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Abstract

This dissertation concerns itself with two distinct projects applying homotopical and derived
category techniques to the study of singularities in equal characteristic. The first concerns
maps of commutative noetherian local rings containing a field of positive characteristic.
Given such a map ¢ of finite flat dimension, the results relate homological properties of the
relative Frobenius of ¢ to those of the fibers of ¢. The focus is on the complete intersection
property and the Gorenstein property.

The second concerns derived splinter characterizations of singularities in characteristic
zero. Let X be a normal, excellent, noetherian scheme over Spec Q with a dualizing complex.
In this note, we find an alternate characterization of the multiplier ideal of X, as defined by
de Fernex-Hacon, by considering maps m.wy - Ox where m:Y — X ranges over all regular
alterations. As a corollary to this result, we give a derived splinter characterization of klt
singularities, akin to the characterization of rational singularities given by Kovéacs and Bhatt.
We also give an analogous description of the test ideal in characteristic p > 2 as a corollary

to a result of Epstein-Schwede.
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Chapter 1

Introduction

While smooth varieties have many nice properties, we are often forced to deal with varieties
that are singular. For example, the minimal model program, focused on classifying algebraic
varieties, often identifies a singular variety as the ”simplest” representative of a birational
equivalence class. In moduli theory, it is generally necessary to consider singular objects
when compactifying the moduli space of smooth objects. For example, the compactification
of the moduli space of smooth stable curves requires we include nodal curves. In commutative
algebra, singular rings arise naturally when studying group actions on a polynomial ring or
rings arising from combinatorially from objects such as graphs or matroids.

The methods used to study singularities are often characteristic dependent. In 1964,
Hironaka [Hir64] proved that given a variety X over an algebraically closed field of char-
acteristic zero, there exists a resolution of singularities, that is a birational map mY — X
where Y is smooth. Many classes of singularities in characteristic zero are defined using the
relationship between the variety X and its resolutions of singularities, including terminal,
canonical, Kawamata log terminal (klt), log canonical, rational, and du Bois singularities.
In positive characteristic, resolutions of singularities aren’t known to exist in general and we
are forced to use different tools. A 1969 theorem of Kunz characterizing smooth varieties as
those whose Frobenius endomorphism is flat, so we can instead turn to the Frobenius to
classify singularities.

This dissertation concerns itself with two distinct projects applying homotopical and
derived category techniques to the study of singularities in equal characteristic. In Chapter
3, we discuss homological properties of the relative Frobenius in positive characteristic.
Given a map ¢: R — S of commutative noetherian rings of characteristic p > 0, the relative
Frobenius is the natural map Fg/r:S ®g FxR — F,.S factoring the Frobenius on S. In this
setting, Radu [Rad92] and André [And93| give a relative version of Kunz’s theorem, which
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2 Chapter 1. The First

says  is regular if and only if the relative Frobenius is flat. This was soon modified by
Dumitrescu [Dum96] who showed that if we assumed ¢ is flat, then ¢ is regular if and only
if the relative Frobenius has finite flat dimension.

Our work comes from weakening the assumption that ¢ is flat to simply requiring that ¢
has finite flat dimension. In this setting, we generalize Dumitrescu’s result that ¢ is regular
if and only if the relative Frobenius is finite flat dimension, and prove a similar result for
complete intersection dimension, generalizing a result of Blanco-Majadas [BM98]. We also
discuss a similar result for Gorenstein dimension.

These results rely on studying properties of the Frobenius on the (derived) fiber of the
map R — S, which requires an understanding of simplicial algebras. Chapter 2 is devoted to
this background material, with some additional background on model categories for the sake
of completeness.

In Chapter 4, we study (derived) splinter characterizations of singularitities in charac-
teristic zero. Thanks to the Direct Summand Theorem [And18], we can consider (derived)
splinters as a class of singularities, and work of Kovacs [Kov00| and Bhatt [Bhal2| shows that
in characteristic zero being a derived splinter is equivalent to having rational singularities.
If we consider kit singularities, which are rational, we expect that adding a condition to the
derived splinter property will allow us to characterize klt singularities. If X is a normal
excellent scheme over a field of characteristic zero with a dualizing complex and m:Y — X is
a sufficiently large regular alteration, we show that the relevant condition is requiring that
the splitting Rm.Oy — Ox must locally factor through mg * wy. This follows from a new

characterization of the multiplier ideal in terms of maps m,wy - Ox.



Chapter 2

Simplicial methods in commutative algebra

The purpose of this section is to introduce simplicial rings for commutative algebraists.
Roughly speaking, a simplicial ring can be thought of as a collection of rings { R, }n>0 with
maps between adjacent degrees satisfying certain simplicial identities. This provides a way
of discussing homotopy theory in the setting of rings.

Via the Dold-Kan correspondence, simplicial rings may be related to differential graded
rings, which may be more familiar to commutative algebraists. However, there are often
real reasons to prefer the simplicial to the differential graded setting. In particular, the
Frobenius has a natural definition in the simplicial setting - it’s simply the Frobenius applied
degreewise. In contrast, the p* power map is not a map of differential graded rings, as it is
not degree preserving.

To begin, we will introduce the framework of model categories, introduced by Quillen
in [Qui67]. We will then use the example of chain complexes over a commutative ring to
illustrate these concepts before moving on to simplicial rings. We end with a discussion
of the Dold-Kan correspondence to move between the simplicial and differential graded

settings.

2.1 Model categories

Oftentimes, we are working in a category where there are certain maps that we wish were
isomorphisms. For example, commutative algebraists often want to look at chain complexes
of modules over a commutatitive ring up to quasi-isomorphism and topologists want to
consider (pointed) topoloical spaces up to homotopy equivalence. To rememdy this, one
can formally invert this class of maps, though this risks a poorly-behaved quotient category.
Specifically, the class of maps between two objects may no longer be a set.

Model categories, introduced by Quillen in [Qui67], offer one solution to the localization

3



4 Chapter 2. Simplicial methods in commutative algebra

problem. The localization of a model category is particularly well-behaved, coming with a
clear description of maps between objects and other additional structures that allow us to

use tools from homotopy theory. One particularly important idea is that of lifting:

Definition 2.1.1. Suppose i: A - B and p: X - Y are maps in a category C. We say that 4
has the left lifting property with respect to p and p has the right lifting property with respect

to ¢ if, for every commutative diagram

I
9,

=
el

there is a lift h: B such that hi = f and ph = g.

We now introduce the definition of a model category, following [Hov99] who provides an

updated perspective on the original axioms of Quillen:.

Definition 2.1.2 ( [Hov99| Definition 1.1.3). A model structure on a category C is three
subcategories of C called weak equivalences, cofibrations, and fibrations satisfying the

following properties:

1. (2-out-of-3) If f and g are two composable morphisms of C and two of f, g, and gf are

weak equivalences, then so is the third.

2. (Retracts) If f and g are morphisms of C such that f is a retract of g and g is a weak

equivalence, cofibration, or fibration, then so is f.

3. (Lifting) Define a map to be a trivial (co)fibration if it is both a (co)fibration and a
weak equivalence. Then trivial cofibrations have the left lifting property with respect
to fibrations, and cofibrations have the left lifting property with respect to trivial

fibrations.

4. (Factorization) For any morphism f, f can be factored as a cofibration followed by
a trivial fibration and a trivial cofibration followed by a fibration. Moreover, these

factorizations can be chosen to be functorial.

A model category is a category C with all small limits and colimits together with a model

structure on C.



2.1. Model categories 5

Definition 2.1.3. Let C be a model category. By considering the limit and colimit of the
empty diagram, we will have an initial object and a terminal object. Let X and Y be objects
of C. We say that X is cofibrant if the map to X from the initial object is a cofibration and
we say that Y is fibrant if the map from Y to the terminal object is a fibration. We say that
C is a pointed model category if the map from the initial object to the terminal object is an

isomorphism.

Note that by taking the functorial factorization of the map from the initial object to X,
we get a cofibrant object QX such that the map QX — X is a trivial fibration. We call @
the cofibrant replacement functor of C. Dually, by taking the functorial factorization of the
map from X to the terminal object, we get a fibrant object RX such that the map X - RX

is a trivial cofibration. We call R the fibrant replacement functor.

Remark 2.1.4 ( [Hov99| Lemma 1.1.10). If C is a model category, then a map is a cofibration
(resp. trivial cofibration) if and only if it has the left lifting property with respect to all
trivial fibrations (resp. fibrations). Dually, a map is a fibration (resp. trivial fibration)
if and only if it has the right lifting property with respect to all trivial cofibrations (resp.

cofibrations).

Given a model category C, we can form the homotopy category HoC by inverting the
class of weak equivalences. This gives us a functor 7:C — HoC that is universal in the sense
that any other functor F': C - D sending weak equivalences to isomorphisms must factor
uniquely as Ho(F") oy where Ho(F'):HoC — D.

With some work, we can show that this is equivalent to HoC., HoC¢ and HoC,.s [Hov99,
Proposition 1.2.3]. Here, C. is the full subcategory of cofibrant objects, Cy is the full
subcategory of fibrant objects, and C. is the full subcategory of objects that are both fibrant
and cofibrant. Additionally, HoC is equivalent to 7(C.y) which has the same objects as C.¢
with Homg(c. ) (X,Y) = Home,_, (X,Y)/ ~ where f ~ g if they are right (equivalently left)
homotopic. We have opted not to dive into the notion of homotopy here and refer the reader

to |Qui67, §1.1], [GJ99, Ch. 2], or [Hov99, §1.2] for details.

Remark 2.1.5 ( [Hov99] Theorem 1.2.10). Let C be a model category with objects X and Y.

Then there are natural isomorphisms
Home(QRX, QRY)/ ~= Hompoc(7X,7Y) = Home (RQX, RQY')/ ~

as well as a natural isomorphism Homp,c(7X,7Y) 2 Home (QX, RY)/ ~.



6 Chapter 2. Simplicial methods in commutative algebra

2.1.1 An example: Chain complexes over a commutative ring

Let R be a commutative noetherian ring. In this section, we’ll consider a variety of model
structures on a variety of categories of chain complexes of R-modules. We’ll use the notation
C(R) for chain complexes of R-modules and write Cso(R) (resp. C<o(R)) for the category of
chain complexes of R-modules concentrated in non-negative (resp. non-positive) homological

degree.

The projective model structure on Csy(R)

We can define a model structure on Cso(R) as follows:

e A map X — Y is a weak equivalence if it is a quasi-isomorphism, that is, an isomorphism

of homology groups
e A map X — Y is a cofibration if it is injective with a degreewise projective cokernel

e A map X — Y is a fibration if it has the right lifting property with respect to the class

of trivial cofibrations

With this setup, it is straightforward to show that fibrations are degreewise surjective in
positive homological degree. To see this, consider the following diagram where 7 is a trivial

cofibration and p is degreewise surjective in positive homological degree.

A— X

]

B—Y
Let P be the cokernel of ¢, a complex of projectives with no homology. By design, we can
write B ¥ A® P and so to construct our lift B — X we simply need to construct a lift
P - X. We get a map P - X3 using the fact that X; — Y; is surjective, and from here
we can inductively construct the lift in all higher degrees. The only question is what the
map P — X looks like in degree zero. This is where we use that P has no homology. This
implies that Py surjects onto Py and thus that Py is a summand of P;. We then have a map

Py - X1 - Xy which completes our construction of the map P - X and thus B — X.

Remark 2.1.6. In this model structure, every object is fibrant and the cofibrant objects are

complexes of projective modules.
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The injective model structure on C.o(R)
We can define a model structure on Cso(R) as follows:

e A map X — Y is a weak equivalence if it is a quasi-isomorphism, that is, an isomorphism

of homology groups
e A map X — Y is a fibration if it is surjective with a degreewise injective kernel

e A map X - Y is a cofibration if it has the left lifting property with respect to the

class of trivial fibrations

With this setup, it is straightforward to show that cofibrations are degreewise injective
in negative homological degree. To see this, consider the following diagram where ¢ is

degreewise injective in positive homological degree and p is a trivial fibration.

A— X

[

B——Y
Let I be the kernel of p, a complex of injectives with no homology. by design X I ® Y.
We already have a map B — Y so we just need to define a map B — I. Using the map
A — I and the fact the A — B is injective in negative homological degrees, we get a map
B; - I; for i < -1. The only question is what the map B — I looks like in degree zero. This
is where we use that I has no homology. This implies that Iy injects into /_; and thus that
Iy is a summand of I_;. We then have a map By - B_1 - I_1 — Iy which completes our

construction of the map B — I and thus B - X.

Remark 2.1.7. In this model structure, every object is cofibrant and the fibrant objects are

complexes of injective modules.

Model structures on C(R)

The above model structures will be relevant when we discuss (co)simplicial algebras in a few
pages. However, one issue with this perspective in general is that by enforcing such a rigid
cutoff in degree zero, we restrict our ability to shift our complexes. In other words, their
homotopy categories are not stable and thus not triangulated. If we want to use tools for
triangulated categories, such as thick subcategories, we need to consider unbounded chain
complexes. In this setting, small modifications to the model structures above will give us

both a projective and an injective model structure on C(R).
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Proposition 2.1.8 ( [Hov99| Theorem 2.3.11). Let Rbe a ring. Then there is a cofibrantly

generated, proper, stable model structure on Ch(R) where a morphism f:X —-Y is a:
o weak equivalence if it is a quasi-isomorphism;
o fibration if it is a degreewise epimorphism;
e cofibration if it is a degreewise split injection with cofibrant cokernel.

