that
we may take og in the conclusion of Theorem 6.4 to be the minimum of k£ and A/2 in this case.
This completes the proof of Theorem C.

8The analog of [BDL18, Lemma 2.11] needed in the proof of the quoted result is furnished in Lemma 8.3 below.
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8. SPECTRAL GAP FOR RESOLVENTS WITH LARGE IMAGINARY PARTS

In this Section, we complete the proof of Theorems A and B. The estimates in Sections 6 and 7
allow us to show that there is a half plane {Re(z) > —n}, for a suitable n > 0, containing at most
countably many isolated eigenvalues for the generator of the geodesic flow. To show exponential
mixing, it is important to rule out the accumulation of such eigenvalues on the imaginary axis as
their imaginary part tends to co.

Remark 8.1. Throughout the rest of this section, if X has cusps, we require the Margulis function
V = Vj in the definition of all the norms we use to have

B=A/4 (8.1)

in the notation of Theorem 4.1. In particular, the contraction estimate in Theorem 4.1 holds with
VP in place of V for all 1 < p < 2. Recall that the constant A is given in (3.1).

Similarly to (7.8), we define for B > 0 a similar norm to those defined in (6.6) as follows:

17 = exolr) + 20 (5.2

The following result is one of the main technical contributions of this article.

Theorem 8.2. There exist constants by > 1, k € N, o0 > 0, and s, a, o0, > 0, depending only on
the critical exponent ép and the ranks of the cusps of I (if any), such that the following holds. For
all z = a, + ib € C with |b| > by and for m = [log |b||, we have that

ero(R(2)"f) < Cr <(a*e4]i,[\)1§!{)g)m " (Ji“;im> ’

where Cr > 1 is a constant depending only on the fundamental group T and B = |b|***.
If we assume in addition that

{5p>2D/3, R=R, 53)

or >5D/6, K=C,H, orQ,
then have that
£l 5
(CL* + U*)m .
8.1. Proof of Theorems A and B. We show here the deduction of the exponential mixing
assertion from Theorem 8.2 in the case ¢ = 0 using the results in [Butl6a]. The deduction of the
rapid mixing assertion is very similar and so it is omitted.

The link between the norms we introduced and decay of correlations is furnished in the following
lemma.

Lemma 8.3. For all f € C2(X)M and ¢ € CH(X)M we have that

/ £+ o dmPNS < [l on enolf),

where the implied constant depends on the injectivity radius of the support of p.

exo(R(2)"f) < Cr

Proof. Using a partition of unity, we may assume ¢ is supported inside a flow box. The implied
constant then depends on the number of elements of the partition of unity needed to cover the
support of ¢. Inside each such flow box, the measure mPMS admits a local product structure of the
conditional measures i with a suitable measure on the transversal to the strong unstable foliation.
Thus, the lemma follows by definition of the norm by viewing the restriction of ¢ to each local
unstable leaf as a test function. O
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In particular, this lemma implies that decay of correlations (for mean 0 functions) would follow
at once if we verify that ey o(L:f) decays in ¢t with a suitable rate. It is shown in [But16a]” that
such decay follows from suitable spectral bounds on the resolvent. We list here the results that
verify the hypotheses of [But16a] and refer the reader to [BDL18, Section 9] where such application
of Butterley’s result is carried out in detail in a similar setting.

We take e} , (defined above (6.5)) to be the weak norm ||| 4 in the notation of [But16a], while
we take the following as the strong norm:

1fl5 == exo(f) +eri(f)-
The following corollary verifies [But16a, Assumption 3A].
Corollary 8.4. Let the notation be as in Theorem 8.2 and assume that (8.3) holds. Then, there
exist constants cyx, Ay > 0, depending only on the critical exponent ér and the ranks of the cusps of

T (if any), such that the following holds. For all z = a, + ib € C and for m = [cxlog|b]], we have
the following bound on the operator norm of R(z):

-
(a+ A)m’

whenever |b| > br, where by > 1 is a constant depending on T.

1R(2)™ (|5 <

Proof. First, we verify the corollary for the norm |||, 5 in (8.2), with B = [b]'"**. Let e1 1y be
the scaled seminorm ey 1/|b|1T*. Note that the arguments of Lemmas 7.5 and 7.6 imply that for
z = ay + b with |b| > a,, we have
1115 (ax +12D) _ 3CT [/l

b S e
for some constant Cpr > 1 depending only on I', where we used the fact that a, + |z| < 3]b|.

Recall that m = [log |b||. Hence, in view of the inequality log(1 + x) < x for = > 0, we see that
al'|b|” is at least (a, + 09)™, for some o¢ > 0 depending on a, and ». Hence, we obtain

o 3G £l
61,1,b(R(Z) f) < m’

This estimate, combined with the estimate in Theorem 8.2 implies that whenever |b| > b,,

12(2)" 1, p <r (ax +01)7™,

e1,1,5(R(2)™f) < Cr

where o1 > 0 is the minimum of o, and og. In particular, if |b| is large enough, depending on T,
we can absorb the implied constant in the estimate above to obtain

1B(2)" 1,5 < (ax +01/2)7™.

Set 09 = 01/2. Let p € N be a large integer to be chosen. To obtain the claimed estimate for
the norm |||z, note that since ||-|l; g5 < |||z < [6]*** |||, p, iterating the above estimate yields
BIRG™ s _ Bllflls

(ayx + 02)P™  ~ (ay + 09)%P™’

Since m = [log|b||, choosing p large enough, depending only on a, and o3, we can ensure that
B/(as+02)P™ < 1/al™. In particular, taking A, to be the positive root of the quadratic polynomial
x — 22 + 20,2 — a,09, we obtain the desired estimate with ¢, = 4p. O

1RG5 <

Remark 8.5. In the rapid mixing case, to verify [Butl6a, Assumption 3B], one uses the identity
R(z + w) = R(2)(id — wR(z))™! for any 2 € C with Re(z) > 0 and w € C with |w| > 1/a to
estimate the norm of the resolvents to the left of the imaginary axis.

9See also the erratum [But16b).
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Assumption 2 of [Butl6a] is verified in Theorem 6.4. The strong continuity of the semigroup
L; is given in Corollary 7.2. Finally, the following lemma verifies the weak Lipschitz property
in [Butl6a, Assumption 1], completing the proof of Theorems A and B.

Lemma 8.6. For allt > 0,
exo(Lef — f) <ter1(f) <t|flls-
Proof. Let x € N; Q,t >0 and s € [0, 1]. Then, given any test function ¢, we have that

(1) arrana) = flgana)) st = [ on) L (guermo) dtar

¢
Ny

where L, denotes the derivative with respect to the vector field generating the geodesic flow. Hence,
Lemma 7.1 implies that

(n)(f (gesnx) — fgsna)) dpy| < V(x)ﬂi‘(Nf)/O e11(Lrf) dr <tV (z)uz (N1 )era(f)-

¢
Ny
This completes the proof since z and ¢ are abitrary. ]

8.2. Proof of Theorem 8.2. The remainder of this section is dedicated to the proof of Theo-
rem 8.2. Let a € (0,2] to be determined (cf. (8.53)). We assume that z = a + ib with b > 0, the
other case being identical. For the convenience of the reader, an index of notation for this section
is provided at the end of the article.

Time partition. Let p : R — [0,1] be a smooth bump function supported in (—1,1) with the
property that
Y pt—j)=1, VteR (8.4)
JEL
Let m € N and Ty > 0 be parameters to be specified later. Changing variables, we obtain

- ootm—le—zt
R(z)™ = /0 Gl de

oo gm—le=zt (i m—1,-zT
= /O t(TTl—l)'p<t/T0)£tR(Z)m dt + Z ((] + 2()5;0)_ 1)' /Rpj(t)en‘ct—i-jTo dt, (85)
! = 1

where we define p; as follows:

pi(t) = ((ﬁ;;ﬂ)mp (“5)- (5.6)

Note that p; is supported in the interval (0,27p) for all j > 0.

