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Proof Becaused € S, As = Bsanda & Bs. Let a = s5(x1,..., 25,91, -, U1)
where s is a Skolem term, T € J.s5, and § € J\ J<;5. Note that | > 0 because
a ¢ Bs. Choose x € Jo5 and y € Js such that x > sup{c, z1,..., 2z} and
y <wy; fori=1,... 1. By indiscernibility, if ¢; < ... <ipand j1 < ... < jn
are two sequences from J with o < iy,5; and in, j, < y, then t5(¢,7) < a
if and only if t5(¢, j) < a.

Because 4 is a limit point of S, we can find o < § with a € S such that
x < dq1 and dg , < y. But then t3(¢,dy) = aq < a and hence t3(z,7) < a
for all j1,...,jneJwithe <ji1 <... <jn <y.

Finally, we will exploit the fact that because § € 5, Is = w* and J5 = wy.

Lemma 5.3.18 4) If j1,...,jn € Js and j1 < ... < jn, then t5(¢,7) > a,
for a € S with a < 6. B
ii) There are j1 < ... < jn in Js such that t3(¢,j) < a for all a € I5.

Proof
i) Because § € S and a < §, d, € Bs. Because, by Lemma 5.3.11 i),
BsNJ=Jcs, dsa &Z Js. Thus don <ds.
Because
ae = t5(¢,dy) < t5(z, ds),
by indiscernibility
ao = t53(¢,dy) < t8(C, 7).

ii) Let z9 > 21 > ... be a cofinal descending sequence in I5. For each 1,
we find z; € Jos and y; € Js such that t5(¢,7) < z; for all ji,...,5, € J
with x; < j1 < ... < jn < yn. Because J5 has order type wi, we can find
J1s--+5Jn € Js such that z; < j1 < ... < j, < y; for all ¢+ < n. Thus,
tB(Z,7) < a; for i = 0,1,2,.... Thus, t3(¢,7) < a for all a € I;.

Thus, there is an element of M that is above all of the elements of I
but below all of the elements of I5. Because A is the Skolem hull of I,
this violates Lemma 5.3.11 ii). Thus, M4 and M?% are not isomorphic as
L-structures.

In this proof, we needed x > R; so we could use the ordering wi and still
have |A,| < k. More care is needed to prove the theorem when x = N;.

5.4 An Independence Result in Arithmetic

Godel’s famous Incompleteness Theorem asserts that there are sentences ¢
in the language of arithmetic such that ¢ is true in the natural numbers
but unprovable from the Peano Axioms for arithmetic. Indeed, for any con-
sistent recursive extension T of Peano arithmetic, we can find a sentence
that is independent from T'. The original independent sentences were self-
referential sentences that asserted their own unprovability or metamathe-
matical sentences asserting the consistency of the theory. People wondered
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whether the independent statements could be made more “mathematical.”
In the late 1970s, Paris and Harrington [72] showed that a slight variant
of the finite version of Ramsey’s Theorem is true but unprovable in Peano
arithmetic. The proof is an interesting application of indiscernibles.

We begin with the combinatorial statement.

Theorem 5.4.1 (Paris—Harrington Principle) For all natural num-
bers m, k,m, there is a number | such that if f : [l|™ — k, then there is
Y C 1 such that Y is homogeneous for f, |[Y| > m, and if yo is the least
element of Y, then |Y| > yo.

Proof We argue as in the proof of the finite version of Ramsey’s Theorem.
Suppose that there is no such I. For | < w, let T, = {f : [{0,...,] = 1}]" —
k : there is no Y homogeneous for f with |Y| > m, minY}. Clearly, each
T; is finite, and if f € T;41 there is a unique g € T} such that g C f. Thus,
if we order T' = |JT; by inclusion, we get a finite branching tree. Because
each T; is nonempty, T is an infinite finite branching tree and by Konig’s
Lemma there is fo C f1 C fo C ... with f; € T;.

Let f = |Jfi. Then f : [N]* — k. By Ramsey’s Theorem, there is an
infinite X C N homogeneous for f. Let z; be the least element of X,
and choose s > x1,m. Let x1,...,x; be the first [-elements of X and let
1> 2. Then, Y = {z1,...,2;} is homogeneous for f; and |Y| > m, minY’,
a contradiction.

Although the proof above is only a minor variant of the proof of the
finite version of Ramsey’s Theorem, the use of the infinite version of Ram-
sey’s Theorem is in this case unavoidable. We will show that the Paris—
Harrington Principle cannot be proved in Peano arithmetic. The approach
we give here is due to Kanamori and McAloon [48].