We will call this the projective model structure. All objects are fibrant in this model structure.
The cofibrant objects are those complexes which can be written as an increasing union of

complexes such that the associated quotients are complexes of projectives with zero differential.

Proposition 2.1.9 ( [Hov99| Theorem 2.3.11). Let Rbe a ring. Then there is a cofibrantly

generated, proper, stable model structure on Ch(R) where a morphism f:X —=Y is a:
o weak equivalence if it is a quasi-isomorphism;
e fibration if it is a degreewise split epimorphism with injectively fibrant kernel;
e cofibration if it is a degreewise monomorphism.
We will call this the injective model structure. All objects are cofibrant in this model structure.

Remark 2.1.10 ( [Bal21] Lemma 7.2.9). The identity functor on Ch(R) gives an equivalence

between the homotopy categories of Ch(R) under each model structure.

2.1.2 Derived functors

The framework of a model category also offers a good setup for computing derived functors,
such as — ®H}‘% M and RHom(M, -), and RHom(-M). We give a streamlined discussion of

this here, but for a more complete reference see [Hov99].
Definition 2.1.11. Let C and D be model categories.

1. We say that F:C — D is a left Quillen functor if I' is a left adjoint and preserves

cofibrations and trivial cofibrations.

2. We say that U:D — D is a right Quillen functor if U is a right adjoint and preserves

fibrations and trivial fibrations.
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3. Suppose (F,U, ) is an adjunction from C to D. We say that (F,U,¢) is a Quillen
adjunction if F' is a left Quillen functor (equiv. if U is a right Quillen functor [Hov99,
Lemma 1.3.4)).

Definition 2.1.12. Let C and D be model categories.

1. If F:C - D is a left Quillen functor, the total left derived functor LF:HoC - HoD is
the composite

HoC HLQ) HoC,. RECEING )

2. If U:D - C is a right Quillen functor, the total right derived functor RF:HoD — HoC
is the composite

HoD ok, foc, o0, ¢

Example 2.1.13. Let R be a commutative ring and consider Chso(R) with the projective
model structure. Let M be a cofibrant object of Chyo(R). Then we claim that — ®r M is

left Quillen. Let A — B be a cofibration so that we have a short exact sequence of complexes
0-A-B->P->0

where P is degreewise projective. Applying — ®r M we see that AQr M - B®p M remains
injective with cokernel P ® p M degreewise projective, as M is degreewise projective. Thus,

we get that the total left derived functor of — ® g M is the functor — ®Hé M that sends
X—»>QXe®r M.

Note that because M is cofibrant, the natural map QX @ M - X ®p M is a quasi-
isomorphism, so in practice we only need to take the cofibrant replacement of one of the
arguments in our tensor product to compute the derived tensor product, and so given any

two objects M and N of Chyo(R) we will write M®% for the derived tensor product.

Given a Quillen adjunction, this always descends to an adjunction on the corresponding

homotopy categories.

Lemma 2.1.14 ( [Hov99| Lemma 1.3.10). Let C and D be model categories and (F,U,y) be a
Quillen adjunction. Then LF and RU are part of an adjunction L(F,U,y) = (LF, RU, Rv)

that we call the derived adjunction.

Sometimes, this adjunction on homotopy categories is an equivalence (even if the original

adjunction is not an equivalence) leading us to the following definition.
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Definition 2.1.15. A Quillen adjunction (F,U,¢):C — D is called a Quillen equivalence if
and only if, for every cofibrant X in C and fibrant Y in D, a map f: FX — Y is a weak

equivalence in D if and only if ¢(f): X — UY is a weak equivalence in C.

Proposition 2.1.16 ( [Hov99| Prop. 1.3.13 and Cor. 1.3.14). Suppose (F,U,¢):C - D is a

Quillen adjunction. The following are equivalent.
1. (F,U,p) is a Quillen equivalence

2. L(F,U,p) is an adjoint equivalence of categories

2.2 Simplicial algebras

We are now ready to introduce our main construction of interest - simplicial algebras. As
discussed above, the reason for this is that simplicial algebras come equipped with a natural
Frobenius map in a way DG algebras do not. Simplicial algebras are also used to compute
Andé-Quillen homology, though this application is outside the scope of this dissertation.
To begin, we introduce the simplex category A, largely following [Riell]. This is the
category of finite, non-empty, totally ordered sets with order-preserving maps. We can then

immediately make the following definition:

Definition 2.2.1. A simplicial set is a functor from A — Set. More generally, given a
category C, a simplicial object of C is a functor from A — C. We use the notation sC to

denote the category of simplicial objects in C, that is, the functor category Fun(A°,C).

The simplicity of this definition belies the combinatorial implications the come from
working with the category A. We will denote by [n] the set {0,...,n}. Any map in A can
be factored into co-face maps d' : [n — 1] » [n] and co-degeneracy s’ : [n + 1] — [n] defined
as follows

- k k<1 , k k<i
d'(k) = o $'(k) = o
k+1 ,k>i k-1 ,k>i
These maps satisfy the following identities
dd=dd i<y
st =5 i<
disht i<
sd =11 i=j,j+1
d7tsT i>j+1
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Thus we can think of a simplicial object in a category C both as a functor X: A% - C
and as collection of objects { X, }n>0 with face maps d;: X,, > X,,_1 and degeneracy maps

83t Xy = X4 satisfying identities dual to the ones above.

Remark 2.2.2. Two important things to note when working with simplicial objects in a

category C are

1. C embeds in sC by taking an object X in C to the object in sC which has X in all

degrees and the identity for all face and degeneracy maps

2. Given an object X in sC, there is a unique map from Xy — X,, for all n coming from

the unique map [n] — [0]

Given a commutative ring k, let sk — Alg be the category of simplicial k-algebras. If
we take k = 7Z we get the category of simplicial rings. We will want to talk about derived
functors in this setting, so we want to put a model structure on sk — Alg.

The original model structure is due to Quillen |Qui67, §I1I1.4 Theorem 4] and can be
obtained by transferring along the free-forgetful adjunction between sSet and sk — Alg.
Without getting into the details, we give a model structure on sk — Alg where a morphism

ffX->Yisa

e weak equivalence if the underlying morphism of simplicial sets is a weak equivalence

in sSet;
e fibration if the underlying morphism of simplicial sets is a fibration;
e cofibration if it has the left-lifting property with respect to the class of trivial fibrations.
Quillen also showed that the cofibrations are well-understood.

Proposition 2.2.3 ( [Qui67] p. 4.11). A morphism in sk — Alg is a cofibration if and only if

it 1s a retract of a free map.

Here, a free map means the cokernel is a free k-algebra in each degree, and so a cofibration
will have cokernal that is a projective k-algebra in each degree.

Given a simplicial ring A, we will use the notation of Mod(A) for simplicial modules
over A. The model structure on Mod(A), discussed in [Qui67, §II.6], is essentially the same,
where a map is a weak equivalence (equiv. fibration) if the map of underlying simplicial sets

is a weak equivalence (resp. fibration) and cofibrations have the left lifting property against
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trivial fibrations. Again, cofibrations are retracts of free maps. We will write Ho(A) for the
corresponding homotopy category.
Given a simplicial abelian group A (such as a module over a simplicial ring), we have an

abelian group structure on the set
m(A,0) = [(A",0A™),(A,0)]

of homotopy classes of pairs of maps which satisfies an interchange law with respect to the
canonical group structure for the homotopy group. It follows that the homotopy group
structure and the induced abelian group structure coincide. In particular, there is a natural
isomorphism

m™(A,0) 2 H,(NA).
We will often just write 7, (A).

Remark 2.2.4. Given a simplicial ring A and an integer n > 0, there is a simplicial ring B

and a map of simplicial rings ¢: A - B with the following properties:
(1) m(B)=0fori>n+1,
(2) mi(p) is bijective for i < n.

The map can be obtained by a process of killing the homology in A in degree n + 1 and
higher; see also the discussion on [Toél0, pp. 162] for the construction of . This is part of

the data of a Postnikov tower for A.

2.3 The Dold-Kan correspondence

We end this section with a discussion of a powerful tool that will allow is to transition between
the (co)simplicial and (co)chain/DGA settings. Known as the Dold-Kan correspondence, this
classical theorem gives an equivalence of categories between simplicial objects in an abelian
category A and chain complexes of objects of A concentrated in nonnegative homological
degrees. Moreover, in many relevant cases, the equivalence is also a Quillen equivalence.
Let R be a classical commutative ring. The Dold-Kan correspondence then says that

there is an equivalence of categories

r
Mod(sR) ™ = | Chso(R)
N
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that preserves the natural (projective) model structures. Moreover, the homotopy of an
object M of Mod(sR) is isomorphic to the homology of N(M).
We first review the construction of these functors in this setting. For a more complete

reference see [GJ99, §II1.2]. Let M be an object of Mod(sR). Then we define N (M),
k

the normalized chain complex of M, to be the chain complex with N(M)y:= () kerd; and
=1
differential given by the restriction of d. '
In the other direction, let C' be an object of Chso(R). Then define I'(V') to be the

simplicial R-module with

Q= @ Cy.
(n]—[k]

The degeneracy maps from I'(C), = I'(C)n+1 send Cy indexed by the surjection [n] — [£]
so the surjection [n + 1] - [n] - [k] where the map [n + 1] — [n] is the corresponding
co-degeneracy map in A. To determine where the face maps from I'(C),, - I'(C),-1 send
the summand Cj indexed by [n] - [k], we consider the composition [n — 1] < [n] - [k]
with the corresponding co-face map. If this map is surjective, then we are done. Otherwise,
you can check that it will miss exactly one element of [k], which means it can be factored
uniquely into a surjection from [n—1] — [k - 1] and a coface map [k —1] — [k]. Then the
map Cj - Cy_1 is given by (-1)"0 if the coface map is d” and is zero otherwise.

We will often need to upgrade to the setting to a simplicial ring A, in which case NA
is a differential graded ring concentrated in nonnegative homological degree. Luckily, we
have the following result of Schwede and Shipley [SS03|, Theorem 1.1] upgrades the Dold-
Kan correspondence to this setting. Here, connective means concentrated in non-negative

homological degrees.

Theorem 2.3.1 (Theorem 1.1 [SS03]). 1. Given a connective differential graded ring R,
there is a Quillen equivalence between the categories of connective differential graded

R-modules and simplicial modules over the simplicial ring TR
Mod(R) ~g Mod(T'R)
where T is the right adjoint of the Quillen equivalence

2. Given a simplicial ring A, there is a Quillen equivalence between the categories of

connective differential-grade N A-modules and simplicial modules over A

Mod(NA) ~g Mod(A)
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where normalization is the right adjoint of the Quillen equivalence.

3. Ghiven a commutative ring k, there is a Quillen equivalence between the categories of

connective differential graded k-algebras and simplicial k-algebras
DGAy, ~g sk - Alg
where normalization is the right adjoint of the Quillen equivalence.

4. Given a simplicial commutative ring A, there is a Quillen equivalence between the

categories of connective differential graded N A-algebras and simplicial A-algebras
NA-Alg~g A-Alg
where normalization is the right adjoint of the Quillen equivalence.

Note that the left adjoints are not the usual Dold-Kan functors and are discussed
in [SS03, §3.3].

One unfortunate consequence of working in this setting is that because the normalization
functor is only a right adjoint, it doesn’t necessarily preserve cofibrations. This means if we
want to compute say, the homology of a derived tensor product in Mod(A), we can’t just
compute the derived tensor product and normalize it. That is to say, if we have X and Y in

Mod(A), it’s not necessarily the case that the following map is weak equivalence:
NQ(X) oxa NQ(Y) > N(QX @4 QY) 2 N(X ®;Y).

Luckily, the following result of Avramov will allow us to compute the homology of simplicial

modules over a simplicial ring by instead working over the corresponding DG ring.

Proposition 2.3.2 (Prop. 2.2 |[Avr99]). Let Y be a simplicial left module over a simplicial
ring A, X a cofibrant simplicial right module over A, and let X' be a right differential
graded module over the differential graded ring N A such that (X')! is free over N A", where
(-)" is the functor that forgets differentials. If p: X' - NX is a weak equivalence, then the
composition

X' @uaNY —2 5 NX@ys NY —— N(X®,Y)

18 a weak equivalence.



Chapter 3

Homological properties of the relative Frobenius

Given a ring R of characteristic p > 0, the Frobenius endomorphism is the map F: R - R
sending r to r’. Given an R-module M, the R-module structure on M via restriction of
scalars along the e-fold Frobenius is denoted by F{M. Studying properties of this module
structure allows us to understand the singularities of R, thanks to a theorem of Kunz [Kun69|
which says that R is regular if and only if F'*: R — R is flat for some (equivalently all) e > 0.
Work of Rodicio [Rod88] generalizes Kunz’s result to the case where the Frobenius has
finite flat dimension, and work of Blanco-Majadas [BM98|, Takahasi-Yoshino [TY04], and
Iyengar-Sather-Wagstaff [[SW04] does the same for other homological dimensions.

In this paper, we work instead in the relative setting. Given a map of commutative rings

of positive characteristic p: R - S, we consider the following diagram:

R—* S

s | >

F.R—— Ser F,R —— F.S

Fs/r

where Fg/p is the relative Frobenius of ¢ induced by the universal property of the tensor
product. It sends s ® r to sPr. Recall that a map ¢: R — S is regular if it flat and has
geometrically regular fibers. We have a relative version of Kunz’s theorem due to Radu and
André [Rad92,And93|And94] which says that ¢ is regular if and only if Fg/p is flat for some

(equivalently, all) e > 1. This implies Kunz’s theorem by considering the following diagram:

Fy ——

F= 1]Fp H \

F, ——+ R —— F.R

Taking this result as inspiration, we investigate how homological properties of the relative

Frobenius are reflected in homological properties of the Frobenius on the (derived) fibers

15
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of ¢: R - S. In this direction, work of Dumitrescu [Dum96| shows that the original result
is equivalent to ¢ being flat and Fg/p having finite flat dimension, and recent work of
Alvite-Barral-Majadas [ABM22] extends this to the non-Noetherian setting.

Assuming R is a local ring with residue field k, the derived fiber of ¢ refers to S ®Hé k,
thought of as a simplicial k-algebra. When ¢ is flat, this is simply S ®z k. The Frobenius
extends naturally to the setting of simplicial rings by applying the classical Frobenius

degreewise, and so we can consider F:.S ®H;i k—S ®H1§ k. This leads us to our first result.

Theorem 3.0.1. Let R and S be F'-finite local rings of positive characteristic. If o: R - S is
a local homomorphism of finite flat dimension, the Betti numbers of the relative Frobenius

Fgs/r grow at the same rate as the Betti numbers of the Frobenius on S ®IL% k.

A precise formulation of this result can be found in Theorem As a corollary,
we recover the results of Radu [Rad92], André [And93, And94] and Dumitrescu [Dum96|
(concerning regularity) and Blanco-Majadas [BM98] (concering the complete intersection
property) while also weakening the hypothesis that ¢ is flat to requiring that ¢ has finite

flat dimension.

Corollary 3.0.2. For ¢ as in Theorem the fibers of ¢ are reqular (resp. complete
intersection) if and only if Fs/p has finite flat (resp. CI-) dimension.

We also prove a similar result for the Gorenstein property.

Theorem 3.0.3. Let R and S be F'-finite local rings of positive characteristic. If o: R — S is
a flat local homomorphism, then the fibers of ¢ are Gorenstein if and only if Fs/r has finite

G-dimension.

Note that we require ¢ to be flat here rather than finite flat dimension as in the previous
results. The reason for this is that for ¢ of finite flat dimension, we must consider the derived

fibers of . We plan to take this up on a later occasion.

3.1 Simplicial rings

Going forward, our rings will be commutative and noetherian. Given a local ring R, we
will write mp for its maximal ideal and kg for its residue field. Given a map of local rings
p: R — S of positive characteristic, the proof of the Radu-André theorem relies, in part, on

investigating the properties of the Frobenius on the fibers of ¢.
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In general, we do not assume ¢ is flat, so we instead want to consider its derived fiber,
S®H13b kr. In order to talk about the Frobenius on S®HI§{ kR, we think of S®H13b kr as a simplicial
kr-algebra, in which case the Frobenius is simply the usual Frobenius applied degreewise.
Compare this to the differential graded setting, where the p"* power map is not a map of
differential graded algebras because it is not degree-preserving.

We discuss the generalization of familiar tools for modules over a classical ring to
modules over a simplicial ring. Given a simplicial ring A, we write Mod(A) for the category
of simplicial A-modules with the projective model structure and Ho(A) for the corresponding

homotopy category.

3.1.1 The Koszul complex

One construction we will often use is the Koszul complex. To start, consider the ordinary

ring Z[z]. The Koszul complex on Z[z] with respect to x is the complex
0 —— Zlz] == Z[z] —— 0

which we denote K[Z[z];x]. Passing along the Dold-Kan correspondence, we can consider
this complex as a simplicial module over the discrete simplicial ring Z[x], which we also call
K[Z[z];z]. Note that N(K[Z[z];z]) = K[Z[z]; x].

Given a simplicial ring A with degree zero ring Ag a local ring with maximal ideal m
and residue field k, consider f € m. Consider Z[x] - A sending = — f. This extends to

Z[z] - A and define the Koszul complex of A with respect to f to be
K[A; fl:= A®gq K[ Z; 7]

Given a sequence fi,..., fr € m, we can define the Koszul complex of A with respect to
fi,--+, fx by either iterating the above construction for maps Z[x;+1] > K[A; f1,..., fi]
sending x;41 ~ fi11 or by considering Z[x1,...,z;] - A sending x; — f; and taking the
appropriate tensor product as above.

Given an A-module M, the Koszul complex on M with respect to f1,..., fi is
K[M; fi,.... fr]:= M ®a K[A; f1,..., fi]-

We write K4 for the Koszul complex on a minimal generating set for the ideal m and K™

for M @4 KA.
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Remark 3.1.1. Let A be as above with f € m. The Koszul complex on A with respect to f is

directly inherited from the Koszul complex on Ay with respect to f via the isomorphism
Ay, K[Z]x];x] 2 A®a, Ao ®zs) K[Z[z];2] 2 A®a, K[Ao; f].

This also implies

K[M; f]= M ®, K[Ao, f]

3.1.2 Betti numbers

Over ordinary commutative rings, Betti numbers are important homological invariants. In
this section, we define them for modules over simplicial rings and prove several lemmas

about how they behave along maps of rings.

Definition 3.1.2. Let A be a commutative simplicial ring. We say that A is local if Ag is a
noetherian local ring. If k is the residue field of Ag, we write (A, k). Given M € Mod(A), we
say that M is a finite A-module if 7;(M) is a finite mo(A)-module for each 7 and 7;(M) =0
for i > 0. We write mod(A) for the category of finite A-modules.

Definition 3.1.3. Let (A, k) be a local simplicial ring and M € mod(A). Define the i" Betti
number of M as

BA(M): = ranky, w5 (M ®% k)

where M ®a k is computed by applying —® 4 k to a cofibrant replacement of M (equivalently
applying M ® 4 — to a cofibrant replacement of k).

The formal power series
Pip(t):= 3 B (M)t
n=0

is the Poincaré series of M over A.

The homological properties we are interested in are captured in the asymptotic properties
of Betti numbers. Specifically, we are interested in the notion of curvature, first introduced

for modules over an ordinary commutative ring by Avramov in [Avr96].

Definition 3.1.4. Let (A, k) be a local simplicial ring and M € mod(A). The curvature of M

is the number
curvg M = limsup Y/ B2 (M)
n

This is the inverse of the radius of convergence of the Poincaré series of M over A.
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While we prefer to work in the simplicial setting in order to use the Frobenius, we will
occasionally use the following lemma to pass along the Dold-Kan correspondence to the dg

algebra setting for computations involving Betti numbers.

Lemma 3.1.5. Let (A, k) be a local simplicial ring and M € mod(A). Then

BAM) = YD (N(M)) = ranky, Tor] D (N (M), k)

7

Proof. Let F - M be a cofibrant replacement and let F/ — N(F') be a free resolution.
Letting (-)" be the functor that forgets differentials, (F')" is a free N(A)'-module and so,

by [Avr99, Proposition 2.2], the following map is a quasi-isomorphism
F'®nay N(k) = N(F) ®nay) N(k) > N(F®ak). O

The benefit of this is that we can view Modso(/N(A)) inside of Mod(N(A)) which has a
stable homotopy category which we denote Ho(NN(A)). We again use the projective model

structure, which restricts to the projective model structure on Modso(N(A)).

Lemma 3.1.6. Let (A, k) be a local simplicial ring and M € mod(A). Suppose N(M') €
thick(N(M)) (as a subcategory of Ho(N(A))), then curva(M") < curvy(M).

Proof. By Lemma we can compute Betti numbers and hence curvature as N(A)-
modules. Since N (M) ®]}‘V( A) k is independent of whether we work in the category of
unbounded or nonnegatively graded dg N(A)-modules, we can work in the category of

unbounded modules. We now claim that the following is a thick subcategory of Ho(N(A)):
Cui= {X € Ho(N(A)) : curvya)(X) < curvN(A)(N(M))}.

It is clearly closed under suspensions and summands. Suppose X - Y — Z — is a triangle
in Ho(N(A)) with X,Y € Cys. Applying — ®H](]( ) k to this triangle and considering the long

exact sequence in homology we get
curv y(4)(Z) < max{curvy ay(X),curvy ) (Y)} < curvy 4 (N(M)). O

We work in the relative setting with ¢: A — B a map of simplicial rings and M €
mod (B). While this could pose problems, as a finite module over the target ring may no
longer be finite over the source, we will avoid this by only treating the case where ¢ is finite.
A definition for relative Betti numbers and curvature in the setting of ordinary commutative

rings without the assumption that ¢ is finite can be found in [AIM06]| and can be generalized
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to the simplicial setting. However, we include the simplifying assumption that ¢ is finite to
avoid clouding the essential parts of our argument with technical details.
These next two results discuss how curvature changes along certain maps. This first

lemma is adapted, with similar proof, from |[AHIY12, Proposition 3.3].

Lemma 3.1.7. Let (A k) and (B,kp) be local simplicial rings and M, N € mod(B). Let

A - B be a finite map of local simplicial rings. Then
curv 4 (M ®% N) < max{curv (M), curvg(N)}
Proof. By Theorem I1.6.6 of |Qui67], we have a spectral sequence
B2 = (N 0 my(M 85 £a)) —> g (M &5 N) 05 k)
Because A — B is finite, mpm, (M ®HA ka) ®p kp =0 and so
To(N ©) 7y (N &% k) = mp(N & ki) Ok, mg(M & k)
From this, we get the following coefficientwise inequality
P x(D) = PP (D)

and thus that
curv 4 (M &% N) < max{curv4 (M), curvg(N)}. O

This next lemma is reminiscent of [AIM06, Theorem 9.3.2] which discusses how curvature

changes along complete intersection maps.

Lemma 3.1.8. Let (A,ka) and (B, kp) be local simplicial rings and M € mod(B). Let A - B

be a finite map of local simplicial rings. Then

curva (M) < max{curv4(B),curvg(M)}

curvg(M) < max{curva(M),curvz(kp)}
where B := B ®E ka.
Proof. The first inequality follows from Lemma [3.1.7] as

curv (M) = curv (B ®% M) < max{curv(B),curvg(M)}
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We now work to prove the second inequality. We have
kp ®F (ka®f M) =2 kp ®% (ka®i B)®p M kg @y M
By [Qui67, Theorem I1.6.6], we have a spectral sequence
B} i=mp(kp 8% mg(ka ®5 M)) = mpiq(kp ®p M)

From this we get the inequality

B (M) < iﬂf_i(mw &k M)) < zo B2 (ki) B2 (M)

Note that the second inequality holds because m; (k4 ®HA M) is a finite kp-vector space. Then
Py (t) < PP (#) Py ()

and we get

curvp(M) < max{curva(M),curvz(kgp)}. O

We will generally use this lemma with more specific hypotheses on ¢ and we record these

use-cases in the following corollaries.

Definition 3.1.9 ( [TV08| Lemma 2.2.2.2). A map ¢: A - B of simplicial rings is flat if mo(B)

is a flat mo(A)-module and the natural map 7(A) ®;,a) m0(B) = m(B) is an isomorphism.

Corollary 3.1.10. Let (A,ka) and (B,kp) be local simplicial rings and let M € mod(B). If
p: A > B is a flat map of local simplicial rings then

curvg (M) < curvp(M) < max{curva(M),curvz(kp)}
where B:= B®Y ky = m(B) ®ro(a) ka-

Proof. The discussion in the proof of [TV08, Lemma 2.2.2.2] implies B = 7o(B) ®ro(4) Ka,
which also implies curv 4(B) = 0. The result follows immediately from Lemma O

Corollary 3.1.11. Let (A, k) be a local simplicial ring and let B be a Koszul complex on

T1,...,T, €m, the maximal ideal of Ag. Then

curva(M) < curvpg(M) < max{curvs(M),1}.
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Proof. Tt suffices to consider the case where B = K[A;x], the Koszul complex on a single
element. By construction, curv4(B) = 0. We claim curvg(kp) = 1. By Lemma we
can compute this in the DG setting, where B is an exterior algebra over k on z in degree
1. Then by [Avr98, Proposition 6.1.7] or, more directly, [AI18], Lemma 1.5], the divided
power algebra B(X | 9(X) = z), is a resolution of k over B and so k ®H§ k = k(X) which has

curvature 1. O

3.1.3 Simplicial rings in positive characteristic

In this section, we collect some results about simplicial rings in positive characteristic
that will help contextualize our later results on homological dimension. We first prove the
following result which is simply a re-framing of [BIL*23, Theorem 2.1] for simplicial rings.
The proof is exactly the same aside from checking that various statements remain true when
we replace a classical ring R with a simplicial ring A. We include it here for the convenience

of the reader.