We will estimate the contribution of each term in the sum over j in (8.5) individually. We will
restrict our attention to small values of j, compared to b. For this purpose, let 7 > 0 be a small
parameter to be determined. Then, similarly to (8.10), we have

0o 7Sm—l —at

3 G+ D)™ e /Rpj(t)eatek,o(ﬁt-&-ffof) dt < ek,o(f)/ N C)

(m—1)! gm (M —1)!

j:gTo>nm
The following lemma estimates the tail of the resolvent integral.

Lemma 8.7. Suppose that an > 1. Then, there exists 6 € (0,1), such that

/oo tm—le—at it < Q m
gm (M —1)! “N\a)
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Alternatively, if an < 1, then there exists € € (0,1) such that if m is large enough, we have

/oo tmflefat it < 1
nm (m - 1)' (a + é‘m)m

Proof. Integration by parts and induction on m yield

/oo tm—le—at g — e—anm nf (anm)® e (anm)™ ni:l (E+1)
gm (m—=11" " am — kK B a™m)! = (anm)"~ ko

Note that the k' term of the latter sum is at most (an)~™**. Moreover, from Stirling’s formula,

we have that m! > m™t1/2¢=™_ Hence, when an > 1, we get
o0 ym—1,—at 6(1—(177)m an)™
gm (M —1)! am™

Taking 0 = ane'! = and noting that xe' =% is strictly less than 1 for all z > 0 with = # 1, concludes
the proof of the first claim.
For the second estimate, let M = anm. Estimating the tail of the power series of e from below
by its first term, we get
/°° tm—1le—at 1—e MYy 2> Mk—,k - 1— (e MM™/m))
n

dt =
m (m—1)! am - a™

Using Stirling’s approximation, we see that (e=™M™/m!) > 6™m~1/2, for § = e'=ay. Thus,
Bernoulli’s inequality yields

o0 ym—1,—at 1 — m—1/2gm 1 — m—3/2gm m
/ L a< < :
ym (M —1)! am™ a
Finally, we note that since § < 1, when m is large enough, (1 — m~%/20™)/a is at most 1/(a
a(0/2)™). Thus, the estimate follows with £ = /4 for all m large enough. O

In view of this lemma and (8.7), in what follows, we restrict to the case
JTo < nm. (8.8)

Let Jp € N be a parameter to be specified later. By the triangle inequality for the seminorm ey, o
and Lemma 7.1, we have

Jo ; m—1_,—z5T
((j +2)To)™ e—=70 s
€k,0 Z (m — 1)1 pj(t)e™* Liyjm fdt
Jj=0 R
(Jo+2)To tm—1lg—at ((JO + 2)T0)mek0(f)
< — — -
_/0 (=11 rek,0(Lef)dt (m — 1)1
We will choose
m = [logb]. (8.9)
Hence, since a < 2 by assumption, when b is large enough'’, we get
Jo (s m—1,—2jTi
((j +2)To)™ e~=70 / ot ero(f)
(e * Loy fdt | €« ———. 8.10
ek:O jgo (m _ 1)' ]Rpj( )e t+]T0f (CL + 1)m ( )

100ver the course of the proof, b will be assumed large depending on all the parameters we choose in the argument.
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A similar argument also shows that
00 ym— 1e—zt (f)
e —p(t/To) L f dt | < 7,
k,0 </0 (m — 1),19(/ 0)Lef ) (a+1)m
where we used the fact that p(t/Tp) is supported in (—7p,7p). Thus, we may assume for the
remainder of the section that
Jj > Jo. (8.11)
Let 0 < € < 1 be a small parameter to be chosen later. The advantage of taking Jy large is that
it allows us to give a reasonable estimate on the sum of the errors of each term in (8.5). Indeed,
taking Jy large enough so that 2/Jy < ¢, in view of (7.5), we have that

%) . m—1,—ajTy m  roo ym—1_—at m
3 (G +2)T)™ ™0 _ samy <1+ 2) / e gt = 2l <I+E> . (812)
0

Pt (m—1)! Jo (m—1)! a

We will take Jy large enough (independently of b) so that the loss of a factor of 1 + € does not
exceed the gains we make over the course of the proof.

Contribution of points in the cusp. Let x € N; Q) be arbitrary. Then, Lemma 7.1 implies that

€k,0 </ pj(t)e ' Lovjmy [ dt; 96'> < /pj(t)e_atek,o (Loyjmo fr) dt < Toe @HPiToe, o(f),
R R

provided V(z) > P21  In light of (8.12), summing the above errors over j, we obtain an error
term of the form

2T, L+e\™ 142¢\™ ex,0(f)
T0€ €k,0(f) <a+ Boz) < ek,O(f) <a+ﬁa> < m, (8.13)

where the first inequality can be ensured to hold by taking b large enough in view of (8.9) and the
second inequality holds whenever € is small enough.
Thus, we may assume for the remainder of the section that

V(x) < ePoito, (8.14)

Fix some suitable test function ¢ for ey . In particular, ¢ has CH(N*) norm at most 1. The
integrals we wish to estimate take the form

[ o) [ pi00e L, (1) (gana) dedutio),
N R

for all s € [0,1]. We again only provide the estimate in the case s = 0 to simplify notation, the
general case being essentially identical.

Recall that p; is supported in the interval (0,27p). In particular, the extra ¢ in £y 7, could be
rather large, which will ruin certain trivial estimates later. To remedy this, recall the partition of
unity of R given in (8.4) and set

Piw(t) =pi(t +wip(t),  Vw€EZ (8.15)

Using a change of variable, we obtain

/ - /N+pﬂ f(grrjmyna) dpg(n)dt
=2 _Zw/ - / Piw(t)o(n) f(gewjryna) dug(n)dt. (8.16)

wWEZ

Note the above sum is supported on
0<w<kTy, (8.17)
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and the support of each integral in ¢ is now (—1,1). For the remainder of the section, we fix some
w € Z in that support.
To simplify notation, we set

95 = GutiTy- (8.18)
Partitions of unity and flow boxes. Let us define
K= {y eX:V(y) < e<25aj+35)T0} o= min {1, inj(K;)} . (8.19)

We let P; denote a partition of unity of the unit neighborhood of K; so that each p € P; is
M-invariant and supported inside a flow box B,, of radius ¢;/10. With the aid of the Vitali covering
lemma, we can arrange for the collection {B,} to have a uniformly bounded multiplicity, depending
only on the dimension of G. We can choose such a partition of unity so that for all p € P;,

Ipller <k ;" (8.20)

We also need the following subcollection of P;:
PY = {p €P;: By NNy, # @} . (8.21)

We shall need an estimate on the cardinality of 77]0. To this end, note that the cardinality of
the collection PJQ is controlled in terms of the injectivity radius ¢; in (8.19). Indeed, since I' is
geometrically finite, the unit neighborhood of € has finite volume. Moreover, the flow boxes B,
with p € PY are all contained in such a unit neighborhood and have uniformly bounded multiplicity;
cf. (8.21). Finally, each B, has radius at least ¢; for all p € P;. Thus, we have that

—(2D+1)

#P) <r :

where D is the dimension of NT. Note that the dimension of X is 2D + 1 + dim(M), however the
bound above involves 2D + 1 only since each flow box is M-invariant.

(8.22)

Localizing away from the cusp. We begin by restricting the support of the integral away from
the cusp. Define the following smoothed cusp indicator function ¢; : X — [0, 1]:

Gly)=1-Y" py).
PEP;
We also fix a parameter v € (0,1) as follows:

v = 18, A=R, (8.23)
1/6, K=C,H, or O,

where we recall that our underlying manifold is a quotient of H%. To simplify notation, we set

97 = Gy (wtiTo)- (8.24)
It will be convenient to take Ty large enough depending on -y so that
min {(1 — ) (w + j7o),v(w + jTo)} = 2. (8.25)
First, by taking
«Q S 1-— s

we note that the bounded multiplicity property of P; and (8.20) imply that

16509 Hl oy < 1
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Moreover, by definition, ¢; is supported outside of the sublevel set K in (8.19). Hence, changing
variables and repeating the argument in the proof of Lemma 7.1 by picking a partition of unity of
N1+ , with supports contained in N, , and suitable points z;, we obtain

[ stmitarmarces(gyna) dus = e S / 0i(n)j (g7 ) Lo f (n) dpt,
< €k,0(f)€_5(w+ﬂ°) > Viw)ud,(N)
:¢j (g7 L) #0

< epo(f)e 00T Z/ L L9 @)V (nas) dyi,
. N.

