A MODEL FOR A VERY GOOD SCALE AND A BAD
SCALE

DIMA SINAPOVA

ABSTRACT. Given a supercompact cardinal x and a regular cardinal
A < K, we describe a type of forcing such that in the generic extension
the cofinality of k is A, there is a very good scale at x, a bad scale at &,
and SCH at « fails. When creating our model we have great freedom in
assigning the value of 2", and so we can make SCH hold or fail arbitrarily
badly.

1. INTRODUCTION

The relationship between Jensen’s square principle, the Singular Cardi-
nal Hypothesis (SCH), very good scales and large cardinals is important in
singular cardinal arithmetic. Recently two old questions were answered by
a paper of Gitik and Sharon [3]: that failure of SCH does not imply weak
square, and the existence of a very good scale does not imply weak square.
Their result that the failure of weak square is consistent with failure of SCH
and existence of a very good scale was obtained at a cardinal of cofinality
w.

This paper was inspired by work of Cummings and Foreman, who, analyz-
ing the Gitik—Sharon model, showed that the failure of weak square in this
model is in fact a consequence of the existence of a bad scale at x [1]. Pre-
cisely, in the Gitik—Sharon model obtained after forcing at x, the following
holds in the forcing extension:

(1) & has cofinality w,

(2) SCH fails at &,

(3) there is a very good scale at x, and
(4) there is a bad scale at k.

The existence of the bad scale implies failure of weak square.

The natural question is whether we can get the same result for larger
cofinalities; it turns out that we can. The main result we will present is
that if in the ground model GCH holds, & is a supercompact cardinal and A
is a regular cardinal less than k, then there is a generic extension in which
the cofinality of x is A, SCH fails at «, there is a very good scale at x, and
there is a bad scale at x (and so weak square at « fails). The forcing we use
combines ideas from Magidor’s forcing for changing cofinalities of cardinals
[6] and the forcing described in Gitik—Sharon paper. We note that both in
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the Gitik—Sharon model and here we have great freedom in assigning the
value of 2%. Thus SCH can hold or fail arbitrarily badly.

The notion of a scale is a central concept in PCF theory. Let k be a
singular cardinal and consider an increasing sequence (k, | n < cf(x)) that
is unbounded in k. For functions f and ¢ in Hn<cf(m) Ky, We say that f <* g
if there exists 0 < cf(k) such that for every n > 6, f(n) < g(n).

A scale of length kT is a sequence of functions (f, | a < k™) from
Hn <cf(r) B which is increasing and cofinal with respect to <*. We say
that v < k™ of cofinality between cf(x) and & is a good point iff there exists
an A C ~ that is unbounded in y and ¢ < cf(k) such that for all o, 5 € A
and n < cf(k), if @« < B and ¢ < n, then fo(n) < fg(n). If “unbounded in
~” is replaced by “club in 4”, then v is a very good point. The given scale is
(very) good iff modulo the club filter on k™, almost every point of cofinality
greater than cf(k) and less than k is (very) good. Bad scales that are those
that are not good.

Theorem 1. Suppose k is supercompact, X\ is a reqular cardinal less than k,
and GCH holds. Then there is a generic extension, in which k has cofinality
A, there is a very good scale at k, there is a bad scale at k, and SCH fails
at K.

The rest of the paper presents the proof of Theorem 1. We shall work with
a slightly different assumption on x then the one in the theorem. Precisely,
we work throughout the paper under the assumption that, in the ground
model, x is supercompact, 2 = p* where g = £ and (kT)<F <
ket for each limit v < A. Moreover there are functions f, : k — & for
v < p and a supercompactness measure U on Py(7), where 7 = Q(EH), such
that jy(fy)(x) = 7 for each . This situation can be arranged, starting from
the assumption in the theorem, as follows:

First use Laver’s forcing to make x indestructably supercompact [5]. Let
j 'V — M be a t-supercompactness embedding with critical point . Let
P be the poset consisting of partial functions from x***2 x k to k ordered
by extension and let H be P generic. For v < k2 define f, : k — & to be
the ~v-th generic function. Using the Laver indestructibility we can extend j
to 7* : V[G] — M[G*]. We do this as in the proof of Laver indestructibility
except that when choosing the master condition we choose it to force that
§(fy) (k) = 7 for each v < k™*2. Now define U = {X € Py.(r) | j*'7 €
§*(X)}. Then for v < s™*2 5y (f,) (k) = 7.

Also, for limit o < \, (k7)< = k+2*! since the forcing to make 2% = p+
is < k closed. When « is a successor we get that (kT®)<F = g1,

2. MEASURES

In this section we introduce the normal measures which will be used in
defining the main forcing. We are interested in normal measures U, on



A MODEL FOR A VERY GOOD SCALE AND A BAD SCALE 3

Po(kT), a < A, such that for a < 3 < \, U, € Ulty,. Here we show that
such a chain exists, and we prove some propositions about the measures.

The following lemma follows an argument due to Solovay, Reinhardt, and
Kanamori [8].

Lemma 2. For all £ < A, for all X C P(P.(k%)), there is a normal
measure Ug on Py (K1), such that X € Ulty, and there are functions (F, |
v < ) from k to k, such that for all v < p, ju.(F,)(k) = 1.

Proof. Suppose not. Fix £ < A, such that the statement ¢(X, k, &, A) holds
for some X, where ¢(X,k,6,\) = “X C P(Pu(kT¢)) and for all normal
measures Ug on Py (k7¢), X ¢ Ulty, or H(F, | v < k™) from & to k, such
that for all v < k™1, jy, (F,) (k) =v.” Fix such X.

Let j : V. — M be a T-supercompactness embedding with critical point
K as in the preparation of the ground model. Namely, for each v < k1t 2,
J(fy)(k) =~. Since M™ C M, X € M. Also, if M = Ug is a normal measure
on Py (k%) then in V, Ug is a normal measure on P (k1) If X ¢ Ulty,,
then X ¢ Ultgi . It follows that M |= (3X)(X, K, &, N).

Let Us = {X C Pu(x™) | j76¢ € j§(X)}, Uge is a normal measure
on P.(k*¢). Define k : Ulty, — M by k([f]) = j(f)(77"¢). Then k is
elementary, j = ko jy,, and k(n) = n, for all n < k€. Also since every
element of P(P,.(k*¢)) belongs to Ulty,, we have that k(X) = & for all
X C P(Px(k%)) in Ulty,.

By elementarity of k and since k(k) = x, Ulty, = (3X)p(X, K, &, A). Fix
a witness X' € Ulty, .

Again, by elementarity of k, since k(X') = X’ and Ulty, = ¢(X', K, N),
it follows that M = ¢(X', Kk, &, A).

X' € Ulty,, and Ug € M. So, it follows that M |= © BE, | v < p) from
K to k, such that for all v < p, ju, (Fy)(k) =.”

For v < p define I, as follows. Let g be such that [g]ly, = 7 and set
§ = j(9)(5"xTE). Let X = {x € Pu(s) | g(x) = f5(k N x)}. By defini-
tion of Uy and since j(g)(j"x7¢) = § = j(fs5)(k), it follows that X € U.
So, jue(fs)(k) = 7. Set F, = fs. Since M™ C M, (F, | v < p) € M,
contradiction. O
Proposition 3. There is a chain Uy, a < X, such that each U, is a normal
measure on Py(ktY), for a < 8 < X, Uy < Ug (i.e. Uy € Ulty,) and
functions <E,5 | v < u, & < Ay from k to Kk, such that for all & < A,y < p,
Jue (F5)(r) = 7.

Proof. Define the chain as follows. Suppose that we already have U,, n <
¢ and (FY | v < p,m < ). We can code this sequence by some Y C
P(P.(kT¢)). Apply the argument of the previous lemma to find a normal
measure Ug on Py (k%) with J € Ulty, and functions (FAY€ | v < p) from k
to k with ju, (Fé)(n) = ~ for each 7. O
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Fix measures U,, for o < A\ and functions (F | v < & < A) as in the
statements of the last proposition. For each a < X let X, be the set of
z € Py(k1*) such that
(1) x Nk = Ky is K™ -supercompact
(2) ot(z) = Kf®
(3) (Vy < a)ot(ac Nkt =kt

(4) (V7 < a)((kd7) <" < wTH)

By standard reflection arguments X, € U,,. B

For o < 3, for © € Xg, and Y C Py (kT Nz), define Y C Py, (k1%),
by Y = {{ot.((Nx) | £ €y} |y € Y}. U, € Ully, and hence there is a
function « — Ug , such that Uy = [z — Ug lu,. We may assume that each
Uﬂ is a measure on Py (rk1%), and so there is a normal measure U 5. On
Py, (kTN x) such that U,B,z ={Y C Ps,(k5%) | Y € Ug,}. Note that each
Ug . is A— complete.

Claim 4. Let a < 3 <, z € X, then,
(1) if AC Pe(kT?), then A= [z +— ANPy, (xNKHY)]y,.
(2) if AC Ps.(20NKTY), then A= [z +— AN P, (xN Kt e

v,z

Proof. (1) For y € Po(k*®), y =[x — {o.t.(EN2x) | € € y}u,. Ify € A,
{z € Pu(wtP) | {ot.(6Na) | €y} € ANP,, (zNKTY)} =
{reP(k?P) |ly€e ANP, (xNKtY)} =
{z € Pu(k™P) |y € Py, (z Nt} € Ug
Also, if y € [z — AN Py, (x N &+Y)|y,, then {z |y € ANP,, (xNKT*)} =
{z [{ot.((Nzx)| €y} e ANPe (xNkt®)} € Ug, s0y € A.
(2) Similar as above. O

Corollary 5. If a < 3 <, z € X, then
(1) if Y C P(Pu(st%)), then Y =[x — {AN Py, (xNrte) | A e V}uy,.
(2) if Y C P(Pu.(zNkT)), thenY = [ — {ANP, (xNkt®) | A€
y}]Uﬁz'

Lemma 6. For a < 3 <~ and for Uy-almost all z € X, US, < U»ﬁz, and
Ue, = [ +— Ug,a:]Uf

Proof. By absoluteness, Ulty, = Ua < Ug and Ua = [z — Ug v,

So, for Uy-almost all z € X, UY, < Uyﬁ,z. By the above corollary, each
U’?,z = [JZ‘ = {A N PRT(x N H—Hl) ’ Ae az}]Uﬁ .

Also, since U, = [z — Us ]Uv again by the last corollary for almost all
z€ X, US, ={ANP,, (2 ﬂ /{m) | A€ Uy}. Then for almost all z € X,

Ue, =[x = {ANP. (zNKrT*) NPy (xNKte) | Ae Ua}]UﬁZ =

=z {ANP,(zNkta)| Ac Ua}]Uﬁ =
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= [z — Ug,] O

Uy

For v < A/ let By = {z € X, | (Vo,f)a < B <y — U2, = [z

Ug #lys - By taking intersections of measure one sets, we have that B, €
’ v,z
U,.
Remark 7. Tt follows that if o < # and A € U,, then
(Vuza)AN Pe, (x N &™) € UG,

Similarly, if a < 8 <, z € By, and A € U, then

Y27
(VUﬁzx)A NP, (xNkt?) € Uj .

3. THE MAIN CONSTRUCTION

Before we define the forcing conditions, we briefly discuss the relation
between scales and large cardinals. Shelah showed that for x supercompact,
if v > k is such that cf(v) < k, then there are no good scales at v [7].

Lemma 8. Suppose (Gg | B < p) is a scale in [],_, k7. There exists
an inaccessible 6 < K, such that there are stationary many bad points 3 < p

with cf(8) = 65+,

Proof. Suppose otherwise. For each inaccessible § < k fix a club Cy in pu,
such that all points in Cs with cofinality 6T**! are good for the scale. Let
C = \s<, Cs, which is also club since cf(p) = pu > k.

Let j : V. — M be p-supercompact measure on k, and let p = sup(j” u)
Then we have,

M = p € j(0), cf(p) = cf(u) = T,
and since k < j(k) we have by elementarity that M = p is good.

But if we define g to be the function a +— sup(j”xT*"1), then g is an
exact upper bound for (j(G), | n < p) with non-uniform cofinality, so p
cannot be good. Contradiction. ([

For the rest of the proof fix (Gg | # < p) as above and ¢ as in the
conclusion of the lemma.

Before we give the definition of the main forcing let us recall some relevant
types of forcings:

(1) Magidor forcing adds a club set of order type A in k, starting with a
Mitchell order increasing sequence (U, | @ < A) of normal measures
on K.

(2) Supercompact Prikry forcing adds an increasing w-sequence of sets
Ty € (Pu(n))V with n = {J,, zn, starting from a supercompactness
measure U on Py (n).

(3) Gitik-Sharon forcing adds an increasing w-sequence of sets z, €
(Pu(kt™)V with k+ = |J, 2, starting from a sequence (U, | n <
w) where each U, is a supercompactness measure on Py (x7").
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We can also define a “supercompact Magidor forcing”, starting from an in-
creasing sequence (U, | o < \) of supercompactness measures on P, (n)
which adds an increasing and continuous A-sequence of sets x, € Py(n)
with 7 = (Jy<r Za- The main forcing described below starts from an in-
creasing sequence (U, | @ < \) where each U, is a supercompactness mea-
sures on Py (k1*) and adds an increasing and continuous A-sequence of sets
To € Pu(kt®), for v < X such that k™ =, Za-

The main forcing:

Conditions are of the form p = (g, H), where:

(1) dom(g) is a finite subset of A, and dom(H) = A \ dom(g).

(2) for each a € dom(g), g(a) € Ba, and kN g(a) = Ky) > 0T

(3) for a < 3, in dom(g), we have g(a) C g(8), ot(g(a)) < Kg(g)-

(4) for a ¢ dom(g) and o > max(dom(g)), we have H(a) € Uy, H(a) C
B,

(5) for a & dom(g) and @ < max(dom(g)), setting f = min(dom(g) \ a),
we have H(a) € Ug (8) (the normal measure on Py, (+7*Ng(5)))

(6) for « < g, if @ € dom(g), # ¢ dom(g), then for each z € H(3),
g(a) C z and o.t.(g(«)) < Kk, (this requirement is needed mainly for
technical reasons).

(9, H) < (j,J) iff g D j, for a € dom(g) \ dom(y), g(«) € J(a), and for
a ¢ dom(g), we have H(«a) C J(«)

— AL

Proposition 9. P has the u chain condition.

Proof. For ae < A, the number of possibilities for g(a) is at most card (P, (k%)) <
xtotand so card({g | 3H (g, H) € P}) = k™. Any two conditions (g, H),
(g, J) are compatible. -

Let G be P generic. Let g* = U<g Hyea 9- Then ¢* is an increasing

function with domain contained in A and with g*(a) € P, (k1%) for each
a € dom(g*).

Proposition 10. dom(g*) = A.

Proof. Let oo < A, we claim that D, = {(g, H) | @ € dom(g)} is dense.

Let (g, H) € P\ D,. Let n = max(dom(g) Ncv). We will choose = € H(«)
as follows:

Case 1. dom(g) \ &« = ). Then H(«) € U,. By Remark 7, for each p such
that n < p < a, we have (Vy,z)H (p) NPy, (kTP Nx) € UL ». By intersecting
measure one sets, choose z € H(«), such that for all p with < p < «,
H(p) NPy, (kTP Nx) € UL,

Case 2. dom(g) \ a # 0, so let 8 = min(dom(g) \ @) and y = g(3). Then
H(a) € Ug,, and for p with n < p < o, H(p) € Ug’y. So, for each such
p, by Remark 7 we have (VUg’yx)H(p) N Py, (kTP Nz) € UL, Again by
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intersecting measure one sets, choose z € H(«), such that for all p with
n<p<a Hp) NP, (s Nz) e UL,

Now set ¢’ = g U {{a,z)}, and for p ¢ dom(g) U {a}, H (p) = H(p) N
Pe, (kTP Nz) € UL, if n < p < a, and H'(p) = H(p) otherwise. Then
(¢, H") < {g,H) and (¢’, H') € D,,. O

Set 4 = g* (), and Koy = KN x4.

Proposition 11. V[G] = cf(k) = cf()\) and cf((xT1)V) = cf()\) for each
a < A

Proof. 1t is enough to show that k™ = (J,_, Za. Let n < k™, we claim
that Dy = {(g, H) [ 1 € Upcdom(g) 9(e)} is dense.

Let (g,H) € P\ D,, # = max(dom(g)), and v be such that 8 < v < A,
and n < k7.

For p, such that 3 < p <~, H(p) € U, = [z — Uy ]y, and H(p) = [z —
H(p) NPy, (kT N z)]y,. So, Z, ={x | H(p) N\ Px, (kTP Nx) € UL} € U,.

Let Z = ﬂﬁ<p<7 Z,. Z € Uy, so we can choose x € Z, such that n € .
Define (¢',H'), by ¢ = g U {(v,2)}, and for p ¢ dom(g), let H'(p) be
H(p)NPy, (kTP Nx), if B < p <+, and H(p) otherwise. Then (¢, H') € Dy,
and (¢, H') < (g, H). O

By a similar argument if o < A is limit, then zq = Ue, 7e. (I 7 <
To, (9,H) € G with o € dom(g), then the set D, = {(¢,H') | n €
Uecdom(g) e<a 9(§)} is dense below (g, H).) It follows that supe<ake = Ka.

We have to show that our forcing preserves k. To prove this we will
show that IP satisfies the Prikry property. First we will show that below any
condition we can factor the poset into Py x ...IP, where each P; is below a
condition of the form (0, H).

Recall that the main forcing was defined starting from a supercompact s
and limit A\, normal measures U, on P,(k+%), sets B, € U, for a < A and
functions z — @ such that

(1) for a < B3, Ua = [z — Ug v,
(2) fora <f<vyandz€ B, Uy, =[z+— Ug,]

ub -
More generally we can define our forcing for any supercompact v and limit
a with the appropriate measures and functions satisfying (1) and (2).

Let (g, H) € P and suppose dom(g) = {«a} for some limit & < A and
g(a) = x. Below this condition we can factor the poset to Py x P; as follows:

For £ < a, let ve = Ugw. Then each v¢ is a normal measure on Py, (/1;%).

Also for £ <1 < a, let y — 5, be the function such that ve = [y — Uv&vyy]vm

where each vg,y is a normal measure on Py qy((k: Ny)*e). Applying the

previous claims we can find sets b, C H(p), b, € v, such that for £ <n <

p<aandy€b, Uf,,y = [z v%z]vgy. Here we use the notation defined
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in section 2, namely vgy is obtained by lifting vgy to a normal measure
on ’P,%my(lii_g N y) by using the order isomorphism between n?{g Ny and
(ke Ny)Te.

Let Py be defined from:

e the normal measures ve = Ua 2 on Py ( ) for £ < «
e the sets bg C H(§) be € ve.
e functions y — ”nay for £ <n < a, where ve = [y — @]vn.
Py adds a generic sequence (y¢ | § < ) such that [Je_, ye = x7®. Using
the order isomorphism between £} and x, we can lift this chain to a chain

<yék | £ < a) whose union is x.
Let P; be defined from the measures Ug, a < 8 < A and the functions

mHUWﬁJfora<ﬁ<’y</\.

By lifting the sets be, £ < a, we can find a condition (g, H') < (g, H) such
that the forcing below (g, H') is isomorphic to Py x P;. Here H' is such that
for £ < a, H'(§) = be. Conditions in Py are below (0, H” | ) and conditions
in Py are below (0, H' [ (A\\ «)).

Similarly, if (g, H) € P is such that dom(g) has size n, there is a stronger
condition (g, H') such that we can factor the forcing below this condition as
the product of n 4+ 1 forcings as above.

Proposition 12. (Diagonalization Lemma) Let (0,H) € P, a < X, and
A € U,. Suppose (g, Hy) for x € A are conditions with g, = {{(a,z)}
and {9z, Hy) < (0,H). Then there is a condition (0,H’) < (0,H), such
that if (4, J) < (0, H") with o € dom(j), then there is an x € A for which

Proof. For £ < \ define H'(€) as follows:

(1) If ¢ < a, let Be = [z — H.(§)]u,. By previous lemmas, we have that
Bg € Ug. Also, for almost all 7 € A, BeNPy, (zNkT) = Hy(€). Let,
Ac ={z € A| BeN Py, (xNKte) = Hy(€)}. Now, set H'(§) = B,
and H'(a) = H(a) N Neeq Ae-

(2) &> a, set H'(E) = Apealz(§) = {2 | 2 € Npenwx. Ha(§)}. Here

“r < 2” means x C z and o.t.(z) < K.
Then (g, H') is stronger than (g, H) (since each (g,, H,) was). Also,
suppose that (j,J) < (0,H’) with o € dom(g). Let x = j(c). Then
(5, J) < (9o, Ha). 0

Proposition 13. (The Prikry property) Let p = (g, H) € P, a < X\ and

let ® be a statement in the forcing language. Then there is a condition
(9, H') < (g,H), such that (g, H') || .

Proof. Using product factoring it is enough to show this for p = (0, H).
Suppose that there is no direct extension of (0, H) which forces the nega-
tion of ®. We claim that then there is a finite sequence (a1, ..., o) of points
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in A, such that for any (0, H') < (0, H), there is a condition (i, I) < (0, H')
with dom(i) = {au,...,a;} which forces ®. Otherwise, for each finite se-
quence « of points in A, we can fix a direct extension ¢ of (0, H) as a
witness. By taking intersection of measure one sets let ¢ be stronger than
each g. Then there is no condition stronger than ¢ which forces ®, con-
tradiction.

Fix such a sequence @ and let k be the size of @. We will show the proof
for k = 1, the general case is similar using induction and product factoring.
Say @ = {a}.

By previous lemmas A = {z | (3(j,J) < (0,H))j = {{a,2)}} € U,. For
each x € A, fix a witness (g, Hy). By shrinking H, if necessary, we can
assume that if there is a condition (g, J) < (gz, Hy) with (g5, J) |- ®, then
(9o, Hy) I- @,

Set AY = {x € A| (gs, Hy) IF ®}, and A~ = {x € A | (g, Hy) ¥ ®}.
Since U, is an ultrafilter, one of these is in U,, Let A’ = AT if AT € U,,
and A’ = A~ if A~ € U,.

Let (0, H') be as in the conclusion of the diagonalization lemma applied
to (0, H) and (g, H,), © € A’.

Then (0, H') < (0, H) and is such that if (j, J) < (g, H') and « € dom(j),
then there is an z € A’ such that (j, J) < (gz, H;). Also note that H'(«) C
A

By our choice of «, there is a condition (i, I) < (0, H') with dom(i) = {«}
and (i, I) |- ®. Then we have = i(a)) € H'(a) C A, and and by definition
of (0,H"), (i,I) < {(gs, Hz). Since i = g, and (i, I) IF ® by the way we chose
each H,, we have that (g,, H,) forces ®. So, A’ = A*.

We have to show that (0, H') forces ®. Otherwise there is a condition
(3,J) < (0, H") which forces the negation of ®. We may assume that o €
dom(j). Setting y = j(«), we get that y € A’ (since y = j(a) € H'(a) C A7),
and by definition of (0, H'), we have (j,J) < (gy, Hy). But y € A’ = AT,
contradiction.

O

Corollary 14. Let (9, H) € P, a € dom(g), a limit, and let ® be a state-
ment in the forcing language. Then there is a condition (g, H') < (g, H),
such that if (j,J) < (g, H) decides ®, then (j | a,J [ &) (g | A\ ), H |
(AM\ «)) decides P.

Proof. By shrinking H if necessary, we can factor the poset below (g, H) as
Pp x P;. Conditions in Py are of the form (j, J) where dom(j) is a finite
subset of @ and dom(g) [ @ C dom(j). More precisely, using the notation
above, the conditions in Py are below (g [ a, H [ ). Conditions in Py are
below {g [ (A a), H [ (A\ ),

Applying the Prikry property, for each ¢ € Py we can get a condition
pq € Pq such that dom(pg) = dom(g) | (A\«) and (g, pq) decides ®. The size

+a
of Py is at most 2"9(=) | which is less than Kg(8), Where 8 = min(dom(g)\a+1).
So, by intersecting measure one sets we can find a condition p’ such that p’
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is a direct extension of (g, H) and for each ¢ € Py, p’ [ (A \ &) < pg. Then
p’ is the desired condition. O

Fora <\ letPy,={(gla+1,Ha+1)]| (g, H) € P,g(a) =x}. Also
set Go ={(g la+1,H [a+1)|(g,H) € G}. Then G, is generic in Pq ;.
Also, P, 4, has the k"1 chain condition.

Proposition 15. Let 7 < Kk be a cardinal in V, such that for some limit
a < X and natural number k, k1T < 7 < Kkqyr. Then P preserves .
Moreover, cfV (1) = cfVIC (7).

Proof. We will show that if a C 7 and a € V[G], then a € V[G,].

Fix (g, H) € G with {o,a + 1,...,a + k} C dom(g). For each p < T,
let (g,H,) < (9, H) be such that if (j,J) < (g, H) decides “p € a”, then
Gl JTa)y (g I (A\ (a+1), Hy [ (A\ (a+1))) decides “p € a”.

Set H'() = ey Hy(€), if € > a,& ¢ dom(g), and H'(§) = H(&), if
¢ € a\ dom(g). Then,

e ST GGl TN DL L0\t D) o€} €

P, s, has the kT®T! chain condition, so 7 is a cardinal in V[G,]. By the
above 7 is still a cardinal in V[G]. O

So, since a limit of cardinals is a cardinal, in V'[G] each k441 is a cardinal,
and since for limit o, supecake = Ko, and supg<rke¢ = K, we have that in
V[G] each kK, is a cardinal and k is a cardinal. By Proposition 11, we get
VI[G] E kt = p = (kT™1)V. Below we summarize facts about collapsing of
cardinals and change of cofinalities.

e Let 7 be a cardinal in V such that s, < 7 < k1! for o limit.
Then card”%)(7) = k4, and if 7 is regular in V, then in V|[G] the
cofinality of 7 is equal to cf(«).

e Let 7 be a cardinal in V such that £ < 7 < £**1, Then card"1¢l(7) =
k, and if 7 is regular in V', then in V[G] the cofinality of 7 is equal
to A

In particular, if 7 is such that c¢f" (1) # cfVI€ (), then cfVIC(7) < A.

Proposition 16. If (A, | @ < ) € V is such that each Ay € U,, then
ZTo € Ay for all sufficiently large o.

gmof. D = {{(g,H) | (38 < AN)max(dom(g)) < 3, Va > B)H(a) C Aa}[i:s]

Proposition 17. V[G] = A C ON,0.t.(A) = 7.\ < cfV (1) = 7 < 6t M1,
then there is a B € V' such that B C A, and B is unbounded in A.

Proof. Recall that § was fixed to be such that the scale (Gg | f < p) in
[Toeyr 67"t has stationary many bad points of cofinality 6+*1 and for

(9. H) € P, a € dom(g), we have ky,) > 671 Also note that in V[G]
cf(r)=7> A\
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ForpePlet A, ={a|plkacAl; A={J
Ug, 1y eG ammax(dom(g)) Ap unbounded in A.

The number of possibilities for dom(g) with maximum « is less than
A, so we can fix a set D = {ag,...,a,} where a,, = «, so that A’ =
Utg,myeG.dom(gy=p Ap is unbounded in A. Te. we can fix g (by taking
g(ai) = xa,).

In V[G] let f: 7 — A’ enumerate A’. Then by definition of A’, for each
v <, fix (9, H,) deciding f (7).

For v € A\ dom(g), set H(a) = (), Hy(). If @ < max(dom(g)) and
f = min(dom(g) \ @), then 7 < T 1! < Kg(g), and so H(a) € Ug o(8): Also

if &« > max(dom(g)), H(«) € U,. So, (g, H) is a condition and it decides f.
U

e Ap. Fix a < A such that

Lemma 18. Let n : A — A+ 2, with o < n(«), and n(a) a successor
ordinal. Let in V[G], h € ], k™) then there is a sequence of functions

(Ho | @ < A) in V, such that dom(H,) = By, Ho(z) < k™ and h(a) <
Hy(xq) for all large o.

Proof. For simplicity suppose (0, H) € G forces that h is as in the statement
of the lemma. For o < A, and = € B,,, define:

Hy() = sup{y | v < 5", (3(g, H) € P)a = max(dom(g)), g(c) =
and (g, H) IF h(a) =~} + 1

Now, for 8 < « in the domain of g, the possible values of g(3) are at most
card(P, (kTP N x)) = (k) <k < ki < ke < 157 where 2 = g(a).
Since n(«) is a successor, it follows that Hy(x) < k1),

For each o < A and z € H(a), let g, o = {(o,x)}. By the Prikry
property and the definition of H,(z), we can find (gy.«, Hz ) such that
(gp.0y Hyo) forces that h(a) < Hu(z). To do this, for each v < /@}L"(a),
let (gz,a, Hi.a) be given by Corollary 14 applied to “h(a) = ~”. Then let
Hz,a(ﬁ) = 07<K;n<a> Ha’cy,oz(f) for € 7é «.

Apply the diagonalization lemma to (gz,a, Hz.a), * € H(a) and get p,
(0, H,) € G to be such that if (j, J) < ps with @ € dom(j), then (j,J
(gp.0s Hya), where = j(a). Then p, forces that h(a) < Ha(ia). By
intersecting measure one sets, choose p to be stronger than each p,. Then
p forces that h(a) < Ha(ia) for all oo < A.

IA

4. THE BAD SCALE

Let in V, (G | B < p) be the bad scale in [],_, T**! which we fixed in
the beginning of the last section. Define in V[G], (g5 | 6 < p) in [T, 5>
as follows:

Ya < \, Vnp < wtetl fix F)] : B, — V, such that Vo Fj(z) < kiotl,

and [Fl|y, = n. For 8 < pu, set gg(a) = FaGﬁ(a)(xa).
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If 3 <~ < A, then for all large a, Gg(a) < G(a), so for all large «,
[Fgﬁ(a)]ya < [Fg”(a)]ya, so by Proposition 16, for all large «, Ffﬁ(a) (xa) <
F&® (xa), s0 (gg | B < p) is increasing.

Also, if in V[G], h € [[ocywd®™!, fix (Ho | @ < A) € V as in the
conclusion of Lemma 18. In V, define h* € [[,_, k7" by h*(a) = [Ha]v,,.
Then h* € [],, 7", and so we can fix 8 < p, such that h* < G3. Then
for all large o, [Hqolu, = h*(a) < Gg(a) = [FaG@(a)]Ua, and so for all large

a, Ho(za) < Fgﬁ(a)(aza), so h <* gg.
Thus, (gg | B < p) is a scale. It remains to show that it is not good.

Lemma 19. Suppose 8 < pu with cf(3) = 6t ! is a good point for (g, |
v < p) in VIG]. Then (B is a good point in V for (G, | v < p).

Proof. First note that cf(3) = 6% in V as well. Fix unbounded A* C £,
and v < X witnessing goodness of 5 in V[G]. Then by Proposition 17, there
is an unbounded set A C A* in V. Then A and v witness goodness, so let
p = (h, H) € G be such that p I+ (Va > v)(g,(a) | v € A) is increasing.

Claim 20. Vo > max(v, max(dom(h))), for U,-almost all y € H(a), we

have that <FOCG”(Q) (y) | v € A) is increasing.

Proof. Otherwise, for some a > max(v, max(dom(h))), we can find y, €
H(a), such that <Fg“’(a) (Ya) | v € A) is not increasing and (3¢ < p)q =
(W', H"),a € dom(h'), /() = yo. Fix such a condition g. Then
. Gy (a
(v7 < a4 (0) = F (ga).
g <p=qlF{jy(a) | v € A) is increasing.
But, (FSW(Q) (Ya) | 7 € A) is not increasing. Contradiction. O

So, we have that for all large a, ([Fg ”(a)]Ua | v € A) is increasing, and so
for all large cr, (G () | v € A) is increasing. Thus, (3 is good for (G | v < p)
in V. (]

Since P has the p chain condition and there are stationary many bad
points with cofinality ™+ in V for (G, | v < ), we get that (g, | v < )
is not good.

5. DEFINING THE VERY GOOD SCALE

Recall that in V' we have <F§ | v < p, € < A), each FS : k — k, such that
for all &€ < N,y < p, jU5(F§)(/<a) = ~. Since jUé(ng)(H) < kML without
loss of generality we may assume that for all n < k, F§(n) < AL

In V[G], define (£, | v < 1) in [Ten 57, by £(6) = F§ (re).

Proposition 21. (f, | v < u) is a scale
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Proof. If v < § < p,

then, V&, ju () (k) = 7 < 6 = juc (F})(+)

= V€ Yoz, F§(ke) < Fy(Ka),

so by Proposition 16, for all large £ < A, Fé(/ﬁg) < Fég(/sg), ie. f, <* fs.
So the f,’s are increasing.

Suppose h € [, ﬁg)‘ﬂ, fix (He | € < A) in V as in the conclusion of
Lemma 18. For £ < A, let ¢ = [y — He(y)]u, < kT = 4 Fix v < p,
such that for all { < A, 7¢ <, and so ¢ < jUg(Fé)(n) =7,

= (Y6 < A)(Vu ) He() < F (k)

= for all large £ < A, He(ze) < F§(/{g), i.e. for all large &, h(€) < fy(§),
and so the f,’s are cofinal. O

Proposition 22. (f, | v < u) is very good.

Proof. Let v < pu with A < cf(y) < & (in V[G], and so in V, since cf(y)" =
cf(7)VIC). Let A C  with 0.t.(A) = cf(v), A€ V.

Let £ < A. Since for all §,n € A, with § < n, jUg(Ff)(K,) =0<n=
jUé(F,g)(/{), we have that Zs, = {z | F(;g(l-im) < Fg(&x)} € Ug. Using
A < card(4) < kK, we get Z = (\5op.5nea Zoy € Ut

So, V§ < A, Yy, , <F§(I€x) | § € A) is increasing.

So for all large &, <F§(/{5) | 6 € A) is increasing. Le. (fs(§) |0 € A) is
increasing. U

6. CONCLUSION

To summarize, we have showed that if we start with a supercompact
cardinal x, and a regular A, then there is a generic extension in which the
following holds:

(1) k has cofinality A

(2) there is a very good scale at &
(3) SCH fails at x

(4) there is a bad scale at ~
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