Definition 5.4.2 Let X C w. We say that f : [X]" — w is regressive if
f(A) < min A for all A € [X]™. We say that Y C X is min-homogeneous
for f, if whenever A, B € [Y]"™ and min A = min B, then f(A) = f(B).

If a < b, we let (a,b) and [a,b] denote {x:a <z <b}and {x:a <z <
b}, respectively.
We will consider the combinatorial principle.

() For all ¢,m,n,k, there is d such that if fq,...,fx : [d]* — d are
regressive, then there is Y C [¢,d] such that |Y| > m and Y is min-
homogeneous for each f;.

We will show that (x) is true but not provable in Peano arithmetic. We
begin by giving a finite combinatorial proof that (x) follows from the Paris—
Harrington Principle. This proof can be formalized in Peano arithmetic.
This tells us that not only is (x) true but also if it is not provable in Peano
arithmetic, then neither is the Paris-Harrington Principle.
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Lemma 5.4.3 For all c,m,n, k < w, there is d < w such that if g : [d]™ —
k, then there is a homogeneous set Y C [c,d) with |Y| > m 4+ 2n, min Y +
n+ 1.

Proof By the Paris—Harrington Principle, there is a d such that for any
partition A : [d]™ — k + 1 there is a homogeneous set Z with |Z] > ¢+
m+2n + 1, min Z. Given g : [d]" — k, we define h : [d]® — k+ 1 by
h({a1,...,an}) =k if some a; < ¢+ n + 1; otherwise,

h({a1,...,an}) =9g({a1 —n—1,...;a, —n—1}).

Let Z be a homogeneous set for h with |Z] > ¢+ m + 2n + 1,min Z.
Because |Z] > ¢+ m +2n + 1, we can find a1, ...,a, € Z such that each
a; > c+n+ 1. Then h({a1,...,an}) # k and we must have h(A) # k for
all A € [Z]™. Thus, every element of Z is greater than or equal to c+n + 1.
Let Y ={a—n—-1:a € Z}. Then Y C [¢,d) is homogeneous for g and
Yi=|Z|>c+m+2n+1,minZ. But minZ =minY +n+ 1.

Lemma 5.4.4 For all ¢,m,n, k, there is d such that, if f1,..., fr: [d]" —
d are regressive, then there is X C [e,d) such that |Y| > m and X is
min-homogeneous for each f;.

Proof By Lemma 5.4.3, there is a d < w such that for all g : [d]"T! — 3F,
there is Y C [¢, d) homogeneous for g with |Y| > m 4+ n,minY +n + 1.
Suppose that f1,..., fr : [d]* — d are regressive. For ¢ < [, define g; :

[d]"*1 — 3. Suppose that as follows: if A = {ao,...,an} where ag < a1 <
... < an, then
0 if fi(ao,a1,...,an-1) < fi(ao,as,...,a,)
gz(A) = 1 lf fi(ao,al,...,an,l) :fi(ao,ag,...,an)
2 if fi(ao,al,...,anfl) >fi(a0,a2,...,an).

Let g : [d]™ — 3% by g(A) = (91(4),...,q/(A)). By Lemma 5.4.3, there is
Y C (¢,d) homogeneous for g with [Y| > minY 4+ n + 1, m + n. Clearly, Y
is homogeneous for each g;. Let yo <41 < ... <yslist Y. For j=1,...,5—
n+1,let @; = (yj,Yj+1,- -, Yj+n—1). Because f; is regressive f;(vo,a;) < yo
foreach j <s—n+1.But s+1=Y|>yo+n+1. Thus s—n+1>yo+1.
Thus, we must have f;(yo,a;) = fi(yo,a;) for some j # I. Because Y is
homogeneous, the sequence f;(yo,@1), fi(y0,@2),- -, fi(Y0, @s—n+1) is either
increasing, decreasing, or constant. At least two values are equal. Thus, they
must all be equal and g; is constantly zero on [Y]"F1.

Let 21 < ... < z,_1 be the largest n — 1 elements of Y, and let X =
Y \ {z1,...,2n}. Because |[Y| > m + n, |X| > m. We claim that X is
min-homogeneous for each f;. Suppose that 1 < x5 < ... < z,. Then
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filzr, 2, .. xn_1,2) = fi21,23,...,20-1,21)
= fi($17x4,.-.,21722)
= filzi, 21,05 Z0-1).