<erolf) [ Liglana)V (gyna) du.

2

where we regarded ¢;(n)&; (g7 nx;) as test functions. Thus, the Cauchy-Schwarz inequality yields

2
/ Lge(g"nz)LiV (ginx) duy
Ny

2

< pd (n € N, :V(g'nz) > ezﬁo‘jTo / ctv2(gj nx) dug.

Recall that we are assuming that V2 satisfies the Margulis inequality in Theorem 4.1; cf. Remark 8.1.
Hence, by Theorem 4.1 and Chebychev’s inequality, we obtain

<y ek o(f)ﬂg(Ngr)Vg/Q(x)efﬁajTO-

o ) Lo (o mer)

Using the bound on V(x) in (8.14) and the doubling estimate in Proposition 3.1, we thus obtain

. omeas(agna) duio)

-y / Sm)plg"n) L1 (g na) dpt + O (exo(Ns(NF IV () #70/2).
pEP;

Recall the sub-partition of unity PJQ in (8.21). Since x € Ny Q, it follows that g"nz belongs to
Ny o8 for all n € Ni in the support of u% (i.e. for all n € N~ with (nz)™ in the limit set Ar);
cf. Remark 2.1. Hence, the only non-zero terms in the above sum correspond to those p in PJQ.
Hence, we see that

[ smLut(gyna) dun)
Ny

=Y | omplg na) Caf (g na) dpt+ O (erol NV () 9002) - (8.26)
p€730

Finally, using (8.12) and taking b large enough and e small enough, we see that the sum of the
above error terms over j gives an error term of the form

oI (NF )V ()
O( (at Baj2—om >

(8.27)

Pre-localization. It will be convenient to replace the function f with one supported near 2 and
away from the cusp. To simplify notation, we set

= (1 =) (w+ jTo). (8.28)
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We also define

0
PO EPj

By a very similar argument to the proof of (8.26), we obtain

| serigpne) duto)
=3 | ool na) Lo (g ne) du+ O (exol e NIV ()e ) (8.30)
pEP)

The remainder of the section is dedicated to estimating the right side (8.30).

Saturation and post-localization. Our next step is to partition the integral over V. 1+ into pieces
according to the flow box they land in under flowing by ¢g”. To simplify notation, we write

xj =gz
We denote by Nfr (j) a neighborhood of Nfr defined by the property that the intersection
B, N (Ad(g") (N (7)) - )

consists entirely of full local strong unstable leaves in B,. We note that since Ad(g”) expands N
and B, has radius < 1, N;"(j) is contained inside the N, . Since ¢ is supported inside N;", we have

XN (n)p(n) = XN () (n)p(n), VneNT. (8.31)
For simplicity, we set
pi(n) = G(Ad(g) ), A; = Ad(g") (NT ().
For p € P, we let W, ; denote the collection of connected components of the set
{neAj:nxj e B,}.
In view of (8.31), changing variables using (2.3) yields

S [ o ) Lett(F) g s myne) i)
pEEP]Q Ny

— o0 (wHiTo) Z / pj(n)p(na;) Lsyi(F)(nz;) dug, (n).
pePOWew,,; ” "W
(8.32)

Transversals. We fix a system of transversals {7),} to the strong unstable foliation inside the
boxes B,. Since B, meets N;/ZQ for all p € 73]0, we take y, in the intersection B, N N;/QQ. In this
notation, we can find neighborhoods of identity P,” C P~ = MAN™ and N, Ij C N7 such that

B,=NSP; -y,, T,=P; -y, (8.33)

We also let M,, A,, and N, be neighborhoods of identity in M, A and N~ respectively so that
Py =M,A,N,.
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Centering the integrals. It will be convenient to center all the integrals in (8.32) so that their
basepoints belong to the transversals 7}, of the respective flow box B,; cf. (8.33).

Let I,, ; denote an index set for W, ;. For W € W, ; with index ¢ € I, j, let n,, € W, m,, € M,,
n,, € Ny, and ty¢ € (—¢;,¢5) be such that

Tp,0 = MpeG—t, Mpt - Tj =1, Yp € Tp. (8.34)

Note that since x belongs to N; €2, we have that

2,0 € N7 Q, (8.35)
cf. (8.25) and Remark 2.1.
For each such ¢ and W, let us denote W, = Ad(m, g, ,) (W ) and
Gp(t,n) 1= it —tp) - €0t - S(Ad(myeg79-1,,)” (Tmpe)) P(Gt, T pe)- (8.36)
Note that ¢p ¢ has bounded support in the ¢ direction and (8.20) implies
1, H t,. ‘ k. 8.37
Hdw’ CORXN+) — Dot ) Ck(N) <Y (8.37)
for all t € R. Moreover, recalling (8.6), we see that
-k, k
qup, ‘01 sy < (8.38)

Changing variables using (2.3) and (2.4), we can rewrite the integral in ¢ of the right side of (8.32)
as follows:

o—07(w+5To) /Re_thj,w(t) Z / )p(na;) Ls(F)(gin;) dpg, (n)dt

pePO WeWw, ;
e~wHT) $ 3 / et / Gput(t,1) Lo(F) (grsr, ity g) dpil ,(n)d,
,Poeel TLEW@

(8.39)

where we also used M-invariance of F'.

Mass estimates. We record here certain counting estimates which will allow us to sum error
terms in later estimates over PJQ. Note that by definition of N;"(j), we have Upepj,WeWp,]- W C A,
Thus, using the log-Lipschitz and contraction properties of V, it follows that

Z pz, ,(We)V(2p0) < / V(nz;) dug, (n)
pEPYLEL, ; ’ Aj
= [ Yl mgne) din) < PNV (),
N (%)
(8.40)

where we used the fact that |t,,] < 1 and the last inequality follows by Proposition 3.1 since
N1+ (j) < N2Jr . We also used the fact that the partition of unity 73]0 has uniformly bounded multi-
plicity.

Remark 8.8. We note the exact same argument as above gives

o uy, WV (xpe) < 7O NV (2), (8.41)
pEPJQ,ZEIp,j

in view of our choice of V' at the beginning of the section; cf. Remark 8.1.
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Transverse intersections and Lebesgue conditionals. We will view the integrals in the def-
inition of the resolvent as an oscillatory integrals to take advantage of the large phase ib. For
this purpose, it is essential for our method to replace the integrals against p% with ones against a
smooth measure so we may use integration by parts.

Denote by dn the Haar measure on NT and by |S| the Haar measure of S for any measurable
subset S C NT. Recall the subcollection 733Q of the partition of unity P; defined in (8.21). For each
p € P;, we define functions .%, on B, C X as follows:

_ -1 — _ _
Fp(u"pTy,) == N, | /N+ (pf) (" p~y,) duy-, (), VuT € NJS,p~ € P (8.42)
P
In particular, .#, depends only on the “transversal coordinate” p~.
The following simple, but crucial, result allows us to replace py with the Haar measure. In fact,
the proof allows for exchanging any two conformal densities, once .%, is defined appropriately. The
lemma is a simple quantitative refinement of ideas appearing in [Rob03, Sch05].

Proposition 8.9. Let 0 < r < 1 and ¢ € CL(N;}) be given. For ally € Ny Q, s >0, py € PJQ,
and m > 1, we have

/ L V() (pof)(gsny) dpy
N

A
ratt

—S u +
— (D=9)s N P(n )Jpo(gsny) dn+ O (”chl ¢ ekO(f)V(y)My(Nr )> )

where tj is the radius of the flow box By, supporting py and AL is given in (3.1).

The proof of Proposition 8.9 is given in Section 9.1. Setting

Foi= P05 N Lo(Fy), (8.43)

0
00673]-

we apply Proposition 8.9 to switch to integrating against the Lebesgue measure in (8.39) to obtain:

. Gput(t.1) Lo(Fy) (G141, ) dpptt
¥4

- ex0o(F)V (p o)y ,(We)
= D=0t [ Gt ) Fu(ghye, ntp)dn + O < P o
We

(1= (wiTo) 25+ 2042

Here, we applied the proposition with ¢ = ¢~)p,g while noting that the C' norm of v is estimated

n (8.37). The factor of ¢; “@PHY comes from the cardinality of the partition of unity 77]0; cf. (8.22).
We also recall that the radius of Wy is ¢;.

Estimating the sum of the error terms using (8.40), and recalling that the support of the integrals
in t is uniformly bounded, we obtain

o0 (w+jTo) Z Z / zt/ y qu’g(t,n)ﬁs(F,y)(gth’enxp’g) d,ugp,é(n)dt
necWy

pEPO Lel, ;
— e 0v(w+jTo) Z / —zt/ ¢p€ (t,n J*(gth Mg ¢) dndt
pEP (T, neWwe
+eno(FIV () (NT) x O (e (Tl 8202 ) (844)

To sum the above errors over j and w, we first note that (8.19) and Proposition 4.3 imply that

1 ¢ (0 +0)To (8.45)
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where we used the fact that yg < 2; cf. (4.2). Thus, as before, using (8.12), taking « and e small
enough, the sum of the above error terms over j and w is bounded by

(I+e)™
eko()V (@) (NT7) x On, <(a +(1—9) —4a(2A, +2D+2)— e)m> '

Taking o and e small enough, while taking b large enough to absorb the factors depending on Tj
and remembering (8.23), we obtain an error of the form

exa VN 0 ( (o ) (5.46)

Stable holonomy. Fix some p € PJQ. Recall the points y, € T, and n,, € N, satisfying (8.34).

The product map M x N~ x Ax NT — G is a diffeomorphism on a ball of radius 1 around identity;
cf. Section 2.6. Hence, given ¢ € I, ;, we can define maps y, 7, my and @, from W, to N*, R, M
and N~ respectively by the following formula

Gttty N, o = Gt ()T (1) G5, (n) Ue(n) = me(n) Uy (8, 1) Gt o7y (n) (), (8.47)
where we set 4, (t,n) = Ad(gt+t,,) (1, (n)). We define the following change of variable map:
Py RxWy Rx NT, Qy(t,n) = (t + 74(n), g(n)). (8.48)
We suppress the dependence on p and j to ease notation. Then, ®, induces a map between the
weak unstable manifolds of x,, and y,, also denoted ®,, and defined by
Po(ginzpp) = Gi17,(n) W () Yp-

In particular, this induced map coincides with the local strong stable holonomy map inside B,,.
Note that we can find a neighborhood W, C N of identity of radius < ¢; such that

Oy(R x W) CR x W, (8.49)

for all £ € I,;. Moreover, by shrinking the radius ¢; of the flow boxes by an absolute amount
(depending only on the metric on G) if necessary, we may assume that all the maps &, in (8.48)
are invertible on R x W,. Hence, we can define the following:

To(n) = 7oy () +tpe € R, g (t,n) =g (t —m(n), @, ' (n)) € N7,

dp0(t,n) = e~ 5 JBy(n) X ¢, 4(t — To(n), a5t (n)),

and J®, denotes the Jacobian of the change of variable ®, with respect to the measure dndt.
Changing variables and using M-invariance of .%,, we obtain

Z / _Zt/ ¢pg (t,n J*(gtthMnxpg) dndt

= W

Z //W —ib(t—Te n))¢ ot n)‘/’*(ué (t,n)giny,) dndt.  (8.50)

Lel, ;

Stable derivatives. Our next step is to remove %, from the sum over £ in (8.50). Due to non-joint
integrability of the stable and unstable foliations, our estimate involves a derivative of f in the flow
direction. In particular, in view of the way we obtain contraction in the norm of flow derivatives
in Lemma 7.6, this step is the most “expensive” estimate in our argument.

Recalling the definition of .%, in (8.43) and of s in (8.28), we have that

[ Zi(uy (8, n)ginyp) — Fu(giny,)| < eP0)s Z | po (gsty (t,1)genyp) — Fpo (ge+smYp)|-
poE’PJQ

The following lemma provides an estimate on the above integral. Its proof is given in Section 9.2.
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Lemma 8.10. For all s >0, u~ € Nl_/IO’ po € 77]0, and y € Nl_/2Q, we have that

(D=0 /N+ | F oo (u” gsny) = F o (gsmy)| dn < dist(u, 1d)e; " | £y iy (N)V (),
1

where k € N is the order of reqularity of the test functions for the seminorm ey .

Since y, belongs to Nf/QQ and u, (t,n) belongs to a neighborhood of identity in N~ of radius

O(tj) (cf. (8.19)), uniformly over (¢,n) in the support of our integrals, Lemma 8.10, combined
with (8.22), yield

/ | F(uy (£ m)gimy,) = Felginy,)| dn < e DD | £ (NFYV () 2P (8.51)
Wy
where we implicitly used the fact that W, C Nfr and |t| < 1. Indeed, the additional gain is due to
the fact that g5 contracts N~ by at least e™%.

To sum the above errors over ¢ and p, we wish to use (8.40). We first note that Proposition 3.1

and the fact W), has diameter =< ¢; imply that
A
MZp(Nf_) < [’j +MZ,,(WP)7

where A is the constant in (3.1). Moreover, Propositions 3.1 and 4.3 allow us to use closeness of
yp and x, ¢ along with regularity of holonomy to deduce that

Vyp)y, (Wp) < V(xpe)psy, ,(We). (8.52)

Here, we also use the fact that both x,, and y, belong to N, €; cf. (8.35).
Hence, we can use (8.40) to estimate the sum of the errors in (8.51) yielding the following estimate
on the main term in (8.44):

e~ 01w+ § § / / S et (1) | Fulgmy,) dndt
IR JIW,
J

pEP]Q ZGIP’ EEIp,j
+0 (67(177)(w+jTo) 171, Mg(Nr)V($)L;(2D+1+k+A+)> ’

where we used that the above integrands have uniformly bounded support in R x N ', independently
of £ (and p). Indeed, the boundedness in the R direction follows from that of the partition of unity
pj; cf. (8.6). We also used (8.37) to bound the C° norm of ¢,,. Summing the above error term
over j and w using (8.12) and (8.45), taking a and e small enough, and remembering (8.23), we
obtain

11l it (N)V ()
0 < (1a + 0.(’15)’” ) '

Recall the norm ||-||; 5 defined in (8.2) and note that ||-||; < B|-||; 5. Choosing > > 0 small
enough and

a = 0.378, (8.53)

one checks that e!**/(a + 0.65) is at most 1/(a + ay¢), for some o > 0. With these choices, taking
B = b'T* yields an error term of the form:

o (\le,B uz<N1+>V<x>> |
(a+ op)™

(8.54)
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8.3. The role of oscillatory integrals. We are left with estimating integrals of the form:
/ W, (t,n) T (ginyy) dndt,  Uy(tin) = 3 e g (1), (8.55)
RxW, éelp,j

We begin by collecting apriori bounds on ¥, and .%#,. Denote by J, C R the bounded support
of the integrand in ¢ coordinate of the above integrals. Note that (8.37) and the fact that [t| < 1

imply
1Dp.ell oo (g, ) < 1 1ol oo g, ) << #lpj- (8.56)
The following lemma estimates the L? norm of F - Its proof is given in Section 9.2.