Proposition 3.1.12. Let (A, k) be a local simplicial ring of characteristic p > 0. Then there is
a natural number ¢ such that for any A-module M and any p® > ¢ there is an isomorphism
FCEM « n(FERM)

in Ho(A). In particular, k is a summand of FEK™ when m(KM) #0.
Proof. Let m = ker(A — k). We can complete A at m by computing lim,, A/m", noting

that limits are computed degree-wise. Let A be the completion and note that because

mr(K™) =0, the natural map
KM 5 Ay KM« KAaM

is an isomorphism and so we can assume A and thus Ay are complete. Let B — Ay be a
minimal Cohen presentation of Ag. Let p: B{X} = A and B{Y} = k be simplicial free

resolutions of A and k respectively as B-algebras. Then
B{X,Y}:=B{X}®p B{Y}

is a simplicial free resolution of K4 over B{X}. We also get that B{X,Y} 5 k{X} by
applying B{X} ®p — to the quasi-isomorphism B{Y} > k.
Consider J = ker(k{X} — k). k{X} is a free simplicial k-algebra, so |Qui70, The-

orem 6.12] says that for every integer n > 0 m;(J"™) = 0 for 4 < n. In particular,
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E{X} - E{X}/J"" will be bijective on homology in degrees < n. Because k{X} ~ K4 we
know that for ¢ > sup {i:m (KA) # 0}

T (k{X}) 2 m (K*)=0fori>c

By Remark we have a map of simplicial rings k{X}/J¢*' - C that is bijective on

homology in degree < ¢ and with m;(C') = 0 for i > ¢. Then the composition
X} — k{X}J —C

is a quasi-isomorphism by construction. Let I:=ker (e: B{X} — k) and let e be such that

p® > c+ 1. Then the composition
BIX} 5 BIX) — B{X,Y} — k{X)

takes I into J*!, and so the map B{X} — C factors through ¢, yielding the following

commutative diagram

A— 42 s KA

A

B{X} X% B{X} — B{X,Y} —— k{X}

l& l

k v sy C

Given a C-module M, the A-module p*e, ¥, (M) must be isomorphic to its homology after
normalizing, as this is true for any k-module. Thus, by the above commutative diagram
we get that any simplicial K“-module M’, the simplicial A-module F¢(M’) is isomorphic
to its homology after normalizing, and letting M’ be K™ we prove the result. The final
statement comes from the fact that if 7(K*) #0 then 7(F¢K) has F¢k, and thus k, as a

summand. O

From this we can derive a simplicial version of Theorem 1.1 of [AHIY12|, itself a

generalization of [Kun69, Theorem 2.1] and [Rod88, Theorem 2].

Proposition 3.1.13. Let (A, k) be a local simplicial ring and M € mod(A). If curvo(FSM) =0,

then A has finite global dimension and thus A ~mo(A) is a reqular ring.
Proof. If curva(F{M), then curvy 4y N(FiM) =0 by Lemma Then N(F¢M) and

N(F¢KM) are in thick(N(A)). Then, by Proposition [3.1.12) k& € thick(N(A)). Then,
by [Jerl0, Theorem A], A ~my(A) and so mp(A) is regular. O
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We can also use Proposition [3.1.12] to extend, with similar proof, [AHIY12, Theorem 5.1].

Lemma 3.1.14. Let (A, k) be a local simplicial ring and M € mod(A). Then curv(FEM) =
curv(k) for all e > 1.

Proof. First, note that for e > 0 and any M a finitely generated A-module
curv(k) < curv(FEKM) = curv(FEM) < curv(k).

The first inequality follows from Proposition [3.1.12] and Lemma The second equality
follows because [Avr99, Proposition 2.2] implies that N(K™) = N(K4) ®n(a)y N(M).
Because N(K?) is a perfect complex, curvN(A)(N(KM)) = curvy(4)(N(M)) and so the
equality follows from Lemma The third inequality holds because curv(N) < curv(k)
for any finite A-module N. Thus we get that curv(F¢M) = curv(k) for e > 0.

We now show that this holds for e > 1. Define

MW:= M
M= (™) gL

Tautologically, curv(F, M) < curv(F, M), so assume that curv 4 (F*M ™) < curv 4 (F. M).
Applying Lemma to the maps A - FP"A - F™1 A, we get

curv 4 (F M) = curv (FfM(”) ®Frr FfHM)
< ma {eurva (2 M), curv s a (P27 M)
= max {curvA(FfM(")), curVA(F*M)}
<curvy (F.M).

Then we get that for e > 0

curv(k) = curv(FEM®)) < curv(F. M) < curv(k). O

3.2 Homological dimension

This section contains the main results connecting the homological properties of the relative
Frobenius of a map ¢ of local rings to the homological properties of the (derived) fibers of .
We first focus on regularity and the complete intersection property, as these are characterized

in terms of Betti number growth, before turning to the Gorenstein property.
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3.2.1 Growth of Betti numbers

Throughout, all rings will be commutative, noetherian of characteristic p > 0. We will also
assume all rings are F-finite. Fix a local homomorphism ¢: (R, mp, kg) - (S, mg, kg) of
finite flat dimension. In this setting, a result of Peskine-Szpiro [PS73| gives that S ®Hé F.R=
S®prF.R. Our goal is to understand how the homological properties of the relative Frobenius

relate to those of the (derived) fibers of ¢. Recall the following diagram

R—F—— 5§

. l&

F,R—— A:=SQ®grF.R o .S
S/R

where Fg/p is the relative Frobenius of ¢ induced by the universal property of the tensor
product. The main idea that we exploit to investigate this relationship is that the Frobenius

on the derived closed fiber, F: S ®Hé kr — F. (S ®HI‘% kR), can be factored as follows:

Fs/r
Ser FkR ——— F.S

!
&) (2)

S ®fkr —— S®F Fukr —— F.(S ®% kp)

That is, the Frobenius on the derived closed fiber is the base change of the relative Frobenius
up to a field extension. More generally, we can consider the perfect fibers S ®H;2 k' for k" a
finite, purely inseparable extension of kr and use that k' € Ffkg for e > 0 to identify an

analogous factorization of the Frobenius on S ®H13b k'. We are ready to state our main result.

Theorem 3.2.1. Let R and S be F-finite local rings of positive characteristic with residue
fields kr and kg respectively. Let ¢: R — S be a map of local rings. If ¢ has finite flat

dimension, then
curvg (F.S") < curvy (F.S) < max{curvg (F.S"),1}

where S’ = S ®H]§ k" for k' any finite, purely inseparable extension of kr and A is the

localization of S g Fx R at the contraction of the mazimal ideal of F.S.

Proof. Let k' be a finite, purely inseparable field extension of kg and let e be such that
k' ¢ F¢kg. Let A° be the localization of S ® g F¢R at the contraction of the maximal ideal
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of F¢S, let ke be the residue field of A, and fix the following notation:
S:=8 ®H13L kr
S =8 Okp K
A¢:= A° Qe Fikp ~ S ®5 Fikp

Our goal is to compare the Betti numbers of the relative Frobenius to those of the Frobenius

on the perfect fibers of p: R - S, so we first look at the Betti numbers of F§,,: A® - F¢S.

S/R
Note that
FES @ kae ~ FES @' (A° @5, kae)

= (FCS ®pep FikR) ®'5. kac

=~ ng ®%€ kAE.
Thus

B (FES) = B (FES)

and so

curv 4 (FES) = curv 4 (FES).

We now turn to the Betti numbers of the Frobenius on the perfect fibers. Notice that

Fe:Seh k' — FE(S®% k') factors as

seb k' — s sel Fhg —2 Fe(S ok kp) — s F(S @k k)

which in our notation is

(2) (3)

» S — FeS'

e

«?
N

Now we note that

FES' @Y% ka2 (FES ®@pery, FOK') @5 kae = (FES @', ka) ®per, FOK

which gives us

curv g (FES) = curv g (FES').

Finally, consider S’ — A¢. This is flat, and because A¢ ®H§, ks = ke ®pr kg, which is complete
intersection, Lemma tells us

curvg (FS') < curv g (FES') < max{curvg (FES"),1}.
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Combining this with the fact that curvae (FES) = curv g (FS) = curv 4. (FES') we get
curvg (FES') < curv e (FES) < max{curvg (F{S),1}.

Invoking Lemma we immediately get
curvg (F.S") < curv e (FES) < max{curvg (F.S),1}.

We would like to remove e from the middle term, as right now e depends on the extension
k" of kr. This is immediate when curv4(F,S) > 1, so we only need to consider the cases
where curv4(F.S) = 0. In this case, we claim curvye(F¢S) =0 for all e > 1. We prove
this by induction. It is tautological for e = 1 so suppose it’s true up to e = n. Note that

S®p F™'R - F"*1S factors as
(S ®Rr F*R) SF.R FfR — IS Sr.R FIZHR — FfJ'lS

The first map is simply Fg/gr ® p, g ;' R and so has curvature zero. The second map is simply

F.(F g/ ) and so has curvature zero. Thus, by Lemma curv gn+1 (F™*18) = 0. Thus
curvg (F,.S") < curvy (F.S) < max{curvg (F,.S"),1}. O

From this, we recover the results of Radu, André and Dumitrescu. First, recall the

definition of a regular homomorphism of rings.

Definition 3.2.2. A map ¢: R — S of noetherian rings is regular if it is flat and all the fibers
are geometrically regular, meaning for every p € Spec R and every finite purely inseparable

field extension k(p) c k¥, the ring S ®p k' is regular.

Corollary 3.2.3. Let R and S be F-finite local rings of positive characteristic. Let o: R — S
be a map of local rings of finite flat dimension. Then Fgr has finite flat dimension if and

only if ¢ is reqular.

Proof. Suppose Fg/g has finite flat dimension. Regularity is a local condition, so we can
work in the setting of Theorem and assume R and S are local. Let k' be a finite,
purely inseparable field extension of kg, the residue field of R and let S’ := S ®HR k'. Because
BA(F.S) =0 for i >0, Theoremtells us Big(F*S') =0 for ¢ > 0. By Proposition
S’ = S ®pk'is regular and flatness of ¢ follows immediately. The reverse direction follows

from [Rad92,/And93]. O
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From here, we move on to consider CIl-dimension, so-named because a ring R is complete
intersection if and only if the CI-dimension of every finite R-module is finite. This was first

defined in [AGP97].

Definition 3.2.4. A finite R-module M is said to have finite CI-dimension if there is a local
flat homomorphism R — R’ and a surjective homomorphism @ - R’ with kernel generated

by a regular sequence such that pdg(M ®r R') < co.

Definition 3.2.5. Let ¢: (R, mp) — (S, mg) be a local homomorphism of commutative local
rings and let ¢ denote the composition of ¢ with the completion map S — S. A Cohen

factorization of ¢ is a commutative diagram

of local homomorphisms such that

(i) @ is flat

(ii) R’ is complete and R'/mgR’ regular
(iii) ¢’ is surjective

Definition 3.2.6 ( [Avr99] §1). We say that a map of local rings ¢p: R — S is complete
intersection at the maximal ideal of S if for some (equiv. any) Cohen factorization R —

R' - § of ¢, the ideal ker(R’ - S) is generated by a regular sequence. f’.
Finally, we define the minimal model of a map of local rings. For more details, see [Avr98|

Definition 3.2.7. Let ¢: R - S be a map of local rings. A minimal model for ¢ is a
factorisation R - A - S, where A is a dg R-algebra with the following properties:

(1) A = R[X] is the free strictly graded commutative R-algebra on a graded set X =

X1,Xo,..., each X; being a set of degree i variables;
(2) the differential of A satisfies d(mA) € mpA +m?%;
(3) A— S is a quasi-isomorphism

Note that A®g kg = S ®% k.
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We are now ready to state and prove the following corollary to Theorem [3.2.1

Corollary 3.2.8. Let R and S be F-finite local rings of positive characteristic. Let ¢: R - S
be a map of local rings of finite flat dimension. Then Fg/r has finite CI dimension if and

only if ¢ is complete intersection at mg.

Proof. Let A be the localization of S ®pg F,.S at the contraction of the maximal ideal of F.,.S.
Let S:= S ®% kg where kg is the residue field of R. Since Fg g has finite Cl-dimension,
curv4(F.S) <1, by [AGP97, Theorem 5.3], and hence curvg(ks) < 1, by Theorem [3.2.1] We
claim that this implies ¢ is complete intersection at mg; to deduce this we use the results
from [Avr99, Theorem 3.4]; see also [AI03, Theorem 5.4].

First, we reduce to the case where p: R — S is surjective and S is complete. Note that
S ®Hé kr —> S ®Hj{ kg is flat and both rings have common residue field kg. Lemma tells
us that curvature stays constant along this map, and so we can assume S = S.

Take a Cohen presentation of ¢:

Let R’ = R' ®p kr. This is a regular local ring so its residue field, kg, is resolved by the

Koszul complex K R and
(S &% kr) @p KT 2 (Sok R) ok ks 2 5 &% ks.

Thus S ®Hé, kg is a Koszul complex on S ®H};l kr and so by Corollary |3.1.11| we see that
curvS®%kR(kS) <1 if and only if curv5®né/ks(ks) <1

Thus, we can assume R — S is a surjective map of complete local rings. Let k£ be their
common residue field. We know that curvg(k) = curvg(F,S) <1 and we aim to show the
en(@) =0 for n > 3, which will show R — S is c.i. at mg by [Avr99, Theorem 3.4]. Here
£n() is the n'" deviation of ¢, defined originally in [Avr99], though a typo in the formula
was corrected in [AIO3|, 2.5]. The important fact for us will be that for a minimal model
R - R[X]— S, en(y) = card(X,,-1) for n > 3.

Let R - R[X] — S be a minimal model and note that for n > 3 one has

en(p) = rank;, m,_1(S ®% k).

Then, because k[X] ¢ Torg(k,k‘) and curvg(k) <1, lim {/e,(¢) < 1, and so, by |AI03,

Corollary 5.5], ¢ is complete intersection at mg.
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For the reverse direction, suppose R — S is complete intersection at mg. Then ker(R — 5)
is generated by a regular sequence x and K[R;x]~S. Then S = K[R;x] ®g k, which is an
exterior algebra on x with zero differential. Then by [Avr98|, Proposition 6.1.7] or, more
directly, [AI18, Lemma 1.5], the divided power algebra S(X | 9(X) = z), is a resolution of k
over S and so k ®H§ k = k(X) which has curvature 1. O

3.2.2 G-dimension

With a Radu-André-type result for flat and CI-dimension, it is natural to ask whether a
similar result can be proven for G-dimension, an analogue of CI-dimension for the Gorenstein
property. This was first defined for finite modules in [AB69] and was generalized to modules

over local homomorphisms in [ISW04].

Definition 3.2.9. Given M a homologically finite complex of R-modules, meaning H (M) is
degreewise finite and bounded, we say M has finite GG-dimension if the following natural

map is an isomorphism
M —— RHompg(RHompg(M, R), R).
That is to say, M is derived reflexive.

In the following result, we restrict to a flat homomorphism ¢: R — S, rather than requiring
© to have finite flat dimension as in the previous section. This is to avoid discussing the
definition of finite G-dimension in the setting of derived rings which we plan to take up on a

later occasion.

Theorem 3.2.10. Let R and S be F'-finite local rings of positive characteristic. Let p: R — S
be a flat map of local rings. Then the relative Frobenius Fg/p:S ®p F.R — F.S has finite

G-dimension if and only if v is Gorenstein at mg.
Proof. Recall the following diagram
R—*2 5§

. l\

F,R—— A=SQrF,R —— F.S
Fs/r

where Fg/p is the relative Frobenius of ¢ induced by the universal property of the tensor

product. The main idea that we exploit to investigate this relationship is that the Frobenius
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on the derived closed fiber, F: S ®H§ kr —> F. (S ®Hf2 kR), can be factored as follows:

Fs/r

|
&) (2)

Se%kr —— S&% Fukp —— F.(S®% kg)

Since the (1) is just the base change of a field extension, if we can show the (2) has finite
G-dimension, we will be done. So, we simply want to show that finite G-dimension is
preserved when we base change along F,R — F.kg. Let A:= S®pg F,R. Since the relative

Frobenius has finite G-dimension, we consider the following isomorphism
F.S —— RHomy(RHomyu(F,.S, A), A).
Applying — ®H;*R F.kr, we get
F.(S/mprS) —— RHom4(RHomx (S, A), A) % p Fikg.
Then, because ¢ is flat,
F.(S/mgS) —— RHom 5(RHom z(F,(S/mgS), A), A)

where again A:= S ®pg F.kp.

For the reverse direction, consider the exact triangle in Ho(R)
F.S - RHom s (RHom 4 (F.S, A),A) - C

where C is the cone of the natural map F,S — RHoma(RHoma(F.S,A),A). If, after
applying — ®H§ F,kgr to the triangle, we get that the first map is a quasi-isomorphism, this
implies C' ®HI‘% F.kg is acyclic. By Nakayama’s Lemma, this implies C' is acyclic.

Thus we have that Sg/p has finite G-dimension if and only if F': S®gkr - Fu(S®rkRr)
has finite G-dimension, and the result follows from [TY04, Theorem 6.2]. O
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Chapter 4

Multiplier ideals and klt singularities via
(derived) splittings

Let X be a normal, excellent, noetherian scheme over Spec Q with a dualizing complex. For
A >0 a Q-divisor on X such that Kx + A is Q-Cartier, we can consider the multiplier ideal
J(X,A) c Ox as a measure of the severity of the singularities of the pair (X, A). Introduced
in the analytic setting by Nadel and further developed by Demailley, Siu and others
[Dem93,,Siu93,/AS95,Siu98|, Esnault and Viehweg Chapter 7] independently developed

the theory in the algebro-geometric setting. Lipman also encountered multiplier ideals in
connections with his work on the Briancon-Skoda theorem [Lip94], and their applications to
algebra were studied by many others [EL97, Kaw99a, Kaw99b, EL99, DELO00, ELS01].

While J(X,A) depends on the geometry of the pair (X,A), de Fernex and Hacon
introduced in an object J(X) whose definition doesn’t require the choice of a
boundary divisor while also showing that J(X) is the unique maximal element in the
collection {J(X,A)} where A ranges over all effective Q-divisors on X such that Kx + A
is Q-Cartier. We call J(X) the multiplier ideal of X and say that X is has kit type if
d(X) =Ox.

We set out to prove an alternate characterization of the multiplier ideal by considering

maps m.wy - Ox where m:Y — X is a regular alteration. This leads us to the main result

of this paper:

Theorem 4.0.1. Let X be a normal, excellent, noetherian scheme over Spec Q with a dualizing
complex and I = T]J;* be a formal effective Q-linear combination of ideal sheaves on X. The

multiplier ideal J(X,I) can be realized as

J(X,I)= > Im(Homx(mwy,Ox) @0y Twy(-Ey) - Ox)
Y —-X

33
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where Y — X ranges over all log reqular alterations of (X,I) with Ey = Y apEy for
3Oy = Oy (-Ey) and the map Homx (m.wy,Ox) ®0 mwy (—Ey) - Ox is the evaluation

map.

Roughly speaking, we can interpret this as saying, at least locally, that an element
f e J(X,I) if and only if it is in the image of some map ¢ : m.wy — Ox restricted to
m.wy (—Ey). Showing that J(X, I) is contained in this sum of images is fairly straightforward.
It is in showing the reverse containment where the work is done by proving the following

key lemma inspired by Lemma 1.1 of [FG12|, though the proof technique is quite different.

Lemma 4.0.2. Let p : SpecS — Spec R be a finite map of normal, excellent, noetherian
domains containing Q with dualizing complexes and let I = HHZ’“ be a formal effective
Q-linear combination of ideal sheaves on Spec R. Suppose we have a Q-Cartier divisor

I'>p*Kpr with nl' =divg. Then
Trg/p (p+d(ws, T, 15)) € J(R, ).
In the case where I = R and Trg g (p+d(ws,T')) = R, this implies that R has kit type.

The original motivation for this work was to develop a derived splinter characterization
of kIt singularities, akin to the following characterization of rational singularities by Bhatt

and Kovéacs [Bhal2, Kov00]:

Theorem 4.0.3 ( [Bhal2] Theorem 2.12, [Kov00| Theorem 3). A scheme X of essentially
finite type over a field of characteristic 0 has rational singularities if and only if it is a derived
splinter, meaning for ever proper surjective map m:Y — X, the natural map Ox - Rr,Oy

splits in the derived category of coherent sheaves on X.

If X has klt type, then it has rational singularities and hence Ox — Rm,Oy splits for
any proper surjective map 7 :Y — X. Thus, we might expect that some extra conditions on
the splitting Rw.Oy — Ox may characterize schemes having klt type. Ultimately, such a
characterization follows as a corollary to Theorem

Corollary 4.0.4. Let X be a normal, excellent, noetherian scheme over Spec Q with a dualizing
complex and I = HHZk be a formal effective Q-linear combination of ideal sheaves on X. The

following are equivalent

1. (X,I) has kit type



35

2. For all sufficiently large reqular alterations w:Y — X, the natural map Ox — Rw,Oy

splits and locally factors through Rm.wy (-Ey) = m.wy (—Ey’)

3. For all sufficiently large reqular alterations m:Y — X, Ox is locally a summand of

Rﬂ*wy(—Ey) = ﬂ*wy(—Ey)
Here, Ey := Y arEy where Oy (-Ey) = JxOy .

In positive characteristic, the test ideal plays a role analogous to the multiplier ideal
and can be used to a define strongly F-regular singularities, an analog of klt singularities in
positive characteristic. In [BST15|, Blickle, Schwede and Tucker give a characteristic-free
description of an ideal J(X,A) that specializes to the multiplier ideal in characteristic zero
and the test ideal in characteristic p > 0, so we might expect that our characterization
of the multiplier ideal might carry over to a characterization of the test ideal in positive
characteristic. We achieve such a result in characteristic p > 2 as a corollary to a result of

Epstein and Schwede [ES14] combined with the existence of quasi-Gorenstein finite covers.

Proposition 4.0.5. Let R be a Noetherian, F'-finite reduced ring of characteristic p > 2. The
test ideal T(R) can be realized as

T(R) = Z Im (Homp(ws, R) ®r 7(ws) = R)
R—S

where the sum ranges over all finite extensions R — S and Hompg(wg, R) ®p 7(ws) — R is

the evaluation map.

Here 7(wg) € wg is the parameter test submodule which plays an analogous role to m.wy,
which is sometimes called the Grauert-Riemenschneider sheaf or multiplier submodule, in

characteristic zero.

Remark 4.0.6. The above results could be stated for regular alterations by a similar argument
outlined in the characteristic zero case for the multiplier ideal using the fact that 7(X) =
> 7(X,A) for finitely many log-Q-Gorenstein pairs (X, A) (see [Sch1l]). However, we leave
the result in this format as the local statement statement is more readily applicable to

questions in local algebra.

This also gives us the following splinter characterization of strongly F-regular singularities

as a byproduct.

Corollary 4.0.7. Let R be a Noetherian, F-finite reduced ring of characteristic p> 2. Then
R is strongly F-regular if and only if R is a summand of T(wg) for any sufficiently large

finite cover Spec S — Spec R.
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4.1 Characteristic zero
4.1.1 Preliminaries

Throughout this section, all schemes are noetherian, normal and integral over a field of
characteristic zero. We will often additionally require our schemes be excellent with a
dualizing complex, but will always make this explicit. Before we discuss our main object of
study, the multiplier ideal, we will review some preliminaries about canonical modules and
the trace map. We assume that the reader is familiar with canonical modules at the level
of [Har77] and [KM9§|. This discussion largely follows Section 2 in [BST15], but we include
it here for the convenience of the reader.

Given a normal integral scheme X with canonical sheaf wx, we say an integral divisor
Kx is a canonical divisor for X if Ox(Kx) 2 wx. Given 7 :Y — X a proper generically

finite map of normal integral schemes over a field k, we can consider the trace map
Try x : mwy — wx

Since any generically finite map can be factored as a proper birational map followed by a
finite map, we discuss the trace map in these contexts.

Let 7: Y — X be a proper birational map of normal integral schemes and fix a canonical
divisor Ky on Y and set Kx =7, Ky (which ensures Ky and Kx agree on the locus where
7 is an isomorphism). Because 7 is an isomorphism outside a codimension 2 subset of X,
7.0y (Ky) is a torsion-free sheaf whose reflexification is Ox(Kx) and the trace map is
simply the natural reflexification map 7.0y (Ky) = Ox(Kx).

If #:Y - X is a finite surjective map of normal integral schemes, then m.,wy
Homp, (1.O0y,wx). We can then identify the trace map with the evaluation-at-1 map,
Homp, (1.0y,wx) - wx. Assuming additionally that 7:Y — X is a finite separable map
of normal integral schemes with ramification divisor Ram,, we fix a canonical divisor Kx

on X and set Ky = 7*Kx + Ram,. Then the field-trace map
TI"K(Y)/K(X) (K(Y) > K(X)

restricts to a map 7,.Oy (Ky) - Ox(Kx) which can be identified with the Grothendieck
trace map. Throughout the rest of the paper, whenever we have a generically finite map of
normal integral schemes 7: Y — X, we will always choose Ky and Ky compatibly according

to the above discussion.



4.1. Characteristic zero 37

We are now ready to introduce the concept of pairs. A Q-divisor I' on X is a formal
linear combination of prime Weil divisors with coefficients in Q. Writing I' = Y a;Z; where
the Z; are distinct prime divisors, we use [I'] = Y[a;]Z; and |T'| = ¥|a;]Z; to denote the
round up and round down of I', respectively. We say that I' is Q-Cartier if there exists an
integer n > 0 such that nI" is an integral Cartier divisor, and the smallest such n is called

the index of T.

Definition 4.1.1. A pair (X, A) is the combined data of a normal integral scheme X together
with a Q-divisor A on X. The pair (X, A) is called log-Q-Gorenstein if Kx + A is Q-Cartier.

Definition 4.1.2. Given a log-Q-Gorenstein pair (X, A), a log resolution of singularities of
the pair (X, A) is a resolution of singularities 7 : Y - X such that except () is a divisor
and 7;1(A) + except(m) has simple normal crossing support.

More generally, let I = [J;* be an effective formal Q-linear combination of ideal sheaves
on X. A log resolution of (X,I) is a proper birational morphism 7 :Y — X with Y smooth
such that for every k the sheaf J;Oy = Oy (-Ey) for Ej, > 0 Q-Cartier, except(7) is also a
divisor, and except(7) + Ey has simple normal crossing support where Ey = Y apFEy. Log

resolutions exist when X is quasi-excellent by [TemO8, Theorem 2.3.6].

For our purposes, we will also want to move beyond resolutions of singularities to consider

regular alterations.

Definition 4.1.3. A map 7:Y — X of schemes is a regular alteration if it is surjective, proper,
and generically finite and Y is nonsingular.

The main benefit to this is the Stein factorization. If 7: Y — X is a regular alteration,

Yy —————— X
\l /’
Z

where p: Z — X is a finite surjective map and 7:Y — Z is a resolution of singularities.

then 7 factors as

Given a log Q-Gorenstein pair (X,A), we will say that 7 : ¥ - X is a log regular
alteration if it is a regular alteration, except(7) is a divisor, and 7;*(A) + except(7) has

simple normal crossing support.