But the same argument shows that if ys,...,yp,—1 € X with z; < y2 <
.. < Yp—1, then

filxr,y2, s yn—1) = filzr, 21,0 2n1) = filxr, 22,00, Tpo1, ).
Thus, X is min-homogeneous for each f;.

The independence proof will use a strong form of indiscernibles. Let
I' be a finite set of formulas in the language of arithmetic and M be
a model of Peano arithmetic. We say that I C M is a sequence of

diagonal indiscernibles for T' if whenever ¢(u1,...,Um,v1,...,0,) € T
Ty Ty Ylye--yYn €L With zp <21 < ... <z and zg < y1 < ... < Yy,
and ai,...,a;, < o, then

M ':(b(a,.’lil,...,wn) (_>¢(67y17"'7yn)'

We first show how the combinatorial principle () allows us to find sets
of diagonal indiscernibles in the standard model N.

Lemma 5.4.5 For anyc,l,m,n and formulas ¢1 (w1, ..., U, U1y ., Un), ..,
o1(ut, ..., ug,v1,...,0,) in the language of arithmetic, there is a set I of
diagonal indiscernibles for ¢1,...,¢; with |I| > m and min I > c.

Proof We may assume that m > 2n. By the Finite Ramsey Theorem,

we can find w such that w — (m + n)?}:fl By (*), we can find s such
that whenever fi,..., fr : [s]*"™1 — s are regressive there is Y C [c, s)
with |Y| > w and Y is min-homogeneous for each f;. We define regressive
functions f; : [s]*"T! — [ for j = 1,...,k and a partition g : [s]*"T! — [+1
as follows. Let X = {xg,...,22,} where g <1 < ... < X2, <. If

(bi(a, T1,... ,Jin) — ¢i(a7 Tpdly - ,Tzn)

for all ¢ < [ and aq,...,am < o, then let f;(X) = 0 for all j and let
g(X) = 0. Otherwise, let g(X) =i and (f1(X),..., fr(X)) = @ be such
that

gbg(X)(E, Xlyeney Tn) ¥ ¢g(X)(E, Tt 1y« -+, Tan)-

Because each function f; is regressive, thereis Y C [¢, s) min-homogeneous
for each f; with |Y| > w. By choice of w there is X C Y and ¢ < k such
that |X| > m +n and g(A4) =i for A € [X]?H1L.
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Suppose that ¢ > 0. Because m > 2n, |X| > 3n. Thus, we can find
xo <1 <...< T3, in X. Because X is min-homogeneous for each f;, we
can find a; < xg such that

a; = fj(xf)axlu"'ux?n)
= fj(l‘o,l‘l,...,$n,$2n+1,...,$3n)
= fj($07$n+1,...,172n).

Let @ = (a1, ...,ar). But then,
¢i(6,m1,...,xn) 74>¢i(67wn+1,...,:v2n),

(bi(avxla s ,In) <7L> d)l(aa Ton+1y .- - 7$3n)
and
¢i(a7 Tn41y--- 7$2n) (7L) ¢l(a7 Loan+1s-- - 7$3n)-

But this is impossible because at least two of the formulas must have the
same truth value. Thus ¢ = 0.

Let 21 < ... < z, be the n-largest elements of X and let I = X \
{#z1,...,2n}. Then, |I| > m and we claim that I is the desired sequence
of diagonal indiscernibles. If g < z1 < ... < z, and y; < ... < y, are
sequences from I with zg < y; and a < xg, then for any i < k,

¢i(a7w17' o ,(En) A ¢i(aazl7" -7277,)

and

@i(@ Y1, -y Yn) < 0T 21, ..., 2n).
Thus

¢i(@ 21, ..., xn) < Gi(@ Y1, Yn)
and I is a set of diagonal indiscernibles.

Note that aside from appealing to the Paris—Harrington Principle in the
proof of Lemma 5.4.3, the three proofs above are straightforward finite
combinatorics that could easily be formalized in Peano arithmetic.

We will look for diagonal indiscernibles for a rather simple class of for-
mulas.

Definition 5.4.6 The set of Ag-formulas is the smallest set D of formulas
in the language of arithmetic such that:

i) every quantifier-free formula is in D;

ii) if ¢,¢ € D, then ¢ A, ¢V 1, and —¢ are in D;

iil) if ¢ € D and t is any term, then Jv < ¢ ¢ and Vo < t ¢ are in D.