Lemma 8.11. For ally € N; €2, and s > 0, we have

P / | F oo (g5my) > dn < o er o (F)2V2(y)my (NT) %V (g0)°7,

P

where N;O parametrizes local strong unstable leaves in the flow box B, centered at y,,; cf. (8.33).
Recall that (8.17), (8.8) and (8.9) imply
e® = eI MWHITo) o, (8.57)

We also have that y, € Ny Q, |J,| < 1, s > 1 and V(y,,)"? < 2i+3)To; cf. (8.19). Hence,
Lemma 8.11, the Cauchy-Schwarz inequality, the definition of .%, in (8.43), and (8.22) yield

2
/ U, (t,n)Z(giny,) dndt
RxW,

LTy k e(D=0)s (ek,o(f)V(yp))2 MZP(NIQ—) % L;(2D+1+2k)626ajTo % /]R . ‘\Ilp(t,n)|2 dndt.  (8.58)
XWop

We note that by (8.33) and our choice of W,, we have
[Npol < IV, (3.59)

To proceed, we wish to make use of the oscillations due to the large phase ib to obtain can-
cellations. To that end, we need to make sure that 7y, (n) — 74,(n) has significant size compared
to that of the size of the phase b, for most pairs f1,f2 € I,;. On the set of pairs {1, ¢ which
fail this separation requirement, we use a trivial estimate combined with a counting argument for
such pairs. Dolgopyat’s insight, though in a completely different set up, was the realization that
non-joint integrability of the strong stable and unstable foliations implies that the functions 7, are
non-constant so that such a strategy may have a hope of succeeding; cf. [Dol98].

Recall the notation pertaining to the intersection points (8.34) with the transversals T}, of our
flow boxes. Let k € (0,1) be a parameter to be specified in Section 8.4. Recall from Section 2.5
the parametrization of N~ by its Lie algebra n™ = n_, @ n,, via the exponential map. Denote by
C,,j(r) the following subset of Ii JE

Cog(w) = {(E102) € I35y (n )7 = explu, o).l [sl] < 57}
We also set
Sp,j("?) = Iﬁ,j \ Cp,j(“)-

Then, C, j(x) parametrizes pairs of unstable manifolds which are too close to one another along
the weak stable foliation.
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Expanding the square and using (8.56), we obtain

2

/ S e ()| dndt

ToxWo | per, ;

<a #C MW+ Y /R MmO (1) G () dde|,(5.60)
XN

(€1,£2)€5,,5(K)

where for 3 € C, 3 denotes its complex conjugate.

We first estimate the first term in (8.60). The following proposition provides the key counting
estimate on #C, (k). Its proof is given in Section 10.1. In what follows, we use the following
notation to distinguish the real hyperbolic case:

K, R=R,
Ko ‘=
k/2, K=C,H, orQ,

where we recall that our underlying manifold is a geometrically finite quotient of Hdﬁ, for R €
{R,C,H, O}.
Proposition 8.12. For all k >0 and £ € 1, ;,

# {0 €15 (0,0) € Cpj(r)} < 1+ eArrlwtiTo)p—role, 284

In what follows, we will select n,v and x such that

M =< Ko. (8.61)
In light of (8.8) and (8.9), this choice combined with Proposition 8.12 imply that for all £ € I, ;,
#{l el,;:((,0)eC,;r)} <1 (8.62)

For all p € 77]0, since W, has radius =< ¢;, cf. (8.19), we have by Proposition 3.1 and (8.52) that
forall £ € I, ;,

—A —A
i () < 05 St (W) = 05 i (W),

Hence, 8.62 and the Cauchy-Schwarz inequality yield the following estimate on the sum of the first
term in (8.60):

S Vo1, (N #Cs(0) < 5 #PY x|S0 VR, (W),

pGP]Q pePJ@’,EeI,,,j

The terms V(y,)/ i, (N;") come from (8.58) and we used the estimate (8.59). We estimate #PJQ
using (8.22) and bound the sum using (8.41) to get, for A =2D + 1+ 2A,,

S VO, (N VRCp () < V@E(N) x 1 V2 P02 (363)
pEP;

We now turn our attention to the second term in (8.60). The following proposition gives the
oscillation estimate on separated pairs appearing in that sum. Its proof is given in Section 10.3.

Proposition 8.13. For all {1,053 € S, j(r), we have

/R/N+ eiib(‘%(”)*%(”))(pmgl (t,n)@p0,(t,n) dndt| <y, bik(l*”)g%m%lwp\.
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Remark 8.14. The proof of Proposition 8.13 is based on integration by parts k-times, where k € N
is the order of regularity of test functions used for our seminorm ey, o; cf. (6.3). In particular, the
proof requires that the “temporal distance functions” 7 to be at least of class C*. In our setting,
this allows us to choose the parameter x close to 1, which broadens the applicability of the second
assertion in Theorem 8.2. We note however that only Holder regularity of 7, is needed to obtain an
estimate in Proposition 8.13 with a weaker power of b~!. Such weaker estimate suffices to establish
the first assertion of Theorem 8.2.

From the formula of the measures 4y in (2.2) and Lemma 4.8, we see that
pr (W) > e 0058 W00) o5 =018y ) 5o 7200970,

where we also used the fact that y, belongs to the unit neighborhood of K; to bound its height;
cf. (8.19). Thus, arguing as in the proof of (8.63), using Proposition 8.13, along with (8.40),
and (8.52), we obtain for £ € N to be chosen in Section 8.4 the following estimate:

SV | pe (N

pEPY (€1,£2)€Sp,(K)

Lok b_k(l_ﬁ)/zbj_(kJrAJr/Q)mk@éajTo X Z V(?Jp)/ﬁzp(wp)#lm
=

1/2

/R o o0 (n)_ZTh(n)¢p,€1 (t,n)m dndt
X

< b—k(l—n)/ZL;(k+A+/2)mk « S(rra)(w+iTo) PNV ().

Combining this estimate with (8.58), (8.60), (8.57), and (8.63), we obtain the following estimate
on the integrals in (8.55):

o~V (w+5To) Z / U, (t,n).F(geny,) dndt
0/ JpxWp
pEP]-

)

< eno(H)V (@) (N7 x L;(A+3k)65a(w+jTo) (e((Dfé)(1*7)*57)(w+jTo)/2 I b(n(D%)*k(lfﬂ))/?mk)

where we used the elementary inequality /= +y < /x + /y for any =,y > 0 along with the fact
that |J, x W,| < 1. Let L = 2A 4 6k + 26. Summing the above error terms over j and w, taking
a and 7 small enough, and recalling (8.22), we obtain an error term of the form

Otk <6k,0(f)V(a;)Mg(N1+)(1 + o)™ x pNP=0/2

1 b—k(l—n)/ka
(a+067/2—dal)™ ' (a—4daL)™ | )
(8.64)

In the large critical exponent regime, i.e. when hypothesis (8.3) is satisfied, we use do not use
the bound (8.57) and instead obtain the following estimate:

Oy k <ek,0(f)V(1?)H1$(Nfr)(1 +e)™

1 p(n(D—8)—k(1—r)) /2, k
(a+(5’7—(D—5)(1—'y))/2—4aL)m+ (a — 4aL)™ ])

(8.65)

8.4. Parameter selection and conclusion of the proof. In this subsection, we finish the proof
of Theorem 8.2. First, we handle the case of small critical exponent, i.e.

5 < {21)/3, A=R,

(8.66)
5D/6, &=C,H, or O.



50 OSAMA KHALIL

We begin by simplifying the error expression in (8.64). As before, we will absorb the dependence
on Tp in (8.64) by taking b large enough at the cost of replacing e with 2¢ in the denominators of
the above expression. In this case, we take s to be any fixed constant in (0,1)'!. Taking k large
enough and « and € small enough, we can ensure that

b(n(Dfé)fk(lfn))/2mk(1 +6)m 1
(a — 4aL)™ ~ (a4 o)™’
for some fixed constant o1 > 0 and for all large enough b. Note that, once oy is fixed, the above

inequality remains valid after further decreasing o and e. Then, we can take 1, @ and € small enough
so that

(8.67)

1 mbn(Dfé)/2 1
Chi) < , (8.68)
(a+dv/2 —4al)™ ~ (a+ o2)™
for some constant oo > 0. Hence, the error term in (8.64) becomes
ro NV @G x O b ). (5.69)
' (a+o9)™  (a+o1)™

Note that the parameter o (and €) remain unconstrained. We let o3 > 0 be such that the error
terms in (8.13) and (8.27) satisfy
1 1 2
+ < .
(a+Ba—e)™  (a+Pa/2—2e)™ = (a+oa3)™
Let 0, = min {o; : 0 < i < 3}. Making 7 smaller if necessary, we may assume that an < 1. Recall

the parameter ¢ € (0,1) provided by Lemma 8.7 in the case an < 1. Collecting the error terms
in (8.10), (8.13), (8.27), (8.46), (8.54), (8.69), and Lemma 8.7 and taking e small enough, we obtain

exo(f) 1f1l15
(a+&m)m™ = (a+o)™
Letting Cr denote the implied constant and choosing ¢ > 0 so that ™ > |b|7¢, this estimate
concludes the proof of the first assertion in Theorem 8.2.

In the large critical exponent case, i.e. when (8.66) does not hold, we use the bound in (8.65)
instead. First, we take

(8.70)

ero(R(2)"f) <

n=26. (8.71)

In this case, one checks that by taking x < 1 to be close enough to 1, this choice of 7 satisfies (8.61).
Then, the estimate (8.67) will hold for all large b by taking k large enough and « and e small enough.
Moreover, for our choice of v in (8.23), we have

y—(D—=681—-7v)>0
in this case. Hence, further decreasing a and € as necessary, we obtain
(1+em < 1
(a+ (67— (D —=0)(1=9))/2 —4aL)™ = (a+o2)™
for a possibly smaller constant oo > 0. The estimate (8.70) can also be arranged to hold for a
possibly smaller constant o3 > 0 depending on a.

Finally, in light of (8.53), we see that an > 1 in this case. Thus, Lemma 8.7 implies that we
instead get a resolvent bound of the form

ex,0(f) n £l 5
(a+o)™ (a4 0™

ero(R(z)™f) <

U1 low regularity settings, x will have to be taken small since one cannot do integration by parts many times as in
Proposition 8.13 to compensate for a choice of x close to 1.
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for some constant o4 > 0. Since e o(f) < || f|l; 5, making o, smaller if necessary proves the second
assertion of the theorem, which is a stronger bound than the bound in the first assertion.

We note that our choice of o, depends only on the critical exponent § and the ranks of the cusps
of I' (if any) through its dependence on Ay and A.

Remark 8.15. It is worth noting that the above arguments allowed us to avoid issues related to
the mismatch in the doubling exponents A and A in Proposition 3.1 in the case the manifold has
cusps.

9. TRANSVERSE INTERSECTIONS AND SMOOTH CONDITIONALS

In this section, we provide the proofs of the auxiliary results stated in Section 8 pertaining
the conversion from the Patterson-Sullivan conditionals to integrals against the Lebesgue measure;
namely Proposition 8.9 and Lemmas 8.10 and 8.11.

9.1. Transverse intersections and Lebesgue Conditionals. Proposition 8.9 follows at once
from the following lemma.

Lemma 9.1. Let 0 < r < 1 and ¢ in the unit ball of CL(N,") be given. For ally € Ny Q, t >0
and p € 77]0, we have

/N+ ¢(n)(pf)(gimy) dpyy = P~ ¢>( )Zp(giny)dn + O(e™ (re;) 2+ )ewo (FV () (N,

where D = dim NT and Ay is given in (3.1).

Proof of Lemma 9.1. We begin by proving an analog of (8.32), rewriting the integral as a sum of
integrals over strong unstable leaves. We let N, (¢) denote a neighborhood of N, defined by the
property that the intersection

B, N (Ad(ge) (N, (1)) - 9ey)
consists entirely of full local strong unstable leaves in B,. We set ¢i(n) = ¢(g—ing:), Ar :=
Ad(g:)(N;F(t)), and denote by W, ; the collection of connected components of the set

{ne A :ngy € B,}.
Let I, be an index set for W, ;. For each W € W, ; with index £ € I,,;, let ny € W C N7 be such
that z, := negry belongs to the transversal T, = P, - y,. Define W := Wn[l and note that
W, =N} (9.1)
in view of our choice of N, (¢). Moreover, since the support of p is properly contained in B,,, setting

pe(n) == xw,(n)p(nx,), Vne NT, (9.2)

we see that py is in fact a smooth function on N*. Finally, since y, € Nl_/QQ and xp € T), cf. (8.33),
we see that
xp € Ny Q, (9.3)

where we used the fact that p € PJQ.
Changing variables using (2.3) and (2.4), since pF is supported inside B,, it follows that

/N " o(n)(pf)(geny)dpy = /N ‘o &(n)(pf) (geny)dpsy = e > / n)(pf)(ngy)dpg,,

WeW,

o0t Z / (nng)pe(n) F(nxe) du,.
Eelpt
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Since ¢ has C' norm at most 1 and each W, has diameter tj, where ¢; denotes the radius of B,,
we obtain

lpe(nng) — pr(ng)| < e ey, Vn € Wy, (9.4)
where we used the fact that Ad(g;) expands N1 by at least ef. Hence, since p has C! norm O(y; b,
we see that the function

n = pe(n)(pr(nng) — i(ne))
has C! norm < e~*. Hence, by definition of the coefficient ey o, we obtain

] [ tmmpdm F(nze) dus, — ) [ pen) Flne) dus,| < e tenol £V G, (ND), (09

where we used (9.3). To estimate the sum of the above errors, we note that Propositions 3.1 and 4.3
yield

—A —A
Vwout, (V) < o>V ot (W) < o> [ V(o) dt,
W,
Reversing our changes of variables, and using Theorem 4.1, along with positivity of V', we obtain

ey /W V(nay) dptl, < /N+ V(gimy) dpsy < (e7P'V (y) + Dpg(NT) < V(y)us(N),  (9.6)
lely s ¢ 3

where we used the fact that V(-) > 1 on bounded neighborhoods of Q, N;F(t) C N5, and the
doubling estimates of Proposition 3.1.
These estimates, together with the definition of .%, in (8.42), yield

/ S o) )ity = 3 ulme) [ Fyfnag)dn + 0l ero )V N

lely neWe

Note that .%,(nx,) is constant as n varies in W,. Using (9.4) and the same argument as above, we
can put yy back inside the integral to get

S euln) / Fp(n)dn = 3 / _,, £ulnne) Zynarn -+ (™! > Jewo )V (i (NT).

tel,, neWwy tel,,

Finally, we note that the Jacobian of the change of variables n — Ad(g:;)(n) with respect to
the Haar measure is e"P!. Thus, reversing our change of variables to integrate over Nf , but
with respect to the Haar measure in place of uy, and using the estimate ,uZ(Nf') < T*AU@‘(Nﬁ)
supplied by Proposition 3.1, we obtain the lemma.

O

9.2. Transverse regularity. In this section, we give estimates on the regularity of .%#, which
imply Lemmas 8.10 and 8.11. The main step in the proof is the following lemma.

Lemma 9.2. For all p € 73 u~ € N1/10

| 7o ()] <k 5 INp| " eno(NIV (yp)py, (N,
| Fo(u™y) — Fp(y)| < dist(u™ TN g (NV () £l -

Proof. Since .%, is supported in B,, we may assume that y € B,. Since .%#, depends only on the
transversal coordinate in B,, we may further assume y € 7).