This then leads us to the object of interest: the multiplier ideal. The theory of multiplier
ideals was largely developed by Esnault and Viehweg in our setting [EV92], and more details
on the theory can be found in |Laz04].
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Definition 4.1.4. Let X be a normal, excellent, noetherian scheme over SpecQ with a
dualizing complex. Given a log-Q-Gorenstein pair (X, A) with A >0, the multiplier ideal of
the pair (X, A) is

I(X,A) =m0y ([Ky -7 (Kx +A)]) €< Ox

where 7:Y — X is a log resolution of singularities of the pair (X,A). Note that [Mur21,
Theorem A] ensures that Rm.Oy ([Ky - 7" (Kx + A)]) = m.Oy ([ Ky -7 (Kx + A)]).

More generally, we can let 7:Y — X be a log regular alteration of (X, A) and consider
H(X,A) = TI‘y/X(Tr*Oy([KY - W*(KX + A)])) cOx

via Theorem 8.1 of [BST15].

We will also use the related concept of multiplier submodules, sometimes called Grauert-
Riemenschneider sheaves as they were first suggested as objects of study by Grauert and
Riemenschneider [GR70]. As far as we know, the first instance of the name multiplier

submodule appears in [Bli04].

Definition 4.1.5 ( [Bli04]). Let X be a normal, excellent, noetherian scheme over SpecQ
with a dualizing complex w%. Let wx be the canonical module, the last non-vanishing
cohomology sheaf of w%, and fix Kx a canonical divisor with Ox(Kx) = wy. Given an
effective Q-Cartier divisor A, we define the multiplier submodule J(wx,A), also known as

the Grauert-Riemenschneider sheaf, as
I(wx,A) =m0y ([Ky -7 AJ)

where 7:Y — X is a log resolution of (X,A). Once again, [Mur21, Theorem A] ensures

Rm.Oy ([Ky - m*A)]) = 1.0y ([ Ky — 7*A]).

The hypothesis that Kx + A be Q-Cartier is included because there is a well-defined
theory of pullbacks for Cartier divisors. Work of de Fernex and Hacon |[dFH09] removes this
hypothesis by defining a pullback operation that uses the fractional ideal sheaf corresponding
to a divisor.

Assume the same hypotheses as Given a divisor D on X and 7:Y — X proper,

birational, de Fernex and Hacon define the natural pullback of D along 7 to be

(D) := divy (Ox(-D) - Oy).
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In particular, Oy (-7"D) = (Ox(-D) - Oy)"" where F" := Hom(F,Oy) for any quasi-
coherent sheaf on Y. Applying this operation to multiples of Kx, we come to the following

definition.

Definition 4.1.6 ( [dFH09] 2.6, 3.1). Given a proper birational morphism of normal, excellent,
noetherian schemes over SpecQ with dualizing complexes 7 : Y - X, the m!”" limiting

relative canonical divisor K, y,x is
L
Km,Y/X = Ky - Eﬂ- (me)
If I=T1] HZ’“ be an effective formal Q-linear combination of ideal sheaves on X, define
Hm(Xa I) = 7T’f(l)y(|VI(m,Y/X - EY])
where 7:Y — X is a log resolution of (X, I+ Ox(-mKx)).

Proposition 4.1.7 (cf. [dFH09] Proposition 4.7). Let X be a normal, excellent, noetherian
scheme over SpecQ with a dualizing complex and I = [1J}* be a formal effective Q-linear
combination of ideal sheaves on X. The collection {Jm(X,I)}ms1 has a unique mazximal

element.

Proof. Fix w:Y — X a proper birational morphism of normal, excellent, noetherian schemes
over SpecQ with dualizing complexes. We first note that K,, y,x < K4y /x for all m,q
positive integers as mv'(D) > v} (mD). Thus g, (X, A) € Jimg(X, A) and the existence of a

unique maximal element follows by noetherianity. O

Definition 4.1.8. Let X be a normal, excellent, noetherian scheme over SpecQ with a
dualizing complex and I =[] HZ‘“ be a formal effective Q-linear combination of ideal sheaves
on X. We call the unique maximal element of {J,,(X,I)}m>1 the multiplier ideal of the
pair (X,I) and denote it J(X,I). When I = Ox, we call this unique maximal element the
multiplier ideal of X and denote it by J(X).

Remark 4.1.9. For sufficiently divisible n, §(X) = J(wx, (wg(_n))l/”). To see this, let 7:Y —
X be a log resolution of (X, Ox(-nKx)) and note that

J(X) = 7Oy ([KY - %Wh(TLKX))])

- .0y ([ Ky = - divy (Ox (=0 -0)] )

=H(wx,(w§(_n))1/n)-
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If we additionally assumed that X is a variety, [dFH09, Corollary 5.5] shows that
J(X,I) is also the unique maximal element of {J((X,A);I)}. This follows from |[dFH09,
Proposition 5.2], which says that §(X,I) = (X, I) = d((X,A); ) whenever A is what is
called m-compatible, and [dFH09, Theorem 5.4], which shows that an m-compatible A exists
for all m > 0. We will introduce a variant of their result in our more general setting, which

will require defining an m-compatible boundary and a Bertini theorem from [LM22].

Definition 4.1.10 ( [dFHO09] Definition 5.1). Let X be a normal, excellent, noetherian
scheme over Spec Q with a dualizing complex and I =[] HZ’“ be a formal effective Q-linear
combination of ideal sheaves on X. Fix an integer m > 2. Given a log resolution 7 : Y - X of
(X,I0x(-mKx)), we say that the log Q-Gorenstein pair (X, A) is said to be m-compatible
for (X, I) with respect to m if

(i) mA is integral and |A] =0,

(ii) no component of A is contained in Zj for any k where Z is the subscheme defined by

Jk
(iii) 7 is a log resolution of the pair ((X,A); IOx(-mKx))
(iv) Ky + Ay -7 (Kx + A) = K,;, y/x where Ay is the proper transform of A on Y’

Theorem 4.1.11 (Theorem 10.1 [LM22]). Let (R, m,k) be a Noetherian local domain contain-
ing Q. Fiz an integer N >1. Let f: X — Pg be a separated morphism of finite type from
a reqular Noetherian scheme X. Assume that every closed point of X lies over the unique
closed point of Spec R.

Let Ty, T, ..., Tn be a basis of H*(PN,O(1)) as a free R-module. Then, there exists a
nonempty Zariski open subset W c AkN“ with the following property: For all ag,aq,...,an €
R, if

(ap,a1,...,an) € W(k),

then the section

h= CL()T1 +aTh + -+ CLNTN
is such that f~1(V(h)) is regular.

We will want a slightly more specific application of this result for our purposes, so we

include that statement here, making no claims over its ownership.
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Lemma 4.1.12. Let (R,m,k) be a Noetherian local domain containing Q. Let J = (go,---,9r)
be an ideal of R, let I = [1J7* be an effective Q-linear combination of ideal sheaves on
X =SpecR, and let m: Y - X be a log resolution of (X,I,J). Then for a general choice
of (ag,...,a,) € AZ” we have that, for f:=aggo +argy, divx [ is reduced and avoids the

components of I and w:Y — X s a log resolution of (X, I,divx f).

Proof. Let X be the blowup of J in R. Consider the following diagram coming from the

g

where ¢ comes from the surjection of graded rings R[Ty,...,T;] = Bl;(R) sending T; ~ g;
in degree one. Let h = agTy + -+ a,T;. Then div ¢ f = div h. By Theorem m divy f
is smooth for a Zariski dense subset of (ag,...,a,) € A?l? and by [LM22, Remark 10.2],

universal property of the blowup

X(_:U%

we can also ensure that except(7n) + Ey + divy f is simple normal crossing (as 7:Y — X is

already a log resolution of (R,I)) and that divx f avoids the components of I. O

We now show that, working sufficiently locally, m-compatible boundaries exist in our

setting and thus the multiplier ideal agrees with the multiplier ideal of some pair.

Proposition 4.1.13 (cf. [dFH09] Theorem 5.4, Corollary 5.5). Let R be a local, normal,
excellent, noetherian domain containing Q with a dualizing complez, let X = Spec R and

1= I"[HZ’C be a formal effective Q-linear combination of ideal sheaves on X. Then
(X, 1) =3((X,A); 1)
for some log Q-Gorenstein pair (X,A).

Proof. This proof is essentially identical to the work of de Fernex-Hacon but we include
it here for the convenience of the reader. We first claim that J((X,I);A) < J(X,I) for
any effective log Q-Gorenstein pair (X,A) [dFH09, cf. Remark 5.3]. Suppose m is the
Q-Cartier index for Kx + A. It is straightforward to show that 7!(C + D) = 7%(C) + n%(D)
for C' Cartier, so m'(mKx) = 7'(m(Kx + A) - mA) = mr*(Kx + A) + 7%(-mA). This
implies Ky + Ay —7"(Kx +A) < K, y/x = Ky - %ﬂ‘h(me) and thus that J((X,A);I) ¢
Im(X, 1) c3(X,1).
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We next claim that J((X,I);A) = Jn(X,I) for any m > 2 and any m-compatible

boundary A [dFH09, cf. Proposition 5.2]. This is because, since A shares no common

components with Z and |A] =0 we have, for any log resolution 7 : Y - X of ((X,A);I),

8((X,I);A) = W*Oy([Ky —W*(KX +A) —Ey])
= W*Oy([KY +Ay —W*(KX +A) —Ey])
= 3m(X7[)

Finally, we claim that we can find an m-compatible log Q-Gorenstein pair (X, A) for
every m > 2 |[dFH09, cf. Theorem 5.4]. Let D be an effective divisor such that Kx — D is
Q-Cartier and let 7:Y — X be a log resolution of (X,Ox(-mKx)+ Ox(-mD)) and let
E =7%(mD). By Lemma we can find g € Ox(-mD) such that divx g:= G = M +mD
is reduced and shares no common components with D or I. Set A:= %M . Note that by
design, Kx + A=Kx -D + %G is Q-Cartier and %TF*G =Ay + %E To se that (X,A) is
an m-compatible log Q-Gorenstein pair, note that mA is integral and |A] = 0. Working

generally enough, we can assume 7 is also a log resolution of ((X,A);I). Finally, note that

Ky-i-Ay—ﬂ'*(Kx-i-A)=Ky+Ay—7T*(Kx+A—iG)—i7T*G
m

m

1
:Ky—ﬂ*(KX—D)—EE

=Bmy/x- ]
The last result we will need is a variant of [Laz04, Proposition 9.2.28].

Proposition 4.1.14. Let X = Spec R be a local, normal, excellent, noetherian domain contain-
g Q with a dualizing complex and let I =[] jk‘f’“ an effective formal Q-linear combination
of ideal sheaves on Spec R. Let J € R be an ideal and fix ¢ >0 a rational number. For k > c,

we can find find f1,..., fr € J such that, for D = % > divy fi,
I(wr,I,J) =J(wpr,I,c- D).
Proof. Let m:Y — X be a log resolution of (X,1,J¢) and let JOy = Oy (-B) for B >0

Q-Cartier. By repeated applications of Lemma we can choose f1,..., fr generally so
that 7:Y — X is a log resolution of (X, I,c- D).
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Write divy f; = B + A; for A; effective and reduced. Then

I(wnr, I,c- D) =m0y ([Ky - By - en*D])
:moy([Ky-Ey-c-B-%ZAi])
= 1.0y ([Ky - Ey - ¢~ B])
=J(wr, 1, J°). O

4.1.2 Results

Throughout this section, fix X, a normal, excellent, noetherian scheme over SpecQQ with a
dualizing complex and I =[] HZ’“ be an effective formal Q-linear combination of ideal sheaves
on X. Whenever we have a log resolution of singularities or log regular alteration of the pair
(X, 1), we will use the notation Ey =Y axE) where J,Oy = Oy (—E}) is the ideal sheaf of
an effective Cartier divisor Fy on Y for each k. We begin by showing one direction of the

containment.

Proposition 4.1.15. Let X be a normal, excellent, noetherian scheme over SpecQ with a

dualizing complex. Then the multiplier ideal §(X,I) satisfies

H(X,I)E Z Im(ﬂ{omx(mwy,OX)@@XW*wY(—Ey)—>(9X)
mY->X

where 7w :Y — X ranges over all reqular log alterations of (X, 1) and the map
Homy (m.wy,Ox) ®0y Tswy (-Ey) - Ox

1$ the evaluation map.

Proof. We check containment locally. By Proposition let (X, 1) = J((X,A);I)
for some A > 0 such that Kx + A is Q-Cartier. Let 7 : X - X be a log resolution of
the triple (X,A,I). By [BST15, Lemma 4.5] we can finite a finite cover p: Y — X with
7 =17 opsuch that 7+ (Kx + A) and p*E; = Ey are both effective Cartier divisors. Let
7 (Kx +A) =div(g) € Oy. Using the projection formula we get that

Tr(g- mewy (—Ey)) = Tr(7. Oy (Ky —divg — Ey))
= Tr(ﬂ'*Oy(Ky —TI‘*(KX +A) —Ey))
=3((X,A);1)

=J4(X,1I)

with the penultimate equality coming from Theorem 8.1 of [BST15]. O
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For the reverse containment, multiplier submodules on finite covers will play a key role.
The key idea is that for 7 : Y — X a regular alteration, any map ¢ : m,wy — Ox factors
through the multiplier submodule J(wz,T") of some divisor I' on X, where p: Z — X is the
finite part of the Stein factorization of . This ultimately implies, thanks to a key lemma,
Im¢ c J(X) (as well as the analogous statement for pairs (X, I)). Before we proceed, we
need the following fact about how multiplier submodules transform when we enlarge finite

covers of our base.

Lemma 4.1.16. Let Spec S’ LA Spec S LA Spec R be finite surjective maps of normal, excellent,
noetherian affine schemes over SpecQ with dualizing complezes with I' > 0 a Q-Cartier

Q-divisor on SpecS and I an effective formal Q-linear combination of ideal sheaves on

SpecS. Then

Im Trg g (43 (ws, T, 1)) = Im Trgr g (Y dud(wsr, ¢°T, 15)).

Proof. Use Proposition 4.1.14] to replace I with some divisor D and I.S” with ¢*D. Because
any regular alteration of Spec S’ will also be a regular alteration of Spec S, [BST15, Theo-

rem 8.1] gives
Trorys (¢+d(wsr, ¢*T,18")) = d(ws, T, ).

[BST15, Lemma 2.3] tells us that Trg//p = Trg g 01« Trg//g and so we get that

Im Trg;p (Y+d(ws, T, 1)) = Im Trg, g otp, Trgys (¢+d(wsr, ¢*T,15"))
=ImTrg /g (Vs ¢ud(wsr, ¢, 15")). O
Lemma 4.1.17. Let p : SpecS — Spec R be a finite surjective map of normal, excellent,
noetherian affine schemes over Spec Q with dualizing complexes and let I =T] HZ’“ be a formal

effective Q-linear combination of ideal sheaves on Spec R. Suppose we have a Q-Cartier

divisor I > p* Kr with nI" =divg. Then
TrS/R (p*H(WS,F,IS)) S 3(R7[)
In the case where I = R and Trg g (p+d(ws,T')) = R, this implies that R has kit type.

Proof. Without lost of generality, we can assume R — S is a map of local rings. Fix
Kpg >0 and note that we can assume R — S is generically Galois. Indeed, let S’ be a the

normalization of S inside a Galois closure of K(S) over K(R). This a finite extension, so
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by replacing I' with its pullback along this extension and invoking Lemma [4.1.16 we can
assume R — S is generically Galois.

Because divg > np*Kpr we know that g € S(-np*Kpg). Choosing a general element
feS(-np*Kpg), Proposition [4.1.14] implies

I(ws, "™, 1S) € J(ws, S(-np*Kp)'/", 18) = J(ws, f1I", IS).

Let G = Gal(K(S)/K(R)) and let
h=T1o(f)

oeG
Then we claim that

H(w57h1/(n‘G|)7[‘S) = H(U)S,fl/n,IS)

To see this, let Y be a G-equivariant log resolution of singularities of (Spec S, S(-np*Kpg),I)
(see [Tem23, Remark 2.1.5(ii)]). Then for any o € G we have the following commutative

square
R(-nKgr)S —— S(-np*Kg)

l l
R(-nKpg)S —— S(-np*Kpg)
The horizontal maps are given by reflexification and are thus functorial and so since the
lefthand vertical map is an isomorphism, so is the righthand vertical map. Thus, the ideal
S(-np*Kpg) is stable under the Galois action. We note that for S(-np*Kpg)- Oy = Oy (-F),
this implies that for any o € G,

1)L

and so the portion of %divY f that is not fixed by the Galois action will have coefficients < 1.

This implies that [ﬁ divy hJ = [%divY fJ, proving the claim that H(ws,hl/(”|G|),IS) =

J(ws, /™, IS). Then because h is Galois invariant and thus in R(-n|G|KR), an application

of Lemma [4.1.16| gives
Tr
p*H(UJS, hl/n‘G|7 IS) ﬂ) H(WRa hl/anIa I) < g(va R(_n|G|KR)1/n‘G|a I) < R.

and thus TrS/R(p*H(wg,gl/”,IS) ¢ J(wr, R(-n|G|Kr)Y"C! T). By Proposition and
the chain of equalities in Remark [£.1.9]

J(wr, R(-n|GIKR)™C 1) c §(R, 1),

with equality if we choose n such that n|G| is sufficiently divisible. O
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Our goal now is to show that given a 7 : Y - X a log regular alteration of the pair
(X,I) and ¢ : mywy (-Fy) - Oy, we can find a divisor on a finite cover of X such that the

trace of the multiplier submodule corresponding to that divisor agrees with the image of ¢.

Lemma 4.1.18. Let X = Spec R be a normal, excellent, noetherian scheme over SpecQ with
a dualizing complex and consider w:Y — X a log reqular alteration of the pair (X,I) and
¢:mwwy - Ox. Let p: Z - X be the finite portion of the Stein factorization. Then we can
find a principal divisor T' = div(h) > p*Kx on Z such that

Im (Tr: ped(wz, T, 10z) > Ox) =Im (¢ : mywy (-Ey) > Ox) .

Proof. Fix Kx > 0. Because X is So, ¢ factors through (mwy)s2 ~ p.Wwyz, so by abuse of

notation, we consider ¢ : p,wz - Ox. By a standard Grothendieck duality argument we see

p+Oz(-p"Kx) ~ p. Homz(wz ®z p*wx,wz)
~ Homy (prwz ® x wx,wx)

~ Homy (pswz, Ox)

Taking global sections, we get that I'(Z, Oz(-p*Kx)) ~ Homx (p«wz, Ox ). Tracing through
the sequence of isomorphisms, we claim that this isomorphism sends s € I'(Z, Oz (-p*Kx)) to
Try, x(s=). To see this, note that, at the level of global sections, the first isomorphism above
sends s to the multiplication-by-s map us : wz ®z p*wx — wz. The second isomorphism
sends j1s to Try/x op.pis = Trz x(s-) via Grothendieck duality. The final isomorphism can
be understood by viewing Trz,x(s-) : K(Z) -» K(X) and thinking of the isomorphism as
restriction to different Ox-submodules of K(Z).

Then, let ¢ = Try/x (h-) for he '(Z,0z(-p*Kx)). Viewing h as an element of Oz, we
get a divisor div h such that divh > p* Kx and, by the projection formula, such that

¢(mewy (—Ey)) = Tr(h - mwy (-Ey)) = Tr(p.d(wz,divh, 10z)). o
We are now ready to show the reverse containment holds.

Proposition 4.1.19. With notation as above
3(X) 2 Z Im (%Omx(ﬂ'*wy,()}() ®@X W*WY(—Ey) — Ox)
Y —->X

Proof. Since both these objects are Ox-submodules, we can check containment locally.

By Lemma [4.1.18] given 7w : Y —» X a log regular alteration of the pair (X,I) and
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¢ : mwwy — Ox, we can find a finite cover Z - X and a divisor I' on Z such that
Tr(d(wz, I, 1)) = ¢(mwwy (—FEy)). Then by Proposition [4.1.17| we can find A on X such that
Imp cJ(X,A, 1) <cJ(X,I). O

Together, Lemmas [4.1.15/ and 4.1.19| give us our main result.

Theorem 4.1.20 (Theorem [4.0.1)). Let X be a normal, excellent, noetherian scheme over
SpecQ with a dualizing complex and I = HHik be a formal effective Q-linear combination of

ideal sheaves on X. The multiplier ideal J(X,I) in the sense of [dFHO09] can be realized as
X, I)= . TIm(Homy(mwy,Ox)®oy mwy (~Ey) - Ox)
Y —->X

where 'Y — X ranges over all log reqular alterations of (X,I) with Ey = Y apEy for
3Oy = Oy (-Ex) and the map Homx (m.wy,Ox) ®0y mwy (—Ey) - Ox is the evaluation

map.
As a corollary, we deduce the following derived splinter characterization of klt singularities:

Corollary 4.1.21. Let X be a normal, excellent, noetherian scheme over SpecQ with a
dualizing complex and I =T] HZ’“ be a formal effective Q-linear combination of ideal sheaves

on X. The following are equivalent
1. (X,I) has kit type

2. For all sufficiently large reqular alterations w:Y — X, the natural map Ox - Rw,Oy

splits and locally factors through Rm.wy (-Ey) = m.wy (—Ey)

3. For all sufficiently large reqular alterations w:Y — X, Ox is locally a summand of

Rr,wy (-Ey) = mwwy (-Ey)
Here, Ey =5y aiEy where Oy (-Ey) = J;Oy .

Proof. By Theorem [4.0.1], (2) == (1) <= (3). To see (1) <= (3) = (2), let 7:Y > X a
regular log alteration of (X, A, ) and localize so that Oy is a summand of m,wy. Then
because X has klt type and thus rational singularities we can find maps p1,ps, and i such

that the following composition is the identity:

Ox —— Rn.Oy i s Ox : > W*WY(—Ey) i) Ox.
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4.2 Positive characteristic

4.2.1 Preliminaries

Let R be a noetherian ring of characteristic p > 0. We will denote by F': R - R the Frobenius
morphism defined by F(r) = rP? and denote by F*° the e-fold composition of the Frobenius
with itself. Given an R-module M, we denote by F¢M the R-module where R acts via
restriction of scalars along the e-th iterate of the Frobenius. We say that R is F'-finite if
F:R— R is a finite map.

Because we do not have resolutions of singularities in characteristic p, we are forced
to use different methods to study singularities. The Frobenius turns out to be a valuable
tool, allowing us to relate singularities of rings and schemes to properties of their Frobenius
endomorphism. In particular, we are able to define an analog of the multiplier ideal using

such methods.

Definition 4.2.1. Let R be an F-finite, reduced ring. The test ideal 7(R) is the unique
smallest ideal J ¢ R, not contained in any minimal prime of R, such that ¢(F¢J) < J for

every ¢ € Hom(F¢R, R) and every e > 0.

This leads to a definition of strongly F-regular singularities, the positive characteristic

analog of klt singularities.
Definition 4.2.2. Let R be an F-finite, reduced ring. Then R is strongly F-regular if T(R) = R.

Similarly, we are able to define analogs of multiplier submodules. Suppose R is an
F-finite, locally equidimensional reduced ring with canonical module wg. Consider the e-th

iterate of the Frobenius R — F¢R and apply the functor Hom(—,wg). This gives us a map
Hom(F{R,wRr) - wgr

and using that Hom(F{R,wRr) 2 Ffwgr, we get a map T°: Ffwr — wg that is dual to the

Frobenius.

Definition 4.2.3 ( [Smi95], |[B1i04], [STO08|). Let R be an F-finite, locally equidimensional ring
with canonical module wgr and T': Fywr — wgr dual to the Frobenius. Then the parameter
test submodule T(wg) is the unique smallest submodule M € wg, nonzero at any minimal
prime of R, such that

T(F.M)c M
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Ultimately, our result in characteristic p > 2 is a corollary to the following result of [ES14]

combined with the existence of quasi-Gorenstein finite covers.

Proposition 4.2.4 ( [ES14] Corollary 6.5). If R is an F-finite reduced ring of characteristic
p>0 and RC S is a finite extension with S reduced, then
T(R) =) Y ¢(Fir(S))
ex0 ¢

where ¢ ranges over all elements of Homp(FES, R).

We give an overview of the construction of quasi-Gorenstein finite covers which we
expect is well-known to experts. See, for example, the construction in the proof of [Kaw88,

Theorem 8.5]. We include the argument here for the convenience of the reader.

Lemma 4.2.5. Let R be a normal commutative Noetherian ring of essentially finite type over

a field k of characteristic not equal to 2. Then Spec R has a quasi-Gorenstein finite cover.

Proof. We first claim that we can find H ~ -2Kp sufficiently general and hence reduced. In
characteristic zero, this follows from Bertini’s theorem for basepoint-free linear systems, here
thinking of |- 2Kg| as a linear system on the regular locus of Spec R. In characteristic p > 0,
let X — Spec R be the normalized blowup of w$? . Then because wgm(’)x = Ox(-QG) is
very ample, if k is infinite, Bertini’s theorem tells us that a general divisor H' ~ -G will be
normal, hence reduced. Pushing H' down to H on Spec R, we get that H is reduced and
H ~ -2Kp, as this holds outside a codimension 2 subset of Spec R and R is normal. If k is
not infinite, we can find such an H on R ®y E and thus on R ®j, Fpe for some e. Since we
are only looking for a finite cover of Spec R at the end of the day, we can assume we have
such an H by working on R ®j, [Fpe.
Given such an H with H + 2Kg =div f, let

S=Reowr=Rowpt

and define multiplication as (a,b)(x,y) = (ax + by f,ay + bz). Since R is regular outside of
a set of codimension two, wr will be a line bundle outside of this set and wg) ~ R(-H)
(via multiplication by f) on the smooth locus. Because R is Sa, this isomorphism will hold
everywhere and so we get an R-algebra that is finite as an R-module. Furthermore, since f
is reduced, S is normal.

We then claim that S is quasi-Gorenstein. To see this, note that wg ~ Hompg(S,wg).
However, since S is normal and hence S3, wg = Hompg(S,wr) ~ S and thus S is quasi-

Gorenstein. n
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4.2.2 Results

In this section, we assume that R is a normal, F-finite, Noetherian ring of characteristic
p>2 and let X = Spec R. By excluding characteristic 2, we have quasi-Gorenstein finite
covers by Lemma |4.2.5] a key ingredient in showing that the multiplier ideal contains the
image of any map m.wy — Ox. We then have the following analogous description of the

test ideal.

Proposition 4.2.6. Let R be a Noetherian, F'-finite reduced ring of characteristic p> 2. The
test ideal T(R) can be realized as
7(R) = ) Im(Homp(ws, R) ®r 7(ws) > R)
R-S
where the sum ranges over all finite extensions R — S and Hompg(wg, R) ®p 7(ws) = R is

the evaluation map.

Proof. Consider ¢ : 7(wg) — R and consider S — S’ a quasi-Gorenstein finite cover. Then
by a restatement of the main theorem of [ST14] we get that ¢ o Trg//g(7(wsr)) = ¢(7(ws))-
Thus we can restrict ourself to only considering quasi-Gorenstein covers in the sum.

Checking equality locally, consider a quasi-Gorenstein cover S with an isomorphism
wg ~ S (and thus 7(wg) ~ 7(S5)). R — F¢S is finite for all e and so by Proposition and
the above observation we have

T(R) =, > ¢(Fir(8)) = 3 Y o(Fir(ws)) = 3. Y d(r(wsr))

€20 ¢ 0 ¢ RS ¢

where the final sum again ranges over all R — S’ finite and ¢ € Homg(wgr, R).

O
As a corollary, we get the following characterization of strongly F-regular singularities.

Corollary 4.2.7. Let R be a Noetherian, F-finite reduced ring of characteristic p> 2. Then
R is strongly F-regular if and only if R is a summand of T(wg) for any sufficiently large

finite cover SpecS — Spec R.

Proof. R is strongly F-regular if and only if 7(R) = R. By the previous proposition, this
implies there is some finite R — S and a surjection 7(wg) — R which must split as a map of
R-modules. The reverse direction follows from Proposition by letting 7 : 7(wg) - R be
the projection onto the summand, implying 7(R) = R. O



References

[AB69]

[ABM22]

[AGPYT]

[AHIY12]

[AT03]

[AI18]

[AIMO6]

[And93]

[And94]

Maurice Auslander and Mark Bridger. Stable module theory, volume No. 94 of
Memoirs of the American Mathematical Society. American Mathematical Society,

Providence, RI, 1969.

Samuel Alvite, Nerea G. Barral, and Javier Majadas. Formally regular rings and

descent of regularity, 2022.

Luchezar L. Avramov, Vesselin N. Gasharov, and Irena V. Peeva. Complete

intersection dimension. Inst. Hautes Etudes Sci. Publ. Math., (86):67-114, 1997.

Luchezar L. Avramov, Melvin Hochster, Srikanth Iyengar, and Yongwei Yao.
Homological invariants of modules over contracting endomorphisms. 353:275-291,

2012.

Luchezar L. Avramov and Srikanth Iyengar. André-Quillen homology of algebra
retracts. Ann. Sci. Ecole Norm. Sup. (4), 36(3):431-462, 2003.

Luchezar L. Avramov and Srikanth B. Iyengar. Restricting homology to hypersur-
faces. In Geometric and topological aspects of the representation theory of finite
groups, volume 242 of Springer Proc. Math. Stat., pages 1-23. Springer, Cham,
2018.

Luchezar L. Avramov, Srikanth Iyengar, and Claudia Miller. Homology over local

homomorphisms. 128(1):23-90, 2006.

Michel André. Homomorphismes réguliers en caractéristique p. 316(7):643-646,
1993.

Michel André. Autre démonstration de théoreme liant régularité et platitude en

caracteristique p. Manuscripta Math., 82(3-4):363-379, 1994.

51



52

References

[And18]

[AS95)

[Avr96]

[Avrog]

[Avr99]

[Bal21]

[Bhal2]

[BIL*23]

[BLi0A]

[BMYS]

[BST15]

[DELO00]

Yves André. La conjecture du facteur direct. Publ. Math. Inst. Hautes Etudes
Sci., 127:71-93, 2018.

Urban Angehrn and Yum Tong Siu. Effective freeness and point separation for

adjoint bundles. Invent. Math., 122(2):291-308, 1995.

Luchezar L. Avramov. Modules with extremal resolutions. Math. Res. Lett.,

3(3):319-328, 1996.

Luchezar L. Avramov. Infinite free resolutions. In Siz lectures on commutative
algebra (Bellaterra, 1996), volume 166 of Progr. Math., pages 1-118. Birkhéuser,
Basel, 1998.

Luchezar L. Avramov. Locally complete intersection homomorphisms and a
conjecture of Quillen on the vanishing of cotangent homology. Ann. of Math. (2),
150(2):455-487, 1999.

Scott Balchin. A handbook of model categories, volume 27 of Algebra and Appli-
cations. Springer, Cham, [2021] (©)2021.

Bhargav Bhatt. Derived splinters in positive characteristic. Compos. Math.,

148(6):1757-1786, 2012.

Matthew R. Ballard, Srikanth B. Iyengar, Pat Lank, Alapan Mukhopadhyay, and
Josh Pollitz. High frobenius pushforwards generate the bounded derived category.
https://arziv.org/pdf/2303.18085. pdf, 03 2023.

Manuel Blickle. Multiplier ideals and modules on toric varieties. Math. Z.,

248(1):113-121, 2004.

Amalia Blanco and Javier Majadas. Sur les morphismes d’intersection compléete

en caractéristique p. J. Algebra, 208(1):35-42, 1998.

Manuel Blickle, Karl Schwede, and Kevin Tucker. F-singularities via alterations.

Amer. J. Math., 137(1):61-109, 2015.

Jean-Pierre Demailly, Lawrence Ein, and Robert Lazarsfeld. A subadditivity
property of multiplier ideals. volume 48, pages 137-156. 2000. Dedicated to
William Fulton on the occasion of his 60th birthday.



References 53

[Dem93]

[dFHO09)

[Dum96]

[EL97)]

[EL99)

[ELSO1]

[ES14]

[EV92]

[FG12]

[GJ99]

[GR70]

[Har77]

[Hir64]

Jean-Pierre Demailly. A numerical criterion for very ample line bundles. J.

Differential Geom., 37(2):323-374, 1993.

Tommaso de Fernex and Christopher D. Hacon. Singularities on normal varieties.

Compos. Math., 145(2):393-414, 2009.

Tiberiu Dumitrescu. Regularity and finite flat dimension in characteristic p > 0.

Comm. Algebra, 24(10):3387-3401, 1996.

Lawrence Ein and Robert Lazarsfeld. Singularities of theta divisors and the
birational geometry of irregular varieties. J. Amer. Math. Soc., 10(1):243-258,
1997.

Lawrence Ein and Robert Lazarsfeld. A geometric effective Nullstellensatz. Invent.

Math., 137(2):427-448, 1999.

Lawrence Ein, Robert Lazarsfeld, and Karen E. Smith. Uniform bounds and

symbolic powers on smooth varieties. Invent. Math., 144(2):241-252, 2001.

Neil Epstein and Karl Schwede. A dual to tight closure theory. Nagoya Math. J.,
213:41-75, 2014.

Hélene Esnault and Eckart Viehweg. Lectures on vanishing theorems, volume 20

of DMV Seminar. Birkhduser Verlag, Basel, 1992.

Osamu Fujino and Yoshinori Gongyo. On canonical bundle formulas and subad-

junctions. Michigan Math. J., 61(2):255-264, 2012.

Paul G. Goerss and John F. Jardine. Simplicial homotopy theory, volume 174 of
Progress in Mathematics. Birkhauser Verlag, Basel, 1999.

Hans Grauert and Oswald Riemenschneider. Verschwindungssitze fiir analytische

Kohomologiegruppen auf komplexen Raumen. Invent. Math., 11:263-292, 1970.

Robin Hartshorne. Algebraic geometry. Graduate Texts in Mathematics, No. 52.
Springer-Verlag, New York-Heidelberg, 1977.

Heisuke Hironaka. Resolution of singularities of an algebraic variety over a field
of characteristic zero. I, II. Ann. of Math. (2), 79:109-203; 79 (1964), 205-326,
1964.



54

References

[Hov99]

[ISWO4]

[Jor10]

[Kaw8s)]

[Kaw99a]

[Kaw99b)]

[KMOS]

[KovO0]

[Kun69]

[Laz04]

Mark Hovey. Model categories, volume 63 of Mathematical Surveys and Mono-

graphs. American Mathematical Society, Providence, RI, 1999.

Srikanth Iyengar and Keri Sather-Wagstaff. G-dimension over local homomor-
phisms. Applications to the Frobenius endomorphism. Illinois J. Math., 48(1):241—
272, 2004.

Peter Jgrgensen. Amplitude inequalities for differential graded modules. Forum

Math., 22(5):941-948, 2010.

Yujiro Kawamata. Crepant blowing-up of 3-dimensional canonical singularities
and its application to degenerations of surfaces. Ann. of Math. (2), 127(1):93-163,
1988.

Yujiro Kawamata. Deformations of canonical singularities. J. Amer. Math. Soc.,

12(1):85-92, 1999.

Yujiro Kawamata. On the extension problem of pluricanonical forms. In Algebraic
geometry: Hirzebruch 70 (Warsaw, 1998), volume 241 of Contemp. Math., pages
193-207. Amer. Math. Soc., Providence, RI, 1999.

Janos Kollar and Shigefumi Mori. Birational geometry of algebraic varieties,
volume 134 of Cambridge Tracts in Mathematics. Cambridge University Press,
Cambridge, 1998. With the collaboration of C. H. Clemens and A. Corti, Trans-
lated from the 1998 Japanese original.

Sandor J. Kovacs. A characterization of rational singularities. Duke Math. J.,

102(2):187-191, 2000.

Ernst Kunz. Characterizations of regular local rings for characteristic p. 91:772—

784, 1969.

Robert Lazarsfeld. Positivity in algebraic geometry. II, volume 49 of Ergebnisse
der Mathematik und ihrer Grenzgebiete. 3. Folge. A Series of Modern Surveys in
Mathematics [Results in Mathematics and Related Areas. 3rd Series. A Series of
Modern Surveys in Mathematics]. Springer-Verlag, Berlin, 2004. Positivity for

vector bundles, and multiplier ideals.



References 55

[Lip94]  Joseph Lipman. Adjoints of ideals in regular local rings. Math. Res. Lett.,
1(6):739-755, 1994. With an appendix by Steven Dale Cutkosky.

[LM22]  Shiji Lyu and Takumi Murayama. The relative minimal model program for
excellent algebraic spaces and analytic spaces in equal characteristic zero. 09

2022.
[Mur21] Takumi Murayama. Relative vanishing theorems for Q-schemes. 01 2021.

[Nad90] Alan Michael Nadel. Multiplier ideal sheaves and Kéahler-Einstein metrics of
positive scalar curvature. Ann. of Math. (2), 132(3):549-596, 1990.

[PST73] Cristian Peskine and Lucien Szpiro. Dimension projective finie et cohomologie

locale. 42:47-119, 1973.
[Qui67]  Daniel Quillen. Homotopical Algebra. Springer-Verlag, 1967.

[Qui70]  Daniel Quillen. On the (co-) homology of commutative rings. In Applications of
Categorical Algebra (Proc. Sympos. Pure Math., Vol. XVII, New York, 1968),
pages 65-87. Amer. Math. Soc., Providence, R.I., 1970.

[Rad92] N. Radu. Une classe d’anneaux noethériens. 37(1):79-82, 1992.
[Riell]  Emily Riehl. A leisurely introduction to simplicial sets. 2011.
[Rod88]  Antonio G. Rodicio. On a result of avramov. 62:181-185, 1988.

[Sch1l]  Karl Schwede. Test ideals in non-Q-Gorenstein rings. Trans. Amer. Math. Soc.,
363(11):5925-5941, 2011.

[Siu93]  Yum Tong Siu. An effective Matsusaka big theorem. Ann. Inst. Fourier (Grenoble),
43(5):1387-1405, 1993.

[Siu98]  Yum-Tong Siu. Invariance of plurigenera. Invent. Math., 134(3):661-673, 1998.

[Smi95]  Karen E. Smith. Test ideals in local rings. Trans. Amer. Math. Soc., 347(9):3453~
3472, 1995.

[SS03] Stefan Schwede and Brooke Shipley. Equivalences of monoidal model categories.
Algebr. Geom. Topol., 3:287-334, 2003.



56

References

[STOS]

[ST14]

[Tem08]

[Tem23]

[To&10]

[TVO0S)]

[TY04]

Karl Schwede and Shunsuke Takagi. Rational singularities associated to pairs.

volume 57, pages 625-658. 2008. Special volume in honor of Melvin Hochster.

Karl Schwede and Kevin Tucker. On the behavior of test ideals under finite
morphisms. J. Algebraic Geom., 23(3):399-443, 2014.

Michael Temkin. Desingularization of quasi-excellent schemes in characteristic

zero. Adv. Math., 219(2):488-522, 2008.
Michael Temkin. Relative and logarithmic resolution of singularities, 2023.

Bertrand Toén. Simplicial presheaves and derived algebraic geometry. In Simplicial
methods for operads and algebraic geometry, Adv. Courses Math. CRM Barcelona,
pages 119-186. Birkh#user/Springer Basel AG, Basel, 2010.

Bertrand Toén and Gabriele Vezzosi. Homotopical algebraic geometry. II. Geo-

metric stacks and applications. Mem. Amer. Math. Soc., 193(902):x+224, 2008.

Ryo Takahashi and Yuji Yoshino. Characterizing Cohen-Macaulay local rings by
Frobenius maps. Proc. Amer. Math. Soc., 132(11):3177-3187, 2004.



	Abstract
	Acknowledgements
	Introduction
	Simplicial methods in commutative algebra
	Model categories
	An example: Chain complexes over a commutative ring
	Derived functors

	Simplicial algebras
	The Dold-Kan correspondence

	Homological properties of the relative Frobenius
	Simplicial rings
	The Koszul complex
	Betti numbers
	Simplicial rings in positive characteristic

	Homological dimension
	Growth of Betti numbers
	G-dimension


	Multiplier ideals and klt singularities via (derived) splittings
	Characteristic zero
	Preliminaries
	Results

	Positive characteristic
	Preliminaries
	Results


	References