For example, if ¢(x) is Vo < z Yw < 2 vw # x is a Ag-formula defining
the set of prime numbers. The next lemma is an easy induction on formulas
that we leave to exercise 5.5.12.
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Lemma 5.4.7 Suppose that M is a model of Peano arithmetic and N C
M is an initial segment of N (i.e., if a € M, b € N, and a < b, then
a € N). If (V) is a Ao-formula and @ € N, then M |= ¢(@) if and only if
N E ¢(@).

Diagonal indiscernibles can be used to find initial segments that are models
of Peano arithmetic.

Lemma 5.4.8 Suppose that M is a model of Peano arithmetic and xo <
x1 < ... is a sequence of diagonal indiscernibles for all Ag-formulas. Let
N={yeM:y<uz for somei < w}. Then, N is closed under addition
and multiplication, and if N is the substructure of M with underlying set
N, then N is a model of Peano arithmetic.

Proof Suppose that i < j < k <land a < z;. If a + z; > z, then we
can find b < a such that b 4+ z; = x;. By indiscernibility, b + z; = z;, so
xy = w7, a contradiction. Thus a + x; < xj. It follows that N is closed
under addition. Indeed z; 4+ z; < x.

Suppose that i < j < k < [. We claim that ax; < z;, for all a < z;. If
not, then, by induction, we can find ¢ < z; such that az; < zj < (a+1)x;.
By indiscernibility, z; < (a + 1)z;. But, adding x; to the first two terms,
we see that (a+1)x; < x +z;. By the remarks above, z +z; < x;. Thus,
z; < (a+ 1)z; < 27, a contradiction. Thus ax; < zj. It follows that A is
closed under multiplication.

Next, we show that truth of arbitrary formulas in A can be reduced to
the truth of Ag-formulas in M.

Suppose that ¢(w) is the formula Jv1 Voo Jvs . .. Jv, (W, v1, . . ., vy), where
Y(w,v) is quantifier-free. By adding dummy variables, every formula can
be put in this form. Let @ < x;.

Because the sequence zg < x1 < ... is unbounded in I, then N |= ¢(a)
if and only if Fiqy > iVig > dq... 3y > dp_1 :

N E T < zi,Vvo < oy, ... v, < x5, (@, 01,0 ,00).
By Lemma 5.4.7, A b= ¢(@) if and only if 3i1 > i Vig > i1 ... Jin > in_1 :
MEFuy < 24, YVe < 24y ... oy < 24, P(@,01,...,0p).
By diagonal indiscernibility, N = ¢(@) if and only if
ME i < zi41Voo < miyo ... vy < Tign (@, v1, ..., 0,).

Next, we show that induction holds in V. Let ¢(u, w) be a formula in the
language of arithmetic. Suppose that @,b € N and N |= ¢(b,a). Choose i
such that @,b < z;,. If ¢ is Jv1Vos ... Jv, ¥(u,W,T) where ¢ is Ag, then,
by the analysis above, if 1 < i1 < ... < i, then for ¢ < x;

N E ¢(c,a) & M |E Ty <z, Yoo <z, ... Jv, < x5, P(c,aT01,...,0,).
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Because induction holds in M, there is a least ¢ < x;, such that N |=
¢(c,a). Thus, N is a model of Peano Arithmetic.

To prove the independence of the Paris—Harrington Principle from Peano
arithmetic, we will assume familiarity with formalizing finite combinatorics
and syntactic manipulations in arithmetic via coding. We summarize what
we will need and refer the reader to [50] §9 for more complete details.

There are formulas S(u), l(u, v), e(u, z) in the language of arithmetic such
that in the standard model S(u) defines the set of codes for finite sequence,
I(u,v) if u codes a set of length v, and e(v,u,?) if v is the ith element of
the sequence coded by v. All basic properties of finite sets and sequences
are provable in Peano arithmetic. Using these predicates, we can formalize
the Paris—Harrington Principle and (%) as sentences in the language of
arithmetic. We can pick our coding of finite sets such that if X C {0,...,a—
1}, then the code for X is less than 22°.

Next, we use some basic facts about coding syntax in the language of
arithmetic. For each formula ¢, we let [¢] be the Godel code for ¢. There
is a formula Formg(v) that defines the set of Godel codes for Ag-formulas,
and there is a formula Sato(u, v, w) such that Sato(u,v,w) asserts that u
is a code for a Ag-formula with free variables from vy, ..., vy, v codes a se-
quence @ of length w, and the formula with code u holds of the sequence a.
We call Satg a truth-definition for Ag-formulas. All basic metamathemati-
cal properties of formulas and satisfaction for Ag-formulas are provable in
Peano arithmetic.