Since p has C* norm O(L;k), cf. (8.20), we obtain by definition of the seminorm ey that
|70 ()| < [N, e e o(F)V () (N,). (9.7)

and y € X, we have
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Similarly to (8.52), using the doubling results of Proposition 3.1, we further obtain
py(NS) =y (NS), Yy €T, (9-8)

Here, we use the fact that T, C N, -{ since p € P]Q so that y, € N Q. Moreover, since y and y, are
at a uniformly bounded distance apart, Proposition 4.3 gives that V' (y,) < V(y), thus concluding
the proof of the first estimate.

For the second estimate, we note that since the support of p is properly contained inside B, we
may replace u~ with an element closer to identity if necessary so as to ensure that both y and v~y
belong to B,. We may further assume that y (and hence u~y) belongs to T}, so that

[ Fo(u™y) = Foy)l = NS

[ enw ity = [ (on)m) o).

P p

Recall that p.(n) := p(nm)XN;r (n) is in fact a smooth function on Nt with C! norm < Ljfl;

cf. (9.2) and the discussion preceding it. Arguing similarly to the proof of Proposition 6.6, there is
amapp : Nf' — P~ = M AN~ such that changing variables via weak stable holonomy, denoted
®, yields

[ oDty dutey ) = [ oo Fuy) dii () = [ (@7 ) F @ (n)n)T2(0) i,
N,

P

where J® is the Jacobian of ®; cf. (2.9). In particular, we have for all n € N1+.
dist(p~ (n),Id) < dist(u",1d).
Recalling (2.9) and (8.20), we have that

lo-llgo s 1 ®lgo < 1, 7@ — 1 go < dist(u™, 1d).
Hence, in view of (9.7) and following a similar argument to the proof of Proposition 6.6, we obtain
| Zp(u™y) — Fp(y)| < dist(u™, )N | g (NOV () 1]
Here, we are using the fact y belongs to N:;/ 4§2. Indeed, this follows since y, belongs to N, /29 and
y belongs to T),. The desired estimate now follows since pg(N;)V (y) =< py, (N,5)V (y,); cf. (9.8).

0

This lemma yields the following immediate corollary by reversing the argument in Lemma 9.1.
The corollary is a slightly stronger version of Lemmas 8.10 and 8.11.

Corollary 9.3. Forall0 <r <1, p€ 77 u” €N 0 Y E Nf/QQ and t > 0, we have

/107

([ \F )P dn <o eno PV NT) X V()

r

[ 1 umy) = Fgm)] dn < dist (™ TG L7 NV )

1

Proof. Recall the notation in the proof of Lemma 9.1. Then, changing variables and arguing as in
the proof of the lemma, we obtain

e(Da)t/ |\ Z,(giny) > dn < e 5t/ |7, (giny)|? dn = e~ ot Z / »(nae)|? dn.
Nt lelyt

Note that the first inequality follows by non-negativity since Ad(g:)(N,F) C A;.
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Recall that N;“ = W, for all ¢; cf. (9.1). Hence, by Lemma 9.2, we obtain
1l dn << (15 eV (o, (7))
4

< ool P, (W) [ V(o) dt (o),
4

where we also used the fact that V' (y,) < V(z) for all z € B,; cf. Proposition 4.3. Using the formula
for the measures p¥ in (2.2) and Lemma 4.8, we see that

i, (W) << DH00) < /()75

where o is our fixed basepoint. Here, we also used the estimate V(z¢) < V(y,).
To estimate the sum of this estimate over ¢, we argue as in the proof of (9.6), using the integra-
bility of V2 provided by Theorem 4.1 and Remark 8.1, to obtain

ey / V2 (nae) dult, < VZ(y) s (N7).

tel,,

For the second estimate, arguing as above, we obtain via Lemma 9.2

e(D—J)t/+ |7, (u™ giny) — F,(giny)| dn = e~ Z / | Zp(u"nxy) — F,(nay)| dn
N1 eelpt

< dist (™, Td); (£l x e Y pl, (W) V (o).
Ee[pt

The second estimate then follows by (9.6). O

10. COUNTING AND UNIFORM NON-INTEGRABILITY

In this section, we provide the proofs of Propositions 8.12 and 8.13, thus completing the proof of
Theorem 8.2. The key property that we use for the proof of the latter result relies on the uniform
joint non-integrability of these foliations.

10.1. Counting close pairs and proof of Proposition 8.12. The idea of the proof is the same
as that of [Liv04, Lemma 6.2].

Recall our definition of the points z, ¢ in (8.34) and of Ny (j) in the paragraph above (8.31). For
each ¢ € I, ;, fix some uy € N;"(j) C N5 such that

Tpo=9'pf -x, Py =g, U (10.1)

Here, we are using that the groups A = {g;} and M commute. Denote by PT the parabolic
subgroup NTAM of G. Since M is compact, |t,,| < 1, and N;"(j) is contained in N3, there is a
uniform constant C' > 0 such that

{pf:tel,;} c P, (10.2)

where Pcf denotes the ball of radius C around identity in PT.
Let €(fy) denote the set of £ € I,; such that ({o,¢) € C, j(r). Recalling the definition of the
Carnot metric in (2.7), the definition of C,, j(x) implies that

d - - b—n’ R= R’
N— (np,€7 np,fo) < b_’i/Q, A=CH,OQ,
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since n,, = 0 in the real hyperbolic case. Set e = b™" in the real case and € = b=%/2 in the other
cases. Then, we can find 4, € N, such that ¢"p/ -2z = 4, ~ngZ) -z for all £ € €(¢y). In particular,
for t, := y(w + jTp) and u; = Ad(g”)"!(ay ), since g7 = g, by (8.24), we have that

pir=u, 'pZ)l‘ € N, -pjox, Ve € €(4p). (10.3)

Our counting estimate will follow by estimating from below the separation between the points pzx,
combined with a measure estimate on the ball N, _- ngx.

To this end, recall the sublevel set K; and the injectivity radius ¢; in (8.19). Recall also by (8.14)
that = belongs to K. It follows that the injectivity radius of the weak unstable ball Pg T is > 1.
This implies that there is a radius r; with ¢; < r; < ¢; such that for every ¢ € €(¢), the map
n-—n" -pja? is an embedding of N,,_j into X and the disks

{N,Tj pfrile (’1(50)}

are disjoint. Recalling (10.3), it follows that the disks N,Tj u, form a disjoint collection of disks

inside N, oy In particular,

M;Z—Ox<Ne_t*6+Lj>

#&(4) <

. _ RN
mlnfé@(fo) M;j a?(NTj : u( )
0

where p§ denote the Patterson-Sullivan conditional measures on N, defined analogously to the
unstable conditionals in (2.2).

Fix some arbitrary ¢ € €({y) and recall (10.1) and (10.3). Then, changing variables using (2.4)
and (2.3), the doubling results in Proposition 3.1 imply that for ¢ = 2(e’*e + ¢;), we have

5. (NT -u, s - - - A
'up?ox( ¢ ) ’up?m(NC ) e, (Nw) < (6+€ t*Lj> : < <6t*6L-_1 - 1)A+
; .

g (N ) g () o, (N2,

e ter;
Py x

To conclude the proof, note that u, is at distance at most el*e from identity so that

N, CN2_ (I

etxeti; = etretij)
J J

The result now immediately follows if AL <1 and by Hoélder’s inequality otherwise.

10.2. Explicit formula for the temporal function. In this section, we give explicit formulas
for the commutation relations between stable and unstable subgroups of G. These formulas will be
used in obtaining estimates on oscillatory integrals involving the temporal functions 7, in the proof
of Proposition 8.13.

Let & =R, C or H. Consider the following quadratic form on 841: for z = (z;) € V,

Q(x) = 2Re(Zoxy) — |:l71|2 — = \:Ud_1|2.

Then, we can realize G as the orthogonal group Og(Q); i.e. the subgroup of SL(R4*!) preserving
Q. We take

A= {gt = diag(e’, Ig_1,e ") : t € R} ,
where I;_; denotes the identity matrix in dimension d — 1. Denote by M the centralizer of A inside
the standard maximal compact subgroup K = O(n; R) of G.

For u € A™, viewed as a row vector, we write u! for its transpose and u for the component-wise
conjugate. We let ||u||* := u - @!, and u - @' denotes the standard Euclidean dot product. Hence,
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NT takes the form

L ow el
Nt=<{nf(u,s):=10 1, ut cue R4l seImi . (10.4)
0 O 1

The group N~ is parametrized by the transpose of the elements of Nt follows
N~ = {n_(u, s) = (nT(u,s))t rue R s e Imﬁ} .

Note that the product map M x A x NT x N~ — G is a diffeomorphism near identity. In the
above parametrizations, given ¢ € R and small enough u,v € 841 and r, s € ImR, we would like
to find the A component of the matrix n~ (u, s)g:n™ (v, 7), in its unique decomposition as mau™u~,
for some u™ € NT,u~ € N~,a € A,m € M. Explicit computation shows that the top left entry of

n~(u,s)n™ (v,r) is given by
2 2
1+u-v+ s+7”uH r+7”vH
2 2 ’
Thus, letting

2 2
7(t, (v,7)) =t + log Re (1 +etu-v e (s + Hl;”) (r + HT;”)) , (10.5)

we see that the A component of n™(u, s)gn™* (v,r) is given by g« (v,)). The function 7(t, (v, 7))
in (10.5) is known as the temporal function.

The above constructions do not work for the Octonions O due to non-associativity. In this case,
we will reduce the computations to the case G = SU(2,1) or SLa(R).

10.3. Oscillatory integrals and proof of Proposition 8.13. Fix (¢1,¢3) € S, j(k) and let
w1,2(t7 n) = ¢p,€1 (ta n)¢p,€2 (ta n)

We wish to estimate

//+ e~ e (=T, (M) o (¢, ) dndt.
RJN

We can interpret this integral as taking place over the (local) weak unstable manifold of .
Moreover, by definition of the identity neighborhood W, C N*, the integrand is supported inside
W,; cf. (8.49). Recall the change of variables map ®; in (8.48), which we viewed as a strong stable
holonomy map from the weak unstable manifold of x, ¢ to that of y,. It is convenient to reverse the
change of variables @, to integrate over Wy, instead of W,. We do so by composing the integrand
with ®, * (which is well-defined on R x W) to obtain

/ / =ib(rey ()=t (M)ap o (¢, ) dndt = / / TR (8, 0) SO () dndt,
W, N+

where J®;, is the Jacobian of the change of variables with respect to the Haar measure and

P12 =120 Py, To(n) = 74, 0 Py,

Fix some ¢t € R in the support of 11 2. It will also be convenient to use the Lebesgue measure
on the Lie algebra nt := Lie(N ™) instead of the Haar measure dn. Let dx denote the Lebesgue
measure on n", which is induced from some fixed volume form on G. Denote by Jy the Radon-
Nikodym derivative of the pushforward of dn under the inverse of the exponential map with respect
to dx. Hence, we can rewrite the above integral as
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/N+ ib72(n ¢12(t n)J@ ( ) dn = /+ eibﬁ(w)@;l,z(t, J;)J(I)E_ll(l‘)Jg(l’)d.T}, (10.6)

where we suppress the implicit composition with the exponential map.

The next step is to select a convenient line in n™ to compute the integral over, and estimate triv-
ially in the other directions. Recall that n* and n~ := Lie(N ™) are parametrized by 84! @ Im(8);
cf. Section 10.2. We also recall the elements n,, € N~ which were defined by the displacement of

the points x,, from y, along N~ inside the flow box B,; cf. (8.34).
Let u € 897! and s € Im(8) be such that

(n,0,)"" g, =07 (u,5). (10.7)

First, we suppose that 8 = R, C, or H so that we may use the formula for the temporal function
n (10.5). For x = (v,7) € n™ which is close enough to the origin, we have by (10.5) that

2
To(z) =t +log Re (1 +etu-v+e <s+ Hu2|| > <r+ HUQH )) .

Moreover, by definition of S, j(x), we have that either [ju|| > b™" or ||s|| > b™". In the first case,
set 4 = u/ ||ul| and y := (4,0). In the case where ||s|| > 07", we let § = §/||s]| and y := (0, §). On
the support of our integrals, we have'? the following elementary estimate in both cases:

|0y To(w)| > b7". (10.8)

Fix some ¢t and note that the function

a(z) = (L, x)J@le () Jo(z)

is C* with norm satisfying

lallermey = Hﬂ}lz )J®, o <

- 2(t.)]
where the second inequality follows since the support of ng(t, -) is uniformly bounded in all param-
eters, and the Jacobians J <I>Zl1 and Jy have C* norms <, 1 near the origin. Hence, recalling (8.38),
we get,

Ck(nt)’

llallor ey <k ¢; “2Rp2k, (10.9)

We wish to perform integration by parts k times. Denote by M the operator on C°(n*) given
by multiplication by 1/0,7> and let T' denote the operator d, o M. Then, we observe that

ibta () _ ibfa(x) a(z)
/n+ e a(x) dz /ﬂ+ e Oy <ib8y%2(:1:) dx

— (—ib)* / PO a) (@) da < MW HTk(a)’ .

The following elementary lemma provides the desired estimate on HTk(a)
proof in the case R € {R,C,H}. Its proof is given at the end of the section .

Hco and concludes the

Lemma 10.1. We have the following bound on T*(a):

HTk(a)HC <k 1] —2k 2k phn

12Up to scaling down the radius of our flow boxes by an absolute amount if necessary so that 72(w) is well-defined
on such supports.



58 OSAMA KHALIL

Now, suppose £ is the Octonion algebra Q. Denote by 6 a Cartan involution of the Lie algebra
g sending w to —w, where g; = exp(tw). In particular, 6 sends n™ onto n~. Let (u,s) € n~ be as
in (10.7). If either u or s is 0, then setting f equal to the non-zero component, one verifies that
(f,w,0(f)) span a Lie subalgebra b C g which is isomorphic to sly(R). Indeed, note that f and 6(f)
are both eigenvectors for ad(w) with the same eigenvalue. Moreover, Y := [f, 8(f)] has eigenvalue
0 with respect to ad(w) (i.e. Y commutes with w), while §(Y) = —Y. This implies that Y is a
(non-zero) multiple of w and completes the verification of the isomorphism b = sly(R).

If both u and s are non-zero, then the subalgebra b generated by u, s, 6(u), and 6(s) is isomorphic
to su(2,1) by [Hel78, Theorem IX.3.1]. Moreover, h contains w by the argument in the previous
case. In either case, the formula (10.5) holds along h N n™, so that we may pick the direction y
inside h N n* and carry out the estimates as above.

Proof of Lemma 10.1. To estimate HT’“(a)HCo, for each 7 € N, let Cj(n™) denote the space of O
functions h on n™ so that dyh is continuous. We endow this space with the usual C" norm but

where we only measure derivatives using powers of the operator d,. Then, we note that the Leibniz
rule (cf. (6.2)) gives

o, < e, <ol

Tk_l(a)Hc; '

Thus, estimating HT’“*l(a)HC1 < HM(T’“*Q(a))HC2 and continuing by induction, we obtain
Y Y

~ =11k A N—11k —
|74 @]) , < @072 ley Nalor < [[@2) ™ ey x 12 m?,
where the last inequality follows by (10.9).
It remains to show that H(ayf'z)_lH or <k b". Indeed, the bound on the C% norm follows
Yy

from (10.8). Fix aline L = v+ R -y C nt. Let g(t) := 9y72(v + ty) and f(¢) := 1/t. Then, it
suffices to show that f o g satisfies the desired bound (on the subset of ¢ € R where v + ty belongs
to the support of the integrals in question). The latter estimate then follows readily from Faa
di Bruno’s formula for derivatives of composite functions. In fact, the formula shows that all the

higher derivatives are O(1), using the explicit shape of 7.
]
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