Theorem 5.4.9 The combinatorial principle (x) and the Paris—Harrington
Principle are not provable in Peano arithmetic.

Proof By the remarks after Lemma 5.4.4, it suffices to show that (x) is
unprovable. Suppose that M is a nonstandard model of Peano arithmetic
and ¢ is a nonstandard element of M. Suppose that M = (x). We will use
Lemma 5.4.8 to construct an initial segment of M where (x) fails.

Because the Finite Ramsey Theorem is provable in Peano arithmetic,
there is a least w € M such that M E w — (3¢ + 1)%T!. Let d € M
be least such that if fi,..., f. : [d]?**! — d are regressive, then there is
Y C (¢,d) with |Y] > w and Y min-homogeneous for each f;.

Using the truth predicate for Ag-sets, we can follow the proof of Lemma
5.4.5 inside M and obtain I C (¢,d) with |I| > ¢ such that M believes I
is a set of diagonal indiscernibles for all Ag-formulas from M with Gédel
code at most ¢, free variables from v, ..., v., and parameter variables from
w1, ..., w.. In particular, I is a set of diagonal indiscernibles for all standard
Ag-formulas.

Let zp < x1 < ... be an initial segment of I, and let N be the initial
segment of M with universe N = {y € M : y < z; for some i = 1,2,...}.
By Lemma 5.4.8, N is a model of Peano arithmetic. Clearly, ¢ € N and
d ¢ N. We claim that w € N. Because the finite version of Ramsey’s
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Theorem is provable in Peano arithmetic, there is w’ € N such that A =
w' — (3c+1)2¢T1. Because all functions from [w']?“T1 — ¢ and all subsets
of w’ that are coded in M are coded in N';, M | w’ — (3c+1)%¢*1. Because
w was minimal, w < w’ and w € N. By a similar argument, if d’ € N and
N E Vfi,.oo, fe: [d]?Tt — d' is regressive, there is Y C (¢,d’) min-
homogeneous for each f; with |Y'| > w. Then, this is also true in M; thus,
by choice of d, d < d'. Because d € N, this is a contradiction. Thus, (x)
fails in A/ and (%) is not provable from Peano arithmetic.

5.5 Exercises and Remarks

Exercise 5.5.1 Show that 6 — (3)% (i.e., if there are six people at a
party, you can either find three mutual acquaintances or three mutual non-
acquaintances).

Exercise 5.5.2 Let £ = {E}, where E is a binary relation symbol, and
let T be the theory of an equivalence relation with infinitely many classes
each of which is infinite. Show that in any M | T we can find infinite sets
of indiscernibles Iy and I such that tp(Ip) # tp({1), but if J is any other
infinite set of indiscernibles, then tp(J) = tp(I;) for i = 0 or 1.

Exercise 5.5.3 Let G be the free group on generators X. Show that X is
a set of indiscernibles in G.

Exercise 5.5.4 Show that if M is k-saturated, then there is I C M, a
sequence of order indiscernibles with |I| = k.

Exercise 5.5.5 Show that, for any countably infinite L-structure M, we
can find (N, : n < w), a descending elementary chain (i.e., Nj+1 < A, for
each n) of elementary extensions of M, such that M = (O, _ N [Hint:
Let Np be the Skolem hull of M and an infinite set of indiscernibles.]

Exercise 5.5.6 We say that a theory T has the order property if and only
if there is a formula ¢(vy,..., vy, w1,...,w,) and M = T with Tq,To, ...
in M"™ such that M = ¢(Z;,7;) if and only if i < j.

a) Show that if ¢ has the order property in 7', then T is not s-stable for
any infinite x. [Hint: Let (A, <) and B be as in Lemma 5.2.12. Find N = T
containing (T, : a € A) such that N = ¢(T,, Tp) if and only if a < b. Argue
as in Theorem 5.2.13 that |S,({Zy : b € B})| > |B|]

b) Show that T" has the order property if and only if there is a formula
YU, w) and M | T with @y,b1@2,by, ... such that T |= 9 (a;,b;) if and
only if ¢ < j.[HiIltZ (:>) Let (ﬁ(ﬁl,ﬁg,ml,wg) be 77/1(51,@2). Let ¢, = (61-,51-).
Show that ¢(¢;,¢;) if and only if ¢ < j. The other direction is even easier.]

Exercise 5.5.7 Let £ = {Uy,Uy,...,Upn, E1,...,E,}, where each U; is
unary and FEj is binary, and let T be the L-theory:



